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Abstract We study the problem of compressed sensing for quaternionic Fourier matri-
ces as arising in color representation of images. We will show that such matrices are
allowing a sparse reconstruction by means of an /;-minimization with high probability.
Examples of sparse sampling of color images are provided.
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1 Introduction

In the last decade a new paradigm has taken hold in signal and image processing:
compressed sensing. The possibility of reconstructing a signal by only a few measure-
ments under the condition that the representation in a given basis or frame is sparse
has allowed to look at new methods and algorithms. Although sparsity constraints are
directly connected only with non-convex optimization the uniqueness property shown
by Candes et al. [10] allows the application of simple convex algorithms, such as linear
programming. In parallel, during the last 15 years quaternion-valued functions have
been used to represent color images, in particular RGB images [11]. Hereby, repre-
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sentations using the discrete and continuous quaternionic Fourier transforms play a
particular important role [4]. In this paper we will show that it is possible to combine
both approaches, i.e., to use sparse sampling methods in the quaternionic represen-
tation of color images. This is a priori not so evident due to the non-commutative
structure of the quaternions. For instance, it is not clear that quaternionic sampling
matrices will fulfil the RIP condition as the traditional condition for compressed sens-
ing. Therefore, we intend to go back to the origins of compressed sensing and follow
the original approach by Rauhut [28] to show that quaternionic color images allow
sparse reconstruction by means of an /j-minimization with high probability. As the
principal example of a quaternionic Fourier sampling matrix we base ourselves on the
discrete version of the classic quaternionic Fourier transform by Sommen [31]. The
reason is twofold. First of all, it represents all the important difficulties coming from
the quaternionic structure so that it can easily adapted to other cases. Second, it also
represents the quaternionic Fourier transform which is most used in applications, this
being the main reason why it has been re-invented so many times. We will show that it
is possible to follow Rauhut’s ideas despite the fact that in the quaternionic case non-
commutativity of the multiplication does not allow a direct application. Furthermore,
we will give some examples of sparse sampling of images given as quaternionic sig-
nals. It shows that the practical application of these ideas in the field of hypercomplex
analysis is possible. As a final remark we would like to point out that the ideas in the
present paper can be also applied to the wider area of interpolation of quaternionic
valued functions.

2 Preliminaries

In this section we recall some basic notions about quaternions and quaternionic expo-
nentials which will be needed in the sequel.

The algebra of quaternions H is a four-dimensional real associative division algebra
with unit 1 spanned by the elements {I, J, K} endowed with the relations

P=)=K=IJK=-1, IJ=-JI=K.
This algebrais non-commutative. The real and imaginary parts of a given quaternion
g =xol +x1 I+ x2J +x3K

are defined as Re(q) = qo := xo, and Im(g) := x1 I+ xJ 4+ x3K. Therefore, we have
the natural embeddings of the real numbers and of R? into quaternions given by

x0 € R— xol e H and (x1, x2, x3) eR3 — xi I+ x2J + x3K € H.

This leads to the identifications

H=R* ImH=R>3 ReH=R,

where Im H is the three dimensional space of pure imaginary quaternions, and hence,
H=ReoR>.
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The conjugation on H is an automorphism of H onto itself given by
g=xo+Img — ¢=x)—Img,
together with the involution property
gp="pq. Vp.q€H.

A purely imaginary quaternion with absolute value 1 is called an imaginary unit.
We denote the set of all imaginary units by S?, that is,

3
$? = {x11+sz+x3K eH : lez = 1} .
i=1
2.1 Inner and Outer Products

Given two quaternions ¢, p € H its quaternionic multiplication can be expressed in
terms of the usual scalar and vector products on Im H ~ R3 by

qp = (g0 +Imq)(po —Im p) = gopo + Img - Im p
eR
+(—goIm p + poImg —Img x Im p).

elm H

Moreover, we have

{(g. p) =Re(gp),

where (-, -) corresponds to the Euclidean scalar product defined on H ~ R4, and the
induced norm

lgll* = Re(qq) = (g, q)

which satisfies the product rule ||gp|| = ||| || p|l. Also, for every non-zero quaternion
q it holds

R
11>

Furthermore, we can introduce the signum of a quaternion g defined via

9
seng z{lqn’ 170

q

0, q=0.

Note that sgn g € H. For sgn ¢ we have the following properties.
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Lemma 2.1 Let g = qo + q11+ ¢2J + ¢31J and p = po + p11+ paJ + p31J be two
quaternions. It holds

L llsgnpl =1 p#0;

2.5gnpsgnp=1p#0;

3. psgnp =|lpll;

4. llgll lisgn pll = llg sgn pll.
The proof is rather straightforward. For details we refer to [19].
For an invertible quaternion we have the following representation.

Theorem 2.2 Let g be an invertible quaternion. Then,

g = llgll [cos(F) + w(q) sin(6)],

where w(q) = IIIIEZH €S2 cImHand 6 € [0, 7] is such that cos = ”qq—ou and
sing = Hmall IHISI(IIH’

This leads to the following definition of a quaternionic exponential (see, e.g. [20]):

Definition 2.3 Given a purely imaginary quaternion € S*> C ImH, we define the
quaternionic exponential ¢“? as

6 R > e :=cos(d) + wsin(®) € H. 2.1

We list some of its properties.
o el =1;
o e < e

e given wy, wy € S?, we have
@101 @0 — o101+ g g < [0, 277],

only if wjwr = wrwy.

The last property shows the non-commutative character of quaternionic exponen-
tials and presents one of the major problems in the application of the classic approach
by Rauhut [28].

3 Sparse Sampling of Quaternionic Signals
3.1 The Setting

While there is quite a variety of possibilities to consider concrete quaternionic Fourier
transforms [29] we will consider here decompositions with respect to the atoms
W i(x,y) = e*xedly (k1) € Z>. On the one side this corresponds to the origi-
nal definition of a quaternionic Fourier transform by Sommen in 1982 [31] which has
been reinvented several times since then. On the other side this quaternionic Fourier
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transform is also the principal Fourier transform to be used in applications in image
processing (c.f. [6]). Furthermore, this example can also be easily adapted to the other
cases. Let us denote by [ | o the space of all quaternionic trigonometric polynomials of

maximal order p € Ny in two real variables. The dimension of [ | P isd == Q2p+ 1)2.
Therefore, an element g € [| o is of the form

g,y = > MMy oy el0.2nP g eH (B)
(kel—p.pPNZ?

We want to determine the coefficients ci; from a few given samples. To this end
we consider the sequence of coefficients ¢ := (cx )k as a vector (strictly speaking
a tensor) such that ¢ is supported on a set 7 which has a much smaller cardinality
than the dimension of [] - That is to say, the finite combination in (3.1) is “sparse”.
However, we do not require any information on 7" except its maximum size. Therefore,
we introduce the set (not a linear space) [ | P (M) C[] o of all polynomials of type (3.1)

such that the sequence of their coefficients ¢ has support onaset T C [—p, p]> N Z?
with |T| < M,ie.,q € Hp(M) is of the form

q(x,y) = Z el .
(k,heTC[—p,p?NZ2

Furthermore, we consider a given sampling set X := {(x1, y1), (x2, ¥2), ..., (xn, Xn)}
as a set of independent random variables having uniform distribution on [0, 271]2. Thus,
the main objective is to reconstruct ¢ € [] o (M) from the samples f (x;, y;) at those
N randomly chosen points.

The standard way of determining the coefficients cx ; would be by applying a greedy
algorithm, such as £p-minimization or matching pursuit. It basically corresponds to
searching for the atom with the largest coefficient in each step [36]. Unfortunately, such
an algorithm is NP-hard with exponentially growing computational costs. Therefore,
we would like to use a different algorithm, such as basis pursuit. This consists in the
following non-linear method of reconstructing ¢ € [] o (M) from its sampled values
(g(x1,y1)s ..., q(xn, yn)). We minimize the £1-norm of the Fourier coefficients ¢y ;,

HEDITR > ekl

(k.he[—p,p)?NZ?

under the constraint that the corresponding trigonometric polynomial matches g on
the sampling points. In other words we solve the problem

lcx.)lli = min  s.t. > i =qhy). i=1.....N.
(k.hel—p.p1>NZ?
(3.2)

We can directly point out that basis pursuit [12] can be performed with efficient convex
optimization techniques [5] via linear programming. This makes it a much faster
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algorithm than the simple £op-minimization. But, of course, the principal question is if
we indeed can replace the £p-minimization by an £;-minimization.

3.2 Equivalence Between £¢-minimization and Basis Pursuit

We would like to use basis pursuit [12] to reconstruct f completely by determining all
coefficients ¢/, (k,I) € [—p, ,0]2 NZ2. Unfortunately, a condition like the restrictive
isometry property (RIP [1]) which is valid in all cases (including the worst) is too
restrictive in our case. Therefore, we are going to give a probabilistic answer. The
theorems below are analogues to the theorems given in Candes et al. [10] and in
Rauhut [28].

Theorem 3.1 Assume [ € HP(M) with some sparsity M € N. Let (x1, y1), ...,

(xn, yn) € [0, 271? be independent random variables having uniform distribution
on [0, 271]2. Choosen e N, B >0,k >0and Ky, ..., K, € Nsuch that

=" p"En <1 and —— < ——Ly3 33
a z B <1 an - 3.3)
Set 6 := N /M. Then with probability at least

- (dﬂ‘z" > Gomk, (0) + k7> M Gy (e>) : (3.4)

m=1

where Gu(0) = 07" 3 2} Sy(n, k)0% and Sy(n. k) denote the Stirling num-

bers of the second kind, f can be reconstructed exactly from its sampled values

fx1,y1), ..., f(xn, yN) by solving the £1-minimization problem
min | (c,) |, := min Z el
(k.Del—p,p)?N7Z2
st f(xi,yi) = > sy, i=1,... N. (3.5)

(k.He[—p,p)*NZ?
While the above theorem provides exact constants we can give a version of the
theorem which is somewhat easier to apply.

Theorem 3.2 There exists an absolute constant C > 0 such that the following is true.
Assume f € HP(M)forsome sparsity M € N. Let (x1, y1), ..., (xn, yn) € [0, 2%

be independent random variables having the uniform distribution on [0, 271>, If for
some € > 0 it holds

N > CMlog(d/e) (3.6)

then with probability at least 1 — € the function f can be recovered from its sampled
values f(x;, yi), i = 1,..., N, by solving the minimization problem (3.5).
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For our third theorem about reconstructing a sparse trigonometric polynomial from
random samples we need some additional explanations. For convenience, we will
use the notation []; as the set of all trigonometric polynomials whose coefficients
are supported on T and we model the set T C [—p, p]*> N Z? of non-vanishing
Fourier coefficients as random. Here we will treat the “generic” case and not arbitrary
sparse polynomials. We expect to get better estimates for the probability of exact
reconstruction.

Consider 0 < t < 1. The probability that an index (k, ) € [—p, ,0]2 NnZz? belongs
to T is assumed to be

P(k,])eT) =1 (3.7)

independently of each (k, I). The choice of the sampling set X is stochastically inde-
pendent. Furthermore, we also assume the same for the choice of 7. So the length
of T, i.e., |T|, has a binomial distribution and the expected size of |T| is, obviously,
E|T|=1d = t(2p + 1)~

We will define now two auxiliary notations to announce the third theorem. For
n € N we define

min{n,N} 2n min{s,t}—1

N!
A 2n K —R
W(n, N, EIT|,d) = N">" " &=ni DEITH D Q@nts,R)d
=1 s=2 R=0
(3.8)
and for K, m € N we define
Z(K,m,N,E|T|,d)
min{Km,N} | 2Km min{s,z}
_ —2Km s —R
=N Z yrrar Z(]E|T|) Z 0*(2K,m,t,s, R)d"R. (3.9)
t=1 R=0
By using Basis Pursuit our theorem is given as follows.
Theorem 3.3 Let (x1, y1),..., (xy, yn) € [0, 271 be independent random vari-
ables having the uniform distribution on [0, 2712, Further assume that T := Ty x T»
(which is an independent set of (x;,, ¥i,), ..., (Xiy, Yiy)) is a random subset of mod-

eled by P((k,1) € T) = t such that E|T| = td > 1. Choose n € N, «, B > 0 and
Ky, ..., K, € Nsuch that

n
k l—a
= /K A -3/2
a=3 p5 <1 and < (@ DEIT)TY (310)

Then with probability at least

-~ _ - 302
l(x 2W(n, N,EIT]|,d) + B 2"dZZ(Km,m,N,IE|T|,d)+exp(76+ aEm))

m=1
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any f € [y € I1 pUT 1) can be reconstructed exactly from its sample values
fx1,91), ..., f(xn, yN) by solving the minimization problem (3.5).

In the next section we will give the proof of these theorems.

4 Proof of the Main Theorems

First of all, we need to introduce some auxiliary notations. We abbreviate Zf, =
[—p, p]*NZ? and denote by £2 (Zf)), £o(T), £>(X) the £, —spaces of sequences indexed
by our discrete sets Z%, T, and X, respectively. We also need the sampling operator
Fx : £2(Z2) — £2(X) given by

(Fxews) y) = > (e”“e”yczc,z), (x,y) € X.
(k.)eZ?

By Frx we denote its restriction to sequences with support only on 7. Hence,
Frx is an operator acting from £>(7) in £2(X). Also, we have to consider their
adjoint operators, Fy : £2(X) — Ez(Z%) and 7y 1 £2(X) — £2(T).

The next lemma is the fundamental lemma on which our subsequent investigations
will be based.

Lemma 4.1 Letc € EZ(Z%) and T := supp c. Furthermore, let us assume that Frx :
£ (T) — £2(X) is injective and suppose that there exists a P € EZ(Z%) with the

following properties:
(1) Pry=sgn (Ck,l)k [Jorall (k,1) €T,
(i) |Pey| < 1forall (k,1) ¢ T,
(iii) there exists a A € £2(X) such that P = Fy .

Then c is the unique minimizer to the problem (3.5).

This lemma is the fundamental lemma for [10,28]. Since unlike these cases we are
working here with quaternion-valued vectors, i.e., a non-commutative structure, we
are going to present a proof for our case.

Proof Let us assume X # ¢ and ¢ # 0O to exclude the trivial cases. Furthermore, let
us suppose that the vector P exist. Let r be any vector different to ¢ with Fxr = Fxc.
Consider g := r — ¢, then Fxgq vanishes on X. This means that for ry, (k,[) € T,
we have the following estimate

7kl = lckg + qrl = (kg + qr,))SgNCk g sgn ey |
= |(cx,; SEMck1 + gk, STA L) sgnck,i|
= | lck.1| + gk, Sgnck|[sgneg |
= | |cki| + qr S x| = |kl + Re (qx,; Sgnck )
= |ck1] + Re (qk.; Pe) -
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Thus, for any (k,/) € T we have |cx | + Re (g Pry) < |rkl. Otherwise, for
(k,1) ¢ T we have Re (qx; Pr1) < Igk1| = |rk,| since | P ;| < 1. Thus

Irlh = lplh+ > Re(qi Pe)-
(k.he[—p.p)?NZ?

Now, from condition (iii) we get

Z Re (qi1 Pri) = Re Z k.l (‘F;)“)k,l
(k.)eZ2 (k,1eZ2

N
= Re (Z (Fx @) (xi y)A (i, y») =0 @D

i=1

whereas Fx g vanishes. Thus, Fx P is supported on X and Fxg vanishes on X.
Therefore, ||r|l¢, > |lc|le,. The equality holds when ||gx ;|| = Re (Qk,lm for all
(k,1) ¢ T. Since || Px || < 1, this forces g to vanish outside of 7. Taking in account
the injectivity of Frx we have that since Fx¢g vanishes on X, g vanishes identically
and we get r = c. Thus, this shows that ¢ is unique minimizer c? to the problem (3.5).

O

For the invertibility we can state the following obvious lemma.
Lemma 4.2 If N > |T| then Fry is injective almost surely.

We need to show now that with high probability there exists a P with the required
properties so that we can apply Lemma 4.1. To show this we proceed as in [28] but
with the necessary modifications for the quaternionic case.

We introduce the restriction operator Ry : Eg(Zi) — £o(T), Rrck, = ck, for
(k,1) € T. Its adjoint R*} = Er : £L(T) — EZ(Z?)) is the operator that extends
a vector outside T by zero, i.e., (Erd)x,; = di,; for (k,l) € T and (Erd)k; = 0
otherwise.

Now, for the moment let us assume that 77, Frx : £2(T) — £2(T) is invertible.
This is true almost surely under the condition of Lemma 4.2 since F7x is then injective.
In this case we can represent P explicitly in the form

P = FyFrx(FixFrx)~ Rrsgn(o),
It is easy to check that P fulfills property (i) and property (iii) in Lemma 4.1 with
A= fo(}—;X}—Tx)_IRTSgn (Ck»l)k,l € 0 (X).

This means that we have to show that P fulfills (ii) of Lemma 4.1 with high probability.
To this end we represent P in terms of the following operators

H :=0(T) — £,(Z}), Hy = €(T) — £(T),
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where
H:=NEr — f;x}—TX Hy .= NIr —.'F;X}—Tx,

and I7 denotes the identity operator on £»(7"). Furthermore, the matrix Hy is self-
adjoint, and H acts on ¢ as

N
(Hoyy=—, >, et (4.2)
=l &bher
(kD) # (k1)

By using H and Hp we can rewrite P as

pP= [(NET —H)(NIy — Ho)—l] Rrsen(c). (4.3)

After joining the two terms into the last representation of P the result (4.3) looks very
similar to the one of Rauhut [28], so we just adapt his approach below. Taking into
account that we are interested in property (ii) from Lemma 4.1 we only need the values
of PonT¢ = Z%\T. Since Rrc ET = 0 we can write these components of P as

—1
Py = (—N_IRTcH(IT — N_IHO) Rngn(c)) forall (k, ) e TC.
k.t
(4.4)

Let us take a closer look at the operator (I r— N1 Ho) ~!. We would like to apply the
von Neumann series, but that would require | N ™' Hy|| < 1 which we cannot ensure.
Therefore, let us assume that we can ensure |[(N ! Hp)"|| < 1 for some n € N. Then
we get

ny —1
(IT _ (N’IHO) ) —Ir + A,
with

A, = i (N_lHo)m 4.5)

r=1

and, consequently,
1 n—1 m
(IT _ N’lHo) —Ur+A0> (N’lHo) .
m=0

This means that on the complement of 7' we have

n—1

m
RyeP = —N"'H(I7 + A,) (Z (N’IHO) )Rngn(c) = - (P“) + P<2>) ,

m=0
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where
1 @ _ 1
PY = S,sgn(c) and P = NHAnRT(I + S,—1)sgn(c),

with S, = Z"_lo (N"'HR)".

Since we would like to know when property (ii) fails we need to estimate the
probability P(sup i jyere|Pr,1l = 1) by estimating P and P individually. To make
this splitting we consider two arbitrary numbers aj, ay > 0 satisfying a; + a; = 1.
Then we have

P(Sup(k,l)eTf|Pk,l| > 1) <P ({SUP(k,l)eT”|Pk(,ll)‘ > al} 0] {SUP(k,l)eTC|Pk(,21)| > 02}) .
(4.6)

Thus, the first term can be estimated by

P(IPY) = ar) = P (|(Susgn(©))y| = a1)

< P(Z |(N""HR7)"sgn(c)ii| = al) = P(Ex)). (4.7)

m=1
while for the second term we have

2) 2
SUP( pyerel Py | = HP( )HOO

< HN‘IHAn

sty sy (1 IRESu15gn(©lscr)). (48)

where A 1= £*° (Z%) denotes the space of sequences indexed by le) with the supremum
norm.

Let us first analyze the term || R7 S,,—1sgn(c) || £9(T)- This term is the same as in (4.7)
and we obtain

P (I(Su—1sgn(@)eel = ar) < P( >IN HR) sgn(@)iel = al) = P(Er.0)

m=1

Now, let us analyze the norm of the operator in (4.8). By definition we know that
[|Anlloo = sup, > [(Asn)rs| seen as a matrix operator. We also know that

p-tan = [vn] s

rn
with A, = z"ol (N’IHO) .
r=
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The term ||A,|l» can be estimated using the Frobenius norm. For the Frobenius
norm we have ||A||%F =Tr(AA*) = Zm |A,s|?, where Tr(AA*) denotes the trace
of AA*. Let us assume that

1 n
” (N— HO) HF <k <l (4.10)
From the definition (4.5) of A, it follows that

> (N_lHo)m H =y | v oy
Foor=l

r=1

[AnllF =

r > K
< K" = .
F Z 1—«
r=1
Furthermore, since A, has |T| columns by Cauchy—Schwarz inequality we get

1AnI% < sup D 1A ;17 < IT1T AL - (4.11)
1 .
J

Thus, from (4.10) and [|.S,,—1sgn(c) |5, < a it follows

@) x 3
SuP(k,Z)eTC|Pk,1 <@ ~|—a1)1 — |T|2. (4.12)
This leads to the condition
L < 2 1 4.13)
1 —« 14+ a

to ensure sup(kyl)eTc|Pk(‘21)| < ay as intended.

Also it follows from (4.13) that k < 1 and |T| > 1 (we can exclude the case T = ¢
since it corresponds to the trivial case of f = 0 where £1-minimization will obviously
recover f).

Now, since in Theorem 3.1 |T'| is deterministic and in Theorem 3.3 |T| is a ran-
dom variable we have to proceed differently in each case. In the case where |T'| is
deterministic we have

PlsuppoerclPeed = 1) = > PE+P (| Hy
(kO €[—p,p)?NZ?

=),
(4.14)

where we use the condition in (4.13).
Consider the second case, where |T'| is random by Theorem 3.3. If we assume

IT| < (¢ + DE|T]

with @ > 0 and also assume

az

< (@ + DE|T)) 2 (4.15)

l—x = 14a
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then clearly (4.13) is satisfied and consequently

sup Pk()zl) < a.

teTc

This means that we get from (4.6) the following estimate

1
P(supg perelPral = 1) <P | | [ \P,fj > a1] U{lIRrsgn(c)llo > a1}
(k,l)eTc

ooy

L=k U{ITI = @+ DEITI}

spl U Eau{|ovm"
(k.hel—p.pPNZ2

=)

U{IT| = (e« + DEIT}

= X rEo+P(|vm|, 2 «)
(k.Del—p.p12NZ?
+P(T| > (@ + DE|T)). (4.16)

Note that |7T'| is the sum of independent random variables. For the third term of (4.16),
we obtain

P(IT| = «E|T| +EIT|) < exp (~3(E|T|*/(6E [T| + 2E|T])))

32 E|T|) (4.17)
= X — . .
p 6+ 2«

Therefore, in the next two sections we have to estimate the quantities P(Ej ¢) and
P([(N~'Ho)"|lr > «), respectively.

4.1 Analysis of the Powers of H)

The objective of this section is to estimate the second term in (4.16) and (4.14). To
this end we need to estimate Frobenius norm of our random matrix Hj. For this
propose we will estimate || H ||?p by means of Markov’s inequality. We will start
with some auxiliary lemmas which will be needed for the proof of Lemma 4.5 in
which we will determine the expectation value towards the random sampling set X =
{(xr, y0)s oo (v, YN}
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Lemma 4.3 Consider 6, € Rand a € {—1, 1}. For

o, =+1
Map, ) = <0 =
sin 6, a = —1,
it holds
n n
2"_1HA(ar,6r)= z (xgz...aﬁ”k Haj,91+a292+-~-+an9n
r=1 oy,...ape{—1,1} j=1
such that §1 := 0 and
n—1
Sn =8 []aj an (4.18)
j=1
with
|a@m|—am
S Gy Ay = F1
8(ams am+) =1 |, e (4.19)
%’ am'am+l=_1~

Proof The proof is given by mathematical induction. In the case of n = 1 we obtain
MMay, 61) = Zale{—l,l} May, 61) = A(+1,61) + A(—1,01) = cos 8 + Isin ;. Now,
let us assume that our equality holds for some natural number n. We have to show that
it holds for n + 1. Here, we can state

n+1 n
2 [T 6) =27 [ ] 1ar. 60) - 2@ni1. i)
r=1 r=I1
= Z o ad
[ 5T ape{—1,1}

n
X Ha.,',91+a292+--~+a,,0n - Alan+1, Ont1)

j=1
_ atsz ol .Olcsnﬂ)L
= 2 , 2y Oy
a2,..., ap,opp1€{—1,1}
n+1
X Haj,91+a292+-~-+01n9n + apt16n41
j=1

Lemma 4.4 Let n € N. It holds

" TN T
I1 (eJAr cos 6 + eI sin 9,1) = > I X6 —> [ *@r.60). (420
r=1

r=1 ae{—1,1}"
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where

™A, =+1 0, =+1
(=D ro Gr =+ My, 6,) = cosbr, ar=-+

o(a,r)= .
@r) =D*"¢e,.,  a = -1, sin6,, a, = —1,

such that m(1) = 0 and w(n) = Z'}; WT_H’ (n > 0) which counts the number of

sin’s in the vector a = (a, ...,gn)‘e {—1, 1}~

Proof Again, the proof will be given by mathematical induction.
For the case n = 1 we have

M coshy + eI sinoI= > 7o (a) =l o (+1) 4+ 17 Vo (1),
ae{—1,1}

where 6 (+1) = (—=1)"MA; = A and 6(—1) = (=)™ = €. Note that we
have m(1) = O as initial condition. For the induction step, let » € N be given and
suppose (4.20) is true for n. Then

n+1

H (eJA’ cos 6, + 6 sin H,I)

r=1

n
= H (eJA’ cos 0, + e3¢ sin Grl) (e‘]A”+1 cos 6,41 + 301 gin 9n+11)

r=1

:ﬁ z JZ/ la(ar>1

Hk(ar, 6,) ( JAnt1 cog 0 1 + eIl sm@nHI)

r=1lae{-1,1}" r=1
n
— H Z I 2rm1 6 (an)+(= 1)”<”+1>An+11 H Aar, 6,) cos Oy 1
r=lae{-1,1}" r=1
n n
+H z JZ; L G (a)+(=D)"+De, +II Hk(arﬂr)GanHI
r=1ae{-1,1}" r=1
n+1 n+l ; n+1
SIS e Hx(ar, o).
r:lge{_l’]}rﬁ]
such thata = (a, a,;1) € {—1, 1" and a, | = £1. o

Using the above lemmas we can now estimate the expectation value of the Frobenius
norm of our random matrix Hg. The need of these lemmas stems from the fact that
we cannot use a direct approach via exponentials due to the non-commutativity of
quaternions.

Lemma 4.5 It holds

[ 2] min{n,N} NI
x| 5= 2 X 2
r=I w-n " ach@nn k1, 15 ooy hopolon) €T
(kj,l; )# kjr1,lj+1)
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LS s(Zen (e S,

ACA ge{-1,1} reA ) ., ane{—1,1} reA
aj...ar = +1

where §(n) denotes the Kronecker o, and (kap+1, lon+1) = (k1, [1) and

3 17Oy — 1), a, = +1
@(a,zr)={( ey = 1) ’ O = (ks1 — ks)

_(_I)N(r)(lr+l +1), a, = —1,
such that w(|A]) = Z\A\ 1 |a,| aj

Proof Since H{ is self adjoint we have from the definition Ex[ | H{! | i] = Ex[trH3"].
Consider

N
Ho [(ki, 1), (ka, 1)) = (1= 8k, a1y .12) D [e_Jl‘y"l eMkakiy e*””"l] ,

i1=1

(k1,11), (kp, ) € T.

Algebraic operations with quaternions constitute a big handicap because quaternions
do not commute. Thus, we have to find a new strategy. What plays to our advantage
are the anti-commutativity of the basis elements, that is, IJ = —JI. Moreover, this
means that Ie?Y = ¢=JVI. Thus, we can simplify our expression as

eV vir Jhri1—ke)xiy JIri1yie — Qe 1=1r)Yir o g ([kr+1 _ kr]xi,)

+ eIt sin (kg1 — ke 1xi, ) I (4.21)
Furthermore, we can write the 2n-th power of the matrix Hy as follows

3" [kt 1), (ot D) ]

= Z Ho [(ki, 1)), (k2. 12)]... Ho [(kan, l2n) (K2ns1s ligys ) ]
(k2, 12)7 s (kZm lQn) eT
(kj, 1) # (kjg1,Lj+1)

N 2n
— z z |:H eIl Yir Mkt —ki)xi, eJ1r+1yi,i| )
ip =1 (k2,02), ..., (kan, o) € T r=1
(kj 1) # (kjr1, i1, j=1,...,2n

i =1
Since we need the diagonal element of the 2n-th power of our matrix to calculate the

norm || HY ||i, = TrHé" we require (k2,41, lky,,) = (k1,[1). Therefore, using the
linearity of the expectation value it follows
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Ex [TrH" |

N 2n
— Z z EX {H e_-]lryir el(kr+1_kr)xir eJlrJrlyir} .
iv=1 (ki,€1), ..., tkon, op) €T r=1
(kj, ;) # (kjy1, Ljv1)

i =1

Furthermore, some indices i, might be the same which means that we cannot use
directly the product rule for the expectation value since it is only valid for independent
random variables. This is where we consider a set partition. We associate a partition
A= (A1, Ay, ..., A;)of {1,...,2n} to a certain vector i, ..., ir, such that i, =i,
if and only if r and r’ are contained in the same set A; € .A. This is allows us to
unambiguously write i 4 instead of i if r € A. Now, the independence of the variables
(xa, ya) yields

2n
Ex |:H exp (—Jiryi,) exp (I(ky41 — kr)x;, ) exp (Jlr+lyir):|

r=1

=Ex [ IT TTexp (=3irya) exp Qlkr 41 — ke)xa) exp (er+1yA>}

AcAreA

= [TEx [HeXp(—JlryA)eXp ((kr 41 — ky)xa) eXp (szy/n] (4.22)
AeA

reA

Let us introduce now

(=D (g1 — I)ya, a, = +1

.
ol I(—l)”(’><—lr+1—zr>yA, a =1,

and

kry1 —k , =+1
Aay, 6,) = [COS( r+1 r)XA ar +

sin(ky 41 — kp)xa, ar =—1 ’

and by applying Lemma 4.4 we get for the expectation value in (4.22)

EX ( Z eJ ZreA G (ar) H )L(ar’ gr))

ae{—1,1}" reA

=Ex > dZead@ [T+ >, d2rea®@1]] aar.6)
ae{-11} reA ae{-11) reA
ap...ar = +1 ay...ap = —1
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=Ex > J2read@ [T a0
ae{-1,1} red
ai...ar = +1
+ Ey > I 2rea@ [T itar. 00 |- (4.23)
e(-1,1y reA
ay...ar = —1

The last line in (4.23) can be analyzed as follows: when aj ...a, = +1 then the
term is independent of I and when a; . ..a, = —1 the term depends on I. This can be
easily seen as in the first case the number of a; = —1 which corresponds to the terms
containing I being even. For this reason the basis element I vanishes because I = +1,
with r € N. For the second term in (4.23) the number of terms with a; = —1 is odd,
matching the number of sin-functions in the product. That means the basis element I
never vanishes for the second term since I?~! = +I, with r € N.

We emphasized here that the expectation value of the second term vanishes because
it is given in terms of sin-functions which vanish when x;, is integrated over [0, 27].
Therefore, only the first term is surviving. In turn, the first term has 2"~! sub-terms.
Thus, we can state

Ex > X @ T uay. 6

a e {71 l}r reA
ap...ar =+1
_ Z / A Treadla gy 17 6,)dx
—1. 1}r [0,27] [0,27] reA
ai...ar =

where
~ _ (_l)n(r)(thl —1)yr, ar = +1
o(ar) = 7(r)
—(=D (lrJrl +lr))’ra ar = —1,
and
kry1 —k =+1
k(ar,Or) — C.OS[( r+1 F)-xr]v ar +
sin[(ky+1 — kr)x, 1, ar =—1,

such that 7 (n) = z;’;i 1—2a,- . The last quantity 7 (n) does nothing else then counting

the number of sin-functions. By invoking Lemma 4.3 for the product altogether we
obtain
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Ex [exp (J D6, m) [ ]G er)}

reA sEA

= 2 ) S(Zé(ar))zl—w | 3 , a|A|8(91+Zar )

reA a,...,ape{—1,1} reA

such that

_1)7 () _ _
» z,)={( DOy =), ap=+1 2

(=D Uy + 1), ap=—1.

Furthermore, the condition |A| > 2 for all A € A should be satisfied, i.e., we consider

partitions P (2n, t) with t > 2. Moreover, the number of vectors (A1, Az, ..., A;) €
{1,..., N} with different entries is exactly N ... (N —t+1) = N!/(N —t)!if N > ¢
and Oif N <. O

For later reference let us introduce the following notation

Cu(A,T) := > > I1
(kl7ll)7"'7(k2n512n) ET C_le{_lvl}r AEA
(kj, lj) # (kjy1,ljv1)  ar...ar = +1

XS(Zé(as))T"A' > o fAAla(elJrZarer),

seA /J as,..., ape{—1,1} reA
(4.25)

with

~ _ ﬂS(lS+1 - lS)5 ag = +1
oa,ly) =
_ﬂS(lS-i-l +ls), ag = —1.

and B = (=)™ where 7 (s) = 3_ 1 g |2 aj

4.2 Analysis of P(Ey ;)

While we have the estimate for the Frobenius norm of Hj from the previous section
we still need to study the probability P(Ey /), i.e., the first term in (4.16) and (4.14).
Similar to [28] consider the numbers §,, > 0, m = 1, ..., n, such that

Z,Bmzal

m=1

and K;, € N, m = 1, ..., n, some natural numbers. Let (k,[) € Z[z). By applying
Markov’s inequality it follows
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P(Ep) =P (ZI((N HRr)" sgn(c))k1|>a1)
m=1
< D P(NT"I((HRp)"sgn(e)iil = Bn)

3
l

Il
M=

P (N72"Kn|((H Rp)"sgn(@)e 57 = B

3
X

M=

Ex (1((H Rp)"sgn(e))y ) N72mKn 2K (4.26)

3
X

Let us consider B,, = B/ X ie., ,B,ZZK’” = ,8,,_12”. Now, from (4.26) it follows

P(Een) < B2 Y Bx (I(CH Rp)"sgn(@)e[26n ) N72mEn - (4.27)

m=1

while the condition a; = ", _; B can be written as

n
a1=a=z;3"/K’” < 1.

m=1

The following lemma attends the expectation value appearing in (4.27). While
Lemma 4.6 is similar to Lemma 4.5, it requires much more work and, unfortunately,
lengthy calculations. That is why we need to refer to Appendix B in the Ph.D. thesis
[19] for the lengthy calculations which form part of this proof.

Lemma 4.6 For a sequence ¢ = (ck,1) € Zz(Z%) with suppc = T, it holds

2K
x[\((HRT)’”sgn(c))k,l\ }

min{Km,N}

N! 3—m
fgmz 2. 2

AeFGKmD g0 1) " Tq 1) ¢ 7

Ky w0y et
(kﬁ‘p)v l;l’)) 7& (k(P) l(p)l)

J+1 i+
x > 2 2
(r1,....,rg)CV({L,...,16},K) ae{-—1, 1ym a;l) B algzl) c({—1,1)
a0 a1 |
oS, (K)e{ 1,1}

a%K) a,(nK) +1
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1o X wrar)s[ 2 e,

Ac A (r,p)€A (s,p)EA

(p) (p)
(») » P () IH — 7). ag=+1
where 6, = (k — k") and
r ( r+1 ) ¢ i (l(f:_)l + l(p)) a; = _1’
{—1,1} and ﬁ(p) = (=17 such that 7(s) = ijll w counts the number of
sin’s.

with a(p)

Proof We want to compute the expectation value Ey of the Kth-power of the modulus,

i.e., the expectation value of the quantity |((H Rr)"sgn(ck.1))k.1 |2K. But there exist
a major problem due the non-commutativity in the quaternionic setting. While in the
previous proof we could still use the anti-commutativity of the basis elements I and
J we now have to take into account quaternion-valued coefficients. That means we
have to compute first (H R7)™ and then multiply it by the coefficient vector from
the signal. This we are going to do in the way that we write the previous quantity as
(|((HRT)ma)k,l|2)K = (Q% + Q% + Q% + Q%)K. Of course, breaking the power of
a quaternion in several small pieces and joining afterwards usually involves lengthy
calculations. We refer for the calculation of the large formulae to Appendix B in the
Ph.D. thesis [19]. Thus, we get

((HR7) [(ki, 1), (ki1 b))

= > HRy [(ki. 1), (k2. 1)]. .. HR7 [k L) (knet I ]

(k2,02), ..., (km,Im) €T
jilj) # kjyr, i), j=1,...,m

N m
— Z Z |:H eI yiy ki1 —kr)xiy eJ1r+1,Vi,:|
i1 =1 (k2,12)q~~-~(kmslm) eT r=1
(kj, 1j) # kjpr, L), j=1,....m

im=1
N m
= z Z Z eI 2 ﬂ'd)'H)h(lls,gx)
ih=1 (ka, 1), .., (ko) €T ae{-1,1" =
(kj, 1) # kjs1,lj41), j=1,...,m
im=1
N
= 2 > >
ii=1 (k2 2), ..o (ks ) €T ae{-1,1}"

(kj, 1j) #kjr1, v, j=1,...,m ar...ayn = +1

im =1

XEJZI’”:I Brér Z .. m <Ha‘/v 0 +Zar r)

a2, ape{—1,1}
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N
1—n
+ 2 2 2. 2
ip=1 (k2,Dp), ..., (km,Im) €T QG{_lsl}m
(kj, 1;) # (kjs1,lj+1), j=1,....m ay...an = —1
im=1
WD YRV S Y (Ha,,el +za,e,).
a2, ef{—1,1}

In accordance with the proof of our previous Lemma 4.3, we have
((HRp) [kt 1), Gt s )])™

N
- ¥ 5 R
i1 =1 k2, 2), .., (ks ) € T ae{-11"
(kj,lj)#(k./'+1,lj+1),j:],...,m ap...d,; = +1

im=1

x e Zr=i brér Z B S cos(91 + Zar r)

2,0 e{—1,1}

N

Z Z Z 21—m

=1 (ko 1), ooy (ks b)) €T ae€{—1,1}"
(kj,lj)#(kj+1,lj+1),j:l,...,m ay...a, = —1

1

im

x ) 2L B Z .. ’” sin (91 + Zar ,)

a2, e{—1,1}

N

2 2 2. 2

=1 (ka, o), ..., (kp,lp) €T ae{—1,1}"
(kj,lj) #* (kj+1,lj+1), j=1....may...anp =+1

i

im =1

x(cos(Zﬁrqﬁr)+Jsm(z,3,¢,)) Z{ | 82.. 5’” cos(91 +Za, ,)
r=1 o2,...,amef{—1,1

,,,,,

N
+ 2 > > 2
ii=1 (k2,2), ..., (kp,lw) €T ae{-1,1}"

ko dj) # KjgraLjg)s J=1oooom ay...ay = —1

im=1

m m m
(cos (Z /3,¢,) + Jsin (Z ﬁ,¢,)) > ol aysin (91 +> oerr)I
r=1 r=1 oy, .y e{—1,1} r=2
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N
= 2 2 2. 2
i1=1 (k2,12), ..., (km,lm) eT ae{—1,1}"
(kj,lj);ﬁ(kj+],lj+]),j:l,...,m a...am = +1

im
X COS (Z Bro ) z gz adm cos (91 + Zarér)

r=1  / ay,..., ape{—1,1}
N
1—m
+ 2 2 2. 2
ip=1 ko, 12), ..., (km,Im) € T ae{-1,1}"

(kj,lj)#(kj+],lj+]),j:l,...,m ap...am = +1

X sin (Z ,3r¢r) z . adm cos (61 + Za,er)
2

o w-uame{_lal}

N
1—m
+ 2 2 2 2
ip=1 ka 12, .o, (km,Im) €T ae{-11}"
kj,lj) #Kkjy1,ljy1), j=1,....m ay...ap =—1

im=1
m m
xcos(Zﬁrd)r) Z 32. .afn'" sin(Gl +Zar9r)l
r=I1 oy, e{—1,1} r=2
N
+ 2 2. 2. 2
i1=1 ko, 1), ..., (km,lm) €T ae{-1,1}"
kj lj) #Kkjr1 i), j=1,..., maj...am =—1
im=1

m m
X sin (Z ﬂ,¢,) > o). apysin (91 + Zarer)JI
r=1 2

o,y e{—1,1} r=2

=Py+1P +JP, —KP;3.

Let us consider 0y, = oy (k1,11) = oom k1, 1) + Toyu ke, 1) + Joon (K1, 1) +
Ko3,, (k1, 11). We are interested to compute

> [Py +1P +JP, — KPs]
(k1,l1)eT
X [oom k1, 1) + Yoy (ky, 1Y) + Joom k1, 11) + Koz (ky, 11)]

= > [(Podom(kl, lY) = Proim(ky, 1) — Paooy (k1. 1) + P3ozm (k1. 11))
(k1.11)eT
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+ (Pooim ki, 1) + Pioom ki, 11) + Paopys + P3oam(ki, 1)) 1
+ (Pooom k1, 1y) — Prozm(ky, 1) + Paoom (ky, 1) — Psoim(ky, 11))J

+ (Pooozm (k1, 11) + Proom ki, 11) — Paoim(ki, 1) — P3oom (k1. 11)) K}

= > (Pooomki. 1)) = Pioim(ki, 1)) = Pyogu ki, 1) + Psosm (k. 1))
(k1,h)eT

+ D (Pooumki, h) + Pioow(ki, 1) + Paoyy3 + Paoap ki, 1) T
(ky,l1)eT

+ Z (Pooom ki, 11) — Prozm(ki, 1) + Proom(k1, 11) — P3om(ki, 1)) J
(k1,11)eT

+ Z (Pooozm (k1. 1) + Proam (k1. 11) — Protm (ki [1) — P3oom (k1. [1)) K
(k1,1)eT

= Qo+ 011+ O2J + 03K.

Let us consider the expectation value applied to the sum. As in the proof of Lemma 4.5

we have to take into account that some of the indices i ,(p ) might coincide. This means

that we have to use again set partitions. Let (ir(p))fzzll ''''''' ,i K cq,... N)Km be a

vector of indices and let A = (A1, Az, ..., A;), A; C{l,...,m} x{1,...,2K} be

a corresponding partition such that (r, p) and (r/, p’) are contained in the same block
[(p) _ ()

if and only if i,"" =i °. For some A € A we may unambiguously write i4 instead
of ir(p ) if (r, p) € A. Once again, if A C A contains only one element then the last

expression vanishes due to the condition k", ")) # (kf’i )1, lfp )1). Thus, we only

need to consider partitions A € P(2Km,t) with ¢t > 1. Now we are able to rewrite
the inequality as

2K
Ex [‘((HRT)’” sgn(Ck,z))k,,‘ }

min{Km,N}

NI 3—m
fémz 2 2

& w1y e T
(k;P)’l;P)) ;é (k(P) l(p)l)

J+1 i+
x 2 2 2 [1
(r1,...,rg)CV({l,...,16},K) ae {—1, l}m a;l)’ o »ar(nl) el—1,1) AeA

afl)...a,(,,l) = =+1

: ol e (-1,
a® . afl) = +1

ey =
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1o X wrar)s[ 2 aren).

Ac A (r,p)€A (s,p)EA
(p) (p)
P » . » _ A5 =), as = ()
where 6,"" = (k."", — k,"") and ¢, s which «,
r r+1 (l_g_l:_)l + l(P)) ag = _1’
(p) _ 1 lajl—a
{(—1, 1} and B;” = (—1)™® with (s) = P o
To simplify our work in the next section we abbreviate
B]H[(A, T) — z 237}71
U 10y, ey ) € T
Ky kSO Ky e T
(p) 1(p) () ;(p)
(kjp ij ) # (kjil,ljil)
x > 2. 2
1nrOCVALLLI6LK) g e (2], 1) aél),... oD e =1, 1)
al...ay) ==+1 :
: aéK),... (K)e{ 1,1}
a0 g — 1
x H S Z aﬁp)elfp) Z /3(17) (p) (428)
Ae A (r,p)eA (s,p)EA

4.3 Proof of Theorem 3.1

Using our lemmas from the previous section, in particular Lemma 4.5, we will give
now the proof of Theorem 3.1. The value of the quantity Cig (A, T) as defined in (4.25)
depends on T and A € P(2n,t). Here, the indices ((k1,11), ..., (kon, l2n)) € "
are conditioned by the |A| = ¢ linear constraints » . 4 (kr41 —k,) = 0 and
> sea Usy1£1) = 0 forall A € A. These constraints are independent except for
S (kg1 — k) = 0and 32, (g1 £ I5) = 0. Thus, from (4.25) we can estimate

C]H[(A, T) < |T|2n—t+1 < M2n—t+1' (429)

By Lemma4.5 we obtain (since in Theorem 3.1 7' is not random whichmeansE = Ex)

min{n, N}

n t
E[HH(}H?]S > (NN!) > |T|2”’+‘§M2”+‘Z(%) SH(2n, 1),
=1

t=1 AeP(2n,t)
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where S>(n, 1)
Letus putf =

|P(2n, t)| are the associated Stirling numbers of the second kind.
. By Markov’s inequality it follows

P(I(vm)],

SEHI

=) =P (|12 = N?) = N2 [ g ]
<k MO Fp(0) = k2 M G (6).

Let us point out that « < 1. This implies ” (N_IHO)" H F K and, therefore, (I7 —
(N~'Hp)") and also [FrxFrx]l=NUr — N~ Hy) are invertible. In particular, Frx
1S 1njective.

Let us now take a look at P(Ej;). By Lemma 4.6 we need to estimate
By (A, T), which represents the number of elements (k;p ), l;p )) e T2Km that sat-
isfy k" — &) = 0and 3 k) £ k) = 0forall A € A with
A € P(2Km, t).Since we have t independent linear constraints By (A, T') is bounded
from above by |T|?X™~" < M>K™m—! Thus, by putting again 0 = %, we get

Km
Ex [[(HRD" sgnc) g™ ] = X7 N S22Km, nM*K" 0 = MK Fype, 6),

t=1

and, therefore, we get

P(Ec)) =B D Ok, Famk, 0) = B~>" D Gomk,, (0).

m=1 m=1

Let us denote by P(failure) the probability that exact reconstruction of f by means
of £1-minimization fails.
By Lemma 4.1 and the above estimates it follows

P(failure) < P ({frx{is not injective} U {sup jyeze| Pl > 1})

= > PED+P(| (V)| 2 x)

(k.1eZ2
n
< Qo+ 1D7B7 D Gamk, (0) + k77 M G2, (6)

m=1

under the conditions

n

a1=a=2ﬁ"/K"’<l, a+a; =1, ie,ap=1—a,
m=1

kK o _* M—a/zzl_aM—yz.

11—« = 1+a 14+a
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Let us remark that, given n, a possible choice for K, is K;,,, * m/n, m =1, ..., n,
by rounding m /n to the nearest integer. Then $ is chosen quite close to the maximal
value such thata = > _, B"/Kn < 1. By our choice of K,, we approximately have

ZIB"/K'" A Zﬁm ~ IL
m=1 m=1 _'B

Thus, the optimal B will always be close to 1/2.

4.4 Proof of Theorem 3.2

The proof of the Theorem 3.2 is practically the same as the proof of Theorem 2.1
in [28], because it depends only on set partitions without the algebraic structure of
quaternions entering the picture. For more details we refer to [19].

4.5 Proof of Theorem 3.3

To prove our theorem we will need some modifications of Lemmas 4.5 and 4.6, in
particular for the quantities C(A, T) and By (C, T) defined in (4.25) and (4.28),
respectively. Hereby, we have to consider T as arandom set modeled by (3.7), similarly
as [28]. We will start first with (4.25) as follows.

Lemma 4.7 For A € P(2n,t) we have

E[Cu(A, T)]
n min{s,z}—1
< Z(Em)s Z Q2p+ D72R#{B € UQ2n, s), rank M(A, B) = R},
s=2 R=0

where M = M (A, B) denote the t x s matrix whose entries are given by
M;;=1A;NB;|—|(Ai+1DNBj|, 1<i=<t, 1<j=<s.

Proof Using the linearity of the expectation value we get

2n
E[Cu(C. T)] = E > [T apen
(k1. 10). .. (ko Ioy) € 22 J=1
(kj. 1) # (kjpr.lj41)

<[] 6(2(@ — kn)a(Z(er + z,))

Aec A reA reA
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2n
= 2 E H Lyk;.1/)ery

k1), Gop o) €23 L7=1
(kj 1) # (kjt1,1j4+1)

x ]_[ 6(2(k,+1 — kr))a(Z(er j:l,)).

AcA reA reA

Hereby, 1k er) denotes the characteristic function of the set 7', i.e., it is 1 if and
only if (k,I) € T. The expression E [H?’;l ]l{(k/,l,-)eT}] depends on on the num-
ber of (kj, ;) belonging to T. In this way, we can play again with partitions. If
(k1. 11). ..., (ko lan)) € (Z2)* is a vector satisfying (kj.1;) # (kjy1.0j+1) then
we can associate to it a partition B = (B, ..., By) of {1, ..., 2n} such that j and j’
are in the same set B; if and only if (k;, ;) = (kj/, [;). Obviously, j and j + I have to
be contained in different blocks for all j due to the condition (k;, [;) # (kjy1,1j+1)
(once again we use the convention that 2n + 1 is identified with 1). In other words
B has no adjacencies, i.e., B € U(2n, s). Now if B has |B| = s blocks we use the
probability model for T given by P((k,l) € T) = 1,0 < 7 < 1, (see (3.7)) and
stochastic independence to get

2n K K
E [H ﬂ{(ki,mer}} =E|[] Lk g ery | = [1E []l«k,l)sjer}] =17, (430
i=1 j=1

j=1

where (unambiguously) (k, 1) B, = (k,1); if i € Bj. By introducing the notation
op(r) = jifand only if r € B; € I3 we can write

E[Cu(C, T)]
n
SREDS > I 5 St ko)
s=2  BeU@2n,s) k1, 11), ..., (kon, lon) € Z,% Ae A reA
(ki, ;) p.w. different

Clearly, we have HAE.A 8 (ZreA (kopr+1) — kJB(r))) = 1 and HAE.A 8

(ZreA Uogi+1) — log (r))) = 1 if and only if, respectively,
Z(kag(m) — kogy) =0, forall Ae A (4.31)
reA

and
> Uogrs1) £ logry) =0, forall A € A. (4.32)
reA

Otherwise, the terms are 0. For j € {1, ..., s} the term (k;, ;) appears |A; N Bj]

times in the terms (koy(r), loy(-)) When r runs through A; € A. Let M = M (A, B)
denote the  x s matrix whose entries are given by
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M :=|A;NBj|—[(Ai+1)NBj|, 1<i=<t1=<j<s.

Then (4.31) and (4.32) are satisfied if and only if ((k1,11), ..., (ks, L)) € (Z%)S
belongs to the kernel of M (A, B). Thus, if the rank of M (A, B) equals R then the
number of vectors (k1,11), ..., (ks,ls) € (Zf,)s for which (4.31) and (4.32) are sat-
isfied can be bounded by ((2p + 1)%)s—R_ Here we even neglected the condition that
(k1,11), ..., (ks, ) should be pairwise different. So finally we obtain

n min{s,z}—1
E[Ca@C. DI <D 1 > Qo+ D> P#BeUn,s), rank M(A B) = R}
s=2 R=0
n min{s,7}—1
=D (EIT) D Q@p+ D #BeUm,s) rank M(A B) = R},
s=2 R=0

where we substituted E|T| = tD. m]

Since E = Ex E7 by Fubini’s theorem and stochastic independence of 7 and X the
previous result yields together with Lemma 4.5

5 min{n, N} NI n
ellwlz] < X Gom X 2@
=1 " AeP(Qn,1) s=2
min{s,t}—1
x Z Qp+ DR#{B € U(n, s), rank M(A, B) = R}
R=0
min{n, N} min{s,r}—1

N! "
Z (N —1)! ZGE'T')S Z Qp+1D72Ro@n, 1,5, R)
Ts=2

t=1 R=0

= N**W(n, N,E|T|, D).

Hereby, Q(2n,t,s, R) :=#{(A,B) : A€ P(n,t),B€ U(n,s), rankM(A, B) = R}
and

W(n, N,E|T|, p)

min{n,N} min{s,7}—1

N! <
=N mg(EWDS > e+ DRo@n, 1.5 R).

t=1 R=0

Applying Markov’s inequality we obtain

(o

. > K) < N 2R [”H(’)’ “2F] < K_ZW(n, N,E|T|, p).

Obviously, like in the proof of Theorem 3.3 Fry is injective if | (N~ Ho)" | F<l

As in the case where T is not random we have to estimate P(Ey ;). This has to be
done like in Lemma 4.6, i.e., we need to estimate the expectation value of By (C, T)
defined in (4.28).
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Lemma 4.8 Suppose A € P(2Km, t) then we have

E[Bu(C, T)]
2Km min{s,z}—1
< Z(E|T|)S Z Qp + D)7 2R#{B € U*(2K,m,s), rank L(A, B) = R},
s=1 R=0

where similar to [28] U* (2K, m, s) denotes all partitions of [ K| x [m] such that (r, p)
and (r, p + 1) are not contained in the same block. L = L(A, B) denote the t X s
matrix whose entries are given by

Lij:= > (=DF- > =

(p.u)€A;NB; (p,u)e(A;—1)NB;
Proof In the same way as in the proof of Lemma 4.7 we can consider
E[Bg(C.T)] = > E [T twapen

(ki, 11), ..., (kan, o) € Zy - L(P-D)El2KxIm]
(kj, 1;) # (kj+1,Lj+1)

<[]s( D a® ="y s D @ -1

Ae A (r,p)€EA (r,p)€A

Hereby, E[[](, j)er2kixim L ( (k;,»’ll(f,,))eT}] depends only on the number of different
(k" 117y's. Therefore, if ((k{", 1{"), ... (ks ), 1575))) € (Z2)PK™ satisfies

(kP 1P) £ (kP 18)) forall j € [ml, p € [2K] (4.33)
we can identify it with partition B = (By, ..., By) of [2K]suchthat (p, j)and (p’, j')

are belonging to the same block if and only if kﬁp ) = k;.‘f’ " This implies that /3 belongs
to U*(2K, m, s) since (p, j) and (p, j + 1) cannot be in the same block due to the
condition (4.33). Now B has s sets which means that we have s different values of
*P, 1) and

E [1 Lo ey | =7
(p.p)e2Kiximi 7

asin (4.30). Using again the notation o (p, j) =i if (p, j) € B; € Bando (p,0) =0
we get
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2n

E[BaC.TI=> 1 Y >
s=1 BeU*(2K,m,s) (kls ll) .... (k2ny12n) c Z%
(ki 1;) p-w. different

X H 8 ( Z akps(p.j+1) _kps(p»j))) 8 ( Z alpsp.j+1) ilps(p,j))) :

AeA (p.J)eA (p.J)EA

The term []yc 48 (Z(p,j)eA alpp(p,j+1) — lpB(p,j))) 8 (Z(p,j)eA a(Lps(p,j+1)
+1y5(p,j))) is non-zero if and only if

Z Ol(kpg(p,j-i-l) — kPB(Pa./)) =0 forallAe A
(p,j)eA

and

D allpsip.jt1) £log(p.jy) =0 forall A € A
(p.))eA

Similar to [28] this leads to the estimate

2Km min{s,?}
E[B(A, T)] < Z s Z D R#{B € U*(2K, m, s), rank L(A, B) = R}.
s=1 R=0

Since E|T'| = © D this proves the lemma. m]

Using our Lemma 4.6 the previous result gives us

E[I(HRp)" o)1 P |

min{Km,N} N 2Km min{s,}
< E|T|)® 2K.m,t,s, R)D~X
< le = ),Z(H)RZOQ( m.t,s, R)

= N*K"z(K,m, N,E|T|, D)
where Q* (2K, m, t, s, R) are numbers defined by

Q*(2K,m,t,s,R)
=#{(A, B), A€ PQKm,1),Be U*(2K,m,s),rank L(A, B) = R}.

From (4.27) we get

n
P(Exs) < B~ D Z(Kw,m, N, E|T|, D).

m=1
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Finally, again let P(failure) denote the probability that exact reconstruction of f fails.
By Lemma4.1, expressions (4.16) and (4.17), and using the fact { Fr x is not injective}

- {|| (N~LHp)" ||F > k} we finally obtain

P(failure) < P ({Frx{is not injective} U {sup jezel Prsl = 13)

n
= > PED+P(|(NH) | 2 €) +PATI = @+ DEITD
(k,l)eZ%

n
< DB > Z(Ky.m N.E|T|. D)+« >W(n,N.E|T|, D)

m=1
32
+ exp (_6 n 20lIEl|T|)

under the conditions (see also (4.15))

n
a) =a = Z,B”/K'" <1, ay+a; =1, ie,ay=1—a,
m=1

az

<

1—a
DE|T) 3 = —— DE|T|) /2.
T—< = 1+a1((a+ )E|T]) ]+a((a+ YE|T])

This proves Theorem 3.3.

5 Applications

Although there exists a large variety of applications of quaternionic signals, in this
section we will restrict ourselves to the case of color-encoded images represented by
quaternions, i.e., the R-,G-, and B-components of the image are represented by the
I-, J-, K-components of a given quaternion, respectively. In what follows we present
some numerical experiments. Namely, we reconstruct a given signal by means of the
£1-minimization problem

N
min [|x]l; = > x|
s=1

st. dx =y, 5.1

where ® € HY*V is our quaternionic sampling matrix, y € H”*! is the vector
consisting of chosen random pixels from the given image under the assumption that
the signal vector x € HN <1 jg k-sparse, i.e., at most k entries of x are non-zero. The
support of x is the set of indexes corresponding to the non-zero entries, suppx = {s €
{1,..., N} : xg # 0}. We aim to illustrate that an effective signal reconstruction is
possible even if using only a small amount of the signal information.

For the implementation of the £ -minimization algorithm we use the Matlab toolbox
£1-Magic [9].
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Since a quaternion is defined as follows
q=R(q) +1(q)+JJ(q) +KK(q)

where R(q) is the real part of the quaternion and /(q), J(q) and K (gq) are its three
imaginary components we have for vectors and matrices of quaternions the decompo-
sition

v=RW)+1LI¥)+JJ(v) +KK(v)
M=RM)+IIM) +JJM) + KKM).

Since £1-Magic works only with real-valued vectors we need to modify our quaternion-
valued system. We rewrite the quaternionic multiplication (« + I8 + Jy + Ké§)(x +
Iy + Jv+ Kw) =a + Ib + Jc + Kd as a matrix-vector multiplication, i.e.,

o B y 1) X a
-« =5 vy yl_ b
-y 4 a B v |c
-5 -y B o w d

This allows us to rewrite the quaternionic linear system (5.1) in the form y = MXx
with

R(®) —I(®) J(@®) -—K(©@)
—1(®) R(®) —K(@) J(@)
—J(®) K@) R(P) —I(D) |’
—K(@) —J(@) I1(®)  R(®)

M =

Fig.1 Lena—original image
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Fig.2 Lena reconstructed image
image—reconstructed from %
40,000 pixels

Fig. 3 Galaxy—original image

R(x) R(y)
N €9 ~_ I
=1m | @Y= 0
K (x) K(y)

In our implementation we use the sampling matrix in its explicit form. This leads
to large requirements in terms of memory since we deal with a matrix of dimension
M x N%.To be able to work with such large matrices, we used a strategy of dividing the
image into 8 x 8-blocks followed by an individual reconstruction of each block. The
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Fig. 4 Galaxy reconstructed image
image—reconstructed from
40,000 pixels

Fig. 5 Saturn—original image

sampling matrices for the blocks themselves are constructed by using DCT (Discrete
Cosine Transform) and DST (Discrete Sine Transform). Since we study each block
individually, we obviously get the additional problem of reassembling them. To this
end we introduce reflexive boundary conditions on each block.

We performed the calculations on a computer with Intel(R) Core(TM) i7-4790U
CPU 3.60 GHz, RAM 16 GB, Windows 8.1, OS 64-bit(win64) and running Matlab
R2012b.
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Fig. 6 Saturn reconstructed image
image—reconstructed from
40,000 pixels

Fig. 7 Chips—original image

For our examples we choose the following images: Lena (Fig. 1), Galaxy (Fig. 3),
and the Saturn rings (Fig. 5), each with N? = 262,144 pixels (512 x 512). Lena
image was chosen as one of the standard examples in image processing. Galaxy and
Saturn have large black parts which of course can affect the reconstruction when by
random choice mainly black pixels are chosen. Furthermore, Saturn is also easily
visible as a gray-scale image. For the reconstruction we use 40,000 randomly chosen
pixels (M = 625 samples in each block) which corresponds to ~15.26% of the total
information. The reconstructed images can be seen in Figs. 2, 4, and 6, respectively.
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Fig. 8 Reconstructed ChlpS reconstructed image

image using information of
10,000 pixels

v,

60 | 4

error norm
s & 8
——
M

w

wn
T
1

25 b

20 b

15 L L L L L L L
0 500 1000 1500 2000 2500 3000 3500 4000

used pixels per block

Fig. 9 Comparison between number of random samples and reconstruction error

Another particularly interesting example is the chips image (Fig. 7). This image
combines textures and sharp edges and represents a kind of worst case scenario. In
this example, the image has N2 = 65,536 pixels (256 x 256). For the reconstruction
we use 10,000 pixels (M = 625 samples in each block). Since the overall size of
the image is smaller we just use a decomposition into 4 x 4 blocks. Under the same
conditions as above (*15.26% of the original pixels where taken as random samples)
we obtain our reconstruction (see Fig. 8).
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While the image is still blurred (as expected) it still contains all relevant details.
To show the error reduction we provide Fig. 9 which shows the relation between the

number of used pixels and the error given by the />-norm of the matrix containing the
difference in the pixels between the original chips image (Fig. 7) and the reconstructed
image. The figure shows an exponential decay in the error. It also shows why we
opted to use the values of 10,000 pixels in the reconstruction since it is an interesting
compromise between numbers of pixels and quality of the reconstructed image.
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