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SYNTAX AND SEMANTICS OF PROPOSITIONAL MODAL LogGic

SYNTAX OF MODAL LoOGIC

SYMBOLS
o 1, —, 0Oand

o a set Prop of propositional symbols (we will use p, g, r, ... to refer to
elements of Prop)

o 1 — called the element falsum

o — — called the implication
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SYNTAX AND SEMANTICS OF PROPOSITIONAL MODAL LoGIc

MoDAL FORMULAS

DEFINITION: MODAL FORMULAS

Modal Formulas (MFm(Prop)):
Fo =PropuU{Ll}
Fri1 = FaU{0A : AcF,}U{A = B : A, BEF,},n >0

MFm(Prop) = U F,
neN
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SYNTAX AND SEMANTICS OF PROPOSITIONAL MODAL LogGic

MoDAL FORMULAS

DEFINITION: MODAL FORMULAS

Modal Formulas (MFm(Prop)):

Fo =PropuU{Ll}

Foi1 = FRU{OA: AeF,}U{A — B : A,BeF,},n>0
MFm(Prop) = U Fu

neN

UsING BNF NOTATION:

p:=L1|ply—¢|[0p peProp
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SYNTAX AND SEMANTICS OF PROPOSITIONAL MODAL LogGic

ABBREVIATIONS

o Negation: A=A — |

o True: T :=-1

Disjunction: AVB:=-A— B
Conjunction: AAB :=—(A — —B)
Equivalence: A< B:=(A— B)A(B — A)
Diamond: 0A = -[O0-A

©

©

©

©
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SYNTAX AND SEMANTICS OF PROPOSITIONAL MODAL LoGIc

UNIFORM SUBSTITUTION AND INSTANCE

DEFINITION
Let A and B be two formulas and p € Prop.
o The uniform substitution of p by B in A, denoted A[B/pl, is the
formula obtained by replacing all occurrences of p in A by B.

o A is an instance of A if A’ is obtained from A by a finite number of
simultaneous uniform substitutions.
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SYNTAX AND SEMANTICS OF PROPOSITIONAL MODAL LoGIc

UNIFORM SUBSTITUTION AND INSTANCE

DEFINITION

Let A and B be two formulas and p € Prop.
o The uniform substitution of p by B in A, denoted A[B/pl, is the
formula obtained by replacing all occurrences of p in A by B.

o A is an instance of A if A’ is obtained from A by a finite number of
simultaneous uniform substitutions.

EXAMPLE

o ((rvp)Ag)— (rVp)isan instance of (x A y) — x, since

((rvp)Ag) = (rvp) = ((xAy) = x)[(rVvp)/x, a/y]
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SYNTAX AND SEMANTICS OF PROPOSITIONAL MODAL LoGIc

SUB-FORMULA

DEFINITION.

Given A € MFm(Prop), the set of subformulas of A, Sub(A), is defined
recursively as follows:

o If A€ PropU{L}, then Sub(A) = {A};
o If A= B — C, then Sub(A) = {A} U Sub(B) U Sub(C);
o If A=0B, then Sub(A) = {A} U Sub(B).

EXERCISE:

Determine the set of subformulas of O((Op) — (r — O(r — q)))
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STRUCTURES AND MODELS

OUTLINE
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STRUCTURES AND MODELS

STRUCTURES AND MODELS

A modal structure (or simply structure) for a set of propositions Prop is
a pair

F=(W,R)
where

o W is a non-empty set, called the set of states (or worlds);

o RC W x W is a binary relation called the accessibility relation.
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STRUCTURES AND MODELS

STRUCTURES AND MODELS

A modal structure (or simply structure) for a set of propositions Prop is
a pair

F=(W,R)

where

o W is a non-empty set, called the set of states (or worlds);

o RC W x W is a binary relation called the accessibility relation.
A model is a triple

M= (W,R,V)

where

o (W,R) is a modal structure

o V :Prop — P(W) is a function (called valuation).
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STRUCTURES AND MODELS

EXAMPLES

EXAMPLE OF A MODEL FOR Prop = {p, q, r}

A.MADEIRA (U. AVEIRO) COMPUTATIONAL LoGIC

15 DE MAIO DE 2025

10 /45



STRUCTURES AND MODELS

SATISFACTION

DEFINITION:

Let M be a model, w € W, p € Prop and A, B € MFm(Prop). We

define:

@ M,w = piff weV(p)

@ M,wlE L

@ M,wEA— Biff Mw = A implies M,w = B
@ M,w =UOAiff, VZveW, wRv = M,v = A
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STRUCTURES AND MODELS

PROPERTIES

PROPOSITION:

@ M,wkE=-Aiff Myw = A

@ M,wE=AVBiff Miw = Aor Myw =B

@ M,wE=AABiff Mjw =Aand M,w =B
O@MwEA-BIffMMwEAS M,w =B

® M, w = QA iff there exists ve W such that wRv and M,v = A

EXERCISE:
Prove the previous proposition.
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STRUCTURES AND MODELS

DIFFERENT MEANINGS FOR [JA AND QA:

o Necessity - “A is necessarily true”; “A is possibly true”.
o Deontic Logic - A must necessarily be true (“A ought to be true")

o Temporal Logic - "A is always true in the future”; “A is eventually
true (at some future time)".
Normally, here a structure (S, R) is such that S is NJR or Q and R is
<, <, > or 2.

o Dynamic Logic - “every execution of the program makes A true”;
“there exists an execution of the program that makes A true”
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STRUCTURES AND MODELS

VALIDITY

DEFINITION:
Let F = (W, R) be a structure, M = (/. R. V) a model, and
A € MFm(Prop) a formula.
o A s said to be true in M, in symbols M |= A, if for all states w € W,
we have M, w = A.

o Ais said to be valid in a structure F, in symbols /- = A, if it is true in
all models M in F; i.e., for the valuation V : Prop — P(W), M = A.
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STRUCTURES AND MODELS

EXERCISES

1. Consider the model M = (W, R, V), where:
o W=1{1,2,3,4,5,6}
o forany a,be W, aR biff a+ b is even;
o V(p) =1{1,3,5} and V(q) = {2,4,6}.
Verify whether
A) M,3 = 0(pAQq)
B) M,2 =0(p A 00q)
c) MEOp
D) M,6=p— Op
E) MI=q—0q
2. Show that neither the formula O0p — ¢Up nor its negation is valid
in all modal structures.
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STRUCTURES AND MODELS

EXERCISES

3. Explain in your own words the following transition patterns:

o T
o OL
o OT
o L
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STRUCTURES AND MODELS

PROPERTIES

PROPOSITION.

The following modal formulas are true in all models and therefore valid in

all structures.
@ OT
D(A — B) —» (DA —0OB)
O(A— B) = (DA — 0OB)
O(A— B) —» (0A— OB)
O(AAB) + (OAACIB)
O(AVB) +» (QAVOB)
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STRUCTURES AND MODELS

PROPERTIES

EXERCISE

Prove that the following modal formulas do not have the property of being
valid in all structures:

@ 0OA— A;

@ UA — OOA;

® O — B) - (A — OB)
@ OT

® O0A — UA;

® O(OA— B)vO(@OB — A)
@ O(AVB) — (DAVOB);

® O(0OA = A) — DA;
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ALTERNATIVE APPROACH

OUTLINE
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ALTERNATIVE APPROACH

ALTERNATIVE APPROACH

DEFINITION [VALUE OF A FORMULA IN THE MODEL]
Let A€ MFm(Prop) and M = (W, R, V) be a model. We define
[ |y MEm(Prop) — P(W) as follows:
o If A€ Prop, [Alm = V(A)
o IfA=1, [Aly=10
o If A=B — C, [Alm = [BI$; U [Clm, where [B]; denotes the set
WA [Blwm
o If A=0B, [Alm = {w € W : R[w] C [B]m}, where
Rlw] = {v|(w,v) € R}
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ALTERNATIVE APPROACH

PROPERTIES

PROPOSITION.
o [-Alm = [A]§
@ [Tlm=W
@ [AV By =[Alm U [Blm
@ [AAB]m =[Alm N [Blm
@ [0Alm ={w € WIR[w] N [Alm # @}
® [A— By =W < [Alw < [B]m
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ALTERNATIVE APPROACH

EXERCISE

For the model M represented above, compute:
@ [0TIm. [OT]m, [0L]m, [OL]m
@ [Op]um, [O-p]m. [-Bp]m
@ [Oq]m, [Oqlm
@ [0g A O~g]m. [Og AO-q]m
@ [OT = Oqlm
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ALTERNATIVE APPROACH

EQUIVALENCE OF THE APPROACHES

PROPOSITION.

MwEAswe [Aly

DEMONSTRACAO.

(Exercise: Prove the result by induction on the structure of formulas) [

v
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ALTERNATIVE APPROACH

EQUIVALENCE OF APPROACHES

COROLLARY.
MEAsW=[Alu
DEMONSTRACAO.
MEAsSYwWe W MwEASYwe W, we[Alyes W=
[Alm- O
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ALTERNATIVE APPROACH

EXERCISE

Revisit the Exercise from Slide 17 and characterize the set of states where
the properties are valid, now using the operator [_]y.
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ALTERNATIVE APPROACH

MoODAL EQUIVALENCE

MODAL EQUIVALENCE

Two modal formulas A and A" are modally equivalent if for any model M
and any w € W,

M,w [= Aif and only if M,w = A’

PROPOSITION.
@ OT and A — QA are valid exactly in the same models.

@ 0L is valid only in structures where all of its points are final.
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MobAL Logic vs FIRsT-ORDER LoGIC

OUTLINE

@ MobaL Locic vs FIRST-ORDER LOGIC
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MobAL Logic vs FIRsT-ORDER LoGIC

MobpAL Locic vs FIRST-ORDER LOGIC

The following discusses some relationships between Modal Logic and
First-Order Logic. Specifically:

o properties of binary relations that can be described in modal formulas

o properties of binary relations that cannot be described in modal
formulas

o encoding Modal Logic in First-Order Logic
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MobAL Logic vs FIRsT-ORDER LoGIC

EXERCISE

@ Using First-Order Logic, express the following properties about a
binary relation R C W x W.

R is reflexive

R is symmetric

R is serial

R is transitive

R is Euclidean

R is partially functional

R is functional

© ©6 06 06 06 o o
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MobAL Logic vs FIRsT-ORDER LoGIC

EXERCISE

@ Using First-Order Logic, express the following properties about a
binary relation R C W x W.

R is reflexive

R is symmetric

R is serial

R is transitive

R is Euclidean

R is partially functional

R is functional

© ©6 06 06 06 o o

@ Express the same properties using Modal Logic on structures
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MobAL Logic vs FIRsT-ORDER LoGIC

THEOREM.

Let RC W x W. R satisfies the first-order formula on the left if and only if
models M = (W, R, V) satisfy the formula scheme on the right.

The Relation R is | Formula
Reflexive: VYw(wRw) OA— A
Symmetric: Vw,Vv(wRv — vRw) A — OO0A
Serial: Vw3v(wRv) OA — OA
Transitive: YwVvVz(wRvAVvRz — wRz) OA — OOA
Euclidean: YwVvVz(wRvAwWRz — vRz) OA — OOA
Partially Functional:

Yw, Vv, Vz(WRvAWRz — w = z) CA - A
Functional: Vw3lv(wRv) O0A + DA
Weakly Dense: YwY¥v(wRv — 3z(wRzAzRv)) || OOA — OA
Weakly Connected: O(ANOA — B)
YwYwWz(wRvAWRz — vRzVv = zVzRv) vO(BAOB — A)
Weakly Directed:

VYwYvVz(wRvAwRz — Ju(vRuAzRu)) OOA — O0A
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MobAL Logic vs FIRsT-ORDER LoGIC

THERE ARE PROPERTIES THAT CANNOT BE
EXPRESSED WITH MODAL FORMULAS:

THEOREM.

The following properties of binary relations cannot be defined using Modal
Logic:

o Vx—(xRx) (Irreflexivity)
o VxVy xRy V yRx V x = y (Trichotomy)
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MobAL Logic vs FIRST-ORDER LOGIC

STANDARD TRANSLATION

STANDARD TRANSLATION

A formula A can be translated into a First-Order Logic formula ST, (A)
with at most one free variable x. ST,(A) is defined inductively on the
structure of A, as follows:

o ST«(p) = P(X)

o ST, (L)=

o ST(A— B) ST(A) — ST«(B)
o ST(OA) = Vy.(R(x,y) — ST, (A))

PROPOSITION.
o ST.(T)=T
o ST, (AV B) = ST,(A) vV ST,(B), ST,(AAB) = ST(A) A ST,(B)
o ST.(OA) =3y.(R(x,y) A ST,(A))
o ST (—A) = =ST.(A)
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MobAL Logic vs FIRST-ORDER LOGIC

EXERCISES

CALCULATE:
o ST(-0O-p)
o ST«(Up — p)
o ST.(O(pV 0q))

ST can also be applied (partially) to formula schemes.

CALCULATE:
o ST,(0A — B) J
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MobAL Logic vs FIRsT-ORDER LoGIC

STANDARD TRANSLATION

THEOREM.
Let M be a model. Then

M,w = Aiff M [=FOL ST (A)[x — w]

where M is the corresponding first-order model to M, and |=FOL represents
the satisfaction relation in First-Order Logic.

v

COROLLARY
Let M be a model. Then

M = A iff M =FOL vx. ST, (A)

where M is the corresponding first-order model to M.
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BISIMULATION AND MODAL INVARIANCE

OUTLINE

(& BISIMULATION AND MODAL INVARIANCE
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BISIMULATION AND MODAL INVARIANCE

BISIMULATION

BISIMULATION

Let M = (W,R, V) and M = (W' R, V') be two models for Prop. A

bisimulation between M and M’, denoted B : M = M, is a relation
B C W x W' such that, for all (w,w’) € B:

(AToMm) w € V(p) iff w' € V/(p), for all p € Prop

(Z1a) if (w, v) € R then there exists a w' € W’ such that
(w',v') € R and (v,V') € B

(ZAg) if (W', V') € R’ then there exists a w € W such that
(w,v) € Rand (v,v') € B
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BISIMULATION AND MODAL INVARIANCE

EXAMPLES
o the relation = is a bisimulation

o ( is a bisimulation

aq 92 a3 hQ
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BISIMULATION AND MODAL INVARIANCE

EXAMPLES
o the relation = is a bisimulation

o ( is a bisimulation

aq 92 a3 hQ

EXERCISE:

Consider the models M and M’ for Prop = {p} represented below.
Suppose that V/(p) = {n}.

/\

2—>q3

S<——3
O

Determine V such that there exists a bisimulation B : M = M’ with
(q1,n) € B.
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BISIMULATION AND MODAL INVARIANCE

EXAMPLES

CONSIDER THE FOLLOWING MODELS M AND M’

SN
Ll

where V(p) = {qa}, V(q) = {gs}, V'(p) = {ps}, V'(q) = {ps}. Is there
a bisimulation B such that (g1, p1) € B?
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BISIMULATION AND MODAL INVARIANCE

BISIMULATION

PROPERTIES

@B M=Mand S: M = M", then BoS: M= M", where
BoS ={(w,w") | there exists a w’ such that (w,w’) €
B and (w/,w") € S}

@ If B:M= M, then B°: M' = M where
B° = {(w/,w) | (w,w’) € B} is a bisimulation

@B M=MandS: M= M, then BUS: M= M

EXERCISE

Prove the previous properties
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BISIMULATION AND MODAL INVARIANCE

PROPERTIES OF BISIMULATION

EXERCISE

“The intersection of bisimulations is a bisimulation.”
Prove or disprove the above statement.
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BISIMULATION AND MODAL INVARIANCE

BISIMILARITY

BISIMILARITY
Let M = (W, R, V), the bisimilarity in M is the relation

~:={(w,Vv) | (w, v) € B for some bisimulation B C W x W}

EXERCISES:
Prove that the relation ~C W x W
o is a bisimulation between M and M, ie., ~- M =M

=

o is an equivalence relation in W
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BISIMULATION AND MODAL INVARIANCE

EXERCISE

SAY, JUSTIFYING, IF 1 ~ a

1
L
A
SN
e
|

“Example taken from the book "Modal Logic. P. Blackburn, M. Rijke, and Y.
Venema”
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BISIMULATION AND MODAL INVARIANCE

MOoODAL INVARIANCE

THEOREM (MODAL INVARIANCE)

Let M = (W,R, V) and M’ = (W', R’, V') be two models for Prop, and
B : M = M’ be a bisimulation. Then, for any states w €¢ W, w' € W’
such that (w,w’) € B, and for any formula ¢ € MFm(Prop),

M,w = @ iff M' W' = ¢

Proof: Exercise (induction on the structure of formulas).
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BISIMULATION AND MODAL INVARIANCE

CONSEQUENCES

o To prove that two states are not bisimilar, it suffices to find a modal
formula that distinguishes them, i.e., that is true in one and false in
the other.

CONSIDER THE FOLLOWING MODELS M AND M’

P1

N sz
| | p/ \p5

(e as

where V(p) = {a}, V(q) = {as} V'(p) = {ps}, V'(q) = {ps}.
Distinguish the states g; and p; with modal formulas.
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BISIMULATION AND MODAL INVARIANCE

HENNESSY-MILNER THEOREM

FiNITE IMAGE MODEL

A model M = (W, R, V) is said to have a finite image if for every
w € W, the set R[w] = {v | (w, v) € R} is finite.
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BISIMULATION AND MODAL INVARIANCE

HENNESSY-MILNER THEOREM

FiNITE IMAGE MODEL

A model M = (W, R, V) is said to have a finite image if for every
w € W, the set R[w] = {v | (w, v) € R} is finite.

HENNESSY-MILNER THEOREM

Let M and M’ be two finite image models. Then, for any w € W and
w’ € W, the following conditions are equivalent:

@ There exists a bisimulation B : M = M’ such that (w,w’) € B
@ For all ¢ € MFm(Prop),

M,w = ¢ iff M W' |=
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