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Abstract We present an overview of the properties of the pseudohyperbolic metric in sev-
eral real dimensions and study uniformly discrete sequences for the real unit ball in R".
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The problem of describing interpolating sequences for analytic and harmonic functions is
rather old. L. Carleson [6-8] studied the problem for the complex case since 1959. In [8] L.
Carleson and J. Garnett proved for the space of bounded harmonic functions in the upper half
space that if a sequence is uniformly discrete and the points fulfil a certain density condition for
any Carleson cube, then the sequence can be written as a finite union of interpolating sequences.
It is not known if this two sufficient conditions are also necessary. Because of the importance of
this problem, this study was extended by other authors [2, 4, 11, 14, 15, 23, 26-28, 30]. In [12]
it was even extended to the unit ball in C™ and in [5] to the case of positive harmonic functions
in the unit disk. Unfortunately, most of the proofs in the complex case make heavy use of
Blaschke products, a tool which is unavailable if one wants to extend this results to the case
of the real unit ball in higher dimensions. But there exists another powerful tool in complex
analysis, the pseudohyperbolic metric. It is defined in terms of Mobius transformations, which
map the unit disk onto the unit disk. Because Mobius transformations can be generalized to

higher dimensions (see [1]), we can also consider the pseudohyperbolic metric in this setting
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and show its Mobius invariance. Our aim is to take a closer look into its properties and use
them to study uniformly discrete sequences for harmonic Bergman spaces. To this end, we will
follow the work of P. Duren and R. Weir [12] for the case of C™ and establish a parallel theory
for R". Hereby, one needs to establish similar arguments, but in the real case the theory is
not as “complete” as in the case of several complex variables (see Ahlfors [1]). In our main
result, we give necessary and sufficient conditions for uniformly discrete sequences for the case

of harmonic Bergman spaces over the unit ball in R"™.

1 Mbobius Transformations and Pseudohyperbolic Metric
Let By, be the open unit ball in R™, that is, the set of points {z : || < 1}.

We shall be using the following notation: we will write z,y € R™ in polar coordinates by
z = [z[a’ and y = |yly’.

For any a € B, denote by ¢, the Mobius transformation in B. It is an involution automor-
phism of B such that ¢,(0) = a and ¢,(a) = 0, which is of the form (see [1])

spa(x):|:v—a|a—(1—|:1||2)(x—a), a,r €B. (1.1)

[|x|a — x

For the denominator, we will also use the abbreviation [1],
h(z,y) = [lzly — 2'].
Furthermore, h(z,y) = h(y, z) by the symmetry lemma, and
hz,y)* = (1= [2[)(1 = [y*) + |z —y[*.

It is well known that

|z —a
a - B 1.2
[oule)] = T (12)
(1 —]z[*)(1 —|a]*)
1 — |pa(z)* = . 1.3
|90 (‘T)| ||CL|I—CL/|2 ( )
Theorem 1.1 For the Mobius transformation ¢, (), a, z,y € By, we have
h(a,a)h(z,y)
h(pa(x), Pa =72 1.4
(a(z), Pa(y)) h(a, )h(z.q) (1.4)

Proof Let Jy,(z) denote the Jacobian matrix of ¢, at x and denote |Jp,(x)| =
| det Jpq(z)|*/™. Then (see [1]),
Jpa(z)
———= € O(n),
|Jpa ()|
O(n) being the orthogonal group; moreover,

1—lal? h(a,a)

|Jpa ()] = A=A —]aP) +|z—a? h(=z,a)?

[0a(z) = 0a(y)| = [Tea(@)|"?|T@a(y)/?|z — yl.

From these, we get
a() — galy)] = Y20 V@),
Pt TR ) h(ay) U

Thus, for the term h(vq(x), vq(y)), we have

h(@a(@), a(y)® = (1= la(@)*) (1 = |pa@)I*) + |¢a(@) — ¢a(y)?
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_ hla,a)h(x,w) h(a, a)h(y,y) h(a,a)’ = g2
oo} h(ay)?®  hla,2)?h(y,a)?
h(a,a)?

= Ha e Phagr M@ DY) + o=yl

B h(a,a)? 9
= a2 Eh(a g Y
O

Furthermore, M denotes the group generated by all similarities of R™ together with the
reflection in the unit sphere and M the subgroup which keeps the unit ball invariant. Let us
remark that any ¢ € M can be written as the composition of an orthogonal transformation in
the orthogonal group O(n) with a Mobius transformation, that is, M = {Ky, : K € O(n),a €
B}.

The pseudohyperbolic metric for the unit ball is defined by

p(Iay) = |90y(517)| ) Iay S Bn

For this metric, we have the following well-known properties:
1. p(x y)>0and p(z,y) =0z =y,
p(x,y) = py, ),
p(@,y) < p(x,2) + p(z,y),
p(Kz,Ky) = p(z,y), YV K e O(n).
The first three points show that p(-,-) defines indeed a metric. These assertions except the
triangle inequality come easily from the identity (1.3). Indeed, for the first point we remark
that if p(z,y) = 0, then we have |¢,(y)| = 0, so that

(=)@ =yl
(1= |2z)(A = [yP?) + |z —y[*’

which implies z = y. Again from (1.3), it is easy to see that

L= lea @)l = 1= oy (@)|* = 1 = |ory (Kx)[*

and it yields the second and fourth statements. Their proof can be found in [22] for the real
unit ball and in [29] (p.100) for the complex unit ball. We shall need the M&bius invariant
property and the strengthened triangle inequality.

1=1-|p. ()| =

Theorem 1.2 For any a,z,y € B, we have

p(ea(), 0aly)) = p(, y);
and
|p($, a) - p(avy)| < (I, y) < p(xv CL) + p(avy) )
1 —p(z,a)p(a,y) 1+ p(z,a)p(a,y)
Proof For the Mdbius invariance, we apply the identity

1= pu(o)f? = MR

so that
h(a,a)h(z, x) h(a,a)h(y,y)
h(a, z)? h(a,y)*

(1= lea(@))(1 = lpa@)l?) =
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By (1.4), we have

Therefore, we get

) > (= Je@B) ~ [u@))
1 "papa(x)((pa(y))‘ - h(<ﬂa(517),80a(y>)2

_ h(xvx)h(yvy) o 2
= W =1 ez (y)I".

Regarding the last statement, we can assume a = 0 in view of the Mobius invariance. In

this case, we have p(x,0) = |z|, so that the statement can be rewritten as

lel ~loll _ lr =yl _ Jel bl
t=Tellyl = Tlely =T = 1+ el

Notice that

|z —y[® (l=] + lyD*
S >
lzly — 2> = (1 + [zlly])
2 + [yl = 2(z,y) _ |2+ |yl® + 2[lly]
L[z Ply[? = 2z, y) = 1+ |2[[yl* + 2Jx|ly]
& (1= 2@ = yP)(zllyl + (@, 9) > 0.

In a similar way, we obtain

el = lwll* _ _Je—yl
(1= fally))* = ||y — ='[?
& (L= 2@ = ly*)(l2llyl - (z,)) > 0.

which completes the proof. O

Let v, denote the Lebesgue measure in R™, normalized so that v,,(B,,) = 1, and let ¢,, be the
corresponding measure on the surface of the unit sphere 9B,,, normalized so that ¢, (0B,) = 1.
Then,

f(@)dvn(2) =n / [ ) (©)dr
R 0 OB,

for any function f € L'(R").
dvy, (z)

The invariant (Haar) measure on B,, is given by d7,(z) = Tz The hyperbolic volume

of a measurable set Q) C B,, is defined by

B dvy(z)
= [ G

Hereby, we obtain the fact that the hyperbolic volume is preserved under the action of Mdbius
transformations 7,(¢4(2)) = 7,(),a € B,. Let us denote the pseudohyperbolic ball with
center a € B,, and radius r € (0,1) by

A(a,r) ={x € By : |pa(z)| < r}.

As po(z) = —x, A(0,7) is the true Euclidean ball |x| < r. As the Mébius transformation
is an involution, A(a,r) = ¢(A(0,r)). Now, we give an estimate for the hyperbolic volume
Tn(A(a,r)) in R™. We like to think of it as the equivalent result to the hyperbolic volume in
Duren/Weir [12], but here an explicit calculation is not possible.
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Lemma 1.3 For any a € B, 7 € (0,1), and n > 2, we have

< (Alwr) €

S — 21 = S A=yt

Proof Because of the M&bius invariance, we have for the hyperbolic volume of A(a,r)

B B dvp(z) roognt
Tn(A(a,’f')) = Tn(A(O,T)) = /A(O T) m = TL/O mdt

T n—l—k 2k+n—1 = 1 F(n+k) 2k
= t "mrdt=1r" .
”/0 kT (n " Zk!l“(n—l) % +n
=0 k=0

We would like to remark that
(n—14k) < T(n+k)
2 - 2k+n

<T'(n—1+4+k).

o T(n—1+k) ok _

Now, 2 RIT(n—1) =y

é)n,l gives us the desired result.

We would like to mention that, unlike in the complex case of C™ [12], 7,(A(a, 7)) is only
equivalent to r™(1 — r2)~"*1 but not equal its scale multiple. In fact, otherwise there exists a
constant C' independent of r € (0, 1) such that

r tn—l P
— At =C————
", T O

so that by derivating both sides, we reach a contradiction. 0

For 0 < p < 0o, the harmonic Bergman space L (By,) consists of all functions f harmonic
in B, that is,

02 02

and with finite volume integral

WM=/IﬂM%%w<m.

Lemma 1.4 TLet 0 <p < oo and 0 <r < 1, and define s € (r,1). Then, for each a € B,
and any x € A(a,r), the inequality
C
S@F < 5 [ HOPAnE, YT LB,
holds for some constant C' depending only on n and p.
One well-known fact is that harmonic functions are not invariant under M&bius trans-
formations in higher dimensions. But if f is harmonic, then ||z|a — 2/|>7" f(¢a(x)) is again

harmonic [13].

2 Uniformly Discrete Sequences in the Ball

A sequence I' = {z}72 | C B, is said to be uniformly discrete if there exists a positive
constant ¢ € (0,1) such that
|z, (xk)] =6 >0

for all j # k. The number §(T") = 12’6 |0z, (x1)] is called the separation constant of I'.
J
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Lemma 2.1 If {z}7, is a uniformly discrete sequence in B,, with separation constant
6, then,

oo

> laPrifeor < (5) [ i@

k=1
for any f € L¥(B,,), where C is a constant independent of f and é.
Proof By the triangle inequality, the pseudohyperbolic balls A(xy, g) are pairwise dis-

joint. Moreover, one obstacle for our proof is the fact that harmonic functions are not invariant
under Mobius transformations in higher dimensions. But we obtain the result that if f is

harmonic, then ||z|a — 2/|>~" f(¢a()) is again harmonic [13]. Now,

/|< )P (2 >Z/(% DIP(1 = [2f2)"dra ()

-> /. NI NS

k=1
1 — Ja|? )"
= e )P [ ) dw, (6).
Z/Aw (2= (O) (||xk|s—x;|2 ©
Notice that 5
[ — 2| ~ 1, ¥ &€ A0, 5), (2.1)

for any @ € By,. Indeed, 2 > ||z|6 —2/| > 1—|z||§]| > 1 —|§] > 1 —§/2 > 1/2. Therefore, from

(2.1) and Lemma 1.4, the preceding summation can be further estimated from below by

DN N e e (LI
> Co0™ > (1= |oil*)" [ f ()P
k=0

O
By taking f = 1, we have the following result.

Lemma 2.2 If {z;}72, is a uniformly discrete sequence in B,, with separation constant

6, then,
Y A—laP)<C (%) :

k=1
For a € B,,,0 <r <1, and I a sequence in B,,, we define the counting function
F a, T Z XA(a r)
zel
where x4 (x) denotes the characteristic function of the set A. Namely, N(I', a,r) is the number
of points in T" that lie in the pseudohyperbolic ball A(a,r). Clearly,

N(T,a,7) = N(pa(T),0,r). (2.2)
In fact,

I‘ar Z XAar) 9011 Z XAOT N(@a(P)OT)

wa(y)€er yEpa(T)
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Lemma 2.3 If {z;}72, is a uniformly discrete sequence in B,, with separation constant

0, then its counting function satisfies
n—2 n
3 2 1
N(T 2( = 14—=-) ————.
( ,G,T)< (2> ( +5) (1—7")”71

N(F,a,r)20<ﬁ>, "

In particular,

Proof As the pseudohyperbolic metric is M6bius invariant, we have the sequence @, (T") =
{@a(zr)}52, that is again a uniformly discrete sequence with separation constant d. So, by (2.2)
there is no loss of generality in taking a = 0.

We claim that for I' = {x}$2 ,, we have
r+ %
1+5

U Az, g) C A(0,R), and R:=
z,€A(0,r)

Indeed, {A(zk, 3)} are pairwise disjoint. If € A(zy, §) and x5, € A(0,7), then,

p(0, %) + p(ak, x) < r+3

z| = p(z,0) < < .
=000 = 10, 500w ) = T4 08
Hereby, we used the fact that g(z) = 114:; ZJ is an increasing function of x > 0 for any fixed

y € [0,1]. This proves the claim. From our claim, we obtain

> (A, é)) < 7a(A(0, R)).

2
R €A(0,r)
Therefore, from Lemma 1.3,
" w
2
N(F70=T)§ RN (1_R2)n71'
(1 - (%) )
As 5
1-(3)?
1— R2 — 2 2 ,
e
we have
n S\" ré\" 1
N(T,0,7) <2(2) <r + 5) <1 + ?) =1

- 2
Q)76 b

As in the complex case, we have the following result.

Lemma 2.4 Let I' = {x;}72, be a sequence of points in the unit ball B, such that for
some fixed radius r > 0, each pseudohyperbolic ball A(a,r) contains at most N points. Then,

I" is the disjoint union of at most N uniformly discrete sequences.

The proof of this lemma is exactly the same as that of the corresponding lemma in [11].
For the sake of completeness, we will give it here.
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Proof Consider first the disk A(z1,r). By hypothesis, it contains at most N points in the
sequence I, including x;. Let those points be assigned to M different subsets, I'1, s, -+ , Ty
with M < N. Let xj, be the first point of I' not already assigned. Then, p(zk,, 1) > 7, S0 Tk,
is placed into the set I'; containing z;.

Now, we proceed inductively. Suppose that a finite number of points have been assigned to
subsets I'1,T'g, - -+ , Ty, with m < N and that p(x,y) > r for all points z,y € I';,j =1,--- ,m.
Let z* be the first point of I' not already assigned to a subset I';. By hypothesis, the disk
A(x*,r) contains at most N —1 points of I" that have already been assigned, and they represent
at most /N — 1 different subsets I';, so that the point * can be assigned to some subset I'y, not
represented in this list. It is clear by construction that A(x*,r) Ty, = ¢; namely, p(x*,&) > r
for all points £ € I' already assigned to I'y,. This inductive process therefore divides the given
set I into disjoint subsets I'y, - - - , 'y, with m < N and p(z,y) > rforallz,y €'y, =1,--- ,m.

O

Theorem 2.5 For a sequence I' = {z}72, of distinct points in B, the following six
statements are equivalent.
1. ' is a finite union of uniformly discrete sequences;

2. sup N(T',a,r) < oo for some r € (0,1);

a€B,

3. sup N(I',a,r) < oo for all » € (0,1);

a€B,

4. For some p € (0,00), there exists a constant ¢ such that

Z (L= |=i)" | f ()P < el £115, f € L} (Bn);
k=1
5. For each p € (0, 00), there exists a constant ¢ such that

S = [z f (@) P < el £IIB. f € LE(Bn);
k=1

oo
6. sup > (1 —|paq(zs)?)" < .
a€By, k=1

Proof By Lemma 2.3, statement (3) follows from statement (1). Obviously, (3) im-
plies (2). By Lemma 2.4 from (2) we obtain (1). That (5) implies (4) is trivial and statement (5)
can be obtained from (1) using Lemma 2.1.

Now, because assertion (1) as a property is invariant under Mdobius transformations, it
follows from Lemma 2.2 that

o0

S (- lpalz) ) < C (%)

k=1
This means that (1)=-(6). Moreover, to show that (6) implies (3), we fix any r € (0,1) and let
a € By. As |pq(zi)| < r for N(T,a,r) points x, we infer from (6) that
N(Tar1-r)"< Y (1—lpalzn)’)" < C.
zrEA(a,r)
Now, we will show that (5) follows from (4). Statement (4) holds precisely when the measure

o]
> (1 — |@g]*)"6,, is a Carleson measure for L (B,,). As Carleson measures are known to be

independent of p, this proves the implication [10].
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The only part which is still left is to prove that assertion (5) implies (1) which we will do
by contradiction following the ideas of the proof of Lemma 3.3 in [25]. Hereby, we remark that
if I' is not a finite union of uniformly discrete sequences, then there exists a sequence of points

{yr}2, in By, such that N(T', ys, %) is unbounded as k becomes large. Take
K (2, yk)
K (yk, yr)

Here, K is the harmonic Bergman kernel in B,,. It is known [16] that

fr(2) =

K(x,yg) ~ for any = € A(yg, ).

1
(1 —faf2)n
Notice that in A(yg,r), we have (see [22])
L= o = 1 —|yul* = [lalyr — o', V@€ Alys, 7).

Now, we take p = 2. From the reproducing property of the Bergman kernel, we get || f||zz = 1.
From this, we obtain

Pt (ykayk)
>C ) (1 —|zk]*)"K (xr, yr)

k=1

1— 2\n

ok €A(yk.1/2) IR
=C > (=l )"

R €A (Yk,1/2)

3\" 1
>C(-| N(T -
o) hed)
which is a contradiction. O

As in the complex case in [12], we have the following result.

Theorem 2.6 If a sequence {x}7°, in B, is uniformly discrete and z; # 0 for all k,
then,

0 1 —(1+e€)
Z 1—|ze)" (logm> < o0
k=1 k

for each € > 0.

Remark 2.7 The main theorem remains true if the Bergman space L} (B,,) is replaced

by the harmonic Hardy space.

Remark 2.8 Although the results are given for the case of the unit ball in R™, they can
be easily transferred to the case of the upper half plane by means of the Cayley transform.
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