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The Balian—Low theorem expresses the fact that time—frequency
concentration is incompatible with non-redundancy for Gabor systems.
In this article, the Balian—Low theorem is established for a new kind of
Gabor systems {e/"?C™g(t — 1)} 0 ez associated with a phase function 6(7)
satisfying certain assumptions. Meanwhile, some properties of the
corresponding generalized Zak transform are shown and explicit examples
of the phase function 6(¢) are provided.
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1. Introduction

The Balian—Low theorem, which is a key result in time—frequency analysis, has been
of interest to many researchers for some years [I-10]. It expresses the fact that
time—frequency concentration and non-redundancy are incompatible properties for
Gabor systems {e>™g(t — M} mnez- Specifically, if ge L*(R) has the property that

the functions g, (1) = e*™'g(t — n) constitute a frame for LA(R), i.e.,

A1 < D WS gmad® < BISIP,

mnez

then either

400 +00
/ 2l g)Pdi = 00 or / £16(6)d& = oo,

—00 —

where the Fourier transform g of g is formally defined by

(o) = Fo(w) = /R (-2 ds,
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It is well-known that the Zak transform is an important tool for studying the frame
given by Gabor systems [8,11-13]. The Zak transform was independently introduced
by J. Zak in 1967 and defined by

@)=Y ™ f(t—k), (1,0)€l0,1),

keZ

This defines a unitary operator from L*(R) to L*([0,1)%). In abstract harmonic
analysis the Zak transform is called the Weil-Brezin map.

Note that the harmonic waves ¢>™“, n e Z in the Zak transform have constant
frequencies, which can be seen as the derivative of the linear phase ¢(w) = 2wnw, such
a purely monochromatic signal cannot expose the time-varying property of non-
stationary signals [14-16]. Recently, a kind of specific nonlinear phase function
0,(2nw) are proposed [17-21]. For different a, the shapes of cos 6,,(27w) (also those of
sin 6,(2nw)) are different. It is observed that the closer |a| gets to 1, the sharper the
graph of cosf,(2nw) is. The nontrivial harmonic waves ¢ which represent a
conformal re-scaling of classic Fourier atoms, have positive time-varying frequencies
and are expected to be better suitable and adaptable, along with different choices of
a, to nonlinear and non-stationary time—frequency analysis. Moreover, in [22],
associated with a kind of phase function 6(¢) and ¢(7) satisfying certain assumptions,
the authors study the Chirp transform with the kernel ¢®?%®) get some new
phenomena on the Shannon sampling theorem by dealing with sampling points
which may non-equally distributed and solve certain differential equations with
variable coefficients.

Motivated by these points, this article studies a new kind of Gabor systems
generated by g

{eim 9(2”’)g(l — n)}m,nez

by replacing the harmonic waves ¢*™ in the Zak transform by ¢”"C™ where 6(7)
satisfies certain assumptions. The proposed Gabor system {e/"??™)g(t — M)} ynez €an
be related to already existing cases. Trivially, if we assume 6(2nt) = 2wA¢, for a fixed
parameter A > 0, then the proposed Gabor system reduces to the classical cases
[8,23]. Moreover, in the case of 0(2xt) =6,2xt), i.c., using the nonlinear Fourier
atoms in [17-21], we have that the frequency modulation ¢”%™ represents a
conformal dilation of the classical modulation ¢ on the unit circle. If we take the
proposed Gabor systems with different parameters a, we can obtain a dictionary of
Gabor frames with different dilation parameters in the modulation part. A simple
change of variables can establish a clear relation between this system and the system
generated by the affine Weyl-Heisenberg group with dilation on the window
function [24,25]. The nonlinear Fourier atoms ¢”%™ discussed in [17-21]
correspond to conformal re-scalings of the classical Fourier atoms ™ and
therefore are better adapted to capture non-stationary features of band-limited
signals. Those atoms are a particular case of the ones in the proposed Gabor system
in so far as we are not restricted to conformal phase functions 6,(7). This freedom
allows us to choose phase functions adequate to the necessary non-uniform sampling
of the signal [22]. Applications of non-uniform sampling range from communication
theory (missing data problem) and astronomical measurements to medical imaging
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such as computerized tomography and magnetic resonance imaging, as they require
the use of Gabor systems with nonlinear phase functions [26].

The rest of this article is organized as follows: Section 2 is devoted to giving some
assumptions on the phase function 6(7) and providing some explicit phase functions
satisfying the given assumptions. In Section 3, we depict some properties of the
generalized Zak transform. In Section 4, we prove the Balian—Low theorem for the
Gabor systems {¢/"?*™g(t —n)},, ,z. Some conclusions are drawn in Section 5.

2. Preliminaries

In this section, we introduce some assumptions on the phase function 6 necessary for
our study and give some explicit examples satisfying the assumptions. Firstly, we fix
the notations to be used later on. For any arbitrary measure u in R, consider the
function spaces L7(R,du), with 0 < p < oo, of p-integrable functions in R with
respect to the measure u and with finite norm

+00 ;
1= (57 [ orancan).

In addition, for p=2, denote its norm as |fll>, =/l equipped with the inner
product

—+00

. 1 L —
(8o =8 =7_| [(x)g)dumy).

We also denote by L*([0, 1)%, du) the Hilbert space with inner product

1 1 1
Uty = e =gz | [ S0 0000 anCaron.

Secondly, we introduce our main assumptions as follows.
AssUMPTION 2.1 Consider the set of measures ju : R — R of class C* satisfying i’ > 0.

Due to the reason that we need to consider the Hilbert space L*([0, 1)?, d6) for the
phase function 6(27¢) defined in the interval [0, 1) and being strictly increasing, we
extend 6(2xt) from [0, 1) to the whole line by keeping the property of a strictly
increasing function. For this reason, the following restriction on the phase function 6
is very natural.

AssUMPTION 2.2 Assume that 6(t) is a function satisfying Assumption 2.1 and,
furthermore,

O(t + 2km) = 0(t) + 2k, (2.1
forany teR, keZ.

In what follows, under Assumption 2.2, we can get some properties of the phase
function 6. On the one hand, 6 satisfies Assumption 2.2 if and only if it is uniquely
determined by its restriction 6|jo 2. The restriction map

110,27 + [0, 2] — [co, co + 27]
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is a bijection, where ¢y =6(0). Thus 6(]0, 27]) is a closed interval of length 27r. On the
other hand, ¢ is a 2z-period function and 6’ >~ 1. Indeed by the periodicity

. / / < / R 2 2
() < \ min Q(X) < 0 (Z) max 9 (x) Vi e s ( . )
as deSlIed.

Assume that 0 satisfies Assumption 2.2, by Qian’s theorem [21], d6(¢) is a sum of a
number of n harmonic measures on the unit disc if and only if

. 27
H(e"0) = —je#) 4 = / p(ndt,
2 0
where H is the circular Hilbert transform on L*([0, 27]), satisfying

H(e™) = —isgn(k)e™ VkeZ.

At last, we shall provide explicit phase functions satisfying Assumption 2.2.
Nonlinear Fourier atoms can be understood as boundary values of Blaschke
products [17-19]. In the simplest case they are defined by

eié)(,(t) = Tﬂ(en)’

with 7, being the Mobius transformation

7,(2) =Q, lal < 1.
1 —az
For any complex number a = |ale™ with |a| < 1, the nonlinear phase function 0,(¢) is
given by
la| sin(t — t,)
1 —|a|cos(t — t,)

0,(?) := t + 2 arctan VteR, (2.3)
which has the unique decomposition: the sum of a linear part and a periodic part.
One can easily check that the nonlinear phase function 6,(7) satisfy Assumption 2.2
based on the following facts. By direct calculation, one can find

1 —la)? 1 —a)?

T 1 2lalcos(t — 1p) + lal’ 1 —ae]

0(1)

= 27p,(t) > 0,

where p,(f) is the Poisson kernel for the point @, and
Ou(t + 27) = 0,(1) + 27, pa(t + 27) = pu(2).
Since 1 — |a| < |1 —@e"| < |1 + |a|, one can obtain the bounds

L—lal _ o< 1%ldl
T+ ja =P =120ap

or rather, p,(t)>~1.
The above concerns the case of a nonlinear Fourier atom based on a single
Mobius transform. This can be extended to the case of finite Blaschke product.
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For some fixed N €N, the nonlinear Fourier atom generated by the finite Blaschke
product

N
Bi(2) =[] ra(@. laxl <1

k=1

is given by
. N .
¢ Z/\:l Oa () Ba(e‘”).

Consider the nonlinear phase function
1 N
0a() =~ > 04,(1). (2.4)
k=1

For 6.(1) we have
1 & 1 &
0(0) =5 D0 (1) = 25> pu (1) = 2mpi ),
k=1 k=1

which is always positive. We can check that the phase function 6;(7) defined by (2.4)
also satisfies Assumption 2.2.

3. Properties of the generalized Zak transform
We want to establish the Balian—Low theorem for a new kind of Gabor systems

Gmn(t) =" g(r — ), teR, mneZ, (3.1)

for the spaces L*(R, d¢), where the phase function 6() satisfies Assumption 2.2.
To this end, we consider the generalized Zak transform Z, defined by

(Zof t.w) =Y (1= k). (Lw)e[0, 1),

keZ

It can be shown that the series above converges in the norm of L*([0, 1)%, do).

Some properties of the generalized Zak transform Z, are discussed here. In what
follows, we will focus on considering that the generalized Zak transform Z, is a
unitary map from L*(R, d6) to L*([0, 1)?, d6). One way of seeing this is the following.
Let us consider the function e,,, =¢""*™e(x —n), with e(x)=1 for 0 < x < 1,
e(x) =0 otherwise. Simple calculation offers that the system {ei""(Z”x)},f;’ioo consti-
tutes an orthonormal basis for L*([0, 1), d6). Thus em.n constitutes an orthonormal
basis for L*(R, d6). Direct calculation tells us that

(Zoemn)t, ) = "= (Z,0)(1, w),

and (Zge)(t,w)=1 almost everywhere on [0,1)>. It follows that Z, maps an
orthonormal basis of L*(R, d#) to an orthonormal basis of L*([0, 1)%, d6), so that Z,
is unitary.

By using the identity (2.1), it is easy to see the properties of time and frequency
shifts of the generalized Zak transform.
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THeOREM 3.1 The generalized Zak transform Z, satisfies the following two
equations:

(Zef 1, 0+ 1) = (Zof )1, @)

and
(Zof )t + n,0) = "N Zof )1, ).

From Theorem 3.1, we can extend Zf outside [0, 1)*. Another way of seeing this
fact is shown in the following theorem.

THEOREM 3.2 The operator Zg is unitary from L*(R,d6) to L*([0,1)%, d6), i.e.,

(Zof. Zog)o = (f.8)s  [.g€ L*(R). (3.2)

Proof We only need to show the result for £, g € L*(R) N L'(R) since the general case
can be treated by limit procedure. By the definition of the nonlinear Zak transform
and interchanging the order of the integral and summation, we have that

(Zaf. Zeg>

=23 / / Zof (1, ) Zog (1, 0)d6Q2t)d2rw)

jﬂ > / fe—=m) Y gt—m)( / {=m70) 40D r09) )dO(2711).

neZ meZ

By a simple calculation, we know that

1
/ ei(n—m)b‘(27m)) d@(Zna)) — 27_[5”,”1 ,
0

where §,,,,, denotes Kronecker delta and here we have used the fact 6(27) =6(0) + 27.
By noting this and the 2z-periodicity of ¢'(f), we have that

(Zof. Zog)y = / £t — mg = mden)
n cZ
—n+1

f(0g(1)d62rt)

neZ

=5 ~ H0gde).

The following theorem states that we can reconstruct the original signal from its
generalized Zak transform. We remark that the reconstruction formula of signal f
can also be given in discrete form by the generalized Zak transform similar to the
classical case. Although that is not in the scope of this article, we refer to [27,28] for
more details.
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THEOREM 3.3 If fe LAR), then the following relations hold true:

1
1) =% / Zeof (1, 0)d02nw), 1R, (3.3)
0

flw) = / Zaf( Ly 1(2na))> ming; oeR. (3.4)

where /} is the Fourier transform of f and 6\ (w) is the inverse of the phase function 6.

Proof We first show (3.3). The definition of the generalized Zak transform implies
that

1
% /0 Zof (1, w)dO2rrw)
1 1
_ % /0 F()d6Crew) + % / 37 f(t = Rt o).

0 k0

Note that the first integral of the right side of above equation is just f{z). To calculate
the second integral of the right side of above equation, we interchange the order of
the integral and summation and get that

/0 > [t = ke " do2mw)
k#0

1
= Z f(t—k) / M) 402 w)
k0 0
60271)
=> fu- k) el’ffdg =0.

k20

Here we have used the fact 6(27) =6(0) + 27 again.
Now we turn to show (3.4). The definition of the generalized Zak transform

leads to
/ZOf( 1((1))) —ZJTifwdt
/ Zf(t_k) —2miew(t— k)dt
0

keZ

k+1
f F()e Ty = flw).
keZ

Let us therefore define the space Z by

— {¢ ‘R = C; (1 + n, w) = "1, w), ¢(1, w + n)

1 o
= ¢(t, w), ||¢||§ = 4—712/0 [0 |p(2, w)|*d02nt)dO2nw) < oo}, (3.5)
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then the generalized Zak transform Z, is unitary between L*([R, d6) and Z. By (3.3),
we know the inverse map is easy as well: for any ¢ € Z,

(Z5' ) = - / ' b1, 0)d0(2r0)
o 27T 0 ’ ’

4. Generalized Balian—Low theorem

In this section, based on the properties of the generalized Zak transform, we mainly
discuss the time—frequency localization properties of Gabor systems g,,, ,,(¢) which are
the content of the generalized Balian—Low theorem. At first, we prove some useful
lemmas as follows.

Lemma 4.1 If g,,.,.(?) is defined as (3.1), then
(Zogma)(t, ) = "0 (Z,a) (1, ). (4.1)

Proof From the definition of the generalized Zak transform and g, ,, we get that

(Zogmat; ) = Y 0™ g,, (1 — k)

kez

_ Z eik@(Zﬂw)g(t k- n)eim 0Q2r (1—k))
keZ

— Z ei(k—n)(?(Zmo)g([ _ k)eim 027 1)
keZ

— eim0(2n l)e—in0(27m)) Z eik@(Zr[w)g([ _ k)

keZ
|
From the classical Parseval identity, we can conclude the generalized Parseval

identity

1 1
/ / Lf (1, w)|>dOQ7t)dO27w)
0 JOo

1
>

mnez

1 1 2
/ [ (1, )™ MmO 40271027 w)|
0 JO

Based on Lemma 4.1 and the generalized Parseval identity, we get the following
result.

LemMA 4.2 For any function fe L*(R), the following relation holds true:

D WS gmael’

m,neZ
1
C 4n?

1 1
/ / | Zof (1, 0) 12| Zog(t, ) >dO271)dO2nrw). (4.2)
0 0
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Proof As already shown in Theorem 3.2, the operator Z; is unitary. This implies

WS ogmadel’ = D UZof s Zogmndel”

mneZ mnez

-y |2

2
m,neZ 4

1 1
! / / | Zof (1, 0)*| Zog(t, w)|*d6(271)dO27w).
0 0

T4

1 1 2
/ / Zof (1, 0) Zyg(1, w)e ™" o M0 402 71 dO(2 )
0 JO

From this Lemma, we get that Zy(F*F)Z;! corresponds to a multiplication by
| Zog(t, w)|*> on the space Z defined in (3.5), where F is the coefficient operator from
LA(R, d6) to

P@) = {c = (nnhmnezs IcdP=D_ lemal® < oo}

mnez

defined by

(Ff)m,n = <fa gm,n>()e

and the frame operator F*F is defined by

F*Ffz Z (iﬁgnLn)Ogm,na (43)

mnez

where F* is the adjoint operator of F,

Fe= E Cman&mn-

mneZ

Based on general frame theory, if the functions g, () =g(t — n)e™?C™ constitute a

frame for L*(R,d#), then the frame operator F*F defined by (4.3) is a bounded,
positive and invertible mapping from L*(R, d6) onto itself. The associated dual frame
Zmn given by (F*F)_lgm,,, yields an exact frame expansion of f of the form

f= Z <4ﬁ§m,n>9gm,n = Z (fagm,n>0§m,na

mnez mnez

which provides an explicit reconstruction of the signal from the Gabor frame
G [131.

To get the following lemma, let us recall the rule of thumb, the smooth-and decay
principle: if the function f'is smooth, then the Fourier transform Ff decays quickly
and vice versa. Here is the link between the function f and its Fourier transform Ff.
Denote the multiplication and differentiation operators as

Of(x) == x/(x),  Pf(x):=—if(x). (4.4)
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The Fourier transform F turns differentiation operators into multiplication
operators, i.e.,

FoP=2nQoF.

Lemma 4.3 Suppose fi, Pfy, Ofi € LAR, d6), k=1,2, where the operators Q, P are
defined as in (4.4). Then

<Pfl 5 Qf2>0
—+00
— (O, PRy + iLfifo)o + 2 f i (VA rx)d.

—00

Proof  As we all know, if ¢(x), ¥(x) satisfy

lp(x)| < CA+x)7", Y] < C(1+xH)7",

then we have

1 +00 -
(0, Py = - / P AO2m)

2 ) o

. / " g Q) T
+00

— —ilp. W) + (P, Oy — 2mi f (T Q).

—0o0

On the other hand, since f;, Pfi, Of; € LR, d6), by using (2.4), we get that f;, Pf;.
Ofi € LX(R). Consequently, there exist Jin satisfying

| fea()] < Cu(1 43271,
such that

I fin = fillo = 0, N Pfiw — Pficlla = 0, 1OQfikn — Ofklla = 0, n— oo.

In fact, for instance, we can take f;, as

n

Jin = Z(fk»HDH/,

=0

where H, are the Hermite functions [7]. Due to (2.2), we get that
I fin = fillo = 0, N1Pfin — Pficllg = 0, 1Qfkn — Ofillg = 0, n— oo.

Then
(P, Ofs)s
= nli)rgo(Pfl,na QfZ,n)e
—+00
— i Qs Plaao + il fon)a + 21 / o9 20)d]
—+00
— Q1. Ph)y + ilfi.f2)y + 2mi / (A Q).
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THEOREM 4.4  Let ge L*(R,d6) have the property that the functions Emn(t) =
g(t —n)e™ ™ constitute a frame for LR, d6), i.e.,

AP < S 1 gmabol? < BISIZ
mneZ
Then either
—+00 —+00
/ £1¢()2d6Q2n) = 00 or / £15(5)Pd6(2xE) = oo.

Proof The proof presented here is analogous with the proof of the classical
assertion for the classical Balian—Low theorem. At last we regard the classical result
as a special case on the construction of the contradiction in our proof. Since we have
proved Lemma 4.2 and since the generalized Zak transform Zj is unitary, this implies

0 <A <|Zyg(s,0)> < B< o0. 4.5)

Now let us consider the dual frame vector g,,, given by

gm,n = (F*F)ilgm,n- (46)
Since Zg(F*F)Z; "' corresponds to a multiplication by |Zog)? on Z, it follows that

Zeé;m,n = |Z(9g| _229gm,n

or

Zogma(t, @) = | Zag(t, )| 2P M (Zo0) (1, @)
— ein19(27rt)e—im9(2rrw) [m]fl , (47)

which is in the space Z by (4.5). In particular, (4.7) implies that

imo(2mx)

gm,n(x) =e g(x - I’l),

with Zsg = [Zg]™".
Suppose now that

~+00 +00
/ 2| g()Pd6@rt) < 0o and f £13(6)12d6(2m8) < oo,

—00

we can get that Qg, Pge L*(R,d#), where the multiplication and differentiation
operators Q, P are defined as in (4.4). This will lead to contradiction, which will
prove the theorem. One checks that

1
[Zo(Q2D(1, w) = H(Zy g)(t, ) — W 0.(Zo g1, ®),

which means that Qg e LR, d6) if and only if 9,(Zsg) € L*([0, 1), d6) . Similarly,
Pg e LA(R, d0) if and only if 9(Z,g) € L*([0, 1)*, d6). Consequently,

8 Zo& = [Zog] 0, Z0g and 8,268 = [Zog] 20,708
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are in L*([0, 1)%, d6); hence Qg, P§ € L*(R,dd). For the functions g and g, we shall
next prove the fact
(Qg, Pg)g = (Pg, 02)o,
where we derive the contradiction. In fact, we firstly have
<g’, gm,n)(?
- (ZQ(S;» Zegm,n>6
1 1 1
i | [zt Zug e ardoCaner)
47'[2 0 0 ’

_ 1
T 4n2

= 87)1,05}1,0’

1 |
/ / Zo8(t, ) Zyg(1, w)e™ 3D 2T 4027 1)d0(2 )
0 Jo

where §,,,,, denotes Kronecker delta. Similarly, we can get that

<g: gm,n>0 = 8;71,08n,0~ (48)

Secondly, since Qg, Pg e L*(R,df) and since the Gmans &mn constitute dual frames,
we have

(g, PE)g = ) (08 &mn)o(gmn: PE)o-

m,n

Due to (2.4) and (4.8), we have

o 1 oo —imOr X))
(8. Enala = [ xelole” ™G = o)

+00
= [ e e =

= <g7m,7n’ Q§>9
SimilarIYa (gm,na Pg)() = (Pg, g—m,—n)é- Consequently,

(0, PQ)o = ) (Pg, & m-n)o(&_m—n» Q2o = (P, 0)s-

m,n
Together with the result in Lemma 4.3 this implies
+o00 o
(g:8)g = 21 / xg(x)g(x)¢" (2mx)dx. (4.9)
—00
However, from (4.8) we have
(.80 =1. (4.10)

Now, we can get that there exists a contradiction between (4.9) and (4.10), that is, we
need to interpret that

—+00 o
-2 / xg(x)g(x)0"2nx)dx =1

—00
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is not true for arbitrary phase function 6(x) satisfying Assumption 2.2. We remark
that for the left-hand equivalence above we have that it is zero or negative while on
the right-hand side 1 is positive. In particular, let 6(x) =1+ x, which evidently
satisfies Assumption 2.2, thus we get that

+00 -

-2 / xg(x)g(x)8"2rx)dx =0
—0Q0

which results in a contradiction between (4.9) and (4.10). The proof is

complete. |

5. Conclusions

Associated with some properties of the well-defined generalized Zak transform, this
article deals with the Balian-Low theorem for a new kind of Gabor systems
{9 g(t — n)},.cz, Where the phase function 6(r) satisfies Assumption 2.2.
Applying Theorem 4.4 to the explicit example for the phase function 6(¢), the specific
nonlinear phase function 6,(z),

la| sin(t — t,)
1 — |alcos(t — t,)’

0,(t) = t + 2 arctan

we can get that if ge L*(R,d6,) has the property that the functions g,..(f) =
eMbQrD gt — ) constitute a frame for L*(R, d6,), then either

T, , l—laf T a2 — lal?
/ 1 g(n)l Il_74dt:oo or / I I463] w d§ = oo.

o a62mt|2

Especially, if we take a =0, then the nonlinear phase function 6y(7) = ¢, and the result
above reduces to the classical case.
More generally, applying Theorem 4.4 to the specific nonlinear phase function

1 N
9&(1) = NZ Qak (l),
k=1

we can get that if ge L*(R,df;) has the property that the functions g, () =
e/M0iCT0g(t — ) constitute a frame for L*(R, d6;), then either

oo |ax|*
71 &) 27“ 1 = 00
—0Q

or

.
/ £186)” Z 'Z’;J,,ﬂz dg = oo.



14 Y. Fu et al.

Acknowledgements

The first author is the recipient of a postdoctoral grant from FCT (Portugal) with grant
No. SFRH/BPD/46250/2008. This research is partially supported by Centro de Investigagdo e
Desenvolvimento em Matematica e Aplicagdes of the University of Aveiro and in part by
the Foundation of Hubei Educational Committee (No. Q20091004) and the NSFC
(No. 11026056).

References

[1] J.J. Benedetto, C. Heil, and D.F. Walnut, Differentiation and the Balian—Low theorem,
J. Fourier Anal. Appl. 1 (1995), pp. 355-402.

[2] J.J. Benedetto, W. Czaja, P. Gadzinski, and A.M. Powell, The Balian—Low theorem and
regularity of Gabor systems, J. Geom. Anal. 13 (2003), pp. 217-232.

[3] J.J. Benedetto, W. Czaja, and A.Ya. Maltsev, The Balian—Low theorem for the symplectic
form on R*, J. Math. Phys. 44 (2003), pp. 1735-1750.

[4] J.J. Benedetto, W. Czaja, A.M. Powell, and J. Sterbenz, An endpoint (1, oo) Balian—Low
theorem, Math. Res. Lett. 13 (2006), pp. 467-474.

[5] J.J. Benedetto, W. Czaja, and A.M. Powell, An optimal example for the Balian—Low
uncertainty principle, SIAM J. Math. Anal. 38 (2006), pp. 333-345.

[6] W. Czaja and A.M. Powell, Recent Developments in the Balian—Low theorem, Harmonic
Analysis and Applications, Birkhduser, Boston, 2006, pp. 79-100.

[7]1 I. Daubechies, Ten Lectures on Wavelets, CBMS-NSF, Regional Conference Series in
Applied Mathematics, SIAM, Philadelphia, PA, 1992.

[8] K. Grochenig, Foundations of Time—frequency Analysis, Applied and Numerical
Harmonic Analysis, Birkhduser Boston, Inc., Boston, MA, 2001.

[9] J.P. Gabardo and D. Han, Balian—Low phenomenon for subspace Gabor frames, J. Math.
Phys. 45 (2004), pp. 3362-3378.

[10] C. Heil and A.M. Powell, Gabor Schauder bases and the Balian—Low theorem, J. Math.
Phys. 47(11) (2006), pp. 13506-1-13506-21.

[11] A.J.E.M. Janssen, The Zak transform: A signal transform for sampled time-continuous
signals, Philips J. Res. 43 (1988), pp. 23-69.

[12] J. Zak, Finite translations in solid state physics, Phys. Rev. Lett. 19 (1967), pp. 1385-1397.

[13] A.I. Zayed and P. Mikusinski, On the extension of the Zak transform, Methods Appl.
Anal. 2(2) (1995), pp. 160-172.

[14] L. Cohen, Time-Frequency Analysis, Prentice-Hall, Englewood Cliffs, NJ, 1995.

[15] D. Gabor, Theory of communications, J. IEEE, Part 111 93 (1946), pp. 429-457.

[16] B. Picinbono, On instantaneous amplitude and phase of signals, IEEE Trans. Signal Proces.
45(3) (1997), pp. 552-560.

[17] Q.H. Chen, L.Q. Li, and T. Qian, Two families of unit analytic signals with nonlinear
phase, Phys. D: Nonlinear Phenom. 221 (2006), pp. 1-12.

[18] Q.H. Chen, L.Q. Li, and T. Qian, Stability of frames generalized by nonlinear Fourier
atoms, Int. J. Wavelets, Multiresolution Inform. Proces. 3(4) (2005), pp. 465-476.

[19] Y.X. Fu and L.Q. Li, Nontrivial harmonic waves with positive instantaneous frequency,
Nonlinear Anal. 68 (2008), pp. 2431-2444.

[20] T. Qian, Q.H. Chen, and L.Q. Li, Analytic unit quadrature signals with nonlinear phase,
Phys. D: Nonlinear Phenom. 203 (2005), pp. 80-87.

[21] T. Qian, Characterization of boundary values of functions in Hardy spaces with applications
in signal analysis, J. Integral Eqns Appl. 17 (2005), pp. 159-198.

[22] G.B. Ren, Q.H. Chen, P. Cerejeiras, and U. Kaehler, Chirp transform and Chirp series,
J. Math. Anal. Appl. 373 (2011), pp. 356-369.



Applicable Analysis 15

[23] R.M. Young, An Introduction to Non-Harmonic Fourier Series, 1st ed., Academic Press,
San Diego, CA, 2001.

[24] S. Dahlke, M. Fornasier, H. Rauhut, G. Steidl, and G. Teschke, Generalized coorbit
theory, Banach frames, and the relation to modulation Spaces, Proc. Lond. Math. Soc.
96(2) (2008), pp. 464-506.

[25] S. Dahlke, G. Teschke, and Stingl, Coorbit theory, multi-a-modulation frames, and the
concept of joint sparsity for medical multichannel data analysis, EURASIP J. Adv. Sig.
Proc. (Special Issue: Signal Processing for Applications in Healthcare Systems) (2008).
Article ID 471601, 19 pages.

[26] A. Aldroubi and K. Grochenig, Nonuniform sampling and reconstruction in shift-invariant
space, SIAM Rev. 43(4) (2001), pp. 585-620.

[27] L. Auslander, I.C. Gertner, and R. Tolimieri, The discrete Zak transform application to
time—frequency analysis and synthesis of nonstationary signals, IEEE Trans. Signal Proces.
39(4) (1991), pp. 825-835.

[28] N. Polyak and W.A. Pearlman, Filters and filter banks for periodic signals, the Zak
transform, and fast wavelet decomposition, IEEE Trans. Signal Proces. 46(4) (1998),
pp. 857-873.



