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MOTIVATIONS FOR THE SECTION

o This section introduces the proof theory for modal logic
o To that end, we introduce a general notion of logic;

o We study the completeness of modal logic through the construction
of the canonical model

o For this construction, we carefully examine the notions of sets of
consistent formulas and maximally consistent formulas

o We also study the decidability of modal logic using the technique of
filtrations
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GENERIC NOTION OF LoGIC

OUTLINE

@ GENERIC NOTION OF LOGIC
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GENERIC NOTION OF LoGIC

UNIFORM SUBSTITUTION

SUBSTITUTION OF A PROPOSITIONAL VARIABLE BY A FORMULA
Let p € Prop and A, B € MFm(Prop):
o if A€ Prop, then SEA = {B’ _If A=p
A ifA#D
o 5‘,’; 1=1
o If A=C — D, then S;A=SEC — SED
o If A=10C, then SEA=0SEC

INSTANCE
A is said to be an instance of B if A is obtained by uniform substitution

from B
e.g. JAV —JA is an instance of the propositional formula p V —p
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GENERIC NOTION OF LogGic

NOTION OF LoGIC

DEFINITION.
A logic is a set A C MFm(Prop) such that:

o A contains all (modal) instances of classical tautologies,
i.e., all formulas obtained from a classical propositional
tautology by uniform substitution

o A is closed under Modus Ponens
i.e., if Aand A — B are in A, then Bisin A

A.MADEIRA (U. AVEIRO) COMPUTATIONAL Logic May 21, 2025

5/36



GENERIC NOTION OF LogGic

NOTION OF LoGIC

PROPOSITION (Examples of Logics)
@ Let M be a model. Define Ay = {A| M |= A}. Then Ay is a logic.
@ Let C be a class of models. Define Ac = {A| M =AM € C}. Then
Ac¢ is a logic.
@ Let (A;);es be a family of logics. Then N
@ ..

ie1 i is a logic.

EXERCISE
Verify the above proposition.
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GENERIC NOTION OF LogGic

NOTION OF LoGIC

DEFINITIONS.
Let A be a logic.

o The elements of A are called A-theorems.
We write 1A when A is a A-theorem, i.e., when A € A.

o Ais said to be A-deducible from " and we write [F, A, if

o FAA or
o there exist By € I',i =1,...,n, such that

Bi—=(B2—= (= (By—A)...))eA

o A set of formulas ' € MFm(Prop) is said to be A-consistent if

A L
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GENERIC NOTION OF LogGic

NOTION OF LoGIC

DEFINITION
Let C be a class of structures or models and A a logic.

o A is said to be sound with respect to C if for every formula A,

FAA= C = A

o A is said to be complete with respect to C if for every formula A,

CEA=HR\A

o A is said to be characterized by C if for every formula A,

CEASAA
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GENERIC NOTION OF LoGIC

EXERCISE: PROVE THE FOLLOWING PROPERTIES

LET A BE A LOGIC. SHOW THAT:

1 ¢ A= A # MFm(Prop)

FAA < OFAA

If FAA then THAA

If A C N then (THFAA = THAA)

If AT then THpAA

If T C A and THAA then AFAA
FrU{A}raB < THAA— B

If T=AA and {A}-AB then M5B

If TEAA and THFAA — B then 5B

N=AA if and only if there exists a finite sequence Ag, A1,...,An=A
such that for all i < m, each A; € I UA or, otherwise,
Ak = (Aj = Aj) for some j k <i
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GENERIC NOTION OF LoGIC

EXERCISE: PROVE THE FOLLOWING PROPERTIES

LET A BE A LOGIC. SHOW THAT:

@ If M,w =T UA and TFpA then M, w = A
[Note: If A C MFm(Prop), then
M,wl=AsVAce A (Mw k= A)

The set of classical tautologies is A-consistent, but MFm(Prop) is
not A-consistent

[ is A-consistent < JA such that [¥#pA

[ is A-consistent <> AA : (TFAA & THp—A)

MFAA < T U {=A} is not A-consistent

U {A} is A-consistent < [¥7—A

If I is A-consistent, then either ' U {A} or [ U {—A} is A-consistent

®
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GENERIC NOTION OF LogGic

A-CONSISTENT SETS

DEFINITION
Let M = (W, R, V) be a model and w € W. Define

[ :={A € MFm(Prop) | M,w |= A}

PROPOSITION
Theset [y, is
o A-consistent, and
o for each A € MFm(Prop), either Ac T, or =AeTl,
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GENERIC NOTION OF LogGic

MAXIMALLY CONSISTENT SETS

DEFINITION

A set I € MFm(Prop) is said to be maximally A-consistent (or simply
A-maximal) if:

o [ is A-consistent, and

o for every A € MFm(Prop), either Ac T or A€l
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GENERIC NOTION OF LoGIC

EXERCISE — PROPERTIES

LET I BE A A-MAXIMAL SET. SHOW THAT:
@ IT-AA=AcT

A ¢ T =T U{A} is not A-consistent

For all A€ MFm(Prop), A¢ T < -AecTl
ANCT

1¢T

(A=-B)ele(Acl'=Be€l)
(ANB)eT < A Bel
(AvB)elT < (AcTorBel)

(A B)eT e (AelT < BeT)

© 66 © 6 6 6 6
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GENERIC NOTION OF LoGIC

DoEs EVERY A-CONSISTENT SET HAVE A
A-MAXIMAL EXTENSION?

CONSIDER THE FOLLOWING CONSTRUCTION:

Let A1, Az, A3, ... be an enumeration of all formulas in MFm(Prop), and
let I be a A-consistent set. Define the set

A:UA,,

n>0
where:
o Ag =
N A, U{A}, ifA, U {An} is /\—consistent, forn>0
A, U{-A,}, otherwise
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GENERIC NOTION OF LoGIC

DoEs EVERY A-CONSISTENT SET HAVE A
A-MAXIMAL EXTENSION?

LEMMA
For every n, the set A, is A-consistent.

LEMMA
o For every formula A, exactly one of the formulas A or —A is in A.
o If AFA B, then B € A.

LEMMA

Let (¥;)ien be an increasing family of sets of formulas (i.e.,
i<j=2%;CYj). Ifevery X;is A-consistent, then J;cy X; is also
NA-consistent.
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GENERIC NOTION OF LoGIC

DoEs EVERY A-CONSISTENT SET HAVE A
A-MAXIMAL EXTENSION?

LINDENBAUM LEMMA
Every A-consistent set of formulas is contained in a A-maximal set.
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NorMAL LoGIcs

OUTLINE

@ NorwmAL Locics
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NormAL Logics

NORMAL LOGIC

DEFINITION

A logic A is called normal if it contains the axiom K:

0O(A— B) — (DA —0OB)

and is closed under the Necessitation Rule:

|—/\A = |—/\DA
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NormAL Logics

THE Locic K

PROPOSITION.
Let (A;)ies be a family of normal logics. Then (7;; A is a normal logic.

o

THE Logic K
The Logic K is called the smallest normal logic, i.e., the logic

K = ﬂ{/\ | Ais a normal logic}
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NormAL Logics

EXERCISE

SHOW THAT

for any class C of models (or structures), Ac = {A| C = A} is a normal
logic.
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NorMAL LoGIcs

PROPERTIES

EXERCISE.

Let A be a normal logic. Then:

Y

© © 6 6 © ©

FanA— (B — (AAB))
FAaO(A— (B— (AAB)))
FAaO(A— (B— (AAB)))
Fa (OA—=O(B — (AAB))
FaO(B — (AAB)) — (OB —O(AAB))
Fa OA — (OB — O(AA B))

Fa (DAATB) — DO(AA B)

— (OA—-0(B— (AAB)))
)

A.MADEIRA (U. AVEIRO) COMPUTATIONAL LoGIC May 21, 2025

21/36



NorMAL LoGIcs

PROPERTIES

EXERCISE.

Let A be a normal logic. Then:

@

®© ©6 66 6 6 ©

FAD—\—\A —OA & |—/\<>—|ﬂA 4 <>A

FAA = B = (FAOA = OB & FA0A— OB)
FAA < B = (FAOA < OB & FAQA < OB)
FAO—A « —UA

FA(OAADB) «» O(A A B)

FA(OAV OB) «» O(AV B)

FA(JAVOB) — O(AV B)

FAO(A A B) = (OAA OB)
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NormAL Logics

PROPERTIES

EXERCISE.

Let A be a normal logic. Then:
@ FAO-—-A- DA
@ FAO0—A+ QA
@ FAA—->B=F\0A—> (B
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NorMAL LoGIcs

NECESSARY CONDITION FOR THE NORMALITY OF A
Loaic

PROPOSITION.

If A'is a normal logic, then T=AA = {OB|B € I'}F-AOA. }
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CANONICAL MODEL AND COMPLETENESS

OUTLINE

@ CANONICAL MODEL AND COMPLETENESS
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CANONICAL MODEL AND COMPLETENESS

INTRODUCTION

It is assumed in this section that A is a consistent normal logic
(i.e., A is A-consistent)
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CANONICAL MODEL AND COMPLETENESS

CANONICAL MODEL

DEFINITION

The canonical model of a consistent normal logic A is the structure
M/\ _ (WA, RA, V/\)
where:
o WA = {w C MFm(Prop)|w is A-maximal}
o wRMv if and only if {A € MFm(Prop) : DA€ w} C v
o VA(p) ={w e Whpew}
The canonical structure of A is defined as the pair FA = (WA, RM).
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CANONICAL MODEL AND COMPLETENESS

TRUTH LEMMA

LEMMA.

Forany w € WA, A€ MFm(Prop),

w e [Alynes Acw

PROOF.

"=" Case A =[B:
w € [OB] yn
= w e {we WARMw] C [Blyr}
s we {we Whvv e WA wRMN = v € [B]yn}
s we{we WAV e WA wRMN = B € v)}
swe{we WAV e WA {ClOCew}Cv=Becv}
svYweWM ({COCew}Cv=Bev)
& Ben{ve WN{CIDC e w} C v}
& {C|OC € w}kaB
= {0C|OC e w} -y OB
= wtp 0B
S OBew
Other cases: Exercise

(defn. of [Jan)
(simpl.)

(Inductive Hypothesis)
(defn. RM)

(simpl.)

(set theory)

(Corollary of Lindenbaum’s Lemn
(T'-AA = {OB|B € '} 0A)
(FTCATHEAA = AFpAA)

(defn of A)

O

v
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CANONICAL MODEL AND COMPLETENESS

TRUTH LEMMA

LEMMA.
For any w € W” and A € MFm(Prop),

we [Alpwe Acw

Proor.
“<" Case B
Let us assume that A=0B € w.

OBew = VYveRMw].Bev (defn M)
= VYveRMw]ve [BIyn (ILH.)
= RMw] C [Blyn (set theory)
< we OBy (defn. [-Jum)

Other cases: Exercise
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CANONICAL MODEL AND COMPLETENESS

DEFINITION.

Let M be a model, F a structure, and C a class of models or structures. It
is said that:

o M determines A if for every A € MFm(Prop),
MEASELA

o F determines A if for every A € MFm(Prop),
FEASEAA

o C determines A\ if for every A € MFm(Prop),

C):A<:>|—/\A
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CANONICAL MODEL AND COMPLETENESS

COMPLETENESS
COROLLARY.
MM = Aoy A
PROOF.
MA = A

& [Alya= WA (and defn. of [_Jpn)
& w e [Alypn, forall we WA (set equality)
& Acw, forallwe WA (Truth Lemma)
& Aewh (set theory)
& Acel (Lindenbaum’s Lemma)
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CANONICAL MODEL AND COMPLETENESS

COMPLETENESS

THEOREM (CHARACTERIZATION OF K)
FxA < A s valid in all structures.
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CANONICAL MODEL AND COMPLETENESS

EXAMPLES OF NORMAL LOGICS

To demonstrate that a normal logic A is complete with respect to a class
of models (or modal structures) defined by certain properties, it is sufficient
to show that M” has that property.
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CANONICAL MODEL AND COMPLETENESS

EXAMPLES OF NORMAL LOGICS

A FEW CLASSES AGO:
T: DA-= A valid in frames with reflexive relation
4: OA — OOA valid in frames with transitive relation
B: A—=0OOA  valid in frames with symmetric relation
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CANONICAL MODEL AND COMPLETENESS

EXAMPLES OF NORMAL LOGICS

THEOREM.

If a normal logic A contains one of the schemas from the previous slide,
then R" satisfies the corresponding property.

Proor.
Consider the case of transitivity:

o Suppose JA — OOJA € A. Then, all the members of W contain all
instances of this schema.

o Assuming wRv and vRu. We have:

DAGW:>DDAEW = [HJAcv = Acu.
(def.RM) (def.RMN)

Thus, wRMu.
Exercise: Prove the other cases. ]
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CANONICAL MODEL AND COMPLETENESS

EXAMPLES OF NORMAL LOGICS

T: OA— A
4: OA—O0DA
B: A—O0A
W: OOA— A) — DA

SOME WELL-KNOWN LOGICS:

S4= KT4
S5 = KT4B
G= KW
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