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Abstract

A band-limited function may oscillate faster than its maximum Fourier
component, and it may do so over arbitrarily long intervals. The goal of this
chapter is discuss this phenomenon, which has been called “superoscillation”.
Although the theoretical interest in superoscillating functions is relatively re-
cent, a number of applications are already known (in quantum physics, super-
resolution, subwavelength imaging and antenna theory). This chapter gives a
brief account of how superoscillations appeared and developed, discusses their
cost and some of their implications.

1.1 Introduction

Classical sampling theory, to which Paul Butzer has contributed so extensively1, has
band-limited functions at the core. The corresponding sampling theorems determine
the value of a band-limited function in terms of its values at countable, discrete sets
of sufficiently high density. Typically, if f belongs to an appropriate space of band-
limited functions, its value at any point t of its domain can be determined by the
values {f(ti)}i∈Z, where Λ = {ti} is a fixed set.

The density of Λ must be higher than a certain critical value, which depends
on the bandwidth of f . This critical value is usually called the Nyquist rate, or, in
somewhat different contexts, the Beurling-Landau density2.

Naturally, the higher the bandwidth, the denser Λ needs to be. In the simplest
case, in which the points in Λ form an arithmetic progression, one can define a sam-
pling period T = ti+1− ti and a sampling frequency 1/T . Classical sampling theory

1Paul Butzer has contributed significantly to sampling itself and to the study of its history.
His work along the latter line includes [10, 14] and the more recent articles [11–13]. The history
of the sampling principle is particularly challenging because the main ideas appeared in several
independent works across the world: USA, Europe, Japan [13] and Russia (see the translation of
Kotel’nikov’s work in [3]). The multiple discovery of the sampling principle is the subject of [20].

2See [31, 32], in which the so-called Nyquist rate is shown to be the minimum rate at which
stable reconstruction can be performed.
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then asserts that the sampling frequency must be at least twice of the maximum
frequency of f . In this setting, the Nyquist rate is precisely “twice the maximum
frequency” or, better, “twice the bandwidth of f”.

Sampling theorems are sometimes stated along with heuristic explanations of
the following type: a band-limited function contains no frequencies above a limit
µ/2, and so it cannot change to substantially new values in a time less than one-half
cycle of its highest frequency, that is, 1/µ. Another commonly found statement is
the following: since a band-limited function has a maximal frequency component, it
cannot oscillate faster than that.

These statements are false. Counterexamples do exist, and they involve a phe-
nomenon that has been called “superoscillation”. Briefly, superoscillating functions
are band-limited functions that oscillate faster than their maximal Fourier compo-
nent. They provide direct (maybe striking) refutations of statements of the kind
quoted above. To better understand what is at stake, consider the following facts:

1. There exist finite-energy signals band-limited to (say) 1 Hz, the values of which
change from (say) −1 to 1 in an interval of duration δ, where δ is as small as
desired.

2. There exist finite-energy signals f , band-limited to (say) 1 Hz, that interpolate
N samples of a sinusoid or a square wave or any other waveform of arbitrarily
high frequency. More precisely, given arbitrarily chosen times {ti}Ni=1 and am-
plitudes {ai}Ni=1, it is possible to find f such that f(ti) = ai for i = 1, 2, ..., N ,
where N is as large as desired.

In engineering terms, the first assertion means that a signal band-limited to a very
low frequency can still have an arbitrarily high slew rate.

The second assertion is more interesting. It raises a few questions in the context
of approximation theory (another area to which Paul Butzer has contributed so
much). It implies that over a finite interval, a signal band-limited to (say) 1 Hz
may look very much like a sinusoid of frequency f0, with f0 as large as desired. The
implications for spectrum analysis are clear: the analysis of a signal over a finite
observation window may suggest a certain frequency content and bandwidth, but
the signal may as well have an arbitrarily smaller bandwidth.

The goal of this chapter is to discuss in more detail superoscillations and their
consequences, in terms as simple as possible. I begin with a brief account of how
superoscillations appeared. Then I discuss the construction of superoscillations and
examine their energy cost. The chapter closes with a few remarks about the sig-
nificance and impact of superoscillations in connection with information theory,
sampling and other topics.
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1.2 From zeros to superoscillations: a brief review

1.2.1 Distortion and real zeros

Given a real function f and a fixed positive real α, consider the function g defined
in the following way:

g(t) =

 α, for all t where |f(t)| ≥ α,

f(t), elsewhere.

The function g is often called a clipped version of f . Clearly, g retains whatever
information f carries, at amplitude levels below α. The function

h(t) =


f(t)

|f(t)|
, f(t) 6= 0,

0, f(t) = 0

can be regarded as an extreme form of clipping because the only information it
retains about f is its sign (and obviously the position of its real zeros). The sig-
nal h can be generated very easily: drive f through an operational amplifier or
comparator, and set the comparison threshold to zero.

The early discovery that speech signals remain intelligible3 even after such ex-
treme clipping prompted interest in the possibility of transmitting them by preserv-
ing the occurrence of their zero crossings (and no other information).

The transmission of binary signals (that is, signals with values ±1) leads to a
related problem. Assume that it is possible to generate a band-limited function with
a prescribed set of zero-crossings, from which the binary signal can be recovered.
This would reduce the problem of representing binary signals to the problem of
representing band-limited ones, which can be solved by means of classical sampling,
leading to a way of describing binary data over a channel of limited bandwidth.

However, the idea raises other questions: Is the process always possible? How
should the bandwidth be chosen? If, to fix ideas, one considers finite-energy func-
tions only, what energy would be necessary to generate the signals? How would that
energy depend on the bandwidth?

1.2.2 Zero manipulation and its cost: early work

Such questions suggest a study of the representation and manipulation of signals by
means of their real and complex zeros, which is related to the oscillatory behaviour
of band-limited functions (discussed for example in [24, §7.4]). The topic is of
interest for the study of superoscillations, of course. But, conversely, the study of
superoscillations can also shed light on the (local) oscillatory behaviour of band-
limited functions.

3As an example, Voelcker and Requicha [45] mention that speech that has been SSB-clipped
(SSB modulated, clipped, retranslated to baseband) was known to possess much higher quality
than LP-clipped speech. The references can be traced back to an Information Theory meeting
held in 1956.

3



One of the first works that explore the representation and manipulation of signals
through their zeros is [9], by Bond and Cahn, published in 1958.

Its authors knew that successive differentiation of a signal might lead to signals
with zeros at the Nyquist rate, a conclusion that they reached based on the work of
Rice [38, 39], who obtained the average rate at which a random band-limited noise
with a flat spectral density crosses the zero axis. They were also aware of results
on the zeros of entire functions, due to Titchmarsh, who found the average zero
density of a band-limited signal. The paper [9] gives a solution to the problem of
synthesising a band-limited function with a given set of zeros.

However, its authors also observed that the distribution of the zeros could affect
the amplitude of the generated band-limited signal, a fact that may have important
practical consequences.

When physically generating a signal, or when computing signal values, one can-
not deal with arbitrarily large signal amplitudes. The zero distributions that lead
to extreme amplitudes, even if theoretically possible, are not practical and cannot
be used for experimentation. The article [9] represents an early example of work
that distinguishes between possible and practical zero distributions of band-limited
functions.

1.2.3 Superoscillations and their cost

This question of the amplitudes, already mentioned in [9], was clearly treated
by Berry [4], in 1994. Berry defines superoscillations and attributes the idea to
Aharonov, who had told him that functions “could oscillate faster than any of
their Fourier components” and had constructed such “superoscillations” guided
by quantum-mechanical arguments [1]. Using integral representations, Berry con-
structed superoscillations and discussed their cost: the value of the function contain-
ing the superoscillations is exponentially larger in the range where the function os-
cillates conventionally. He gave a striking example: the reproduction of Beethoven’s
ninth symphony as superoscillations with a 1 Hz bandwidth would require a signal
exp(1019) stronger than with conventional oscillations.

The cost of superoscillations in terms of energy is also discussed in [21] and
especially [22]. These papers adopt a signal processing perspective. The paper [22]
investigates the dynamical range and energy required by superoscillating signals as
a function of the superoscillation’s frequency, number, and maximum derivative.
It discusses some of the implications of superoscillating signals, in the context of
information theory and time-frequency analysis. It shows, among other things, that
the required energy grows exponentially with the number of superoscillations, and
polynomially with the reciprocal of the bandwidth or the reciprocal of the period
of superoscillation. It also shows that there is no contradiction between Shannon’s
capacity formula and superoscillating signals, and the role that the amplitude and
energy of such signals play in the matter.

Also in the perspective of signal processing, a recent article [27] considers the
problem of optimising superoscillatory signals. The authors maximise the super-
oscillation yield, that is, the ratio of the energy in the superoscillations to the total
energy of the signal, given the range and frequency of the solved superoscillations.
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The constrained optimisation leads to a generalised eigenvalue problem, which can
be solved numerically.

The article [2] is interesting from the viewpoint of approximation theory. It de-
fines the set of superoscillation in terms of the uniform convergence of functions on
such a set and studies the problem of the approximation of a function by superoscil-
lating functions.

1.2.4 Superoscillations in applications

Superoscillations and Beethoven’s symphony reappear in [28], which discusses su-
peroscillations applied to the problem of transplanckian frequencies in black hole
radiation. For another application to physics see [5], which discusses superoscil-
lations in the context of a quantum billiards problem. The article [29] considers
superoscillations in quantum mechanical wave functions, and unusual associated
phenomena that are of measurement theoretic, thermodynamic and information
theoretic interest.

Applications of superoscillations to superresolution and subwavelength imag-
ing have also been given. The article [8] discusses optical superresolution without
evanescent waves, whereas [25] proposes an array of nanoholes in a metal screen
to focus light into subwavelength spots in the far-field, the formation of which is
related to superoscillations, without contributions from evanescent fields.

The article [52] discusses approaches capable of beating the diffraction limit,
pointing out superoscillations as a possible alternative. Another related work is [26],
which proposes a solution that removes any need for evanescent fields. The object
being imaged does not need to be in the immediate proximity of the superlens or
field concentrator. Instead, an optical mask is used to create superoscillations, by
constructive interference of waves, leading to a subwavelength focus. The authors
also demonstrate that the mask can be used also as a superresolution imaging device.

The method introduced in [48, 49] stems from the observation that superdirec-
tivity and superoscillation are related phenomena. The results are subwavelength
focusing schemes in free space and within a waveguide. The simulations reported by
the authors demonstrate subwavelength focusing down to 0.6 times the diffraction
limit, five wavelengths away from the source. The work [50] demonstrates a super-
oscillatory sub-wavelength focus in a waveguide environment. The authors claim the
formation of a focus at 75% the spatial width of the diffraction limited sinc pulse,
4.8 wavelengths away from the source distributions.

A function and its Fourier transform cannot both be sharply localised, but the
work [51] tries to get around this. The authors seek to arbitrarily compress a tem-
poral pulse and report the design of a class of superoscillatory electromagnetic wave-
forms for which the sideband amplitudes, and hence the sensitivity, can be regulated.
They claim a pulse compression improvement of 47% beyond the Fourier transform
limit.

The article [16] argues that random functions, defined as superpositions of plane
waves with random complex amplitudes and directions, have regions that are nat-
urally superoscillatory. It also derives the joint probability density function for the
intensity and phase gradients of isotropic complex random waves in any number of
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dimensions. The connections between information theory and spectral geometry are
used in [30] to obtain results on a quantum gravity motivated natural ultraviolet
cutoff which describes an upper bound on the spatial density of information. The
article [7] deals with superoscillations in monochromatic waves in several dimen-
sions. Other applications to physics include [17, 44] and [6], the latter on backflow,
a phenomenon related to superoscillation.

1.3 How to build superoscillations

The sinc function

sinc(t) =
sin πt

πt

(with sinc(0) = 1, of course) illustrates the typical band-limited function of finite
energy. Its maximum frequency is 1/2 Hz (or π rad/seg) and it shows “oscillations”
of period 2, which match the maximum frequency perfectly. The separation between
its zeros is one unit, with one exception (there is an interval of length greater than
one without any zeros). If all the zeros occurred at the Nyquist rate, the function
would have to be identically zero (this follows from the sampling theorem, with the
zero instants as sampling points).

This suggests that the existence of a larger zero-free interval cannot be a pecu-
liarity of the sinc function alone. It will be shown that the zero-free interval can be
arbitrarily extended, but there is a lower bound to its size.

Functions with “very large” zero-free intervals may appear to “oscillate less”
than the sinc function. The more interesting functions with “too many” real zeros
appear (locally) to oscillate faster than the sinc (yet have the same bandwidth).
These matters will now be discussed in more detail.

1.3.1 “Too few” zeros

It is possible to construct band-limited functions with arbitrarily long zero-free in-
tervals. In fact, it is possible to construct band-limited functions with no real zeros
at all. For example, it is possible to pick α so that

f(t) = sinc2(t− α) + sinc2(t+ α)

has no real zeros. Another example is the function

g(t) =
1− sinc t

t2

which is discussed in [24, §7.4].
Let n(r) denote the number of zeros of a signal in the region |z| ≤ r of the

complex z-plane. Titchmarsh’s theorem asserts that, for finite-energy signals band-
limited to 1/2 Hz (that is, for PWπ functions),

n(r)

r
→ 2, r →∞,

which of course matches the zero density of sinc(t).
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PWπ functions with larger zero-free gaps that the sinc function are easy to build,
but there must always be one gap greater than 1. This is the essence of a theorem
due to Walker [46, 47], also discussed in [24, §7.4]. The theorem asserts that if
f ∈ PWπw, then |f | > 0 on at least one open interval of the real axis whose length
exceeds 1/w. Its elegant proof is by contradiction: if all the zeros were separated by
less than 1/w, an application of Wirtinger’s inequality to a pair of consecutive zeros,
followed by a summation over all such pairs and an appeal to Bernstein’s inequality
would lead to a contradiction.

Successive differentiation of a signal usually increases the number of its real zeros.
Higgins posed the question whether some derivative of any real PW function has
infinitely many real zeros. The negative answer was given in [36].

1.3.2 “Too many” zeros

The preceding constructions yield PW functions with a sparser zero-crossings than
those of the sinc. They have “fewer zeros” than one could have anticipated, given
the behaviour of the archetypal PW function, sinc(t). There are functions with
arbitrarily large zero-free gaps, and even functions with no real zeros at all. In a
sense, some of them seem to “sub-oscillate”.

However, PW functions may also have “too many” zeros, or “superoscillate”.
The construction in [37] is maybe the simplest: the superoscillations are built by
replacing zeros in the sinc function. One starts with the standard expansion

sinc(t) =
∞∏
n=1

(
1− t2

n2

)
,

and the result after shifting N zeros is

g(t) =
N∏
n=1

(
1− k2t2

n2

) ∞∏
n=N+1

(
1− t2

n2

)
where k > 1. The function g(t) is in PW but locally behaves as sinc(kt).

1.3.3 Prolate spheroidals

The well-known prolate spheroidal functions ψn(t) [33, 43] also provide examples
of superoscillations. Recall that they are band-limited to 1/2 Hz and have finite
energy. They also possess a double orthogonality property: they are orthonormal
on the real line and on the interval (−1, 1). Moreover, ψn(t) has n zeros inside
(−1, 1). This means that the set of prolate spheroidal functions contains functions
that oscillate faster than any given prescribed number, in the interval (−1, 1). This
implies nothing about their behaviour (amplitude, derivative, etc.) outside this
interval.

However, each ψn is an eigenfunction of a certain operator, associated with an
eigenvalue λn, which also measures the energy concentration of ψn inside (−1, 1).
Since λn → 0 as n→∞, the energy of the ψn inside (−1, 1) tends to zero as n→∞.
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Thus, as the number of superoscillations inside (−1, 1) increases, the energy (and
amplitude) of the superoscillating function inside (−1, 1) decreases. It is of course
possible to rescale ψn so that the fraction of energy in the superoscillating segment
(−1, 1) remains constant with n. Naturally, this means that the total energy and
amplitude of the rescaled ψn must increase with n, a fact consistent with the remarks
that were made before.

1.3.4 Controlling the superoscillating segment

The methods discussed so far do not allow any control over the shape of the super-
oscillating segment. Interpolation renders this possible. Consider, for example, that
f is required to satisfy

f(kδ) = ak, 0 ≤ k < N.

Then, for fixed N , the energy of f increases polynomially with µδ:

E = O
[

1

(µδ)2N−1

]
. (1.1)

On the other hand, for fixed µ and δ, the energy increases exponentially with N ,
that is, the number of superoscillations:

E = O

[
N−1/2

(
4

πµδ

)2N−1
]
. (1.2)

Moreover, there is exactly one data set ak for which the equality sign is valid.
Alternating sign data such as ak = (−1)k lead to energies very close to this upper
bound. The rest of this section is dedicated to these matters (see also [22]).

Imagine that it is necessary to interpolate N points f(tk) = (−1)k, on a grid
tk = kδ, using a signal band-limited to µ/2. Consider the expression

N−1∑
k=0

f(tk)a
k =

∫ +µ/2

−µ/2
f̂(ω)

(
N−1∑
k=0

ak ei2πωtk

)
dω.

Setting tk = kδ and summing the geometric series leads to

N−1∑
k=0

f(kδ)ak =

∫ +µ/2

−µ/2
f̂(ω)

(
1− aN ei2πωNδ

1− a ei2πωδ

)
dω.
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The special case a = eiα yields∣∣∣∣∣
N−1∑
k=0

f(kδ)ak

∣∣∣∣∣ ≤
∫ +µ/2

−µ/2
|f̂(ω)|

∣∣∣∣1− aN ei2πωNδ1− a ei2πωδ

∣∣∣∣ dω
=

∫ +µ/2

−µ/2
|f̂(ω)|

∣∣∣∣sin(πωNδ + αN/2)

sin(πωδ + α/2)

∣∣∣∣ dω
≤

∫ +µ/2

−µ/2
|f̂(ω)| 1

| sin(πωδ + α/2)|
dω

≤ ‖f‖2

(∫ +µ/2

−µ/2

1

sin2(πωδ + α/2)
dω

)1/2

= ‖f‖2
(

2 sinπµδ

πδ cosπµδ − πδ cosα

)1/2

.

For a = −1, that is, α = π, this leads to

N2 ≤ ‖f‖22
2 sinπµδ

πδ cos πµδ + πδ
.

Thus, the energy required is bounded below by

E = ‖f‖22 ≥ N2πδ
1 + cos πµδ

2 sinπµδ
,

which behaves as
N2

µ

for small µδ, and fixed δ. This can be compared with the best possible bound, which
follows from the following variational problem: Among all finite energy signals of
bandwidth at most µ, find one that satisfies the constraints

f(tk) = ak, k = 1, 2, . . . , N,

and has minimum energy. The solution can be obtained by standard methods [15,35],
and it is:

f(t) = µ

N∑
k=1

xk sinc[µ(t− tk)], (1.3)

where a is the vector of amplitudes {ak}Nk=1. The vector of coefficients x is the
solution to

Sx = a.

The N ×N matrix S has elements

Sij = µ sinc[µ(ti − tj)].

The Fourier transform of the interpolating signal (1.3) is

f̂(ω) =
N∑
k=1

xk e
−i2πωtk χ(ω)

9



where χ(ω) is the characteristic function of the interval [−µ/2, µ/2]. Thus, the
energy of the signal can be expressed as

E =

∫ +µ/2

−µ/2

∣∣∣∣∣
N∑
k=1

xk e
−i2πωtk

∣∣∣∣∣
2

dω

=
N∑
k=1

xk

N∑
`=1

x`

∫ +µ/2

−µ/2
ei2πω(tk−t`)dω

= xTSx = aTS−1a,

since Sx = a. If the {tk}Nk=1 are equidistant, one has tk − t` = (k − `)δ, and the
elements of S are

Sk` = µ sinc[µδ(k − `)]. (1.4)

In this case, the notation S(µ, δ) will be used. It is a convenient way of stressing
the dependence of S on µ and δ.

It is easy to generate examples of superoscillating signals using this method: pick
δ, select the amplitudes ak, form the matrix S, find the coefficients x and use (1.3).
Examples are given in [22].

The matrix α sinc[α(i− j)], with 0 < α < 1, is positive definite with eigenvalues
in (0, 1) (see [18] for a more general discussion). However, it can be extremely ill-
conditioned. As its smallest eigenvalue approaches zero, the energy E = aTS−1a
tends to infinity.

Let 0 < W < 1/2. The prolate matrix is the N ×N matrix with elements

ρ(N,W )mn =
sin 2πW (n−m)

π(n−m)
, m, n = 0, 1, . . . , N − 1,

and its (real and distinct) eigenvalues are denoted by

λ0(N,W ) > λ1(N,W ) > . . . > λN−1(N,W ).

The matrix is positive definite. It follows from [19, Theorem 3] that λ0(N,W )
satisfies

λ0(N,W ) ≤ min(2WN, 1). (1.5)

Using the results in [42, Section 2.5] we derive that, for small W ,

λN−1(N,W ) ∼ G(N)

π
(2πW )2N−1 [1 +O(W )],

where

G(N) =
22N−2

(2N − 1)
(
2N−2
N−1

)3 .
Expansion of the binomial coefficient using Stirling’s formula yields the approxima-
tion

G(N) ∼ π3/2(N − 1)3/2

24N−4(2N − 1)
,
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and as a result

λN−1(N,W ) ∼
√
π (2πW )2N−1

(N − 1)3/2

24N−4(2N − 1)
. (1.6)

Let us consider S(µ, δ) again. Its elements are given by (1.4). The matrix is clearly
a multiple of the prolate matrix:

S(µ, δ) =
1

δ
ρ

(
N,

µδ

2

)
.

It follows from (1.5) and (1.6) that its extreme eigenvalues can be approximated by

λ0 ≤ min(µδN, 1),

λN−1 ∼
√
π (πµδ)2N−1

(N − 1)3/2

24N−4(2N − 1)
.

We may now compute the energy E = ‖f‖22 required to force a signal f band-limited
to µ/2 Hz to interpolate N given data,

f(kδ) = ak, k = 0, 1, . . . , N − 1.

The energy is

E = ‖f‖22 = aTS−1a ≤ ‖a‖2 λ0(S−1)

=
‖a‖2

λN−1(S)

∼ ‖a‖2 24N−4(2N − 1)√
π (πµδ)2N−1(N − 1)3/2

.

Here, ‖a‖ is the Euclidean norm of the data vector. The equality holds when a is the
eigenvector of S that corresponds to λN−1(S). These conclusions are summarised in
the following theorem.

Theorem 1 Consider an integer N , N arbitrary reals a = {ak}Nk=1 and N distinct
reals {tk}Nk=1. Among all signals of finite energy band-limited to µ/2 Hz, there is
one that satisfies

f(tk) = ak, k = 1, 2, . . . , N

and that has minimum energy. The signal is given by

f(t) = µ
N∑
k=1

xk sinc[µ(t− tk)],

where x = S−1a, and S is the (nonsingular) N ×N matrix with elements

Sij = µ sinc[µ(ti − tj)].

The energy of f is given by

E = ‖f‖22 = aTS−1a ≤ ‖a‖2

λN−1(S)
,
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with equality when a is an eigenvector of S that corresponds to its smallest eigenvalue
λN−1(S). In that case, if tk = kδ, k = 0, 1, . . . , N − 1, and for small µδ,

E ∼ ‖a‖2 24N−4(2N − 1)√
π (πµδ)2N−1(N − 1)3/2

.

The equations (1.1) and (1.2) given at the beginning of this section are corollaries
(to obtain the first fix N , to reach the second fix µ and δ).

1.4 The behaviour at different scales

This section gives an alternative construction of superoscillatory functions, which
explores the connection between the fine and coarse structure of a band-limited
function [23]. As in the previous section, the behaviour of the superoscillating
segment is kept under control, but the method used is very different.

The band-limited functions that will be considered are determined by N coeffi-
cients ck:

f(t) =
N−1∑
k=0

ck sinc(t− k).

Thus, they form a linear N -th dimensional subspace of PW . Plainly, ck = f(k),
0 ≤ k < N , whereas f(k) = 0 for any other integer k. The functions considered
are therefore concentrated, as far as the values f(k) are concerned, in the interval
[0, N − 1].

The samples f(k) can be associated with “scale 1 behavior”. The samples f(kT ),
on the other hand, describe “scale T behavior”. Because f(k) = ck, the coefficients
ck determine the behavior of f(t) at scale 1. The surprising fact is that they can
also control some of the behavior of f(t) at scale T , and T can be as small as
desired. In fact, the ck can be chosen so that N relations of the form f(kT ) = ak
are satisfied. This remains true even if the kT lie at an arbitrary distance from the
interval [0, N − 1].

1.4.1 The mappings between scale 1 and scale T

Any square-integrable function f , band-limited to 1/2 Hz, satisfies the classical
sampling formula [3, 24]

f(t) =
+∞∑

k=−∞

f(k) sinc(t− k). (1.7)

A simple variant of a well-known proof of (1.7) leads to the “oversampled expansion”
[18]

f(t) = T

+∞∑
k=−∞

f(kT ) sinc(t− kT ), (T < 1). (1.8)
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Both equations are needed to obtain the mappings. First, set t = `T in (1.7). This
leads to

f(`T ) =
+∞∑

k=−∞

f(k) sinc(`T − k). (1.9)

Then, set t = ` in (1.8). The result is

f(`) = T

+∞∑
k=−∞

f(kT ) sinc(`− kT ). (1.10)

Equation (1.9) specifies the mapping between the samples f(k) at the Nyquist rate
and the samples f(kT ) taken at the higher rate 1/T . Equation (1.10) specifies the
mapping in the opposite direction. These linear mappings between the values of f
at grids of size 1 and T , which were first described in [23], will be needed later on.

Before going on, note that there is no nonzero function that satisfies the over-
sampled expansion (1.8) with finitely many nonzero coefficients. In contrast with
the coefficients f(k) in equation (1.7), which are independent of each other, those
of the oversampled expansion (1.8) cannot be arbitrarily prescribed. As a result, if
all but a finite number of the coefficients in (1.8) are zero, then the function itself
must be zero. This can be shown easily, in more than one way [23].

It is therefore impossible to construct superoscillating band-limited functions by
prescribing finitely many amplitudes as in

f(kT ) = ak, k ∈ J, card(J) <∞, 0 < T < 1, (1.11)

and then setting all remaining samples to zero: f(kT ) = 0, k /∈ J . If this were
possible, the behaviour of the superoscillating segment could be controlled simply
by controlling the ak, say, by setting ak = (−1)k. But, as seen, the only band-limited
function that satisfies f(kT ) = 0 for k /∈ J is f = 0.

The impossibility of building a superoscillating function based on a finite over-
sampled series of the type (1.8) raises a question. Can a superoscillating function
be built by prescribing its values on a grid of size T as in (1.11), and simultane-
ously enforcing a finite expansion of type (1.7)? In other words, are there functions
satisfying (1.11) and also

f(t) =
∑
k∈I

f(k) sinc(t− k) (1.12)

for some finite index set I, say, I = {0, 1, . . . , N − 1}?
The obvious necessary condition is that the number of degrees of freedom in

this sum (given by the cardinal of I) must be at least equal to the number of
interpolatory constraints (given by the cardinal of J). For simplicity, I will assume
card(I) = card(J) (although card(I) ≥ card(J) could be considered too.)

To show that the necessary condition

card(I) = card(J)

is also sufficient, it must be shown that there are functions given by the finite
expansion (1.12) that interpolate a number of prescribed points separated by T , as
in (1.11). Any such function, by construction, is a PW function.
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To construct such functions, it will be shown that their coefficients satisfy a set of
linear equations with a nonsingular matrix. To obtain the equations, rewrite (1.10)
as

f(`) = T
∑
k/∈J

f(kT ) sinc(`− kT ) + g(`)

where
g(`) = T

∑
k∈J

ak sinc(`− kT ).

The quantities g(`) are known for any `, since the ak and J are given. Substitution
of (1.12), which is the finite version of (1.9), leads to

f(`) = T
∑
k/∈J

∑
m∈I

f(m) sinc(kT −m) sinc(`− kT ) + g(`)

= T
∑
m∈I

f(m)
∑
k/∈J

sinc(kT −m) sinc(`− kT ) + g(`).

Restriction to ` ∈ I leads to a set of linear equations of the form f = M f + g, where
f is the vector of all f(`), for ` ∈ I, and similarly for g. The square matrix M has
elements

Mm` = T
∑
k/∈J

sinc(kT −m) sinc(`− kT ), m, ` ∈ I.

It is convenient to convert this equation to a more convenient form. The replacement
of f(t) with sinc(t−m) in (1.8) leads to

T
+∞∑

k=−∞

sinc(kT −m) sinc(`− kT ) = sinc(`−m) = δ`m,

and consequently

Mm` = T
∑
k/∈J

sinc(kT −m) sinc(`− kT ) =

= δ`m − T
∑
k∈J

sinc(kT −m) sinc(`− kT ).

The advantage of this form is that it allows the computation of M using a finite
sum (J has finitely many elements). The equations f = M f + g become∑

m∈I

f(m)T
∑
k∈J

sinc(kT −m) sinc(`− kT ) =

=
∑
k∈J

ak sinc(`− kT ),

or, equivalently,
Af = g, (1.13)

with
Am` = T

∑
k∈J

sinc(kT −m) sinc(`− kT ), m, ` ∈ I.
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Note that A and g depend only on finitely many known quantities. Unlike g, the
matrix A is independent of the prescribed amplitudes f(kT ) = ak, and depends only
on T and the index sets I and J .

The nonsingularity of the matrix A still needs to be investigated. The elements
of the matrix are

Am` = T
∑
k∈J

∫ 1/2

−1/2
ei2π(kT−m)x dx

∫ 1/2

−1/2
ei2π(`−kT )y dy

and therefore the quadratic form vHAv can be written

T
∑
m

∑
`

v∗mv`
∑
k∈J

∫ 1/2

−1/2
ei2π(kT−m)x dx

∫ 1/2

−1/2
ei2π(`−kT )y dy =

= T
∑
k∈J

∫ ∫ 1/2

−1/2

(∑
m

v∗me
−i2πmx

)(∑
`

v`e
i2π`y

)
ei2πkT (x−y) dx dy.

Upon setting

V (z) =
∑
`

v`e
i2π`z

this becomes

vHAv = T
∑
k∈J

∫ 1/2

−1/2
V ∗(x)ei2πkTx dx

∫ 1/2

−1/2
V (y)e−i2πkTy dy

= T
∑
k∈J

∣∣∣∣∣
∫ 1/2

−1/2
V (x)e−i2πkTx dx

∣∣∣∣∣
2

.

This expression is obviously nonnegative, but this is not enough to establish the
nonsingularity. A detailed study of the rank of the matrix in a more general context
can be found in [34].

The preceding construction shows that a function can be made to oscillate
at rates arbitrarily higher than any of its Fourier components, simply by enforc-
ing finitely many interpolatory constraints at scale T , with T as small as desired.
The method requires only sampling expansions. The nature of the superoscillating
stretch can be controlled by varying the number N of constraints, their separation
and amplitudes.

The superoscillating behaviour, at the finer scale T , is induced by the samples
f(k), k = 0, 1, . . . N − 1, which determine the behaviour of the function at scale 1.
Surprisingly, the superoscillating stretch can be moved an arbitrary distance away
from the interval [0, N − 1], where the scale 1 behaviour is determined.

1.5 Final remarks and conclusion

A number of methods to generate superoscillating signals were discussed. One of
the simplest methods, in theory, is based on the manipulation of the zeros of a
band-limited signal. It is indeed simple, but the superoscillating segment cannot be
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constrained to approximate or interpolate a given target waveform. Then methods
based on linear equations were discussed. They seem to require straightforward
computations, and allow any given prescribed set of data to be interpolated. How-
ever, the matter is not always that straightforward. The following remarks address
a few remaining issues, among others which could also be listed.

1.5.1 Conditioning

The obvious problem with the approaches based on linear operators is the numerical
conditioning of the problem. The matrix S can be very ill-conditioned, and thus the
determination of the superoscillating signal by solving Sx = a cannot be guaranteed
in practice.

The condition number of S, denoted by κ(S), with respect to the matrix norm
‖ · ‖, is κ(S) := ‖S‖ ‖S−1‖. Its meaning, in connection with the linear problem
Sx = a, is the following. Let the data a be replaced with a + ∆a. Denote the
corresponding solution by x+ ∆x. For a given matrix norm, the condition number
sets a bound on the relative error in x, with respect to that norm:

‖∆x‖
‖x‖

≤ κ(S)
‖∆a‖
‖a‖

.

It can be shown that the condition number in the spectral norm satisfies [22]

κ[S(µ, δ)] ∼ min(µδN, 1)N−1/2
(

4

πµδ

)2N−1

, (1.14)

and thus the problem Sx = a can become numerically very difficult. Nevertheless,
the approach remains practical within certain bounds (and has been used in several
papers given in the references to generate diagrams of superoscillating signals). As
a rule of thumb, a condition number of 10d generally means a loss of d significant
figures. For a given precision and condition number, the numerical difficulties and
even the computation limits can be determined ahead. Beethoven over 1 Hz is
hopeless, but “more modest bandwidth compression” (to quote from [4]) can indeed
be achieved.

1.5.2 Channel capacity

Superoscillations seem to allow the encoding of an arbitrarily large amount of in-
formation into an arbitrarily short segment of a low-bandwidth signal. The signal
would then be able to pass through any channel of correspondingly narrow band-
width. This is the essence of Berry’s “Beethoven example” [4]. But, as Berry also
pointed out, the amplitude of the conventional oscillations would have to be too
large for practical purposes. Numerical conditioning, for constructions based on
interpolation, is responsible for other difficulties, as discussed before. Information
theory yields yet another way of looking at the problem.

Superoscillations are not incompatible with Shannon’s capacity formula for a
band-limited channel [40,41], which shows that a Gaussian channel of bandwidth B
can convey information on average at most at a rate B log2(1 +S/N), where S/N is
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the signal-to-noise ratio. Thus, if the noise is very weak, the capacity can be large
(even if the bandwidth is small).

In intuitive terms, if the number of samples per second allowed is very small but
there is almost no noise, one can still encode many symbols in each sample. For
example: one may associate a symbol with a sample amplitude a, another with a+δ,
another with a+2δ and so forth. If the noise is sufficiently weak (much smaller than
δ) the amplitudes can always be distinguished.

In more rigorous terms, Shannon’s formula allows data transmission at rates
higher than the bandwidth if the signal power grows exponentially with the amount
of compressed information. This agrees with the fact that the norm of maximally
superoscillatory wave functions grows exponentially with the number of prescribed
superoscillations.

1.5.3 Spectrum analysis

Consider a sampled segment of length T of a signal, band-limited to µ/2 and con-
taining N superoscillations of period δ. The samples of this superoscillating segment
would certainly lead to estimation errors in the bandwidth of the signal, regardless
of the spectrum analysis technique used. Theoretically, superoscillations show that
it is impossible to infer the bandwidth of a finite energy signal f from a sampled
segment of length T , regardless of how large T is. This is true because there are
signals of arbitrarily small bandwidth that oscillate throughout an interval of length
T with arbitrarily small period δ.

The error will be detected only if the observer is allowed to increase T at will.
The amplitude of the signal will sooner or later increase rapidly as the limits of the
superoscillating segment are reached. In a sense, superoscillations are created by
cancellation, and the amplitude inside the superoscillating segment is kept small due
to the cancellation. Outside of it conventional oscillations of much higher amplitude
appear.

♦♦♦

From the signal processing point of view, superoscillations raise a number of in-
teresting questions about the behaviour of band-limited signals. The claim originally
made by Aharonov still seems, as Berry put it, “unbelievable, even paradoxical”.
Nevertheless, a function can be made to oscillate at rates arbitrarily higher than
any of its Fourier components.

We mentioned some of the consequences and applications of superoscillations,
concentrating on their energy cost, as function of the number of superoscillations,
N , the period of the superoscillations, δ, and the bandwidth of the signal, µ. The
energy increases exponentially with N , and polynomially with 1/µ or 1/δ. Some
of the implications of superoscillations were also discussed. The topic is relatively
recent but has already given rise to a number of interesting applications and so it
seems appropriate to give it some attention.
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