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❒❒ 11RRWWDD EEUUHHYYHH VVRREEUUHH FFiiOOFFXXOORRVV GGHH VVRRPPDDVV SSDDUUFFLLDDLLVV

• 6pULHV�$ULWPpWLFDV�
�6mR�GD�IRUPD���

{ak}, k = 1, 2, 3, ... com ak+1 - ak = d  
 
H SRUWDQWR��

ak = ak-1 + d = ak-2 + 2d = ... = a1 + d(k-1) 
 

6RPD�GRV�Q SULPHLURV�WHUPRV���
6Q  a1 � ������an  ò�Q��a1 � an�

 ò�Q����a1 � (n - 1) d�

([HPSORV� 1 + 2 + 3 + 4 + ... + n  = ½ n (n+1) 

 1 + 3 + 5 + 7 + ... + (2n - 1)  = n2

1 + 7 + 19 + 37 + ... + (3n2 - 3n + 1)  = n3

• 6pULHV�*HRPpWULFDV�
�6mR�GD�IRUPD���

{ak}, k = 0, 1, 2, ... com  ak+1 / ak = r    (r �1) 
 
H SRUWDQWR��

ak = ak-1 r = ak-2 r
2 = ... = a0 rk
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6RPD�GRV�Q SULPHLURV�WHUPRV���

Sn = a0 + ... + an-1 = (a0 - r  an-1) / (1 - r) 

 = a0 (1 - rn) / (1 - r) 

�
6H�|r| < 1�HQWmR��TXDQGR�n � ��

a0 + a0 r + a0 r2 + a0 r3 + ... = a0 / (1 - r) 
�
([HPSORV� 1 + 2 + 4 + 8 + ... + 2n-1  = 2n - 1 

 1 + 2 + 4 + 8 + ... + 2 log
2
n = 2 n -1 

 

• $ 6pULH�$ULWPpWLFR�*HRPpWULFD�GH�UD]mR���
�

 ������������ � ���� � ������Q��Q
 �����Q ���Q�������

• $ 6pULH�+DUPyQLFD�
�

limn � � (1 + 1/2 + 1/3 + 1/4 + ... + 1/n – ln(n)) =  J
RQGH�J  �����������p�D�FRQVWDQWH�GH�(XOHU��

�
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CCaappííttuulloo 22 :: CCoommpplleexxiiddaaddee AAllggoorrííttmmiiccaa

{{UUmmaa MMeeddiiddaa ddooss RReeccuurrssooss ccoommppuuttaacciioonnaaiiss
uuttiilliizzaaddooss ppoorr uumm AAllggoorriittmmoo}}

TTeemmppoorraall ((TTeemmppoo ddee EExxeeccuuççããoo))
CCoommpplleexxiiddaaddee

EEssppaacciiaall ((EEssppaaççoo ddee MMeemmóórriiaa))

^9DPRV�DQDOLVDU�DSHQDV�D�&RPSOH[LGDGH�7HPSRUDO`��

❒❒ %%UUHHYYHH QQRRWWDD VVRREEUUHH RR &&RRPPSSRRUUWWDDPPHHQQWWRR $$VVVVLLPPSSWWyyWWLLFFRRGGHH VVXXFFHHVVVV}}HHVV GGLLYYHHUUJJHHQQWWHHVV

2n

n3

n2

n log2n

n
log2n
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�
Alguns exemplos de 7HPSRV�GH�([HFXomR de Programas, em 
função da 'LPHQVmR n da ,QVWkQFLD do 3UREOHPD a resolverem:  
�

��� ���� ��3 ��4 ��5 ��6

ORJ�Q 3 6 9 13 16 19 

Q 10 100 1000 104 105 106

Q ORJ�Q 30 664 9965 105 106 107

Q� 100 104 106 108 1010
 1012

 

Q� 103 106 109 1012
 1015

 1018
 

�Q 103 1030
 10300

 103000
 1030000

 10300000
 

�FRP 210 § 103�
� DQR� �����l ���l ���l ���§ � l ��� VHJXQGRV�

� VpFXOR�§ � l ��� VHJXQGRV�
� PLOpQLR�§ � l �����VHJXQGRV�

�

• $OJRULWPRV�GH�&RPSOH[LGDGH�/RJDUtWPLFD VmR�RV�PDLV�HILFLHQWHV���
• $OJRULWPRV�GH�&RPSOH[LGDGH�([SRQHQFLDO JHUDP�WHPSRV�GH�H[HFXomR�LQFRPSRUWiYHLV���
• 0HVPR�SDUD�XP��KLSRWpWLFR��&RPSXWDGRU�����YH]HV�PDLV�UiSLGR��RV�7HPSRV�GH�([HFXomR�VHULDP�LJXDOPHQWH�LPSUDWLFiYHLV���
• 8P�DOJRULWPR�Vy�p�YLiYHO�VH�SXGHU�VHU�FDOFXODGR�HP�³WHPSR�~WLO´���
• 6y�³LQWHUHVVDP´�DOJRULWPRV�GH�&RPSOH[LGDGH�3ROLQRPLDO� RX�LQIHULRU��
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�
❒❒ 33UURREEOOHHPPDD�� 33HHVVTTXXLLVVDD GGHH XXPP ((OOHHPPHHQQWWRR QQXXPP 99HHFFWWRRUU

^9HULILFDU�VH�XP�GDGR�YDORU�SHUWHQFH�D�XP�YHFWRU�a[1..n]  H���
� FDVR�SHUWHQoD��TXDO�D�VXD�SRVLomR`��

AAllggoorriittmmoo ddee PPeessqquuiissaa SSeeqquueenncciiaall oouu LLiinneeaarr

���9HUVmR��
 

…
indice:= 0; {Fora do domínio dos índices} 

 IRU i:=1 WR n GR�� LI�a[i] = valor 
 WKHQ indice:= i; 
 LI indice = 0 
 WKHQ writeln(valor, 'Não pertence ao vector.') 
 HOVH writeln(valor, 'Está na posição ', indice, ' do vector.'); 
 … 
 
• &DVR�RFRUUDP�YiULRV�HOHPHQWRV�LJXDLV�DR�YDORU�SUHWHQGLGR��VHUi�LGHQWLILFDGR�R�~OWLPR�
• 6H�VH�SUHWHQGHU�LGHQWLILFDU�DSHQDV�D�SULPHLUD�RFRUUrQFLD��RX�VH�RV�HOHPHQWRV�IRUHP�WRGRV�GLVWLQWRV��D�SHVTXLVD�GHYHUi�SDUDU ORJR�TXH�GHWHFWH�D�SULPHLUD�LJXDOGDGH���
���9HUVmR�� { a pesquisa pára quando encontra a primeira ocorrência;�

com utilização de uma variável lógica } 
 

YDU achou : boolean;  ^ DFKRX� ���YDORU�± D>���Q@���` 
…
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 …
indice:= 0; 

 achou:= false; 
 ZKLOH QRW achou DQG (indice < n) GR�� EHJLQ indice:= indice+1; � achou:= a[indice] = valor 
 HQG;

{ Aqui achou RX indice = n } � LI achou  
 WKHQ writeln(valor, 'Está na posição ', indice, ' do vector.') 
 HOVH writeln(valor, 'Não pertence ao vector.'); 
 …�
���9HUVmR�� { um Módulo de Pesquisa Sequencial}�
FRQVW lim = ...; W\SH elemento = ... ; 
 vector = DUUD\[1..lim] RI elemento; 
... 
 SURFHGXUH PesqSeq  ( a : vector; n : integer; valor : elemento;  � YDU achou : boolean; YDU : indice : integer); YDU i : integer; EHJLQ i:= 1; 
 ZKLOH (a[i] <> valor) DQG (i < n) GR�� i:= i +1; 
 { Aqui (a[i] = valor) RU (i = n) } 
 

{ Cálculo dos Parâmetros de Saída } 
 achou:= a[i] = valor; 
 LI achou 
 WKHQ indice:= i 
 HOVH indice:= 0 HQG;
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�
PPeessqquuiissaa SSeeqquueenncciiaall nnuumm VVeeccttoorr OOrrddeennaaddoo

• 6H�RV�HOHPHQWRV�GR�YHFWRU�HVWLYHUHP�GLVSRVWRV�SRU�RUGHP�FUHVFHQWH��D�SHVTXLVD�GHYHUi�SDUDU�TXDQGR�HQFRQWUH�R�HOHPHQWR�RX D SRVLomR�TXH�RFXSDULD��FDVR�Oi�HVWLYHVVH���

YDU achou : boolean;   
 ^ DFKRX�{ �DFKRX�R�YDORU�RX D VXD�SRVLomR��VH�Oi�HVWLYHVVH��` 

…

…
indice:= 0; 

 achou:= false; 
 ZKLOH QRW achou DQG (indice<n) GR�� EHJLQ indice:= indice+1; � achou:= a[indice] >= valor 
 HQG;

{ Aqui achou RX indice = n } 
 ^ DFKRX� ���D>LQGLFH@�! �YDORU���`�� LI achou  
 WKHQ��LI a[indice] = valor 
 WKHQ writeln(valor, 'Está na posição ', indice, ' do vector.') 
 HOVH writeln(valor, 'Não pertence ao vector.  

 Deveria estar na posição ', indice) 
 HOVH writeln(valor, 'É superior a qualquer dos', n,  

' elementos do vector.'); 
 …�
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PPeessqquuiissaa BBiinnáárriiaa nnuumm VVeeccttoorr OOrrddeennaaddoo

• 7LUDQGR�SDUWLGR�GR�RUGHQDPHQWR�GR�YHFWRU��D�SHVTXLVD�GH�XP�YDORU�SRGH�VHU�IHLWD�GH�XP�PRGR�PXLWR�PDLV�HILFLHQWH��
 

…YDU achou : boolean;  ^ DFKRX� ���YDORU�± D>���Q@���` 
…

…
esq:= 1; dir:= n; 

 achou:= false; 
 ZKLOH QRW achou DQG (esq <= dir) GR�� EHJLQ meio:= (esq+dir) GLY 2; 
 LI valor = a[meio] 
 WKHQ achou:= true 
 HOVH�� LI valor < a[meio] � WKHQ dir:= meio-1 
 HOVH esq:= meio+1 
 HQG;

{ Aqui achou RX esq>dir }�
^ DFKRX� ���D>PHLR@� �YDORU���`�� LI achou  

 WKHQ writeln(valor, 'Está na posição ', meio, ' do vector.') 
 HOVH writeln(valor, 'Não pertence ao vector.'); 
 … �
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�
❒❒ $$QQiiOOLLVVHH GGDD &&RRPPSSOOHH[[LLGGDDGGHH 77HHPPSSRRUUDDOO GGHH $$OOJJRRUULLWWPPRRVV

8PD�0HGLGD�GR�1~PHUR�GH�2SHUDo}HV�UHDOL]DGDV�SRU�XP�GDGR�$OJRULWPR��QD�UHVROXomR�GH�XP�GDGR�3UREOHPD��
�

3DUD�XP�GDGR�3UREOHPD H XP�GDGR�$OJRULWPR� VHMDP��� 'Q  R�GRPtQLR GDV�SDUWLFXODUL]Do}HV�FRQFUHWDV�GH��� 'DGRV�GR�3UREOHPD��FRP�GLPHQVmR�Q�
, ± 'Q  XPD�LQVWkQFLD �SDUWLFXODUL]DomR��GR�3UREOHPD��� S�,��  �D�SUREDELOLGDGH GH�RFRUUrQFLD�GH�,�HP�'Q�
W�,��  �XPD�PHGLGD�GDV�RSHUDo}HV UHDOL]DGDV�SHOR��� $OJRULWPR��QD�UHVROXomR�GH�,���

$ ,QVWkQFLD�FRQFUHWD�GR�3UREOHPD�D�UHVROYHU�SRGH�VHU�R�&DVR�0DLV�)DYRUiYHO��RX�0HOKRU�&DVR� SDUD�R�$OJRULWPR��$VVLP��� %�Q�� �PLQ,±'Q W�,���
RX��D�,QVWkQFLD�HP�FDXVD�SRGH�FRQVWLWXLU�R�3LRU�&DVR�GR�$OJRULWPR��� :�Q�� �PD[,±'Q W�,���
XPD�MXVWD�$QiOLVH�GD�&RPSOH[LGDGH�GR�$OJRULWPR�GHYH�VHU��HIHFWXDGD�HP�WHUPRV�GR�&DVR�0pGLR�

$�Q�� �6,±'Q S�,��W�,��
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Um Exemplo:   
 3UREOHPD: Procurar um valor x num vector a[1..n]; 
 $OJRULWPR: Pesquisa Sequencial; 
 (para simplificar, assumimos que x ± a[1..n]) 
�
Que 2SHUDo}HV importa considerar? 
�

Tratando-se de um Problema de Pesquisa, as Operações mais  
 relevantes são a FRPSDUDo}HV de x com os elementos do vector. 
�
1D����9HUVmR�GR�$OJRULWPR��ciclo IRU���R�Q~PHUR�GH�FRPSDUDo}HV�
UHDOL]DGDV�p�VHPSUH�R�PHVPR��SDUD�TXDOTXHU�,QVWkQFLD��L�H���� %�Q�� �:�Q�� �$�Q�� �Q���
1D����9HUVmR�GR�$OJRULWPR��R�Q~PHUR�GH�FRPSDUDo}HV�GHSHQGH�GD�ORFDOL]DomR��tQGLFH��GH�[�HP�D>���Q@���1R�0HOKRU�GRV�&DVRV��[� �D>�@���� %�Q�� ����1R�3LRU�GRV�&DVRV��[� �D>Q@���� :�Q�� �Q���QRWH�VH�TXH�HVWH�p�WDPEpP�R�FDVR�GH�[�² D>���Q@���3DUD�XPD�$QiOLVH�GR�&DVR�0pGLR��FRPHoDPRV�SRU�LGHQWLILFDU�R�1~PHUR�GH�&DVRV�3RVVtYHLV��H�UHVSHFWLYDV�RSHUDo}HV��� ,L FRP�L�± >���Q@��UHSUHVHQWD�R�FDVR�[� �D>L@��FRP�W�,L�  �L��6H�QmR�H[LVWLU�TXDOTXHU�LQIRUPDomR�VREUH�D�ORFDOL]DomR�GH�[���

S�,L�  �3�[� �D>L@�� ���Q��SDUD�WRGR�R�L�± >���Q@��
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&DOFXODQGR��� $�Q�� ���������S�,L� W�,L�  �������L�Q�� ��Q�������
RX�VHMD��HP�PpGLD��PHWDGH�GRV�HOHPHQWRV�GR�YHFWRU�VmR�DQDOLVDGRV���'L]HPRV�TXH���

O Algoritmo da Pesquisa Sequencial é GD�RUGHP�GH�Q�ou /LQHDU�HP�Q.

Outro Exemplo:   
 3UREOHPD: Procurar um valor x num vector ordenado a[1..n]; 
 $OJRULWPR: Pesquisa Binária; 
 (continuando a assumir que x ± a[1..n]) 
�
&RPR�LGHQWLILFDU�R�0HOKRU H R�3LRU GRV�&DVRV"��4XDQWRV VmR�RV�FDVRV�D�FRQVLGHUDU"��

$QDOLVHPRV�XP�YHFWRU�FRP�Q� ��� ± �� ����HOHPHQWRV���
QtYHO��
QtYHO��
QtYHO��
QtYHO��
QtYHO��

1 2 3     8        16 24 31

∑
=

n

1i
∑
=

n

1i
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$VVLP��R�0HOKRU�GRV�&DVRV�FRUUHVSRQGH�D�[� �D>��@�FRP��� %�Q�� ����1R�3LRU�GRV�&DVRV��[� �D>�@��[� �D>�@��[� �D>�@�������RX�[� �D>��@��� :�Q�� �����HTXLYDOHQWH�DR�FDVR�GH�[�² D>���Q@���
$QiOLVH�GR�&DVR�0pGLR���2V�&DVRV�3RVVtYHLV�FRUUHVSRQGHP�DRV�QtYHLV�GD�iUYRUH�ELQiULD���

QtYHO� � HOHPHQWRV� SUREDELOLGDGH� ��FRPSDUDo}HV�
0 1  = 20 20/n  1 
1 2  = 21 21/n  2 
2 4  = 22 22/n  3 
3 8  = 23 23/n  4 
4 16  = 24 24/n  5 

k 2k 2k/n  k+1 

3DUD�XP�Q DUELWUiULR��TXDO�VHUi�D�DOWXUD�N GD�iUYRUH"�&RPR�D�VRPD�GH�WRGRV�RV�HOHPHQWRV�WHP�GH�VHU�Q�
1 + 2 + 4 + 8 + ... + 2k = n 

 
e então, 2k+1 – 1 = n   ou   k + 1 = log2(n+1) 
 

k = log2(n+1) -1 
�TXH�SRGHPRV�DSUR[LPDU�SRU��� N §�ORJ�Q
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&DOFXODQGR��� $�Q��� ���������L�Q��L���� ����Q����������L��L � �L �

 ��Q�������N����N�������N���������  ��Q�����������N���N�� FRP�N�§�ORJ�Q

SRUWDQWR����� $�Q��§���Q��������Q�ORJ�Q�

DVVLP�FRPR�SRGHPRV�FDOFXODU�R�YDORU�H[DFWR�GH��� :�Q��� �N����� FRP�N� �ORJ��Q����������  ORJ��Q������
'L]HPRV�TXH���

O Algoritmo da Pesquisa Binária é GD�RUGHP�GH�ORJ2Q ou /RJDUtWPLFR�HP�Q.

&RPSDUDomR�GD�RUGHP�GH�FUHVFLPHQWR�GRV�WHPSRV�GH�H[HFXomR��HQWUH�XP�$OJRULWPR�/RJDUtWPLFR H XP�$OJRULWPR�/LQHDU�

ORJ�Q 3 6 9 13 16 19 23 26 29 33 36

Q 10 102 103 104 105 106 107 108 109 1010 1011

^WHQWH�GHVHQKDU�R�JUiILFR����`�

∑
=

k

0i
∑
=

k

0i
∑
=

k

0i
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$$ QQRRWWDDoommRR 77��
Sejam f e g duas funções de domínio Û.

Dizemos que f é�GD�RUGHP�GH�g ou I�Q�� �7�J�Q�� se, 

 � c, n0 : f(n) � c g(n), � n � n0

3DUD�FRPSDUDU R FRPSRUWDPHQWR�DVVLPSWyWLFR�GH�GXDV�IXQo}HV��EDVWD�YHULILFDU�VH D VXFHVVmR�^I�Q��J�Q�`�p�OLPLWDGD� FRPR�SRU�H[HPSOR���
(n+1) / 2 = 6(n)  

 2 n3 + 4 n2 + 3 = 6(n3)

n2 + 1/n + 3 = 6(n2)

(n2 + 1) (n + 1) = 6(n3)

n log2n + n + 2 = 6(n log2n)

ln n = 6(log2n) { logba = ln a / ln b } 

�
$VVLP��SRGHPRV�GHILQLU�&ODVVHV�GH�&RPSOH[LGDGH�$OJRUtWPLFD�

6(1) Complexidade Constante 6(log n) Complexidade Logarítmica 

6(n) Complexidade Linear 

6(n log n) Complexidade Log-Linear 

6(n2) Complexidade Quadrática 

6(n3) Complexidade Cúbica 

6(nk) Complexidade Polinomial 
6(an) Complexidade Exponencial 
6(n!) Complexidade Factorial 



&DS������&RPSOH[LGDGH�$OJRUtWPLFD���������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

• Algoritmos de Complexidade Exponencial (ou Factorial) só podem 
ser executados “em tempo útil” para instâncias de muito pequenas 
dimensões. Portanto, no sentido restrito de 6ROXomR�GH�XP�3UREOHPD, o termo $OJRULWPR só deve ser aplicado quando a 
Complexidade é Polinomial (ou inferior). 

 
• Métodos de Complexidade Exponencial correspondem a 

abordagens do tipo SHVTXLVD�H[DXVWLYD (ou força-bruta) quando QmR�H[LVWH�$OJRULWPR para a resolução de um Problema. 
 
• Os Problemas de Pesquisa num Vector são resolúveis por 

Algoritmos de Complexidades entre 6(log2n) e 6(n).�
• O Problema do Ordenamento de um Vector é resolúvel por 

Algoritmos entre 6(n log2n) e 6(n2). Demonstra-se que a 
Complexidade Mínima é 6(n log2n).�

• Os Problemas relacionados com operações Matriciais exigem, em 
princípio, Algoritmos de Complexidade 6(n3). Não existe (ainda) 
um valor mínimo teoricamente estabelecido.�

2EVHUYDomR�
7RGD�HVWD�$QiOLVH�GH�&RPSOH[LGDGH�WHP�SRU�REMHFWR�R�$OJRULWPR�FRPR�HQWLGDGH�WHyULFD�H�QmR�D�VXD�LPSOHPHQWDomR�FRQFUHWD��QXPD�GDGD�OLQJXDJHP�QXP�GDGR�&RPSXWDGRU���$VVLP��VmR�GHVSUH]DGRV�RV�WHPSRV�HQYROYLGRV�QD�H[HFXomR�GH�RSHUDo}HV�WDLV�FRPR��FKDPDGDV�GH�VXE�SURJUDPDV��OHLWXUDV�H�HVFULWDV��DFHVVRV�D�HOHPHQWRV�GH�YHFWRUHV�RX�PDWUL]HV�������
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�
❒❒ 33UURREEOOHHPPDD�� ,,QQVVHHUUoommRR 22UUGGHHQQDDGGDD QQXXPP 99HHFFWWRRUU

^'DGR�XP�YHFWRU�RUGHQDGR�a[1..n]� LQVHULU�XP�novo HOHPHQWR`��

���9HUVmR�� Procurar o menor k tal que novo < a[k];�
Deslocar o sub-vector a[k..n] para a direita; 

 Colocar o novo elemento em a[k]. 
 

…
{ Procurar o menor k tal que novo< a[k] } 

 k:= 1; 
 ZKLOH (novo >= a[k]) DQG (k < n) GR�
 k:= k+1; 
 { Aqui  novo < a[k]  ou k = n } 
 LI novo < a[k] 
 WKHQ�EHJLQ { Deslocar o sub-vector a[k..n] para a direita } 
 IRU i:= n GRZQWR k GR 

a[i+1]:= a[i]; 
 { Colocar o novo elemento em a[k] } 
 a[k]:= novo 
 HQG�
 HOVH { novo >= a[k]  e k = n } 
 { O novo elemento era maior que todos os outros } 
 a[n+1]:= novo; 
 

{ A dimensão do vector aumentou } 
 n:= n+1; 
 … �
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���9HUVmR�� Começando pelo último elemento,  
 ir deslocado cada elemento para a direita,  
 enquanto forem superiores ao novo;�

Colocar o novo elemento. �
…

{ Começando pelo último elemento } 
 k:= n; 
 

{ Enquanto forem superiores ao novo } 
 ZKLOH�(k >= 1)�DQG�(a[k] > novo)�GR EHJLQ { Deslocar a[k] para a direita } 
 a[k+1]:= a[k]; 
 { Analisar outro } 
 k:= k-1 
 HQG;

{ Aqui  k = 0  ou a[k] <= novo } 
 

{ Colocar o novo elemento em a[k+1] } 
 a[k+1]:= novo 
 

n:= n+1; 
 … �
([HUFtFLR��� ��
Estude a Complexidade de cada um dos Algoritmos, em termos 
das duas operações: &RPSDUDo}HV e 'HVORFDPHQWRV de 
elementos do vector. 
Identifique o 0HOKRU e o 3LRU Caso de cada Algoritmo, para cada 
uma das operações. 
Compare os resultados das Análises dos &DVRV�0pGLRV.
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�([HUFtFLR��� ^�2UGHQDPHQWR�SRU�,QVHUomR�6HTXHQFLDO�` 
Generalizando o Algoritmo anterior, é possível RUGHQDU 
os elementos de um dado vector, com base na seguinte  

 (VWUDWpJLD:

6H�XP�VXE�YHFWRU��IRUPDGR�SHORV�SULPHLURV�HOHPHQWRV��� GR�YHFWRU�GDGR��Mi�HVWLYHU�RUGHQDGR��EDVWD�LQVHULU��� RUGHQDGDPHQWH�R�HOHPHQWR�VHJXLQWH�QHVVH�VXE�YHFWRU.

Estude a &RPSOH[LGDGH do Algoritmo da Ordenamento  
 por Inserção Sequencial, em termos das &RPSDUDo}HV 

e dos 'HVORFDPHQWRV de elementos do vector, no três 
 Casos: 0HOKRU, 3LRU e 0pGLR.

,GHQWLILTXH�DV�,QVWkQFLDV que geram o Melhor e o Pior  
 Caso do Algoritmo. 
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❒❒ 33UURREEOOHHPPDD�� 55HHPPRRoommRR 22UUGGHHQQDDGGDD QQXXPP 99HHFFWWRRUU
^'DGR�XP�YHFWRU�RUGHQDGR��UHPRYHU�DV�UHSHWLo}HV�GH HOHPHQWRV`��

���9HUVmR�� Percorrendo o Vector da esquerda para a direita;  
 se o elemento a[i] for igual ao anterior�

então remover a[i] 
 senão, avançar. �

«
i := 2; 

 ZKLOH i<= n GR�� LI�a[i-1] <> a[i] 
 WKHQ i := i+1 
 HOVH�� EHJLQ { Remover a[i] } 
 IRU k:=i WR n-1 GR�� a[k] := a[k+1]; 
 { Actualizar a dimensão do Vector } 
 n := n-1 
 HQG;«
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����9HUVmR�� Percorrendo o Vector da esquerda para a direita;  
 se um elemento for diferente dos anteriores,�

acrescentá-lo ao sub-vector de elementos distintos. 
 

{Basta um Ciclo, que pode ser um ciclo IRU}

«
fim := 1; { Número de elementos distintos } 

 

IRU k := 2 WR n GR�� LI�a[fim] <> a[k] 
 WKHQ EHJLQ { Mais um elemento distinto } 
 fim := fim+1;�

a[fim] := a[k] 
 HQG 

n:= fim; 
 «
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$QiOLVH�FRPSDUDWLYD�GDV�&RPSOH[LGDGHV�GDV�GXDV�YHUV}HV���1~PHUR�GH�GHVORFDPHQWRV��������9HUVmR� ���9HUVmR�
0HOKRU�&DVR��
�HOHPHQWRV�WRGRV�GLVWLQWRV�
%'�Q�� ����

0HOKRU�&DVR��
�HOHPHQWRV�WRGRV�LJXDLV�
%'�Q�� ����

3LRU�&DVR��
�HOHPHQWRV�WRGRV�LJXDLV�
:'�Q��� �Q�������Q���������������

 �Q���N�� �ò��Q����Q�����

3LRU�&DVR��
�HOHPHQWRV�WRGRV�GLVWLQWRV�

:'�Q�� ��������� �Q�����

&DVR�0pGLR��
�FiOFXOR�DSUR[LPDGR���
$'�Q�� �������ò��Q�N�� ��Q����Q�����

&DVR�0pGLR��
�

$'�Q�� �������ò���� ��Q���������

&RPSOH[LGDGH�6�Q�� &RPSOH[LGDGH�6�Q��
^$OJRULWPR�PDLV�HILFLHQWH��DSHVDU�GH�HIHFWXDU�DWULEXLo}HV�GH�HOHPHQWRV�D�VL�SUySULRV`�

([HUFtFLRV�
• $OWHUDU�D����YHUVmR�GR�$OJRULWPR��SRU�IRUPD�D�TXH�QmR�VHMDP�UHDOL]DGDV�DWULEXLo}HV�LQ~WHLV��
• $QDOLVDU�R�1~PHUR�GH�&RPSDUDo}HV�HIHFWXDGDV�SRU�FDGD�YHUVmR���

∑
=

��Q
�N�

∑
=

Q
�N�

∑
=

Q
�N�

∑
=

��Q
�N�



&DS������&RPSOH[LGDGH�$OJRUtWPLFD���������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

❒❒ 33UURREEOOHHPPDD�� ))XXVVmmRR GGHH 99HHFFWWRRUUHHVV 22UUGGHHQQDDGGRRVV
^'DGRV�GRLV�YHFWRUHV�RUGHQDGRV�D>���P@�H�E>���Q@� FRQVWUXLU�R�YHFWRU�RUGHQDGR�F>���P�Q@�FRP�D�WRWDOLGDGH�GRV�HOHPHQWRV�GH�D H GH�E`

... 
 i:= 1; j:= 1; k:= 1; 
 { Enquanto não chegar ao fim de nenhum vector} 
 ZKLOH (i <= m)�DQG�(j <= n) GR�� EHJLQ�{ Copiar o menor elemento para c }LI a[i] < b[j] 
 WKHQ��EHJLQ c[k]:= a[i]; 
 i:= i + 1 
 HQG�
 HOVH�� EHJLQ c[k]:= b[j]; 
 j:= j + 1 
 HQG;

k:= k+1 
 HQG;

{ Acabar de copiar o resto de a, se existir } � IRU i:= i WR m GR�� EHJLQ��c[k]:= a[i]; 
 k:= k+1 
 HQG;

{ Acabar de copiar o resto de b, se existir } � IRU j:= j WR n GR�� EHJLQ��c[k]:= b[j]; 
 k:= k+1 
 HQG;
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([HUFtFLR� 9HULILFDU�TXH�D�)XVmR�2UGHQDGD�p�/LQHDU�HP�6�P�Q���
�

❒❒ 33UURREEOOHHPPDD�� 22UUGGHHQQDDUU RRVV ((OOHHPPHHQQWWRRVV GGHH XXPP 99HHFFWWRRUU
^&RORFDU�RV�HOHPHQWRV�GH�XP�GDGR�YHFWRU�a[1..n] 

SRU�RUGHP�QmR�GHFUHVFHQWH`��
0pWRGR�GR�%RUEXOKDPHQWR��%XEEOH6RUW���
(VWUDWpJLD��

Os elementos de um vector a[1..n] estão dispostos por  
 ordem não decrescente quando, 
 � i � [1..n-1] � a[i] d a[i+1]. 
 

Basta portanto identificar todos pares de elementos 
 contíguos tais que a[i] ! a[i+1] e trocá-los. 
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• 1R�ILQDO�GH�FDGD�³SDVVDJHP´��DR�ORQJR�GR�VXE�YHFWRU�D>���OLPLWH@���DSHQDV��R�³~OWLPR´�HOHPHQWR�ILFD�QD�VXD�SRVLomR�GHILQLWLYD��
• 3RUWDQWR�VmR�QHFHVViULDV��Q����³SDVVDJHQV´���

���9HUVmR��
... � IRU limite:= n GRZQWR 2 GR�� IRU i:= 1 WR limite-1 GR�� LI�a[i] > a[i+1] 

 WKHQ�EHJLQ��aux:= a[i]; 
 a[i]:= a[i+1]; 
 a[i+1]:= aux 
 HQG;

... 
�

• &RPR�R�$OJRULWPR�HQYROYH�DSHQDV�FLFORV�IRU� D�$QiOLVH�GH�
&RPSOH[LGDGH�p�VLPSOHV���

&RQWDJHP�GDV�&RPSDUDo}HV �HQWUH�HOHPHQWRV�GR�YHFWRU����
%&�Q�� �:&�Q�� �$&�Q�� �������N���� �Q��Q���������

&RQWDJHP�GDV�7URFDV �GH�HOHPHQWRV�GR�YHFWRU���� 1R�0HOKRU�&DVR��YHFWRU�Mi�RUGHQDGR����� %7�Q�� ���� 1R�3LRU�&DVR��YHFWRU�SRU�RUGHP�LQYHUVD��� :7�Q�� �������N���� �Q��Q���������
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BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
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BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

� 1R�&DVR�0pGLR��DVVXPLQGR�TXH�p�LJXDOPHQWH�SURYiYHO�D��� RFRUUrQFLD��RX�QmR��GH�XPD�WURFD��� $7�Q�� �������ò��N���� �Q��Q���������

2 %XEEOH6RUW�p�6�Q�� WDQWR�HP�7URFDV�FRPR�HP�&RPSDUDo}HV��
�
• 2 %XEEOH6RUW�p�R�PDLV�VLPSOHV�GRV�0pWRGRV�GH�RUGHQDPHQWR��PDV�WDPEpP�R�PHQRV�HILFLHQWH��
• $GPLWH�FRQWXGR�YiULRV�PHOKRUDPHQWRV�H�p�WDPEpP�XPD�ERD�EDVH�SDUD�D�FRQVWUXomR�GH�PpWRGRV�PDLV�HODERUDGRV���

���9HUVmR���
• 2 PHOKRUDPHQWR�PDLV�yEYLR�GR�%XEEOH6RUW�FRQVLVWH�HP�SDUDU�R�SURFHVVR�ORJR�TXH�VH�GHWHFWH�TXH��DR�ORQJR�GH�XPD�SDVVDJHP��QmR�IRUDP�HIHFWXDGDV�TXDLVTXHU�WURFDV�

«
limite:= n+1; 

 houvetrocas:= true; 
 ZKLOH��houvetrocas GR�� EHJLQ limite:= limite-1; 
 houvetrocas:= false;�

IRU i:= 1 WR limite-1 GR�� LI�a[i] > a[i+1] 
 WKHQ��EHJLQ��aux:= a[i]; 
 a[i]:= a[i+1]; 
 a[i+1]:= aux; 
 houvetrocas:= true 
 HQG�
 HQG;����
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�
• $ $QiOLVH�GD�&RPSOH[LGDGH�GHVWD�YHUVmR�Mi�QmR�p�WmR�VLPSOHV���
1R�0HOKRU�&DVR��YHFWRU�Mi�RUGHQDGR��EDVWD�XPD�³SDVVDJHP´��� %&�Q�� �Q��� %7�Q�� ����
1R�3LRU�&DVR��YHFWRU�SRU�RUGHP�LQYHUVD���HVWD�YHUVmR�p�HTXLYDOHQWH�j DQWHULRU���

:&�Q�� �:7�Q�� �������N���� �Q��Q���������

$ $QiOLVH�GR�&DVR�0pGLR�p�EDVWDQWH�FRPSOLFDGD��HQYROYHQGR�FRQFHLWRV�GH�$QiOLVH�&RPELQDWyULD��3URYD�VH�TXH��� $&�Q��§�$7�Q��§�Q��Q����������

• 'H�TXDOTXHU�PRGR��R�%XEEOH6RUW�p�6�Q�� WDQWR�QDV�&RPSDUDo}HV�
FRPR�QDV�7URFDV�GH�HOHPHQWRV�GR�9HFWRU���

• 1RWH�VH�FRQWXGR�TXH��GHYLGR�j�VXD�VLPSOLFLGDGH��R�%XEEOH6RUW�p�XP�PpWRGR�GH�JUDQGH�DSOLFDELOLGDGH�SUiWLFD��GHYHQGR�VHU�XVDGR�TXDQGR�R�YHFWRU�RULJLQDO�HVWi�³TXDVH´�RUGHQDGR��RX�SDUD�YHFWRUHV�GH�³SHTXHQDV´�GLPHQV}HV����

Q 10 102 103 104 105 106 107 108 109 1010

Q ORJ�Q 3l10 7l102 1l104 1l105 2l106 2l107 2l108 3l109 3l1010 3l1011

Q� 102 104 106 108 1010 1012 1014 1016 1018 1020
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BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

0pWRGR�GD�6HOHFomR�/LQHDU��(VWUDWpJLD��
Uma simples observação do comportamento do BubbleSort  

 revela que, ao fim de cada passagem, apenas o “último”
elemento de cada sub-vector é colocado na posição correcta.  

 
O método da Selecção Linear consiste em VHOHFFLRQDU�R PDLRU��� HOHPHQWR�de cada sub-vector e�WURFi�OR�FRP�R�³~OWLPR´.

���9HUVmR� 
«IRU ultimo:= n GRZQWR 2 GR�� EHJLQ� (* Procurar o maior elemento de a[1..ultimo] *) 

 imax:= 1; � IRU i:= 2 WR ultimo�GR�� LI�a[i] > a[imax] 
 WKHQ imax:= i; 
 

(* Trocar o maior com o último *) 
 aux:= a[imax]; 
 a[imax]:= a[ultimo]; 
 a[ultimo]:= aux 
 HQG;«



&DS������&RPSOH[LGDGH�$OJRUtWPLFD���������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

9HUV}HV�DOWHUQDWLYDV���
• 3URFXUDU�R�PHQRU H WURFi�OR�FRP�R�³SULPHLUR´���
• 3URFXUDU�R�PHQRU�H�WDPEpP�R�PDLRU H WURFi�ORV��UHVSHFWLYDPHQWH��FRP�R�³SULPHLUR´�H�FRP�R�³~OWLPR´����

$QiOLVH�GD�&RPSOH[LGDGH�GD�YHUVmR�EiVLFD�GD�6HOHFomR�/LQHDU���7DQWR�R�Q~PHUR�GH�&RPSDUDo}HV�FRPR�R�Q~PHUR�GH�7URFDV�VmR�IL[DV��SDUD�TXDOTXHU�LQVWkQFLD���
%&�Q�� �:&�Q�� �$&�Q�� �������N���� �Q��Q��������  �6�Q��

%7�Q�� �:7�Q�� �$7�Q�� �Q��������  �6�Q��

2EVHUYDomR���
• 2 $OJRULWPR�UHDOL]D�VHPSUH R PHVPR�Q~PHUR�GH�7URFDV��PHVPR�SDUD�XP�YHFWRU�Mi�RUGHQDGR���
• 9HMDPRV�SRUTXr���

«IRU k:= n GRZQWR 2 GR�� EHJLQ� imax:= indiceMax(1, k); 
 trocar(a[imax], a[k]) 
 HQG;«
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BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

SRUWDQWR��VH�SUHWHQGHUPRV�HYLWDU�WURFDV�LQ~WHLV������9HUVmR� 
«IRU k:= n GRZQWR 2 GR�� EHJLQ� imax:= indiceMax(1, k); 

 LI imax <> k 
 WKHQ trocar(a[imax], a[k]) 
 HQG;«
DVVLP��SDUD�FDGD�N�± >���Q@��Vy�RFRUUHUi�XPD�7URFD�VH�LPD[�� N RX�VHMD��HP�N���GRV�FDVRV�SRVVtYHLV���3RU�RXWUR�ODGR��3�LPD[� �L�� ���N�SDUD�WRGR�R�L�± >���N@��
/RJR��HP�0pGLD��
�

$7�Q��� �����������������N� ��������N������N��

 ��������������N�� ��Q���������������N��
H DWHQGHQGR�D�TXH��������������N� �+�Q������§�OQ�Q�����
�

$7�Q��§�Q�±�OQ�Q� ��6�Q��
�
2X�VHMD��DSHVDU�GH�FRQVHJXLUPRV�%7�Q�� ����R�&DVR�0pGLR�GDV�7URFDV�
UHDOL]DGDV�SHOR�$OJRULWPR�SHUPDQHFH�/LQHDU�
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&DS������&RPSOH[LGDGH�$OJRUtWPLFD���������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

�
❒❒ $$ &&RRPPSSOOHH[[LLGGDDGGHH GGRRVV $$OOJJRRUULLWWPPRRVV GGHH 22UUGGHHQQDDPPHHQQWWRR
&RQVLGHUHPRV�RV�$OJRULWPRV�GH�2UGHQDPHQWR��EDVHDGRV�HP�WURFDV�GH�SDUHV�GH�HOHPHQWRV��H�DQDOLVHPRV�R�Q~PHUR�GH�FRPSDUDo}HV�UHDOL]DGDV�HQWUH�SDUHV�GH�HOHPHQWRV���
• 8P�H[HPSOR��
�

6HMD�a[1..3]�XP�YHFWRU�FXMRV�HOHPHQWRV�VmR�^�������`��
�8P�$OJRULWPR�GH�2UGHQDPHQWR�GHYHUi�HIHFWXDU�FRPSDUDo}HV���H�FRQVHTXHQWHV�WURFDV��GH�PRGR�D�REWHU�D�SHUPXWDomR�>�����@�
$QDOLVHPRV�WRGDV�DV�SRVVLELOLGDGHV��QD�ÈÈUUYYRRUUHH GGHH ''HHFFLLVVmmRR�

$ ÈUYRUH�GH�'HFLVmR�WHP�� IROKDV� TXH�FRUUHVSRQGHP�jV�3! = 6�
SHUPXWDo}HV�GRV�LQWHLURV�^�������`���8P�$OJRULWPR�p�³HILFLHQWH´�VH�IRU�FDSD]�GH�HQFRQWUDU�TXDOTXHU�SHUPXWDomR�HIHFWXDQGR�XP�Q~PHUR�³PtQLPR´�GH�FRPSDUDo}HV��



&DS������&RPSOH[LGDGH�$OJRUtWPLFD���������������������������������������������������������������������������������������������������������������������������
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

�&DGD�YpUWLFH�LQWHUQR�FRUUHVSRQGH�D�XPD�FRPSDUDomR�
2 Q~PHUR�GH�FRPSDUDo}HV�UHDOL]DGDV�SDUD�HQFRQWUDU�XPD�SHUPXWDomR�FRUUHVSRQGH�DR�FRPSULPHQWR�GH�XP�FDPLQKR�GHVGH�D�UDL]�DWp�XPD�IROKD�
$ ÈUYRUH�GH�'HFLVmR�p�XPD�ÈUYRUH�%LQiULD�
&KDPD�VH�DOWXUD�GH�XPD�ÈUYRUH�%LQiULD�DR�FRPSULPHQWR�GR�FDPLQKR�PDLV�ORQJR�GD�UDL]�DWp�XPD�IROKD���

• 8P�/HPD��
�

8PD�ÈUYRUH�%LQiULD�GH�DOWXUD�h WHP��QR�Pi[LPR��2h IROKDV��
�
([��SDUD�K� �����IROKDV�� ��  ��
�

^ 'HPRQVWUDU�SRU�,QGXomR�`�
�
• 3RUWDQWR��
�

1XPD�ÈUYRUH�%LQiULD�FRP�n IROKDV�H�DOWXUD�h� n � 2h

h � log 2 n

$OWXUD�GH�XPD�ÈUYRUH�%LQiULD�FRP�n IROKDV�� log 2 n�

0DV�D�ÈUYRUH�GH�'HFLVmR�WHP�n! IROKDV�«�
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BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB�
�
$QiOLVH�H�'HVHQYROYLPHQWR�GH�$OJRULWPRV������������������������������������������������������������������������5RViOLD�5RGULJXHV�

�
• 2XWUR�/HPD��
�

$OWXUD�GH�XPD�ÈUYRUH�%LQiULD�FRP�n! IROKDV�� log 2 n!�

&DOFXOHPRV���
�

$VVLP���
�
3RUWDQWR��R�OLPLWH�LQIHULRU�GD�DOWXUD�GH�XPD�$OYRUH�%LQiULD�FRP�n! 

IROKDV�SRGH�VHU�DSUR[LPDGR�SRU�n log 2 n – n�

2 ³PDLV�HILFLHQWH´�$OJRULWPR�GH�2UGHQDPHQWR�GHYHUi�DWLQJLU�HVVH�YDORU�³PtQLPR´�FRPSDUDo}HV��PHVPR�QR�VHX�3LRU�&DVR�

• 7HRUHPD�
� 3DUD�RV�$OJRULWPRV�GH�2UGHQDPHQWR�EDVHDGRV�HP�WURFDV��VHQGR�

C(n) R Q~PHUR�GH�&RPSDUDo}HV�UHDOL]DGDV��
�

C(n) � 6�n log 2 n�


