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❒❒ ÈÈUUYYRRUUHHVV %%LLQQiiUULLDDVV GGHH 33HHVVTTXXLLVVDD

• 1XPD�ÈUYRUH�%LQiULD�GH�3HVTXLVD� D�LQIRUPDomR�HVWi�UHJLVWDGD�QRV�YpUWLFHV�HP�RUGHP�
• 8PD�WUDYHVVLD�HP�RUGHP�HTXLYDOH�D�XPD�OLVWDJHP�RUGHQDGD��3DUD�FDGD�YpUWLFH��WRGRV�RV�HOHPHQWRV�FRQWLGRV�QD�VXE�iUYRUH�HVTXHUGD�VmR�LQIHULRUHV�H�WRGRV�RV�HOHPHQWRV�FRQWLGRV�QD�VXE�iUYRUH�GLUHLWD�VmR�VXSHULRUHV���
• 3RUWDQWR��XPD�3HVTXLVD�QXPD�$%3�p�VHPHOKDQWH�j�3HVTXLVD�%LQiULD�H��QR�FDVR�GH�XPD�iUYRUH��TXDVH��SHUIHLWD��WHP�WDPEpP�
FRPSOH[LGDGH�2�ORJ�Q��

SURFHGXUH Procurar (elemento: tipo;  t : ABP,  YDU achou : boolean);   
 EHJLQ LI vazia(t)�WKHQ��achou:= false; 
 HOVH�� LI elemento = consultar(t) 
 WKHQ achou:= true 
 HOVH�� LI elemento < consultar(t) 
 WKHQ Procurar(estenome, esquerda(t), achou) 
 HOVH Procurar(estenome, direita(t), achou) 
 HQG; { Procurar } 
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&RQVLGHUHPRV��� W\SH�� ABP  = ^no;   
 no =  UHFRUG elem : tipo; 
 esq, dir : ABP 
 HQG;

¨̈ 3HVTXLVD�QXPD�$%3��
•• $ SHVTXLVD�GH�XP�HOHPHQWR�GHYHUi�IRUQHFHU�R�SRQWHLUR�SDUD�R�Qy�TXH�R�FRQWpP��RX�LQIRUPDomR�D�HOH�DVVRFLDGD����
•• 1R�FDVR�GR�HOHPHQWR�QmR�H[LVWLU��R�SRQWHLUR�QLO�HQFRQWUDGR�LQGLFD�D�SRVLomR�RQGH�GHYHULD�HVWDU�QD�$%3���

¨̈ ,QVHUomR�GH�XP�QRYR�HOHPHQWR�QXPD�$%3��
•• 6H�R�QRYR�HOHPHQWR�QmR�HVWLYHU�QD�$%3��D�VXD�LQVHUomR�FRQVLVWH�QD�SHVTXLVD�GR�SRQWHLUR�QLO�TXH�LQGLFD�D�VXD�SRVLomR��VHJXLGD�GD�VXEVWLWXLomR�GHVVH�QLO�SRU�XPD�QRYD�IROKD�
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�SURFHGXUH Inserir ( novo: tipo; YDU t : ABP );   
 EHJLQ LI t = nil�WKHQ��EHJLQ�new(t); 
 ZLWK t^  GR EHJLQ esq := nil; 
 dir := nil; 
 elem := novo 
 HQG�� HQG�� HOVH��ZLWK��t^� GR�� LI novo < elem � WKHQ Inserir(novo, esq) � HOVH� Inserir(novo, dir) 
 HQG; { Inserir } 
�

¨̈ 5HPRomR�GH�XP�HOHPHQWR�GH�XPD�$%3��
•• 6H�R�HOHPHQWR�D�UHPRYHU�IRU�XPD�IROKD� D�RSHUDomR�p�VLPSOHV���
•• 4XDQGR�R�YpUWLFH�VHJXLQWH�p�XPD�IROKD��EDVWD�FRSLDU�R�VHX�HOHPHQWR�H�HOLPLQi�OD���



&DS������ÈUYRUHV���������������������������������������������������������������������������������������������������������������������������������������������������
_________________________________________________________________________________________ 
 

_________________________________________________________________________________________ 
 7LSRV�$EVWUDFWRV�GH�'DGRV�������������������������������������������������������������������������������������������5RViOLD�5RGULJXHV�

•• 6H�R�YpUWLFH�DQWHULRU�IRU�XPD�IROKD��D�VROXomR�p�DQiORJD���
•• 1R�FDVR�JHUDO����

remover  este vértice: 
 procurar o seu sucessor em-ordem; 
 copiar o elemento do sucessor para este; 
 eliminar o sucessor. 
�

•• 2 VXFHVVRU�HP�RUGHP�GH�XP�YpUWLFH�p�R�GHVFHQGHQWH�PDLV�HVTXHUGR�GR�VHX�ILOKR�GLUHLWR�
•• &RPHFHPRV�SRU�FRQVWUXLU�XP�PyGXOR�DX[LOLDU��SDUD�HOLPLQDU�R�GHVFHQGHQWH�PDLV�HVTXHUGR�GH�XPD��VXE��$%3��JXDUGDQGR�R VHX�HOHPHQWR���� &RPR�D�iUYRUH�HVWi�HP�RUGHP��HVWH�p�SULPHLUR�YpUWLFH���
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{ Eliminar o primeiro vértice de uma ABP, não vazia, copiando o seu 
elemento. } 
 SURFHGXUH EliminarPrimeiro ( YDU t : ABP; YDU primeiro : tipo );   
 YDU aux : ABP; 
 EHJLQ LI t <> nil�WKHQ��EHJLQ��LI�t^.esq = nil 
 WKHQ�� EHJLQ primeiro := t^.elem; 
 aux := t; 
 t := t^.dir; 
 dispose(aux) 
 HQG�� HOVH EliminarPrimeiro(t^.esq, primeiro) 
 HQG 

HQG; { EliminarPrimeiro } 
�

•• 2 SURFHGLPHQWR�SDUD�UHPRYHU�XP�GDGR�YpUWLFH� UHIHULGR�SHOR�VHX�SRQWHLUR��GHYHUi�FRQVLGHUDU�RV���FDVRV�SRVVtYHLV��� ��� p XPD�IROKD���� Vy�WHP�ILOKR�GLUHLWR���� Vy�WHP�ILOKR�HVTXHUGR���� WHP���ILOKRV�±�FDVR�JHUDO���XWLOL]DU�R�PyGXOR�DQWHULRU��
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{ Remover um vértice de uma ABP, referido pelo ponteiro UHPW } 
�SURFHGXUH RemoverNo ( YDU remt : ABP );   YDU t : ABP; 
 este : tipo; 
 EHJLQ LI remt <> nil�WKHQ�� EHJLQ�� LI�(remt^.esq = nil) DQG (remt^.dir = nil) 
 WKHQ�� EHJLQ { folha } 

dispose(remt); 
 remt:= nil 
 HQG�� HOVH�� LI��remt^.esq = nil �WKHQ� EHJLQ� { só filho direito } 

t := remt; 
 remt := remt^.dir; 
 dispose(t)�HQG�� HOVH�� LI��remt^.dir = nil�WKHQ� EHJLQ� { só filho esquerdo } 
 t := remt; 
 remt := remt^.esq; 
 dispose(t)�HQG��

HOVH� EHJLQ� { caso geral } 
 { elinimar sucessor } 
 EliminarPrimeiro( 

remt^.dir, este); 
 { copiar } 

remt^.elem := este�HQG HQG 

HQG; { RemoverNo } 
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•• ( ILQDOPHQWH��D�RSHUDomR�FRPSOHWD�GHYHUi�LQFOXLU�D�SHVTXLVD�GR�HOHPHQWR�D�UHPRYHU���
{ Remover um elemento de uma ABP } 
�SURFHGXUH Remover ( elemento : tipo;  YDU t : ABP; 
 YDU sucesso : boolean );   
 EHJLQ LI t = nil 
 WKHQ sucesso := false � HOVH�� LI�elemento = t^.elem 
 WKHQ�� EHJLQ RemoverNo(t); 
 sucesso := true 
 HQG�
 HOVH��LI��elemento < t^.elem 
 WKHQ��Remover(elemento, t^.esq, sucesso)�HOVH�� Remover(elemento, t^.dir, sucesso)�HQG; { Remover } 
�

•• 1RWDU�TXH�DV�RSHUDo}HV�GH�JHVWmR�GH�XPD�$%3�QmR�SUHVHUYDP�
R VHX�HTXLOtEULR�H�D�GHVHMDGD�FRPSOH[LGDGH�GH�2�ORJ�Q��
SRGH��QR�SLRU�GRV�FDVRV��WRUQDU�VH�GH�2�Q��
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❒❒ ÈÈUUYYRRUUHHVV %%LLQQiiUULLDDVV ((QQOODDooDDGGDDVV �� WWKKUUHHDDGGHHGG ��

2EVHUYDo}HV���
•• 7RGD�D�iUYRUH�ELQiULD�FRP�n > 0�YpUWLFHV�WHP�n–1 DUHVWDV��
�
•• 3DUD�UHSUHVHQWDU�XPD�iUYRUH�ELQiULD�FRP�n YpUWLFHV��VmR�
QHFHVViULRV�2 n�SRQWHLURV��

�
•• 3RUWDQWR��2 n – (n–1) = n + 1�SRQWHLURV�VmR�QXORV��
�
•• &RPR�DSURYHLWDU�R�HVSDoR�RFXSDGR�SHORV�SRQWHLURV�QXORV"��
•• 3RU�H[HPSOR��XPD�iUYRUH�ELQiULD�SRGH�VHU�HQODoDGD�GH�IRUPD�D�SHUPLWLU�XPD�WUDYHVVLD�HP�RUGHP�VHP�UHFRUUrQFLD�H�VHP�SLOKD��HP�DPERV�RV�VHQWLGRV���

•• &DGD�SRQWHLUR�GLUHLWR�QXOR�SDVVDUi�D�VHU�XP�ODoR�SDUD�R�YpUWLFH�VXFHVVRU�HP�RUGHP��H�FDGD�SRQWHLUR�HVTXHUGR�QXOR�SDVVDUi�D�VHU�XP�ODoR�SDUD�R�YpUWLFH�DQWHFHVVRU�HP�RUGHP���
0DV���

•• &RPR�IXQFLRQD�D�WUDYHVVLD"�
•• &RPR�GLVWLQJXLU�RV�SRQWHLURV�QRUPDLV�GRV�ODoRV"�
•• 2QGH�OLJDU�R�SULPHLUR�H�R�~OWLPR"�
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¨̈ 5HSUHVHQWDomR�GH�XPD�$%(��
W\SH�� ABE  = ^no;   

 no =  UHFRUG elem : tipo; 
 esq, dir : ABE; 
 laçoesq, laçodir : boolean 
 HQG;

•• laçoesq = true�VLJQLILFD�TXH�esq�p�XP�ODoR�SDUD�R�SUHGHFHVVRU�
HP�RUGHP���

•• laçoesq = false�VLJQLILFD�TXH�esq�p�XP�SRQWHLUR�QRUPDO�SDUD�D�
VXE�iUYRUH�HVTXHUGD���

•• ¬ VHPHOKDQoD�GDV�OLVWDV�OLJDGDV�FLUFXODUHV��FRQYpP�DTXL�XWLOL]DU�XP�YpUWLFH�EDVH�
•• 8PD�iUYRUH�ELQiULD�HQODoDGD�YD]LD�VHUi�HQWmR���

SURFHGXUH criar ( YDU base : ABE );   
 EHJLQ new(base);�ZLWK base^  GR EHJLQ laçoesq := true; 
 esq := base; 
 laçodir := false; 
 dir := base 
 HQG�
 HQG; { criar } 
�
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•• 3DUD�R�H[HPSOR�DQWHULRU���

¨̈ 'HWHUPLQDomR�GR�VXFHVVRU�HP�RUGHP�QXPD�$%(��
•• 6H�laçodir = true�HQWmR�R�VXFHVVRU�p�UHIHULGR�SHOR�ODoR�dir�
•• 6H�laçodir = false�VLJQLILFD�TXH�dir�p�XPD�DUHVWD�GD�SUySULD�
iUYRUH��2�VXFHVVRU�HQFRQWUD�VH�D�SDUWLU�GH�dir� VHJXLQGR�
VHPSUH�RV�SRQWHLURV�esq�DWp�TXH�laçoesq = true�
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IXQFWLRQ sucessor_em_ordem ( t : ABE ) : ABE;   
 YDU s : ABE; 
 EHJLQ s := t^.dir; 
 { se for laço, é este } 
 LI��QRW� t^.laçodir 
 WKHQ { descer para a esquerda deste } ZKLOH QRW� s^.laçoesq GR�� s := s^.esq; 
 

sucessor_em_ordem := s 
 HQG; { sucessor_em_ordem }�

([HUFtFLR��7UDYHVVLD�HP�RUGHP�QXPD�$%(���

¨̈ ,QVHUomR�GH�XP�QRYR�YpUWLFH�QXPD�$%(��
•• ,QVHULU�XP�QRYR�YpUWLFH��UHIHULGR�SRU�XP�SRQWHLUR�t� FRPR�ILOKR�

GLUHLWR�GR�YpUWLFH�UHIHULGR�SRU�s�
•• ���&DVR� 2�YpUWLFH�UHIHULGR�SRU�s QmR�WHP�ILOKR�GLUHLWR��
�
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•• ���&DVR� 2�YpUWLFH�UHIHULGR�SRU�s WHP�GRLV�ILOKRV��
�

SURFHGXUH Inserir_direita ( s, t : ABE );   YDU w : ABE: 
 EHJLQ { estabelecer ligação à direita de t } 
 t^.dir := s^.dir; 
 t^.laçodir := s^.laçodir; 
 

{ a esquerda de t é sempre um laço } 
 t^.esq := s; 
 t^.laçoesq := true; 
 

{ t é o filho direito de s } 
 s^.dir := t; 
 s^.laçodir := false; 
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{ caso geral : se s já tinha 2 filhos } 

 LI�QRW t^.laçodir 
 WKHQ�� EHJLQ { procurar sucessor em-ordem do s original } 
 w := sucessor_em_ordem(t); 
 

{ e re-enlaçar } 
w^.esq := t HQG�

 HQG; { Inserir_direita } 
�

([HUFtFLRV��
•• ,QVHULU�j�HVTXHUGD��
•• 5HPRYHU�XP�YpUWLFH��
•• &RQVWUXLU�ÈUYRUH�%LQiULD�(QODoDGD�HP�RUGHP��
•• (QODoDU�HP�SUH�RUGHP���

2EVHUYDo}HV���
•• 'LILFXOGDGH�QD�DEVWUDFomR�GDV�RSHUDo}HV�GH�JHVWmR�GH�XPD�$%(��
•• $V�RSHUDo}HV�GH�UHPRomR�H�LQVHUomR�VmR�OLPLWDGDV�D�FDVRV�SDUWLFXODUHV��
•• 8PD�SURJUDPDomR�HP�WHUPRV�DSHQDV�GH�XP�FRQMXQWR�GH�RSHUDo}HV�EiVLFDV�QmR�p�VDWLVIDWyULD���
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�
❒❒ ÈÈUUYYRRUUHHVV ''LLQQkkPPLLFFDDVV GGHH 33HHVVTTXXLLVVDD

¨̈ �4XDVH��(TXLOtEULR��
•• &RPR�YLPRV��D�FRPSOH[LGDGH�GDV�RSHUDo}HV�GH�JHVWmR�GH�XPD�
$%3�SRGH�YDULDU�HQWUH�2�ORJ�Q�� SDUD�XPD�iUYRUH�SHUIHLWD��H�2�Q��QR�SLRU�GRV�FDVRV��

�
'HILQLomR�� (TXLOtEULR�HP�DOWXUD��

•• $ iUYRUH�ELQiULD�YD]LD�p�HTXLOLEUDGD�HP�DOWXUD�
•• 8PD�iUYRUH�ELQiULD�QmR�YD]LD�7��FRP�7( H 7' VXE�iUYRUHV�HVTXHUGD�H�GLUHLWD��p�HTXLOLEUDGD�HP�DOWXUD�VH�H�Vy�VH���
DD�� 7( H 7' VmR�HTXLOLEUDGDV�HP�DOWXUD��EE�� | h(TE) – h(TD) | ≤ 1

'HILQLomR�� 2 )DFWRU�GH�(TXLOtEULR�FE(T)�GH�XP�YpUWLFH��VXE�
iUYRUH��7�p�GDGR�SRU�h(TD) – h(TE) �

3RUWDQWR��QXPD�iUYRUH�ELQiULD�HTXLOLEUDGD�HP�DOWXUD�
FE(T) ± { -1, 0, 1 } SDUD�TXDOTXHU�YpUWLFH�T�

•• 1R�0HOKRU�GRV�&DVRV� FE(T) = 0 SDUD�WRGR�R�T� D�iUYRUH�
ELQiULD�p�SHUIHLWD�H�SRUWDQWR h =  log2n  + 1� HVWDQGR�
JDUDQWLGD�D�FRPSOH[LGDGH�ORJDUtWPLFD���

•• 1R�3LRU�GRV�&DVRV�WHUHPRV�| FE(T) = 1 | HP�WRGR�YpUWLFH�T�
6H�D�DOWXUD�HP�T IRU�h� DV�VXD�VXE�iUYRUHV�WHUmR�DOWXUDV�h – 1 
H h – 2�
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�
•• 6HMD�Nh R Q~PHUR�PtQLPR�GH�YpUWLFHV�GH�XPD�iUYRUH�ELQiULD�
HTXLOLEUDGD�GH�DOWXUD�h�
1HVVH�FDVR��

 Nh = Nh-1 + Nh-2 + 1�
FRP�N0 = 0� N1 = 1�H�N2 = 2�
9HULILFDPRV�TXH�Nh VHJXH�D�6XFHVVmR�GH�)LERQDFFL�FRP����

Nh = Fh+2  – 1� ∀ h ≥ 0

6DEHQGR�TXH����

HQWmR��

•• $VVLP��QR�SLRU�GRV�FDVRV�GH�XPD�iUYRUH�ELQiULD�HTXLOLEUDGD�
HP�DOWXUD�FRP�n YpUWLFHV��

�

�����

H D�FRPSOH[LGDGH�GDV�RSHUDo}HV�GH�JHVWmR�p�DLQGD�2�ORJ�Q��
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�
¨̈ ÈUYRUHV�$9/��������������� ^ *��$GHOVRQ�9HOVNLL�H�(��0��/DQGLV�������`�

$ LGHLD���
•• 6H�SUHWHQGHUPRV�FRQVWUXLU�XPD�iUYRUH�ELQiULD�GH�SHVTXLVD��
LQVHULQGR�D�VHTXrQFLD�GH�HOHPHQWRV��A B C D E F G� R�
UHVXOWDGR�VHULD�XPD�iUYRUH�GHJHQHUDGD���

•• &RQWXGR��VH�D�LQVHUomR�GH�XP�QRYR�YpUWLFH�SURYRFDU�XP�GHVHTXLOtEULR� SRGHPRV�HIHFWXDU�XPD�URWDomR�GH�IRUPD�D�UHSRU�R�HTXLOtEULR���

•• &RQVLGHUHPRV��� W\SH�� AVL  = ^no;   
 no =  UHFRUG elem : tipo; 
 esq, dir : AVL; 
 contador : integer; 
 factor : -1 .. 1 
 HQG;
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�
¨̈ ,QVHUomR�GH�XP�QRYR�HOHPHQWR�QXPD�iUYRUH�$9/�� $SyV�SURFXUDGD�D�ORFDOL]DomR�GR�QRYR�YpUWLFH��VH�QHFHVViULR��VHUi�HIHFWXDGD�XPD�GH�HQWUH�TXDWUR�URWDo}HV���

•• rotação simples EE�
•• rotação dupla ED�
•• rotação simples DD�
•• rotação dupla DE�

SURFHGXUH Inserir ( novo: tipo; YDU t : AVL; YDU cresceu : boolean );   YDU e, d : AVL; 
 EHJLQ LI t = nil�WKHQ�� EHJLQ��new(t); 
 cresceu := true; { h : 0 → 1 } 
 ZLWK t^ GR EHJLQ elem := novo; 
 contador := 1; 
 esq := nil; dir := nil; 
 factor := 0 
 HQG�� HQG�� HOVH�� { procurar lugar em-ordem }�LI� novo < t^.elem � WKHQ��EHJLQ�� inserir(novo, t^.esq, cresceu); 
 LI cresceu { a sub-árvore esquerda } 
 WKHQ FDVH t^.factor RI��

1 : �EHJLQ�� { equilibrou } 
 t^.factor := 0; 
 cresceu := false�HQG;

0 : t^.factor := -1; 
 { ainda fica equilibrada } 

-1 : { é necessário reequilibrar  ... } 
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-1 : EHJLQ { reequilíbrio por inserção à esquerda } 
 e := t^.esq; 
 LI e^.factor = -1 
 WKHQ�� EHJLQ ^ URWDomR�VLPSOHV�((�`�
 

t^.esq := e^.dir; 
 e^.dir := t; 
 t^.factor := 0; 
 t := e 
 HQG�
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HOVH EHJLQ ^ URWDomR�GXSOD�('�`��
d := e^.dir; 

 e^.dir := d^.esq; 
 d^.esq := e; 
 t^.esq := d^.dir; 
 d^.dir := t; 
 

LI d^.factor = -1 
 WKHQ t^.factor := 1 
 HOVH t^.factor := 0; 
 LI d^.factor = 1 
 WKHQ e^.factor := -1 
 HOVH e^.factor := 0; 
 

t := d � HQG;
t^.factor := 0; 

 cresceu := false � HQG { reequilíbrio por inserção à esquerda } 
 HQG { case}�HQG�{ inserção à esquerda }�
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HOVH�� LI� novo > t^.elem � WKHQ��EHJLQ�� inserir(novo, t^.dir, cresceu); 
 LI cresceu { a sub-árvore direita } 
 WKHQ FDVH t^.factor RI��

-1�: EHJLQ�� { equilibrou } 
 t^.factor := 0; 
 cresceu := false�HQG;

0 : t^.factor := 1; 
 { ainda fica equilibrada } 

1 : EHJLQ { reequilíbrio por inserção à direita } 
 d := t^.dir; 
 LI d^.factor = 1 
 WKHQ�� EHJLQ ^ URWDomR�VLPSOHV�''�`�
 

t^.dir := d^.esq; 
 d^.esq := t; 
 t^.factor := 0; 
 t := d 
 HQG�
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HOVH EHJLQ ^ URWDomR�GXSOD�'(�`��
e := d^.esq; 

 d^.esq := e^.dir; 
 e^.dir := d; 
 t^.dir := e^.esq; 
 e^.esq := t; 
 

LI e^.factor = 1 
 WKHQ t^.factor := -1 
 HOVH t^.factor := 0; 
 LI e^.factor = -1 
 WKHQ d^.factor := 1 
 HOVH d^.factor := 0; 
 

t := e � HQG;
t^.factor := 0; 

 cresceu := false � HQG { reequilíbrio por inserção à direita } 
 HQG { case}�HQG�{ inserção à direita } 
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HOVH { afinal o novo elemento já lá estava } 
 EHJLQ�� t^.contador := t^.contador +1; 
 cresceu := false�HQG��HQG; { Inserir } 
�

2EVHUYDo}HV���
•• 6H�XPD�LQVHUomR�PRGLILFD�D�DOWXUD�GH�XP�iUYRUH�$9/��QmR�H[LJH�UHHTXLOtEULR��6H�XPD�LQVHUomR�H[LJH�UHHTXLOtEULR��QmR�PRGLILFD�D�DOWXUD���
•• $V�iUYRUHV�$9/�GHYHP�VHU�XVDGDV�TXDQGR�R�Q~PHUR�HVWLPDGR�GH�RSHUDo}HV�GH�JHVWmR�p�EDVWDQWH�LQIHULRU�DR�GDV�SHVTXLVDV���

¨̈ 5HPRomR�GH�XP�HOHPHQWR�QXPD�iUYRUH�$9/��
([HPSOR��5HPRYHU�D�VHTXrQFLD�GH�YpUWLFHV��4 8 6 5 2 1 7�

5RWDomR�VLPSOHV�((��
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5RWDomR�VLPSOHV�''�

5RWDomR�GXSOD�'(�

5RWDomR�GXSOD�('�

•• 2 SURFHVVR�p�DQiORJR�DR�DOJRULWPR�SDUD�D�UHPRomR�HP�iUYRUHV�GH�SHVTXLVD��VHJXLGR�GDV�QHFHVViULDV�URWDo}HV���
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�6HUmR�XWLOL]DGRV�WUrV�PyGXORV�DX[LOLDUHV���
•• UHP : remover descendente mais direito�
•• HTXLOLEUDU� : quando t^.esq diminuiu em altura�
•• HTXLOLEUDU��: quando t^.dir diminuiu em altura�

SURFHGXUH remover (  elemento: tipo;   
 YDU t : AVL; YDU diminuiu, sucesso : boolean );   YDU este : AVL; 
 EHJLQ LI t = nil�WKHQ�� EHJLQ�� { não está lá }�

sucesso := false; 
 diminuiu := false HQG�� HOVH�� { procurar em-ordem }�LI� elemento < t^.elem � WKHQ��EHJLQ�� remover(elemento, t^.esq, diminuiu); 
 LI diminuiu { a sub-árvore esquerda } 
 WKHQ HTXLOLEUDU�(t, diminuiu) 
 HQG�� HOVH�� LI elemento > t^.elem 
 WKHQ�� EHJLQ remover(elemento, t^.dir, diminuiu); 
 LI diminuiu { a sub-árvore direita } 
 WKHQ�HTXLOLEUDU�(t, diminuiu) 
 HQG�� HOVH� EHJLQ�{ remover este } 
�
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HOVH� EHJLQ�� { remover este } 
 sucesso := true; 
 este := t; 
 

LI este^.dir = nil 
 WKHQ�� EHJLQ t := este^.esq; 
 diminuiu := true 
 HQG��

HOVH�� LI�este^.esq = nil 
 WKHQ�� EHJLQ t := este^.dir; 
 diminuiu := true 
 HQG��

HOVH�� EHJLQ� { tem 2 filhos } UHP(este^.esq, diminuiu); 
 LI diminuiu 
 WKHQ HTXLOLEUDU�(t, diminuiu)�HQG�� HQG��
�HQG; { remover } 
�
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SURFHGXUH UHP ( YDU r : AVL; YDU diminuiu : boolean );   
 EHJLQ { a partir de r = este^.esq , remover descendente mais direito } 

LI r^.dir = nil�WKHQ�� EHJLQ��este^.elem := r^.elem; 
 este^.contador := r^.contador; 
 r := r^.esq; 
 diminuiu := true HQG��

HOVH�� EHJLQ�� UHP(r^.dir, diminuiu); 
 LI diminuiu 
 WKHQ�HTXLOLEUDU�(r, diminuiu)�HQG�
�

HQG; { rem } 
�
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H[HPSOR��3DUD�UHPRYHU��)���� SURFXUDU�R�DQWHULRU��(��� HOLPLQDU��(��� VXEVWLWXLQGR�) SRU�(���

•• 0yGXORV�SDUD�DV�URWDo}HV���
{ Quando t^.esq diminuiu em altura } 
 SURFHGXUH HTXLOLEUDU�( YDU t : AVL; YDU diminuiu : boolean );   YDU e, d : AVL; 
 ef, df : -1..1; 
 EHJLQ FDVH� t^.factor of 
 

-1 :  { equilibrou } 
t^.factor := 0; 

 
0 :  EHJLQ { ainda fica equilibrada } 

t^.factor := 1; 
 diminuiu := false 
 HQG;

1 :  EHJLQ { reequilíbrio por remoção à esquerda } 
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1 :  EHJLQ { reequilíbrio por remoção à esquerda } 
 d := t^.dir; 
 df := d^.factor; 
 LI df >= 0 
 WKHQ EHJLQ ^ URWDomR�VLPSOHV�''�`�� t^.dir := d^.esq; 
 d^.esq := t; 
 

LI df = 0 
 WKHQ�� EHJLQ t^.factor := 1; 
 d^.factor := -1; 
 diminuiu := false 
 HQG�� HOVH�� EHJLQ t^.factor := 0; 
 d^.factor := 0 
 HQG;

t := d 
 HQG���
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{ não diminuiu } { diminuiu } �

HOVH� EHJLQ�� { df = -1 }�^ URWDomR�GXSOD�'(�`�  
e := d^.esq; 

 ef := e^.factor; 
 

d^.esq := e^.dir; 
 e^.dir := d; 
 t^.dir := e^.esq: 
 e^.esq := t; 
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{ diminuiu } 
 LI ef = 1 
 WKHQ t^.factor := -1 
 HOVH t^.factor := 0; 
 LI ef = -1 
 WKHQ d^.factor := 1 
 HOVH d^.factor := 0; 
 

t := e; 
 e^.factor := 0 
 

HQG�^ URWDomR�GXSOD�'(�`�HQG�{ t^.factor = 1 }�HQG�{ case }�HQG; { HTXLOLEUDU��}

H[HUFtFLR����
{ Quando t^.dir diminuiu em altura } 
 SURFHGXUH HTXLOLEUDU�( YDU t : AVL; YDU diminuiu : boolean );   
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❒❒ ÈÈUUYYRRUUHHVV HH ))OORRUUHHVVWWDDVV

^ 1R�FRQWH[WR�GDV�(VWUXWXUDV�GH�'DGRV�`��'HILQLomR�� 8PD�ÈUYRUH�p�XP�FRQMXQWR�ILQLWR�GH�XP�RX�PDLV�1yV�WDLV�TXH���
• ([LVWH�XP�Qy�SDUWLFXODU�FKDPDGR�UDL]�
• 2V�UHVWDQWHV�QyV�HVWmR�GLYLGLGRV�HP�Q � � FRQMXQWRV�GLVMXQWRV�7�� 7�� �����7Q�
• &DGD�FRQMXQWR�7L� L� ���������Q�p�XPD�ÈUYRUH�
• FXMDV�UDt]HV�UL� L� ���������Q�VmR�ILOKDV�GD�UDL]�

7HUPLQRORJLD����̂ 3DL��)LOKR��,UPmR��$QWHSDVVDGR��'HVFHQGHQWH��)ROKD������`�

• &KDPD�VH�*UDX�DR�Q~PHUR�GH�VXE�iUYRUHV�GH�XP�1y�2 *UDX�GH�XPD�ÈUYRUH�p�R�Pi[LPR�GRV�*UDXV�GRV�VHXV�1yV���
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¨̈ 5HSUHVHQWDo}HV��
• 8PD�UHSUHVHQWDomR�FRP�XP�Q~PHUR�IL[R��k  JUDX�GD�iUYRUH��
GH�SRQWHLURV�SRU�YpUWLFH�QmR�p�VDWLVIDWyULD���
'R�WRWDO�GH�n k�SRQWHLURV��n (k-1) + 1�VHULDP�QXORV��

• &RQWXGR��SRGHPRV�GHVFUHYHU�D�HVWUXWXUD�GD�ÈUYRUH�SRU�XPD�VHTXrQFLD�GH�SDUrQWHVLV�HPSDUHOKDGRV���

( (  ( () () )  ()  )  ( ( ) )   (  ( () )  ()  ()  )  ) 
 

• (VWH�WLSR�GH�DERUGDJHP�SHUPLWH�LQWURGX]LU�D�LQIRUPDomR�FRQWLGD�HP�FDGD�YpUWLFH��FRP�YpUWLFHV�LUPmRV�VHSDUDGRV�SRU�YtUJXODV��� (QWmR��D�GHVFULomR�GD�ÈUYRUH�FRQVLVWH�QXPD�/LVWD��*HQHUDOL]DGD����
� $ � % ( E ( K, L ), F )� & ( G )� '�( H ( M ), I, J ) � �
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• $VVLP��p�SRVVtYHO�XPD�5HSUHVHQWDomR�'XSODPHQWH�/LJDGD�SDUD�TXDOTXHU�ÈUYRUH���

• 2X�VHMD��WRGD�D�ÈUYRUH��RX�)ORUHVWD��SRGH�VHU�UHSUHVHQWDGD�SRU�XPD�ÈUYRUH�%LQiULD�e D�FKDPDGD�5HSUHVHQWDomR�)LOKR�,UPmR�

'HILQLomR�� 8PD�)ORUHVWD�p�XP�FRQMXQWR�ILQLWR�RUGHQDGR�GH��]HUR�RX�PDLV��ÈUYRUHV�GLVMXQWDV���
¨̈ 5HSUHVHQWDomR�GH�)ORUHVWDV��
• 6HJXQGR�D�DERUGDJHP�DQWHULRU��SRGHPRV�GHVFUHYHU�XPD�)ORUHVWD�SRU�XPD�/LVWD�

� $ ( B , C, D ), ( ( F ), * ( H, I ) �
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• ( UHSUHVHQWDU�HVVD�/LVWD�SRU�XPD�ÈUYRUH�%LQiULD�

• 0DLV�IRUPDOPHQWH���
6HMD�T1, T2, ..., Tn , FRP n ≥ 0� XPD�)ORUHVWD�
$ ÈUYRUH�%LQiULD�B(T1, T2, ..., Tn) TXH�D�UHSUHVHQWD�p�GHILQLGD�SRU���
DD�� B p YD]LD�VH�H�Vy�VH�n = 0�
EE�� B QmR�YD]LD�WHP��� �
� UDL]�LJXDO�j�UDL]�GH�T1�VXE�iUYRUH�HVTXHUGD�LJXDO�D�B(T11, T12, ..., T1m)

^ VXE�iUYRUHV�GH�T1 `VXE�iUYRUH�GLUHLWD�LJXDO�D�B(T2, T3, ..., Tn)

• 'HVWH�PRGR��TXDOTXHU�IORUHVWD�SRGH�VHU�XQLYRFDPHQWH�UHSUHVHQWDGD�SRU�XPD�iUYRUH�ELQiULD��
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¨̈ 7UDYHVVLDV�GH�XPD�)ORUHVWD��

• 7UDYHVVDU�)ORUHVWD�T1, T2, ..., Tn HP�SUp�RUGHP��WDPEpP�
FKDPDGD�RUGHP�GLQiVWLFD�����
6H�n ≠ 0 HQWmR���

xx YLVLWDU�UDL]�GH�T1 �xx 7UDYHVVDU�)ORUHVWD�T11, T12, ..., T1m�HP�SUp�RUGHP���
xx 7UDYHVVDU�)ORUHVWD�T2, T3, ..., Tn HP�SUp�RUGHP���

�
{ A B C D E F G H I } 

�
• 7UDYHVVDU�)ORUHVWD�T1, T2, ..., Tn HP�RUGHP�
6H�n ≠ 0 HQWmR���

xx 7UDYHVVDU�)ORUHVWD�T11, T12, ..., T1m�HP�RUGHP���
xx YLVLWDU�UDL]�GH�T1 �xx 7UDYHVVDU�)ORUHVWD�T2, T3, ..., Tn HP�RUGHP���

�
{ B C D A F E H I G }�

• 7UDYHVVDU�)ORUHVWD�T1, T2, ..., Tn HP�SRV�RUGHP�
6H�n ≠ 0 HQWmR���

xx 7UDYHVVDU�)ORUHVWD�T11, T12, ..., T1m�HP�SRV�RUGHP���
xx 7UDYHVVDU�)ORUHVWD�T2, T3, ..., Tn HP�SRV�RUGHP���
xx YLVLWDU�UDL]�GH�T1 �

{ D C B F I H G E A } �
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�
• 'H�DFRUGR�FRP�D�GHILQLomR�DQWHULRU��R�UHVXOWDGR�GD�WUDYHVVLD�GH�XPD�IORUHVWD�p�LJXDO�DR�GD�WUDYHVVLD��QD�PHVPD�RUGHP��GD�iUYRUH�ELQiULD�TXH�D�UHSUHVHQWD���
• &RQWXGR��PXLWRV�DXWRUHV�DGRSWDP�XPD�GHILQLomR�EDVHDGD�QR�FRQFHLWR�GH�WUDYHVVDU�VHTXHQFLDOPHQWH�FDGD�XPD�GDV�iUYRUHV��� 1HVVH�FDVR���
• 7UDYHVVDU�)ORUHVWD�T1, T2, ..., Tn HP�SUp�RUGHP����
�
6H�n ≠ 0 HQWmR���

xx YLVLWDU�UDL]�GH�T1 �xx 7UDYHVVDU�DV�ÈUYRUHV�T11, T12, ..., T1m�HP�SUp�RUGHP���
xx 7UDYHVVDU�DV�ÈUYRUHV�T2, T3, ..., Tn HP�SUp�RUGHP���

�
{ A B C D E F G H I } 

�
• 2 UHVXOWDGR�FRQWLQXD�D�VHU�HTXLYDOHQWH���� 1R�HQWDQWR���

• 7UDYHVVDU�)ORUHVWD�T1, T2, ..., Tn HP�SRV�RUGHP����
�
6H�n ≠ 0 HQWmR���

xx 7UDYHVVDU�DV�ÈUYRUHV�T11, T12, ..., T1m�HP�SRV�RUGHP���
xx YLVLWDU�UDL]�GH�T1 �xx 7UDYHVVDU�DV�ÈUYRUHV�T2, T3, ..., Tn HP�SRV�RUGHP���

�
{ B C D A F E H I G }�

• 1HVWH�FDVR��D�WUDYHVVLD�HP�SRV�RUGHP�GD�IORUHVWD�p�HTXLYDOHQWH�j WUDYHVVLD�HP�RUGHP�GD�iUYRUH�ELQiULD�TXH�D�UHSUHVHQWD���
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¨̈ 5HSUHVHQWDomR�GH�)ORUHVWDV�SRU�RUGHP�QtYHO��
• $ LQIRUPDomR�DVVRFLDGD�D�FDGD�YpUWLFH�p�OLVWDGD�HP�SUp�RUGHP�QXP�ILFKHLUR��SUHFHGLGD�GR�QtYHO�D�TXH�VH�HQFRQWUD���

1 A  
 2 B 
 2 C 
 2 D  
 3 E 
 1 F 
 2 G 
 3 I 
 3 J 
 2 H 
 

¨̈ &RQYHUVmR�GH�UHSUHVHQWDo}HV��RUGHP�QtYHO�o ILOKR�LUPmR��
• 'DGD�D�OLVWD�GD�LQIRUPDomR�FRQWLGD�QRV�YpUWLFHV�HP�SUp�RUGHP��FRP�D�LQGLFDomR�GRV�QtYHLV��FRQVWUXLU�D�UHVSHFWLYD�iUYRUH�ELQiULD���

1 A  
2 B 
2 C 
2 D  
3 E 
1 F 
2 G 
3 I 
3 J 
2 H 

�
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�
• 3DUD�HODERUDU�XPD�YHUVmR�LWHUDWLYD�GR�SURFHVVR�p�QHFHVViULD�XPD�3LOKD� TXH�SHUPLWLUi�GHFLGLU�VH�DV�OLJDo}HV�D�HIHFWXDU�GHYHUmR�VHU�KRUL]RQWDLV�RX�YHUWLFDLV���

W\SH���ArvoreFI  = ^no;   
 no  =  UHFRUG elem : tipo; 
 filho, irmao : ArvoreFI 
 HQG;

registo =  UHFRUG nivel : natural; 
 ponteiro : ArvoreFI 
 HQG;«

YDU S : PilhadeRegistos; 
 

• 2 7$'�PilhadeRegistos�p�GHILQLGR�SRU��
�

criar(S) 
 vazia(S) 
 por(nivel, ponteiro, S) 
 tirar(S) 
 topo(nivel, ponteiro, S)�
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�SURFHGXUH converter_representacoes (  YDU F : text;  
 YDU raiz : ArvoreFI;  
 YDU sucesso : boolean );   YDU n, n_ant : natural; 
 t, t_ant : ArvoreFI; 
 info : tipo; � S : PilhadeRegistos; 
 erro : boolean; 
 EHJLQ criar(S); 
 erro := false; 
 

{ criar raiz com o primeiro elemento e guardar na Pilha } 
reset(F); 

 readln(F, n, info); 
 new(raiz); 
 ZLWK raiz^ GR EHJLQ filho := nil;  irmao := nil; 
 elem := info 
 HQG;

por(n, raiz, S); 
 ZKLOH�QRW (eof(F) RU erro) GR EHJLQ� { nó seguinte } 
 readln(F, n, info); 
 new(t); � ZLWK�t^ GR�� EHJLQ�� filho := nil;  irmao := nil; 
 elem := info � HQG;

{ Onde ligá-lo? Consultar a Pilha } 
topo(n_ant, t_ant, S); � LI�n > n_ant 

 WKHQ { filho } 
t_ant^.filho := t 
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 HOVH�� EHJLQ { n ≤ n_ant } 
{ irmão : procurar na Pilha } 

 ZKLOH n < n_ant GR EHJLQ tirar(S); 
 topo(n_ant, t_ant, S) 
 HQG;

{ aqui n ≥ n_ant } 
 LI n > n_ant 
 WKHQ� { impossível ... porquê? }�

erro := true 
 HOVH��EHJLQ�� { n = n_ant } 
 t_ant^.irmao := t; 
 { t_ant  desnecessário } 

tirar(S) HQG�
 HQG; { irmão }  
 

{ guardar este na Pilha } 
 por(n, t, S);�

HQG; { while } 
{ árvore construída ou erro nos dados } 
sucesso := QRW erro �HQG; { converter_representacoes }�

H[HUFtFLRV����
• (VWDQGR�RV�HOHPHQWRV�HP�SUp�RUGHP��HVWH�SURFHVVR�DGPLWH�XPD�YHUVmR�UHFRUUHQWH��QDWXUDOPHQWH�VHP�3LOKD���
• (VWXGH�WDPEpP�R�SUREOHPD�LQYHUVR���
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�
❒❒ **UUDDIIRRVV

*  ���9���(���� 9  ^�YpUWLFHV�`�
� (  ^�DUHVWDV�`�
�

2V�*UDIRV�VmR���
•• 8PD�LPSRUWDQWH�iUHD�GD�0DWHPiWLFD�GLVFUHWD��
•• 8PD�IpUWLO�iUHD�GDV�&LrQFLDV�GD�&RPSXWDomR��
•• &RP�FHQWHQDV�GH�DOJRULWPRV�FRQKHFLGRV��
•• ( FRP�PLOKDUHV�GH�DSOLFDo}HV�SUiWLFDV�YLWDLV����

¨̈ 2 7$'�*UDIR��
• 2SHUDo}HV�

criar(G)� ^ FULDU�XP�*UDIR�YD]LR�`� �
 vazio(G)� ^ YHULILFDU�VH�R�*UDIR�p�YD]LR�`�
 porVertice(v, G)� ^ FRORFDU�XP�QRYR�YpUWLFH�`�
� porAresta(v, u, G)� ^ FRORFDU�XPD�DUHVWD�HQWUH�GRLV�YpUWLFHV�`�
 tirarVertice(v, G)� ^ UHPRYHU�XP�YpUWLFH�`�
 tirarAresta(v, u, G)� ^ UHPRYHU�XPD�DUHVWD�`�
 consultar(v, G)� ^ R�HOHPHQWR�FRQWLGR�QXP�YpUWLFH�`�
 adjacentes(v, G)� ^ R�FRQMXQWR�GRV�YpUWLFHV�DGMDFHQWHV�`�
�

• 3DUDOHODPHQWH�DR�GHVHQYROYLPHQWR�GH�DOJRULWPRV�HP�*UDIRV��p�LPSRUWDQWH�D�HODERUDomR�GH�HVWUXWXUDV�GH�GDGRV�DGHTXDGDV���
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�>> *UDIRV�2ULHQWDGRV��GLJUDIRV��

1 2 3 4 5 6 7 

1 0 1 0 0 0 0 0

2 0 0 1 1 0 0 0

3 1 0 0 0 0 1 0

4 0 1 1 0 0 0 0

5 0 0 0 0 0 0 0

6 0 0 0 1 1 0 1

7 0 0 0 0 0 1 0

0DWUL]�GH�$GMDFrQFLDV��
• 1D�PDLRU�SDUWH�GRV�FDVRV��D�UHSUHVHQWDomR�SRU�XPD�0DWUL]�GH�$GMDFrQFLDV�QmR�p�VDWLVIDWyULD��SRU�VHU�GHPDVLDGR�JUDQGH�H�H[WUHPDPHQWH�UDUHIHLWD�

• 55HHSSUUHHVVHHQQWWDDoommRR SRU�XP�YHFWRU�GH�//LLVVWWDDVV GGHH $$GGMMDDFFrrQQFFLLDDVV�
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 7LSRV�$EVWUDFWRV�GH�'DGRV�������������������������������������������������������������������������������������������5RViOLD�5RGULJXHV�

�>> *UDIRV��QmR�RULHQWDGRV��

>> 5HGHV��


