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CCaappííttuulloo 33 :: AAllggoorriittmmooss RReeccoorrrreenntteess

{{ QQuuaannddoo aallggoo éé ddeeffiinniiddoo
eemm tteerrmmooss ddee ssii pprróópprriioo }}

❒❒ $$ 88WWLLOOLL]]DDoommRR GGDD 55HHFFRRUUUUrrQQFFLLDD

$ )XQomR�)DFWRULDO���'HILQLomR�5HFRUUHQWH���
n l (n - 1)! se n > 0 

 n! =  
 1 se n = 0 
�
$OJRULWPR�5HFRUUHQWH��� �n�´0 se  n = 0 
 então   n! ← 1

senão   n! ← n * (n-1)! 
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)XQomR�3DVFDO�5HFRUUHQWH���
IXQFWLRQ factorial (n : intnneg) : intnneg; 

 EHJLQ��LI n = 0 
 WKHQ factorial := 1 
 HOVH factorial := n * factorial(n-1) 
 HQG;

6LPXODomR���
IDFWRULDO����
n = 4 

factorial  ← 4 
 IDFWRULDO��� 
n = 3 

 factorial  ← 3 
 IDFWRULDO��� 
n=2 

 factorial  ← 2 
 IDFWRULDO��� 
n = 1 

 factorial  ← 1 
 IDFWRULDO��� 
n = 0 

 factorial ← �
factorial  ← 1 
 � = 1 

 factorial  ← 2 
 � = 2 

 factorial  ← 3 
 � = 6 

factorial  ← 4 
 � = 24 

$WULEXLomR�GR�9DORU�DR�,GHQWLILFDGRU�GD�)XQomR��VHP�R�3DUkPHWUR��
&KDPDGD�GD�)XQomR�QXPD�([SUHVVmR���FRP�R�3DUkPHWUR��
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&RPHQWiULRV��
 

• 1~PHUR�GH�&KDPDGDV�GD�)XQomR��n+1 
� 1~PHUR�GH�0XOWLSOLFDo}HV��n
• (VSDoR�GH�0HPyULD�XWLOL]DGR��
� &DGD�&KDPDGD�JHUD�XPD�FySLD�GR�3DUkPHWUR�n �GD�&ODVVH�9DORU���
� 2�9DORU�GH�factorial� FDOFXODGR�SRU�FDGD�&KDPDGD�GD�)XQomR���
� RFXSD�XP�5HJLVWR�GH�0HPyULD��
� 7RWDO��2 (n+1)�

$ XWLOL]DomR�GD�5HFRUUrQFLD�QR�FiOFXOR�GD�)XQomR�)DFWRULDO���
• &RQGX]�D�XPD�VROXomR�VLPSOHV�H�HOHJDQWH���
• e SRXFR�HILFLHQWH��HP�SDUWLFXODU��HP�WHUPRV�GD�0HPyULD�XWLOL]DGD���

$LQGD�PHQRV�HILFLHQWH������$ 6XFHVVmR�GH�)LERQDFFL�
 
1, 1, 2, 3, 5, 8, 13, 21, 34, ... 
 

Fn-2 + Fn-1 se n > 2 
 Fn =

F1 = F2 = 1    
�
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)XQomR�3DVFDO�5HFRUUHQWH��
 IXQFWLRQ fibonacci (n : intpos) : intpos; 
 EHJLQ��LI n <= 2 
 WKHQ fibonacci:= 1 
 HOVH fibonacci:= fibonacci(n-2) + fibonacci(n-1) 
 HQG;

6LPXODomR� F(6) = 8 
 

&RPHQWiULRV���
• 6ROXomR�VLPSOHV��FODUD�H�HOHJDQWH���
• 0HVPR�QDGD�HILFLHQWH��QHP�HP�WHUPRV�GDV�2SHUDo}HV�UHDOL]DGDV��QHP�GR�Q~PHUR�GH�&KDPDGDV��QHP�GD�XWLOL]DomR�GH�0HPyULD���
• $ GHILQLomR�UHFRUUHQWH�SRGH�FRQWXGR�IDFLOLWDU�D�HODERUDomR�GH�XPD�VROXomR�LWHUDWLYD�HILFLHQWH���([HUFtFLR� (VFUHYHU�D�YHUVmR�LWHUDWLYD��Vy�FRP���YDULiYHLV��

F(6) 
 

F(4)  + F(5) 
 

F(2) + F(3)  F(3) + F(4) 
 

1 + F(1)  + F(2) + F(1) + F(2) + F(2) +  F(3) 
 

1 + 1 + 1 + 1 + 1 + 1 + F(1) + F(2) 
 

1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 
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• $ YHUVmR�UHFRUUHQWH�GH�XP�$OJRULWPR�p��SRU�YH]HV��PDLV�FODUD�H�FRQFLVD�GR�TXH�D�FRUUHVSRQGHQWH�YHUVmR�LWHUDWLYD����

$OJRULWPR�GH�(XFOLGHV��
O Algoritmo de Euclides, para o cálculo do Máximo Divisor Comum 
de dois números inteiros não-negativos, baseia-se nas seguintes 
Propriedades: 
 

mdc(a,b) = mdc(b, a mod b) se b ≠ 0
mdc(a,0) = a 

�
)XQomR�3DVFDO�5HFRUUHQWH��� IXQFWLRQ mdc (a, b : intnneg) : intnneg; 
 EHJLQ��LI b = 0 
 WKHQ mdc:= a 
 HOVH mdc:= mdc(b, a PRG b) 
 HQG;

• $ VROXomR�5HFRUUHQWH�p�PDLV�FODUD�GR�TXH�D�YHUVmR�,WHUDWLYD�H�PDLV�IiFLO�GH�HODERUDU��GLUHFWDPHQWH�D�SDUWLU�GD�WHRULD��� $�SHUGD�GH�HILFLrQFLD�p��QHVWH�FDVR��FRPSHQVDGD�SHOD�&ODUH]D���

([HUFtFLR� 1D�VXD�YHUVmR�RULJLQDO��R�$OJRULWPR�GH�(XFOLGHV�WLQKD�D��� VHJXLQWH�IRUPXODomR��� ³3DUD�FDOFXODU�R�Pi[LPR�GLYLVRU�FRPXP�GH�GRLV�Q~PHURV��� VXEWUDLD�R�PHQRU�DR�PDLRU��DWp�ILFDUHP�LJXDLV�´�
&RQVWUXD�D�YHUVmR�5HFRUUHQWH�GHVWH�$OJRULWPR��� H�D�FRUUHVSRQGHQWH�IXQomR�HP�3DVFDO�
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�
• 2 PRGR�GH�XWLOL]DomR�GH�0HPyULD�GDV�VROXo}HV�5HFRUUHQWHV�SRGH�WRUQDU�VH�EDVWDQWH�~WLO������

,QYHUWHU�XPD�SDODYUD��� ^ /HU�XPD�SDODYUD��WHUPLQDGD�SRU�XP�HVSDoR��� H�HVFUHYHU�DV�VXDV�OHWUDV�SRU�RUGHP�LQYHUVD�`��$OJRULWPR�,WHUDWLYR���
ler cada letra, até espaço, registando num vector; 

 escrever letras por ordem inversa. 
 

$OJRULWPR�5HFRUUHQWH���
ler uma letra; 

 se letra ≠ espaço 
 então Inverter o resto da palavra; 
 escrever letra. 

3URFHGLPHQWR�3DVFDO�5HFRUUHQWH��� SURFHGXUH inverter; 
 YDU letra : char; 
 EHJLQ��read(letra); � LI letra <> ' ' 
 WKHQ inverter; 
 write(letra:1) 
 HQG;

‘R’ ‘O’ ‘M’ ‘A’ ‘ ‘         ... 

�'HVSHUGtFLR�GH�HVSDoR�GH�0HPyULD���SURYRFDGR�SHOD�GHFODUDomR�GR�YHFWRU���
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6LPXODomR���
inverter:  ler(’R’); 
 inverter: ler(’O’); 
 inverter: ler(’M’); 
 inverter: ler(’A’); 
 inverter: ler(’ ’); 
 escrever(’ ’); 
 escrever(’A’); 
 escrever(’M’); 
 escrever(’O’); 
 escrever(’R’); 
 

• (VSDoR�GH�0HPyULD�XWLOL]DGR��# letras + 1�
&DGD�FKDPDGD�JHUD�XPD�FySLD�GD�YDULiYHO�ORFDO�letra� RQGH�VmR�

� UHJLVWDGDV�DV�VXFHVVLYDV�OHWUDV�GD�SDODYUD��1HVWH�FDVR��D�YHUVmR��� UHFRUUHQWH�p�PDLV�HILFLHQWH��HP�WHUPRV�GH�XWLOL]DomR�GH�PHPyULD���

,QYHUWHU�XP�Q~PHUR���(VFUHYHU��SRU�RUGHP�LQYHUVD��RV�GtJLWRV�GH�XP�GDGR�LQWHLUR�SRVLWLYR���$OJRULWPR�5HFRUUHQWH���
escrever o último dígito (unidades); 

 se restarem dígitos 
 então Inverter o resto do número. 

3URFHGLPHQWR�3DVFDO�5HFRUUHQWH��� SURFHGXUH inverter(numero : intpos); 
 EHJLQ��write(numero PRG 10 : 1); � LI (numero GLY 10) <> 0 
 WKHQ inverter(numero GLY 10) 
 HQG;
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• $ VROXomR�UHFRUUHQWH�GH�XP�SUREOHPD�p��SRU�YH]HV��D�PDLV�IiFLO������
7RUUHV�GH�+DQRL��(GRXDUG�/XFDV��������

'HVORFDU�WRGRV�RV�GLVFRV�GD�7RUUH�$�SDUD�D�7RUUH�&��XP GH�FDGD�YH]��8WLOL]DU�D�7RUUH�%�FRPR�DX[LOLDU���PDV�QXQFD FRORFDU�QHQKXP�GLVFR��VREUH�RXWUR�PHQRU���
$OJRULWPR�5HFRUUHQWH���

• n = 1���VDEHPRV�GHVORFDU�1 GLVFR��
• &RPR�GHVORFDUtDPRV�n GLVFRV��VH�VRXEpVVHPRV�GHVORFDU��n - 1�
GLVFRV"��

(n-1) discos 

(n-1) discos 

1 disco 
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3RUWDQWR���
Mover  n discos de A para C, usando B como auxiliar: 

 Mover n-1 discos de A para B, usando C como auxiliar; 
 Mover 1 disco de A para C; 
 Mover n-1 discos de B para C, usando A como auxiliar. 
�2X��PHOKRU���

MoverTorre(n, origem, auxiliar, destino): 
 MoverTorre(n-1, origem, destino, auxiliar); 
 MoverDisco(origem, destino); 
 MoverTorre(n-1, auxiliar, origem, destino). 
�

3URJUDPD�3DVFDO���SURJUDP TorresdeHanoi(input, output); W\SH torre = ’A’..’C’; 
 intnneg = 0..maxint; YDU n : intnneg; 
 SURFHGXUH MoverDisco(desde, para : torre); 
 EHJLQ writeln(desde:1, ’�>’, para:1) 
 HQG;

SURFHGXUH MoverTorre(n : intnneg; origem, auxiliar, destino : torre); 
 EHJLQ�LI n>1 
 WKHQ�EHJLQ MoverTorre(n-1, origem, destino, auxiliar); 
 MoverDisco(origem, destino); 
 MoverTorre(n-1, auxiliar, origem, destino) 
 HQG�� HOVH�MoverDisco(origem, destino) HQG;

EHJLQ writeln(’Quantos discos tem esta Torre de Hanoi?’); 
 readln(n);�

MoverTorre(n, ’A’, ’B’, ’C’) HQG.
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6LPXODomR���
MoverTorre(3, A, B, C): 
 

MoverTorre(2, A, C, B): 
 

MoverTorre(1, A, B, C): 
 

MoverDisco(A, C); 
 

MoverDisco(A, B); 
 

MoverTorre(1, C, A, B): 
 

MoverDisco(C, B); 
 

MoverDisco(A, C); 
 

MoverTorre(2, B, A, C): 
 

MoverTorre(1, B, C, A): 
 

MoverDisco(B, A); 
 

MoverDisco(B, C); 
 

MoverTorre(1, A, B, C): 
 

MoverDisco(A, C); 
 

7HRUHPD�� 2 Q~PHUR�GH�0RYLPHQWRV�VLPSOHV�QHFHVViULRV��� SDUD�PRYHU�XPD�7RUUH�GH�+DQRL�FRP�Q GLVFRV��� 0�Q�� ��Q � ���'HPRQVWUDU��� 3RU�,QGXomR������
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4XHVW}HV�DVVRFLDGDV�j�³OHQGD´�GDV�7RUUHV�GH�+DQRL���
• 6H�XP�PRQJH�EXGLVWD�GHPRUDU�XP�VHJXQGR�SDUD�GHVORFDU�XP�GLVFR��TXDQWR�WHPSR�VHUi�QHFHVViULR�SDUD�PRYHU�D�7RUUH�FRPSOHWD�����GLVFRV�"�
• 4XDO�R�YDORU�HVWLPDGR�SDUD�D�HVSHUDQoD�GH�YLGD�GR�6RO"�
• &RQVWUXLU�D�VROXomR�LWHUDWLYD�GR�SUREOHPD�GDV�7RUUHV�GH�+DQRL���

AA CCoonnssttrruuççããoo ddee SSoolluuççõõeess RReeccoorrrreenntteess::

��� Como definir o problema em termos de um problema 
menor e do mesmo tipo? 

 
��� De que modo diminui o tamanho do problema, em 

cada chamada recorrente? 
 
��� Qual o caso particular do problema, que pode servir 

para a paragem? (Verificar se o modo como diminui o 
tamanho do problema, em cada chamada, assegura 
que o caso base é sempre atingido). 

�

([HUFtFLRV�� ��
• (ODERUDU�VROXo}HV�SXUDPHQWH�UHFRUUHQWHV�SDUD�FRQVWUXLU��� FDGD�XPD�GDV�ILJXUDV�VHJXLQWHV��QmR�XWLOL]DU�QHQKXP�FLFOR����

�� ����� ��������� �������������� ������������������ ���������������������

�� ����� ��������� �������������� ����������������� �������������� ���������� ������
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• (P�FHUWRV�FDVRV��TXDQGR�QmR�p�FRQKHFLGR�QHQKXP�DOJRULWPR�LWHUDWLYR��p�QHFHVViULR�JHUDU�XP�SURFHVVR�UHFRUUHQWH�GH�3HVTXLVD�([DXVWLYD��%DFNWUDFNLQJ����2 3UREOHPD�GD���5DLQKDV��� 1XP�WDEXOHLUR�GH�;DGUH]��D�5DLQKD�GRPLQD�WRGD�D�OLQKD��D�� FROXQD�H�DV�GXDV�GLDJRQDLV�GD�FDVD�RQGH�HVWLYHU�FRORFDGD��

� &RPR�FRORFDU���5DLQKDV��QmR�GRPLQDGDV��QXP�WDEXOHLUR"�� �([LVWHP����VROXo}HV�SRVVtYHLV��
3URFHVVR�GH�%DFNWUDFNLQJ���
Tentar pôr Rainha na linha (i): �

para cada coluna j 
 

se a casa [i, j] estiver livre 
 

pôr Rainha na casa [i, j] 
 

i < 8 i = 8 
 

Tentar pôr Rainha Imprimir 
 na linha (i+1) Solução 

 
retirar Rainha da casa [i, j] 
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&RPR�DVVLQDODU�DV�FDVDV�TXH�HVWmR��RX�QmR��OLYUHV"��
&RQVLGHUHPRV�XP�FRQMXQWR�GH�YHFWRUHV�GR�WLSR boolean, RQGH��
 true ⇒ FDVD�OLYUH�
 false ⇒ FDVD�GRPLQDGD 

3DUD�DV�FROXQDV�� �
� YDU a : DUUD\ [1..8] of boolean; 

3DUD�DV�GLDJRQDLV�DVFHQGHQWHV (i+j):

YDU b : DUUD\ [2..16] of boolean; 

3DUD�DV�GLDJRQDLV�GHVFHQGHQWHV�(i-j):
YDU c : DUUD\ [-7..7] of boolean; 

�2 SURFHVVR�WHQWD�VXFHVVLYDPHQWH�FRORFDU�XPD�5DLQKD�HP�FDGD�OLQKD����3DUD�UHJLVWDU�D�SRVLomR��FROXQD��RFXSDGD�SRU�FDGD�5DLQKD�EDVWD��� YDU x : DUUD\ [1..8] of 1..8; 
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SURJUDP OitoRainhas(output); 
 
W\SH linha, coluna = 1..8; YDU a : DUUD\ [coluna] of boolean; YDU b : DUUD\ [2..16] of boolean; YDU c : DUUD\ [-7..7] of boolean; YDU x : DUUD\ [linha] of coluna; YDU i : integer; SURFHGXUH EscreverSolucao; 
 EHJLQ ... { Como? } ... 
 HQG;

SURFHGXUH Tentar(i : linha); 
 YDU j : coluna; 
 EHJLQ��IRU��j:= 1 WR 8 GR�
 { Se a casa [i, j] estiver livre } � LI a[j] DQG b[i+j] DQG c[i-j] � WKHQ��EHJLQ { Pôr Rainha em [i, j] } 
 x[i]:= j; 
 a[j]:= false; 
 b[i+j]:= false; 
 c[i-j]:= false; 
 LI i < 8 
 WKHQ Tentar(i+1) 
 HOVH EscreverSolucao; 
 { Retirar Rainha de [i, j] } 
 x[i]:= 0; 
 a[j]:= true; 
 b[i+j]:= true; 
 c[i-j]:= true 
 HQG�HQG { Tentar }; 
 EHJLQ IRU i:= 1  WR 8  GR a[i]:= true; 
 IRU i:= 2  WR 16  GR b[i]:= true;�IRU i:= -7 WR� 7  GR c[i]:= true; 
 IRU i:= 1  WR 8  GR x[i]:= 0; 
 Tentar(1) HQG.
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([HUFtFLR���&LUFXLWR�GH�&DYDOR�
2XWUR�SUREOHPD�FOiVVLFR�DVVRFLDGR�DR�;DGUH]�FRQVLVWH��� HP��SDUWLQGR�GH�XPD�GDGD�FDVD�H�VHPSUH�HP�³6DOWR�GH��� &DYDOR´��SHUFRUUHU�FDGD�XPD�GDV�FDVDV�GR�WDEXOHLUR�XPD��� Vy�YH]��DFDEDQGR�QD�FDVD�LQLFLDO���

&RQVWUXD�XPD�DERUGDJHP�GR�WLSR�³%DFNWUDFNLQJ´�SDUD��� HVWH�SUREOHPD���

([HUFtFLR���&RORUDomR�GH�0DSDV�
e VDELGR��H�HVWi�Mi�GHPRQVWUDGR��TXH�TXDWUR�FRUHV�VmR��� VXILFLHQWHV�SDUD�FRORULU�TXDOTXHU�PDSD���� &RQWXGR��R�SURFHVVR�GH�FRORULU�XP�GDGR�PDSD�FRP��� TXDWUR�FRUHV�p�XP�3UREOHPD�TXH�VH�GHPRQVWUD�VHU�GLItFLO�

&RQVWUXD�XPD�DERUGDJHP�GR�WLSR�³%DFNWUDFNLQJ´�SDUD��� HVWH�SUREOHPD��
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• 2V�0pWRGRV�GH�3HVTXLVD�WDPEpP�DGPLWHP�$ERUGDJHQV�5HFRUUHQWHV������
3HVTXLVD�/LQHDU�QXP�9HFWRU��QmR�RUGHQDGR����
8PD�(VWUDWpJLD�5HFRUUHQWH���

procurar em x[1..n]: 
 se este = x[n] 
 então achou 
 senão procurar em x[1..n-1] 
�0DV���

• e QHFHVViULR�JDUDQWLU�TXH�R�SURFHVVR�SiUD�PHVPR�TXH�R�HOHPHQWR�QmR�VHMD�HQFRQWUDGR��LVWR�p��IDOWD�LGHQWLILFDU�R�&DVR�%DVH�GD�5HFRUUrQFLD���
$OJRULWPR�5HFRUUHQWH���

procurar em x[1 .. n]: 
 se n � 1

então  se este = x[n] 
 então achou 
 senão procurar em x[1 .. n-1] 
�
&RQWXGR���

• 1mR�FRQYpP�TXH�R�SURFHGLPHQWR�5HFRUUHQWH�FRQWHQKD�D�OLVWD�FRPSOHWD�GRV�3DUkPHWURV�SRLV��SRU�H[HPSOR��[���YHFWRU��LULD�JHUDU�XPD�FySLD�GH�WRGR�R�YHFWRU�SDUD�FDGD�&KDPDGD�5HFRUUHQWH���
• 8PD�VROXomR�FRQVLVWH�QR�(QFDSVXODPHQWR�GD�5HFRUUrQFLD� LVWR�p��QD�XWLOL]DomR�GH�XP�SURFHGLPHQWR�5HFRUUHQWH�LQWHUQR�DR�0yGXOR�GH�3HVTXLVD�SUHWHQGLGR��
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0yGXOR�GH�3HVTXLVD�FRP�5HFRUUrQFLD�(QFDSVXODGD���SURFHGXUH pesquisar ( x : vector; n : integer; este : elemento;  � YDU achou : boolean; YDU : indice : integer); � SURFHGXUH pesq(n : integer); 
 EHJLQ��LI n >= 1 
 WKHQ��EHJLQ��LI este = x[n] 
 WKHQ indice:= n 
 HOVH pesq(n-1) 
 HQG�
 HOVH indice:= 0 
 HQG { pesq }; 
 EHJLQ pesq(n); 
 achou:= indice <> 0 HQG { pesquisar };�

• 2 VXESURJUDPD�5HFRUUHQWH�SRGH�WDPEpP�VHU�XPD�)XQomR���SURFHGXUH pesquisar ( x : vector; n : integer; este : elemento;  � YDU achou : boolean; YDU : indice : integer); � IXQFWLRQ pesq(n : integer) : integer; 
 EHJLQ��LI n >= 1 
 WKHQ��EHJLQ��LI este = x[n] 
 WKHQ pesq:= n 
 HOVH pesq:= pesq(n-1) 
 HQG�
 HOVH pesq:= 0 
 HQG { pesq }; 
 EHJLQ indice:= pesq(n); 
 achou:= indice <> 0 HQG�{ pesquisar }; 
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3HVTXLVD�%LQiULD�QXP�9HFWRU�RUGHQDGR���$OJRULWPR�5HFRUUHQWH���
procurar  em x[1 .. n]: 

 se n � 1
então  se este = x[meio] 

 então achou 
 senão   se este < x[meio] 
 então  procurar em x[1 .. meio - 1] 
 senão  procurar em x[meio + 1 .. n] 
 

0yGXOR�GH�3HVTXLVD�%LQiULD�FRP�5HFRUUrQFLD�(QFDSVXODGD���
SURFHGXUH pesquisar ( x : vector; n : integer; este : elemento;  � YDU achou : boolean; YDU : indice : integer); � IXQFWLRQ pesq(esq, dir : integer) : integer; 
 YDU meio : integer; 
 EHJLQ��LI esq <= dir 
 WKHQ��EHJLQ��meio:= (esq+dir) GLY 2; � LI este = x[meio] 
 WKHQ pesq := meio 
 HOVH LI este < x[meio] 
 WKHQ pesq:= pesq(esq, meio-1) 
 HOVH pesq:= pesq(meio+1, dir) 
 HQG�
 HOVH pesq:= 0 
 HQG { pesq }; 
 EHJLQ indice:= pesq(1, n); 
 achou:= indice<>0 HQG�{ pesquisar }; 
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Q~PHUR�GH�FKDPDGDV�UHFRUUHQWHV�

Q~PHUR�GH�FRPSDUDo}HVUHDOL]DGDV�QR�FDVR�EDVH 

❒❒ $$ &&RRPPSSOOHH[[LLGGDDGGHH GGRRVV $$OOJJRRUULLWWPPRRVV 55HHFFRRUUUUHHQQWWHHVV
•• $$QQiiOOLLVVHH GGRR 33LLRRUU GGRRVV &&DDVVRRVV
1HVWH�&DStWXOR�YDPRV�DQDOLVDU�DSHQDV�R�3LRU�GRV�&DVRV��� GD�&RPSOH[LGDGH�GH�$OJRULWPRV�5HFRUUHQWHV���

&RQVLGHUHPRV�R�FDVR�GD�3HVTXLVD�6HTXHQFLDO� QXP�YHFWRU�x[1..n]�
procurar em x[1 .. n]: 

 se n � 1
então  se este = x[n] 

 então achou 
 senão procurar em x[1 .. n-1]  
�

^ 2�SLRU�GRV�FDVRV�FRUUHVSRQGH�jV�VLWXDo}HV este = x[n] RX�
este ² x[1..n]� TXDQGR�WRGRV RV�HOHPHQWRV�VmR�DQDOLVDGRV�` 

6HMD�7�Q��R�Q~PHUR�GH�FRPSDUDo}HV�QHFHVViULDV��SDUD�UHDOL]DU�XPD�SHVTXLVD�HP�Q HOHPHQWRV���(VWH�YDORU�YDL�VHU�FDOFXODGR�HP�IXQomR�GH�7�Q�����DV�FRPSDUDo}HV�QHFHVViULDV��SDUD�UHDOL]DU�XPD�SHVTXLVD�HP�Q�� HOHPHQWRV���

T(n-1) + 1 se n � 1
T(n) =  

 0 se n = 0 
�

Q~PHUR�GH�FRPSDUDo}HV�HP�FDGD�FKDPDGD�UHFRUUHQWH�



&DS������$OJRULWPRV�5HFRUUHQWHV�������������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

&DOFXOHPRV��
 

T(n)  =  T(n-1) + 1  

 =  (T(n-2) + 1) + 1  = T(n-2) + 2 

 =  (T(n-3) + 1) + 2 = T(n-3) + 3 
 ... 
 

T(n) = T(n - k) + k  para k = 1, 2, ..., n 
 

QR�3LRU�GRV�&DVRV��R�SURFHVVR�SiUD�TXDQGR�Q���N� ����RX�N� �Q��RQGH��
 

T(n) = T(0) + n = n 
�H��FRPR�VHULD�GH�SUHYHU��R�Q~PHUR�GH�FRPSDUDo}HV�HIHFWXDGDV�p��
 

T(n) = n. 
 

• 8PD�DQiOLVH�HTXLYDOHQWH�FRQVLVWLULD�HP�FRQVLGHUDU�n = 1��D�~OWLPD�
FKDPDGD�HIHFWXDGD��R�FDVR�EDVH�GR�SURFHVVR��� ^ 3DUD�DOJXQV�DOJRULWPRV��HVWD�p�D�DERUGDJHP�PDLV�FRQYHQLHQWH�`��

T(n-1) + 1 se n > 1 
 T(n) =  
 1 se n = 1 
�

9HULILTXH�TXH�R�UHVXOWDGR�REWLGR�p�R�PHVPR���
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$ FRPSOH[LGDGH�GD�3HVTXLVD�%LQiULD� QXP�YHFWRU�RUGHQDGR�[>���Q@���
procurar em x[1 .. n]: 

 se este = x[meio] 
 então achou 
 senão  se este < x[meio]  
 então  procurar em x[1 .. meio-1] 
 senão procurar em x[meio+1 .. n] 
�
6HMD T(n)�R�Q~PHUR�GH�FRPSDUDo}HV�HIHFWXDGDV��SDUD�n HOHPHQWRV��
'HQRWHPRV�SRU�a R Q~PHUR��FRQVWDQWH��GH�FRPSDUDo}HV�UHDOL]DGDV�
HP�FDGD�FKDPDGD����

T(n / 2) + a se n > 1 
 T(n) =  
 a se n = 1 
 
&DOFXOHPRV��
 

T(n)  = T(n / 2) + a 

 = (T(n / 22) + a) + a = T(n / 22) + 2 a 

 = (T(n / 23) + a) + 2 a = T(n / 23) + 3 a 
 ... 
 

T(n) = T(n / 2k) + k a 
�
1R�3LRU�GRV�&DVRV��R�SURFHVVR�SiUD�TXDQGR�n / 2k = 1� RX�k = log2 n�
RQGH�T(n / 2k) = a� 3RUWDQWR��
 

T(n) = T(n / 2k) + k a para k = 1, 2, ..., log2 n

H TXDQGR�k = log2 n�
T(n) = a + a log2n = 6(log2 n). 
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�2�3UREOHPD�GDV�7RUUHV�GH�+DQRL� FRP�n GLVFRV���
MoverTorre(n, origem, auxiliar, destino): 

 MoverTorre(n - 1, origem, destino, auxiliar); 
 MoverDisco(origem, destino); 
 MoverTorre(n - 1, auxiliar, origem, destino). 
� ^ 2�$OJRULWPR�H[HFXWD�XP�Q~PHUR�IL[R�GH�RSHUDo}HV�`��
6HMD�T(n)�R�Q~PHUR�GH�PRYLPHQWRV�VLPSOHV��QHFHVViULRV�SDUD�
GHVORFDU�XPD�WRUUH�FRP�n GLVFRV��
�

2 T(n-1) + 1 se n > 1 
 T(n) =  
 1 se n = 1 
�
&DOFXOHPRV��
 

T(n)  = 2 T(n - 1) + 1 

 = 2 (2 T(n - 2) + 1) + 1  = 22 T(n-2) + 2 + 1 

 = 22 ( 2 T(n - 3) + 1) + 2 + 1 = 23 T(n-3) + 22 + 2 + 1 

 = 24 T(n-4) + 23 + 22 + 2 + 1 

 ...       

 T(n) = 2k T(n - k) + 2k-1  + 2k-2  + ... + 2 + 1  

 T(n)  = 2k T(n - k) + 2k - 1 

 T(n)  = 2k (T(n - k) + 1) - 1 para k = 1, 2, ..., n - 1 

�
R SURFHVVR�SiUD�TXDQGR�k = n - 1� RQGH�
�

T(n) = 2n-1 (T(1) + 1) - 1 = 2n - 1 
�
VmR�SRUWDQWR�QHFHVViULRV�2n - 1�PRYLPHQWRV�VLPSOHV��
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�$ JHQHUDOL]DomR�GHVWH�UHVXOWDGR�SHUPLWH�GHWHFWDU�D�JHUDomR�GH�DOJRULWPRV�GH�&RPSOH[LGDGH�([SRQHQFLDO�

a T(n - c) + d se n > 1 
 T(n) =  
 b se n = 1 
�
5HSUHVHQWDQGR�XP�DOJRULWPR�FRP�a FKDPDGDV�UHFRUUHQWHV��RQGH�D�
JUDQGH]D�GR�SUREOHPD�GLPLQXL�GH�c XQLGDGHV��D�FDGD�FKDPDGD��
�&DOFXOHPRV���

T(n)  = a T(n-c) + d 

 = a (a T(n-2c) + d) + d  = a2 T(n-2c) + ad + d 

 = a2 ( a T(n-3c) + d) + ad + d  = a3 T(n-3c) + a2d+ ad + d 

 ... 

 T(n) = ak T(n - kc) + ∑
=

1-k

0i

ia d

1R�3LRU�GRV�&DVRV��R�SURFHVVR�SiUD�TXDQGR�n – k c = 1� RX�k = 
c

1n − �
RQGH�T(n – k c) = b�
+i�GXDV�VLWXDo}HV�D�FRQVLGHUDU��
 
se a = 1, (uma chamada recorrente) 
 

T(n) = b + 
c

1n −
d = 6(n) 

 
então o algoritmo é Linear. 
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se a > 1, (a chamadas recorrentes) 
 

T(n)  = 
a1

c1)(na1
dc1)(nab

−

−−+−

= c1)(na)
a1

d
(b

a1
d −

−
++

−
= 6( cn

a )

portanto, o algoritmo tem Complexidade Exponencial, onde a base da 
exponencial é o próprio número a de chamadas. 
 

• $ $ERUGDJHP�5HFRUUHQWH�SHUPLWH�D�FRQVWUXomR�GH�0pWRGRV�GH�2UGHQDPHQWR�PXLWR�HILFLHQWHV��
 

❒❒ 00ppWWRRGGRRVV GGHH 22UUGGHHQQDDPPHHQQWWRR 55HHFFRRUUUUHHQQWWHHVV

2UGHQDPHQWR�SRU�)XVmR���2EVHUYDo}HV���
• 2 3UREOHPD�GD�)XVmR�GH�GRLV�9HFWRUHV��Mi�RUGHQDGRV��p�PHQRV�FRPSOH[R�GR�TXH�R�3UREOHPD�GR�2UGHQDPHQWR��
• $ 5HFRUUrQFLD�SHUPLWH�WUDQVIRUPDU��UHGX]LU��R�SURFHVVR�GR�2UGHQDPHQWR�QXP�SURFHVVR�GH�)XVmR�2UGHQDGD���
(VWUDWpJLD�5HFRUUHQWH��
 

ordenar  vector: 
 ordenar a primeira metade; 
 ordenar a segunda metade; 
 fundir as duas metades. 
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• 3RUWDQWR��DOpP�GDV�GXDV�FKDPDGDV�UHFRUUHQWHV��UHVWD�FRQVWUXLU�XP�PyGXOR�SDUD�D�)XVmR�GH�GRLV�6XEYHFWRUHV�Mi�RUGHQDGRV���
^ 2UGHQDU�R�YHFWRU�x[a .. d],�VDEHQGR�TXH�RV�VXEYHFWRUHV��

x[a .. b]�H�x[c .. d]��FRP b + 1 = c� HVWmR�Mi�RUGHQDGRV�`�

�
i:= a; j:= c; 

 UHSHDW { Inserir x[j] } 
 LI x[i] > x[j] 
 WKHQ��EHJLQ aux := x[j];     
 IRU k:= j GRZQWR (i+1) GR�� x[k]:= x[k-1]; 
 x[i]:= aux; 
 j:= j+1 
 HQG�
 HOVH i:= i+1 
 XQWLO (i >= j) RU (j > d); 
�
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0yGXOR�5HFRUUHQWH�GH�2UGHQDPHQWR�SRU�)XVmR�
^ $VVXPLQGR��YDU x : vector;  JOREDO�DR�PyGXOR�`�
�SURFHGXUH OrdFusao (n, m : integer); 
 YDU meio : integer; � SURFHGXUH fundir (a, b, c, d : integer); � YDU i, j, k : integer; 
 aux : elemento; 
 EHJLQ i:= a; 
 j:= c; 
 UHSHDW { Inserir x[j] } 
 LI x[i] > x[j] 
 WKHQ��EHJLQ aux := x[j]; � IRU k:= j GRZQWR (i+1) GR�
 x[k]:= x[k-1]; 
 x[i]:= aux; 
 j:= j+1 
 HQG�
 HOVH i:= i+1 
 XQWLO (i>=j) RU (j>d) � HQG { fundir }; 
 EHJLQ LI m - n >= 1 
 WKHQ��EHJLQ meio:=(n + m) GLY 2; 
 OrdFusao(n, meio); 
 OrdFusao(meio + 1, m); 
 fundir(n, meio, meio+1, m) 
 HQG�HQG { OrdFusao };�
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$ &RPSOH[LGDGH�GRV�$OJRULWPRV�5HFRUUHQWHV�GH�2UGHQDPHQWR��
• 1D�$QiOLVH�GD�&RPSOH[LGDGH�GRV�0pWRGRV�GH�2UGHQDPHQWR�GHYHP�VHU�DQDOLVDGDV�DV�GXDV�RSHUDo}HV�HQYROYLGDV��&RPSDUDo}HV�H�7URFDV� HQWUH�HOHPHQWRV�GR�YHFWRU���
• -i�YLPRV�TXH�R�YDORU�PtQLPR�SRVVtYHO�GD�&RPSOH[LGDGH�GRV�0pWRGRV�GH�2UGHQDPHQWR�p�6�Q�ORJ� Q����
$ &RPSOH[LGDGH�GR�2UGHQDPHQWR�SRU�)XVmR�

ordenar  vector: 
 ordenar a primeira metade; 
 ordenar a segunda metade; 
 fundir as duas metades.�

$QDOLVHPRV�R�Q~PHUR�GH�FRPSDUDo}HV�QHFHVViULDV�SDUD�RUGHQDU�XP�
YHFWRU�FRP�n HOHPHQWRV��$VVXPLQGR�TXH�D�RSHUDomR�GH�IXVmR�p�6�Q���
�

2 T(n/2) + a n se n > 1 
 T(n) =  
 b se n = 1 
 

&DOFXOHPRV��
 

T(n)  = 2 T(n / 2) + a n 

 = 2 (2 T(n / 22) + a n/2) + a n  

 = 22 T(n / 22) + 2 a n 

 = 22 (2 T(n / 23) + a n/22) + 2 a n  

 = 23 T(n / 23) + 3 a n 

 = 24 T(n / 24) + 4 a n 
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 ... 
 

T(n) = 2k T(n / 2k) + k a n 

�
R SURFHVVR�SiUD�TXDQGR n / 2k = 1� RX k = log2 n� RQGH T(n / 2k) = b. 
 

T(n) = 2k T(n / 2k) + k a n para  k = 0, 1, 2, ..., log2 n

H TXDQGR k = log2 n, 
 

T(n) = b + (log2 n)  a  n = 6(n log2 n). 
�

• $ JHQHUDOL]DomR�GHVWH�UHVXOWDGR�DEUDQJH�R�FiOFXOR�GR�YDORU�GD�FRPSOH[LGDGH�GH�YiULRV�DOJRULWPRV�UHFRUUHQWHV���
7HRUHPD���$KR���+RSFURIW���8OOPDQQ���6HMDP�D��E��F�± Û FRQVWDQWHV��$�IyUPXOD�UHFRUUHQWH� 

a T(n/c) + b n se n > 1 
 T(n) =  
 b se n = 1 
 
WHP�FRPR�VROXomR��������
 6(n) se a < c 
 

T(n) = 6(n logc n) se a = c 
 

6 (n log
c

a) se a > c 
�
([HUFtFLR��'HPRQVWUDU����



&DS������$OJRULWPRV�5HFRUUHQWHV�������������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

• $ 5HFRUUrQFLD�HVWi�QD�RULJHP�GDTXHOH�TXH�p�KDELWXDOPHQWH�FRQVLGHUDGR�R�PDLV�UiSLGR�GRV�0pWRGRV�GH�2UGHQDPHQWR������
4XLFN6RUW��&��$��5��+RDUH���������

2EVHUYDo}HV���
• $R�2UGHQDU�XP�9HFWRU��DV�7URFDV�PDLV�SURGXWLYDV�VmR�DV�HIHFWXDGDV�HQWUH�HOHPHQWRV�PDLV�DIDVWDGRV�
• 6H�R�9HFWRU�LQLFLDO�HVWLYHU�SRU�RUGHP�LQYHUVD GD�SUHWHQGLGD��XP�ERP�0pWRGR�GH�2UGHQDPHQWR�GHYHULD�UHDOL]DU�DSHQDV�Q�GLY���WURFDV���
(VWUDWpJLD���

Separar os elementos do vector dado, de modo que  
 todos os “pequenos” fiquem na parte esquerda e  
 todos os “grandes” na parte direita. 

�2 3URFHVVR�GD�6HSDUDomR�p�HQWmR�DSOLFDGR�D�FDGD�XPD�GDV�SDUWHV�����

$OJRULWPR�5HFRUUHQWH���
ordenar  vector: 

 Separar em pequenos e grandes; 
 ordenar os pequenos; 
 ordenar os grandes. 
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• 5HVWD�DVVLP�HVWDEHOHFHU�XPD�GHILQLomR�DGHTXDGD�SDUD�HOHPHQWRV�³SHTXHQRV´�H�³JUDQGHV´��EHP�FRPR�FRQVWUXLU�XP�$OJRULWPR�SDUD�D 6HSDUDomR���
3UREOHPD�� Dado um vector x[1..n] e um elemento arbitrário A,

Separar os elementos de x, de modo que os inferiores 
 fiquem à esquerda e os superiores à direita de A.

d A t A

$OJRULWPR�SDUD�D�6HSDUDomR�GR�YHFWRU�x[esq..dir]�

i ← esq  { Começa na esquerda e avança } 
 j ← dir  { Começa na direita e recua } 
 

se i d j

trocar x[i] com x[j]    
 avançar i e recuar j 
 

Até que i>j 

Procurar o menor i, tal que x[i] ≥ A

Procurar o maior j, tal que x[j] ≤ A
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$OJRULWPR�GH�6HSDUDomR�GH�+RDUH��HP�3DVFDO��GDGRV�XP�YHFWRU�
x[esq..dir]�H�XP�HOHPHQWR�DUELWUiULR���A ∈ x[esq..dir]�

{ Inicializar i e j } 
 i:= esq;  
 j:= dir; 
 UHSHDW { Procurar o menor i, tal que x[i] ≥ A } 
 ZKLOH x[i] < A GR i:= i + 1; 
 { Aqui x[i] ≥ A } 
 

{ Procurar o maior j, tal que x[j] ≤ A } 
 ZKLOH x[j] > A GR j:= j - 1; 
 { Aqui x[j] ≤ A } 

 LI i<= j 
 WKHQ��EHJLQ { Trocar x[i] com x[j] } 
 aux := x[i]; 
 x[i]:= x[j]; 
 x[j]:= aux; 
 { Avançar i e recuar j } 
 i:= i +1;  
 j:= j - 1 
 HQG XQWLO i > j; 
 

{ Aqui x[esq .. i-1] ≤ A DQG x[j+1 .. dir] ≥ A } 
�
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0yGXOR�5HFRUUHQWH�SDUD�R�4XLFN6RUW�
SURFHGXUH QuickSort (YDU x : vector; n : integer); � SURFHGXUH Sort (esq, dir : integer); � YDU i, j : integer; 
 A, aux : elemento; 
 EHJLQ { Fase da Separação } 
 i:= esq; j:= dir; 
 { O elemento Arbitrário pode ser o do meio } 
 A:= x[(esq+dir) GLY 2]; 
 UHSHDW ZKLOH x[i]<A GR i:= i+1;  { Aqui x[i] ≥ A } 
 ZKLOH x[j]>A GR j:= j-1;  { Aqui x[j] ≤ A } 
 LI i<= j 
 WKHQ��EHJLQ { Trocar x[i] com x[j] } 
 aux :=x[i]; x[i]:=x[j]; x[j]:=aux; 
 { Avançar i e recuar j } 
 i:= i+1; j:= j-1 
 HQG XQWLO i > j; 
 { Aqui x[esq .. i-1] ≤ A DQG x[j+1 .. dir] ≥ A }  

 
{ Chamadas Recorrentes } 

 LI esq < j  WKHQ Sort(esq, j); 
 LI i < dir   WKHQ Sort(i, dir) 
 HQG { Sort }; 
 EHJLQ Sort(1, n) HQG {QuickSort }; 
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6LPXODomR��� Sort(1, 9): 
esq = 1; dir = 9; A = 46; 

Separação: 

Sort(1, 5): 
esq = 1; dir = 5; A = 12; 

Separação: 

Sort(6, 9): 
esq = 6; dir = 9; A = 46; 

Separação: 

Sort(1, 2): 
esq = 1; dir = 2; A = 6;

Separação: 

Sort(3, 5): 
esq = 3; dir = 5; A = 42;

Separação: 

Sort(7, 9): 
esq = 7; dir = 9; A = 55;

Separação: 

Sort(8, 9): 
esq = 8; dir = 9; A = 94;

Separação: 
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$ &RPSOH[LGDGH�GR�4XLFN6RUW���
• 2 GHVHPSHQKR�GR�4XLFN6RUW�SRGH�YDULDU�EDVWDQWH��FRQVRDQWH�D�JUDQGH]D�UHODWLYD GRV�GRLV�VXE�YHFWRUHV�³VHSDUDGRV´���
• 1R�0HOKRU�GRV�&DVRV��D�VHSDUDomR�UHVXOWD�HP�GXDV�³PHWDGHV´��HP�WRGDV�DV�FKDPDGDV��$VVXPLQGR�TXH�R�SURFHVVR�GD�6HSDUDomR�p 6�Q����
�

2 T(n/2) + a n se n > 1 
 T(n) =  
 b se n = 1 
� GRQGH��SHOR�7HRUHPD�DQWHULRU��VH�REWpP�6�Q�ORJ� Q����
• 1R�3LRU�&DVR�SRVVtYHO��D�FDGD�FKDPDGD��R�FRPSULPHQWR�GR�VXE�YHFWRU�GHFUHVFH�DSHQDV�GH�XPD�XQLGDGH��2�SURFHVVR�FRQVLVWH�QD�IDVH�GD�6HSDUDomR�H�DSHQDV�QXPD�FKDPDGD�UHFRUUHQWH���

1 T(n - 1) + a n se n > 1 
 T(n) =  
 b se n = 1 
�

3RUWDQWR��QR�3LRU�GRV�&DVRV�R�4XLFN6RUW�p�6�Q����
�
• 1RWH�VH�WDPEpP�TXH�R�DOJRULWPR�HIHFWXD�WURFDV�GHVQHFHVViULDV�FRPR��SRU�H[HPSOR��QR�FDVR�GH�R�YHFWRU�Mi�HVWDU��RX�TXDVH��RUGHQDGR���
• 3URYD�VH�TXH�QR�&DVR�0pGLR�p�WDPEpP�6�Q�ORJ� Q����
• 1R�DUWLJR�RULJLQDO�GH�&�$�5��+RDUH��R�HOHPHQWR�$UELWUiULR�
VHOHFFLRQDGR�HUD�A:= x[esq]� 9HULILTXH�TXH�D�FRPSOH[LGDGH�GR�
PpWRGR�p�D�PHVPD���� 4XDO�VHUi��QHVVD�YHUVmR��R�YHFWRU�TXH�RULJLQD�R�3LRU�GRV�&DVRV"�
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&RQFOXV}HV���
• 2 4XLFN6RUW�p��VHJXQGR�D�$QiOLVH�GD�&RPSOH[LGDGH�WHyULFD��R�PDLV�HILFLHQWH�GRV�0pWRGRV�GH�2UGHQDPHQWR��8PD�$QiOLVH�(VWDWtVWLFD�PRVWUD�TXH�HVVD�SURSULHGDGH�WDPEpP�VH�PDQLIHVWD�QD�SUiWLFD��PXLWR�HP�SDUWLFXODU�HP�YHFWRUHV�GH�JUDQGHV�GLPHQV}HV��EHP�FRPR�QRV�FDVRV�PDLV�³GLItFHLV´���
• 3RU�RXWUR�ODGR�QRV�FDVRV�³IiFHLV´��FRPR�QR�FDVR�GR�YHFWRU�GDGR�Mi�VH�HQFRQWUDU��RX�TXDVH��RUGHQDGR��R�4XLFN6RUW�UHDOL]D�RSHUDo}HV�LQ~WHLV��WURFD�GH�HOHPHQWRV�SRU�VL�SUySULRV����
• 3DUD�YHFWRUHV�SHTXHQRV�H�RX�TXDVH�RUGHQDGR��RV�PpWRGRV�PDLV�VLPSOHV�VmR�RV�PDLV�FRQYHQLHQWHV���
• &RQVLGHUHPRV�R�VHJXLQWH�³PHOKRUDPHQWR´�GR�4XLFN6RUW��GHVWLQDGR�D�HYLWDU�R�FDVR�GD�WURFD�GH�XP�HOHPHQWR�SRU�VL�SUySULR���

LI i<= j 
 WKHQ��EHJLQ��LI i <> j 
 WKHQ��EHJLQ��{ Trocar x[i] com x[j] } 
 aux := x[i]; 
 x[i]:= x[j]; 
 x[j]:= aux; 
 HQG;

{ Avançar i e recuar j } 
 i:= i + 1;  
 j:= j � 1HQG�

• 1RWH�VH�FRQWXGR�TXH��SDUD�HYLWDU�DOJXQV��UDURV��FDVRV�GH�WURFDV�LQ~WHLV��IRL�QHFHVViULR�LQWURGX]LU�XPD�QRYD�FRPSDUDomR���
• &RP�HVWD�DOWHUDomR��R�4XLFN6RUW�UHDOL]D�HIHFWLYDPHQWH�Q�GLY���WURFDV��QR�FDVR�GR�YHFWRU�GDGR�VH�HQFRQWUDU�SRU�RUGHP�LQYHUVD��9HULILTXH���



&DS������$OJRULWPRV�5HFRUUHQWHV�������������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

• 2 DOJRULWPR�GD�6HSDUDomR�GH�+RDUH��Vy�SRU�VL��SRGH�DLQGD�IRUQHFHU�XPD�VROXomR�VLPSOHV�SDUD�RXWURV�WLSRV�GH�SUREOHPDV����3RU�H[HPSOR�� 'DGR�XP�YHFWRU�GH�HOHPHQWRV�LQWHLURV�H�SRVLWLYRV���� VHSDUDU RV�Q~PHURV�SDUHV GRV�tPSDUHV� LQGLFDQGR��� TXDQWRV�H[LVWHP�GH�FDGD�WLSR���3URFHGLPHQWR�3DVFDO���SURFHGXUH SepararParesImpares (YDU x : vector; n : integer); YDU i, j : integer; 
 aux : integer; 
 EHJLQ i:= 1; j:= n; 
 UHSHDW��ZKLOH odd(x[i]) GR i:= i+1;  
 { x[1..i-1] impares and x[i] par } 
 ZKLOH�QRW odd(x[j]) GR j:= j-1;  
 { x[j] impar and x[j+1..n] pares } 
 LI I <= j 
 WKHQ��EHJLQ� aux :=x[i]; x[i]:=x[j]; x[j]:=aux; 
 i:= i + 1; j:= j -1 
 HQG XQWLO i>j; 
 { x[1..i-1] impares and x[j+1..n] pares } 
 

writeln(’Existem ’, i - 1, ' números ímpares e ', n - j, ' pares.') 
 HQG { SepararParesImpares };  
�([���

Existem 5 números ímpares e 7 pares. 
�



&DS������$OJRULWPRV�5HFRUUHQWHV�������������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

• 3UREOHPDV�FXMD�GHILQLomR�p�UHFRUUHQWH��FRQGX]HP�QDWXUDOPHQWH�D�VROXo}HV�UHFRUUHQWHV�����

1RWDomR�3RODFD��/XNDVLHZLF]�������������� 1D�QRWDomR�KDELWXDO���LQIL[���GDV�([SUHVV}HV�$ULWPpWLFDV��FDGD�� RSHUDGRU�p�FRORFDGR�HQWUH RV�GRLV�RSHUDQGRV�FRUUHVSRQGHQWHV��
�

a + b * c 
 3DUD�VDEHU�D�RUGHP�SRU�TXH�VmR�HIHFWXDGRV�RV�FiOFXORV��p��� QHFHVViULR�HVWDEHOHFHU�XP�FRQMXQWR�GH�5HJUDV�GH�3ULRULGDGH�HQWUH�RV�RSHUDGRUHV�H��SDUD�DOWHUDU�HVVD�RUGHP��p�WDPEpP��� QHFHVViULR�R�XVR�GH�3DUrQWHVHV�

• 1D�1RWDomR�3RODFD���SRVWIL[����FDGD�RSHUDGRU�p�FRORFDGR�GHSRLVGRV�GRLV�RSHUDQGRV�FRUUHVSRQGHQWHV��� $ RUGHP�GRV�FiOFXORV�D�HIHFWXDU�ILFD�XQLYRFDPHQWH�GHILQLGD���� VHP�5HJUDV�GH�3ULRULGDGH�QHP�3DUrQWHVHV�

([HPSORV��� LQIL[�� SRVWIL[�
�

a + b a b + 
 (a + b) * c a b + c * 
 (a + b) * (c - d) a b + c d - * 
 a + b * c - d a b c * + d - 
 a + b * (c - d) a b c d - * + 
 (a + b) * c - d a b + c * d - �

3UREOHPD��� &RQYHUVmR��LQIL[�→ SRVWIL[�
9DPRV�FRQVLGHUDU�³XPD´�/LQJXDJHP�GH�$OWR�1tYHO���� TXH�FRQVLVWH�QXPD�VLPSOLILFDomR�GR�3DVFDO��



&DS������$OJRULWPRV�5HFRUUHQWHV�������������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

'HILQLo}HV���
([SUHVVmR���

7HUPR���

)DFWRU���

,GHQWLILFDGRU��

• 3DUD�UHVROYHU�R�SUREOHPD��EDVWD�FRQVWUXLU�XP 0yGXOR��UHFRUUHQWH��SDUD�FDGD�XPD GDV�GHILQLo}HV��UHFRUUHQWHV����

expressão termo�
termo 

enquanto '+' ou '-' 
 

termo
 

escrever 

factor 

enquanto '*' ou '/' 
 

factor
 

escrever 



&DS������$OJRULWPRV�5HFRUUHQWHV�������������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

 factor�

([HPSOR�� a * (b + c) → a b c + * 
 

expressão:  
 termo:  factor: escrever(D)

factor: expressão:  
 termo:   
 factor: escrever(E)

termo:   
 factor: escrever(F)

escrever(�)
escrever(
)

3URJUDPD�3DVFDO���
SURJUDP InfixPostfix(input, output); YDU car : char; 
 SURFHGXUH procurar; 
 EHJLQ�� UHSHDW read(car); 
 XQWLO (car <> ’ ’) RU eoln(input) 
 HQG�(* procurar *); 

identificador '(' 
 

escrevê-lo  expressão 



&DS������$OJRULWPRV�5HFRUUHQWHV�������������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

SURFHGXUH expressao; 
 YDU operaditivo : char; 
 SURFHGXUH termo; 
 YDU opermult : char; 
 SURFHGXUH factor; 
 EHJLQ (* factor *) 
 LI car = ’(’ 
 WKHQ�� EHJLQ procurar; 
 expressao � HQG�
 HOVH write(car); 
 procurar 
 HQG (* factor *); 
 EHJLQ (* termo *) 
 factor; 
 ZKLOH (car = ’*’) RU (car = ’/’) GR�� EHJLQ opermult:= car; 
 procurar; 
 factor; 
 write(opermult) � HQG HQG�(* termo *); 
 EHJLQ (* expressao *) 
 termo; 
 ZKLOH (car = ’+’) RU (car = ’-’) GR�� EHJLQ operaditivo:= car; 
 procurar; 
 termo; 
 write(operaditivo) � HQG HQG�(* expressao *); 
 EHJLQ (* Programa Principal *) 
 procurar; 
 UHSHDW expressao; 
 writeln � XQWLO car = ’.’ HQG�(*InfixPostfix *). 



&DS������$OJRULWPRV�5HFRUUHQWHV�������������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

�$OJXQV�UHVXOWDGRV���

&RPHQWiULRV���
• $ 1RWDomR�3RODFD�p�XWLOL]DGD�QD�&RPSLODomR�GDV�([SUHVV}HV�$ULWPpWLFDV�GH�WRGDV�DV�/LQJXDJHQV�GH�$OWR�1tYHO���
• 2 FyGLJR�SURGX]LGR�SHORV�PyGXORV�UHFRUUHQWHV�QmR�p�HILFLHQWH��QmR�VHQGR�SRUWDQWR�DGHTXDGR�j�FRQVWUXomR�GH�&RPSLODGRUHV���
• &RQWXGR��D�SDUWLU�GD�DERUGDJHP�UHFRUUHQWH��p�SRVVtYHO�FRQVWUXLU�D FRUUHVSRQGHQWH�YHUVmR�LWHUDWLYD���

([HUFtFLRV���
• &DOFXODU�R�YDORU�GH�XPD�H[SUHVVmR�SRVWIL[�
• &RQYHUVmR��SRVWIL[�→ LQIL[�

input output 
 

(a+b)*(c  -d) 
a+b*c-d 
( a  +b)*  c-d 
a+b*(c-d) 
 a  *a  *a*a 
b+c *(d+c*a*a)  *b + a 
 ( a*  b )  / c 
a*b/c 
a*( b/c) 
a*a/a*a/a*a  . 

 
ab+cd-* 
abc*+d- 
ab+c*d- 
abcd-*+ 
aa*a*a* 
bcdca*a*+*b*+a+ 
ab*c/ 
ab*c/ 
abc/* 
aa*a/a*a/a* 


