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Signatures and structures

Signatures

Definition 1

First-order signature A first-order signature is a pair

Σ “ pP,F q

where

P is an N-family of sets of predicate symbols

F is an N-family of sets of operation symbols

We use

f : s ˆ ¨ ¨ ¨ ˆ s Ñ s P F to denote that f P Fn and

p : s ˆ ¨ ¨ ¨ ˆ s to denote that p P Pn
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Signatures and structures

Signatures

Two representations for the same signature Σ:

Representation 1

Σ is a first-order signature with

constant symbols c1 and c2

a unary function symbol f

a binary function symbol g

a binary predicate symbol r

Representation 2

Σ “ pP,F q, where

F0 “ tc1, c2u

F1 “ tf u, F2 “ tgu

Fk “ H for any k ą 2

P2 “ tru e Pk “ H for any
k ‰ 2
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Signatures and structures

Examples of signatures

Exercise 1

Formalise suitable first-order signatures to specify

monoids

ordered sets

algebra of relations (worked on the previous chapter)

natural numbers

graphs

. . .
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Signatures and structures

First-order structures

Definition 2

Σ-structures Let Σ “ pP,F q be a first-order signature. A Σ-structure A
consists of

a non-empty set |A|, called universe.

for each predicate symbol r P Pn, a set rA Ď |A|n.

for each operation symbol f P Fn, a function f A : |A|n Ñ |A|.

A. Madeira EL2324 June 13, 2025 6 / 59



Signatures and structures

Examples of Σ-structures

Let us consider the first-order signature Σ “ pP,F q, with

F0 “ tc1, c2u
F1 “ tf u, F2 “ tgu
Fk “ H for any k ą 2
P2 “ tru e Pk “ H for any k ‰ 2

Two examples of Σ-structures:

|A| “ ta, bu

cA1 “ a cA2 “ b

f Apaq “ a, f Apbq “ a

gA “ tpa, aq ÞÑ a, pb, bq ÞÑ
a, pa, bq ÞÑ b, pb, aq ÞÑ bu

rA “ tpa, bq, pb, aqu

|B| “ t♡,♠u
cB1 “ ♡, cB2 “ ♠
f Bp♡q “ ♡ and f Bp♠q “ ♡

gBpx , yq “

#

♡ if x “ y

♠ if x ‰ y

rB “ tpx , yq | x ‰ y , x , y P |B|u
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Signatures and structures

Exercises

Exercise 2

1 Define two different structures for each one of the signatures
introduced in Exercise 1

2 What about singleton structures?
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Signatures and structures

Morphisms between Σ-structures

Definition 3

Let Σ “ pP,F q be a first-order signature and A and B Σ-two structures.
A morphism between A and B is a function

h : |A| Ñ |B|

such that:

for any r P rn, and for any a1, . . . , an P |A|,

rApa1, . . . , anq implies that rBphpa1q, . . . , hpanqq

for any f P Fn, and for any a1, . . . , an P |A|,

hpf Apa1, . . . , anqq “ f Bphpa1q, . . . , hpanqq
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Signatures and structures

Exercises

Exercise 3

1 Revisit the examples of Exercise 2 a introduce pairs of structures that
are related by a morphism.
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Syntax of first-order logic
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Syntax of first-order logic

Formulæ

Σ-terms

Let Σ be a signature and X a set of variable. The set of Σ-terms in X is
the smallest set T pΣ,X q such that:

for any x P X , x P T pΣ,X q; (variables are terms)

for any operation symbol c P F0, c P T pΣ,X q; (constants are terms)

for any f P Fn, if t1, . . . , tn P T pΣ,X q, then f pt1, . . . , tnq P T pΣ,X q;

Exercise 4

List the terms of the signatures introduced in the previous exercises
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Syntax of first-order logic

Σ-formulæ

Definition 4

Let Σ “ pP,F q be a signature. The set of formulas FmpΣq is the
smallest set with the such that:

1 for any t1, . . . , tn P T pΣ,X q and for any p P Pn,
ppt1, . . . , tnq P FmpΣq

2 for any t1, t2 P T pΣ,X q, t1 “ t2 P FmpΣq

3 for any φ,ψ P FmpΣq, φ ‹ ψ P FmpΣq, ‹ P t^,_,Ñ,Øu

4 for any φ P FmpΣq, ␣φ P FmpΣq

5 for any φ P FmpΣq, and x P X , @x .φ P FmpΣq and Dx .φ P FmpΣq

Exercise 5

List the formulas of the signatures introduced in the previous exercises
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Syntax of first-order logic

Free and Bounded variables

Definition 5

The set of free variables of a term t P T pΣ,X q is given by

FV pxq “ txu, for any variable x P X

FV pcq “ H, for any constant c P F0

FV pf pt1, . . . , tnqq “ FV pt1q Y ¨ ¨ ¨ Y FV ptnq

The set of free variables of a formula φ P FmpΣq is given by

FV pPpt1, . . . , tnqq “ FV pt1q Y ¨ ¨ ¨ Y FV ptnq

FV pt1 “ t2q “ FV pt1q Y FV pt2q

FV pφ ‹ ψq “ FV pφq Y FV pψq, ‹ P t^,_,Ñu

FV p␣φq “ FV pφq

FV p@xφq “ FV pφqztxu

FV pDxφq “ FV pφqztxu
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Syntax of first-order logic

Free and Bounded variables

a term t is a closed term if FV ptq “ H. The set of closed terms for
Σ is denoted by T pΣ,X qc

a formula φ is a sentence if FV pφq “ H. The set of sentences for Σ
is denoted by SenpΣq

a variable x is bonded in a formula φ, i.e. x P BV pφq, if it is in the
scope of a quantifier.

Observation: FV pφq X BV pφq need not to be empty!

Exercise 6

For each formula indicates whose variables are free, are bounded, or free
and bounded:

1 py ă xq _ px2 ` x ´ y “ 0q

2 Dxppy ă xq _ px2 ` x ´ 2 “ 0qq

3 x ą 0^ Dxp5 ă xq
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Syntax of first-order logic

Substitution operator

Definition 6 (Substitution in terms)

Let s, t P T pΣ,X q terms and x P X a variable. The substitution srt{xs is
defined by

1 y rt{xs “

#

y if y ‰ x

t if y “ x
for any variable y P X

2 crt{xs “ c , for any constant c P F0
3 f pt1, . . . , tnqrt{xs “ f pt1rt{xs, . . . , tnrt{xsq

Exercise 7
...
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Syntax of first-order logic

Substitution process

On the substitution of x by a term t in a formula φ

we have to assure that:

substitutions for bounded variables are forbid
(e.g. we can not replace x by y in Dx␣px “ yq)
this is assured by points 4 and 5 in previous definition

we need to assure that free variable in t does not becomes bounded
after substitution in φ, i.e., that “t is free for x in φ”
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Syntax of first-order logic

Substitution process

Definition 8

The term t is free for x in φ if

φ is atomic

φ is of form φ1 ‹φ2, ‹ P t_,^,Ñu and t is free for x in φ1 and in φ2

φ is of form ␣ψ and t is free for x in ψ

φ is of form @yψ: if x P FV pψq then y R FV ptq and t is free for x in
ψ

φ is of form Dyψ: if x P FV pψq then y R FV ptq and t is free for x in ψ
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Syntax of first-order logic

Substitution Process

Exercise 9

Check which terms are free in the following cases:

1 x is free for x in x “ x

2 y is free for x in x “ x

3 x ` y is free for y in z “ 0̄

4 0̄` y is free for y in Dxpy “ xq

5 x ` y is free for z in Dwpw ` x “ 0̄q

6 x ` w is free for z in @wpx ` z “ 0̄q

7 x ` y is free for z in @wpx ` z “ 0̄q ^ Dypz “ yq

8 x ` y is free for z in @upu “ vq Ñ @zpz “ yq
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Syntax of first-order logic

Substitution process

Assumption

From now we assume that all our substitutions are “free for”
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Syntax of first-order logic

Extended Signature for |A|

Definition 9

Let Σ “ pP,F q be a signature A be a Σ-structure. The extended
signature ΣA “ pFA,Pq of A is the signature that enriches Σ with a
constant symbol for each value in |A|, i.e. such that
FA
0 “ F0 Y tā | a P |A|u and FA

n “ Fn, for any n ‰ 0.
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First order logic Satisfaction

Outline

1 Signatures and structures

2 Syntax of first-order logic

3 First order logic Satisfaction

4 Natural Deduction Calculus

5 Soundness and Completeness
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First order logic Satisfaction

Interpretation of terms

Definition 10

An interpretation of the closed terms of ΣA in A is a mapping

J´K : T pΣ,X qc Ñ |A|

such that

Jc̄K “ c

Jf pt1, . . . , tnqK “ f ApJt1K, . . . , JtnKq
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First order logic Satisfaction

Interpretation of formulas

Definition 11

Let Σ be a signature and A a Σ-Structure. An interpretation of sentences is a mapping

J´KA : SenpΣq Ñ t0, 1u

where

JRpt1, . . . , tnqKA “

#

1 if pJt1K, . . . , JtnKq P RA

0 otherwise

Jt1 “ t2KA “

#

1 if Jt1KA “ Jt2KA
0 otherwise

Jφ^ ψKA “ minpJφKA, JψKAq
Jφ_ ψKA “ maxpJφKA, JψKAq
JφÑ ψKA “ maxp1´ JφKA, JψKAq
J␣φKA “ 1´ JφKA
J@xφKA “ mintJφrā{xsKA, a P |A|u
JDxφKA “ maxtJφrā{xsKA, a P |A|u

A. Madeira EL2324 June 13, 2025 25 / 59



First order logic Satisfaction

Interpretation of formulas

Definition 11

Let Σ be a signature and A a Σ-Structure. An interpretation of sentences is a mapping

J´KA : SenpΣq Ñ t0, 1u

where

JRpt1, . . . , tnqKA “

#

1 if pJt1K, . . . , JtnKq P RA

0 otherwise

Jt1 “ t2KA “

#

1 if Jt1KA “ Jt2KA
0 otherwise

Jφ^ ψKA “ minpJφKA, JψKAq

Jφ_ ψKA “ maxpJφKA, JψKAq
JφÑ ψKA “ maxp1´ JφKA, JψKAq
J␣φKA “ 1´ JφKA
J@xφKA “ mintJφrā{xsKA, a P |A|u
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JDxφKA “ maxtJφrā{xsKA, a P |A|u

A. Madeira EL2324 June 13, 2025 25 / 59



First order logic Satisfaction

Interpretation of formulas

Definition 11

Let Σ be a signature and A a Σ-Structure. An interpretation of sentences is a mapping

J´KA : SenpΣq Ñ t0, 1u

where

JRpt1, . . . , tnqKA “

#

1 if pJt1K, . . . , JtnKq P RA

0 otherwise

Jt1 “ t2KA “

#

1 if Jt1KA “ Jt2KA
0 otherwise

Jφ^ ψKA “ minpJφKA, JψKAq
Jφ_ ψKA “ maxpJφKA, JψKAq
JφÑ ψKA “ maxp1´ JφKA, JψKAq
J␣φKA “ 1´ JφKA
J@xφKA “ mintJφrā{xsKA, a P |A|u
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JDxφKA “ maxtJφrā{xsKA, a P |A|u

A. Madeira EL2324 June 13, 2025 25 / 59



First order logic Satisfaction

Interpretation of formulas

φ is satisfied in A:

A |ù φ iff JφKA “ 1

Note that, until now, we just see how to interpret sentences
φ P SenpΣq, i.e. formulas without free variables. The goal now is to
know how to interpret any formula φ P FmpΣq.

A. Madeira EL2324 June 13, 2025 26 / 59



First order logic Satisfaction

Interpretation of formulas

φ is satisfied in A:

A |ù φ iff JφKA “ 1

Note that, until now, we just see how to interpret sentences
φ P SenpΣq, i.e. formulas without free variables. The goal now is to
know how to interpret any formula φ P FmpΣq.

A. Madeira EL2324 June 13, 2025 26 / 59



First order logic Satisfaction

Interpretation of formulas

Definition 12

Universal closure Let FV pφq “ tz1, . . . , zku. The universal closure of φ
Clpφq is the formula

@z1, . . . , zk φ

Definition 13

Let A be a Σ-structure, φ P FmpΣq and Γ Ď FmpΣq. Then:

1 A |ù φ iff A |ù Clpφq – we say that A is a model of φ

2 A |ù Γ iff A |ù γ for any γ P Γ – we say that A is model of Γ

3 |ù φ iff for any Σ-structure A, A |ù φ – we say that φ is valid

4 Γ |ù φ iff
for any Σ-structure A, if A |ù Γ, then A |ù φ – we say that φ is a
semantic consequence of Γ
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First order logic Satisfaction

Interpretation of formulas

Some more notions

Let φ a formula and FV pφq “ tz1, . . . , zku.

φ is satisfied by a1, . . . , ak P |A| iff A |ù φrā1, . . . , āk{z1, . . . , zk s

φ is satisfiable iff φ is satisfied for some a1, . . . , ak P |A|

Exercise 10

Prove that

φ is satisfiable in A if FV pφq “ tz1, . . . , zku and A |ù Dz1, . . . , zk φ
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First order logic Satisfaction

Exercises

Exercise 11

Let φ P SenpΣq. Prove that:

1 A |ù φ^ ψ iff A |ù φ and A |ù ψ

2 A |ù φ_ ψ iff A |ù φ or A |ù ψ

3 A |ù ␣φ iff A ­|ù φ

4 A |ù φÑ ψ iff A |ù φ implies A |ù ψ

5 A |ù Dxφ iff A |ù φrā{xs, for some a P |A|

6 A |ù @xφ iff A |ù φrā{xs, for any a P |A|

Exercise 12

Which cases from the previous exercise remain correct if we consider
formulas in general?
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5 A |ù Dxφ iff A |ù φrā{xs, for some a P |A|

6 A |ù @xφ iff A |ù φrā{xs, for any a P |A|
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5 A |ù Dxφ iff A |ù φrā{xs, for some a P |A|

6 A |ù @xφ iff A |ù φrā{xs, for any a P |A|

Exercise 12

Which cases from the previous exercise remain correct if we consider
formulas in general?

A. Madeira EL2324 June 13, 2025 29 / 59



First order logic Satisfaction

Exercises

Exercise 11

Let φ P SenpΣq. Prove that:

1 A |ù φ^ ψ iff A |ù φ and A |ù ψ

2 A |ù φ_ ψ iff A |ù φ or A |ù ψ

3 A |ù ␣φ iff A ­|ù φ

4 A |ù φÑ ψ iff A |ù φ implies A |ù ψ

5 A |ù Dxφ iff A |ù φrā{xs, for some a P |A|
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First order logic Satisfaction

Exercises

Exercise 13

Let Σ “ pP,F q where P “ H and F0 “ tzerou, F1 “ tsuccu,
F2 “ tadd ,multu. Let Nat be the Σ-structure with |Nat| “ N and with
the zeroNat “ 0, succNAtpnq “ n ` 1, addNatpn,mq “ n `m and
multNatpn,mq “ n ˚m.

1 1 Give two distinct terms t, s P T pX ,Σnatq such that JtKNat “ JsKNat “ 3
2 Show that for any n P N, there is a term t such that JtKNat “ n
3 Show that for any n P N, there are infinitely many terms t such that

tNat “ n

2 Consider now the extended signature ΣNat . Determine

Jpp1̄Ñ 0̄q Ñ p␣zeroqq ^ p␣0̄Ñ p1̄Ñ zeroqqK
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First order logic Satisfaction

Exercises

Exercise 14

For any φ P SenpΣq, and for any Σ-structure A, we have that A |ù φ or
A |ù ␣φ.
Prove, or refute the statement:
“For any φ P FmpΣq, and for any Σ-structure A, we have that A |ù φ
or A |ù ␣φ.”

Exercise 15

Show that, for any term t P T pΣA,X qc

A |ù t “ JtKA
A |ù φptq Ø φpJtKAq
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First order logic Satisfaction

Properties of first-order-logic

Some useful validities

1 |ù ␣@xφØ Dx␣φ

2 |ù ␣DxφØ @x␣φ

3 |ù @xφØ ␣Dx␣φ

4 |ù DxφØ ␣@x␣φ

5 |ù @x@yφØ @y@xφ

6 |ù DxDyφØ DyDxφ

7 |ù @xpφ^ ψq Ø @xφ^ @xψ

8 |ù Dxpφ_ ψq Ø Dxφ_ Dxψ

Exercise 16

Prove it!
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First order logic Satisfaction

Properties of first-order logic

Some useful validities

1 |ù @xφpxq Ø φ, if x R FV pφq

2 |ù Dxφpxq Ø φ, if x R FV pφq

3 |ù @xpφpxq _ ψq Ø p@xpφpxqq _ ψq, if x R FV pψq

4 |ù Dxpφpxq ^ ψq Ø pDxpφpxqq ^ ψq, if x R FV pψq

Exercise 17

Prove it!

Exercise 18

Show that it is not true that:

@xpφpxq _ ψpxqq Ñ @xφpxq _ @xψpxq

Dxφpxq ^ Dxψpxq Ñ Dxpφpxq ^ ψpxqq
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First order logic Satisfaction

The identity

Characteristic properties of identity

1 @x px “ xq

2 @xypx “ y Ñ y “ xq

3 @xyzppx “ y ^ y “ zq Ñ x “ zq

4 @x1 . . . xny1 . . . ynpp
Ź

iďn xi “ yi q Ñ ptpx1, . . . , xnq “ tpy1, . . . , ynqqq

5 @x1 . . . xny1 . . . ynpp
Ź

iďn xi “ yi q Ñ pφpx1, . . . , xnq Ñ φpy1, . . . , ynqq
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First order logic Satisfaction

Examples – Groups

Exercise 19

Introduce a signature Σgroupto express the structure of a group

Introduce a Γ Ď FmpΣgroupq the class of groups

Introduce two structures A and B that are models of Γ

Exercise 20

Introduce a signature Σring to express the structure of a ring

Introduce a Γ Ď FmpΣring q the class of rings

Introduce two structures A and B that are models of Γ
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First order logic Satisfaction

Examples

Projective Geometry

We consider the signature ΣPG “ pP,F q,

where Fn “ H, n P N and
P2 “ tI u and Pk “ H, k ‰ 2

and the abbreviations: Πpxq ” DypI px , yqq and Λpyq ” DxpI px , yqq

and the axiomatization:a

@xpΠpxq Ø ␣Λpxqq
@xypΠpxq ^ Πpyq Ñ DzpI px , zq ^ I py , zqqq
@uvpΛpuq ^ Λpvq Ñ DzpI px , uq ^ I px , vqqq
@xyuvppI px , uq ^ I py , uq ^ I py , vqq Ñ px “ y _ u “ vqq
Dx0x1x2x3u0u1u2u3
`

Ź

I pxi , yi q ^
Ź

j“i´1pmod 3q I pxi , ujq ^
Ź

j‰i´1pmod 3q,j‰i ␣I pxi , ujq
˘

aSee [vanDalen], Sec 3.7
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Natural Deduction Calculus

Outline

1 Signatures and structures

2 Syntax of first-order logic

3 First order logic Satisfaction

4 Natural Deduction Calculus

5 Soundness and Completeness
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Natural Deduction Calculus

Back to Propositional Logic

Introduction Rules Elimination Rules

^
ψ φ

ψ ^ φ

ψ ^ φ

ψ

ψ ^ φ

φ

rψs rφs
D D

_
ψ

ψ _ φ

φ

ψ _ φ

ψ _ φ ξ ξ

ξ

rψs
D

Ñ
φ

ψ Ñ φ

ψ ψ Ñ φ

φ

rψs r␣ψs
D D

␣
K

␣ψ

K

ψ

K
␣φ φ

K

K

φ
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Natural Deduction Calculus

Natural Deduction for First-Order Logic

The calculus for Natural Deduction for First-order Logic

is given by extending the Natural Deduction rules for Propositional Logic
(in the previous slide) with

elimination and introduction rules for @

elimination and introduction rules for D
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Natural Deduction Calculus

Introduction Rule for the universal
quantifier

Introduction of @

rx0s fresh

...
φrx0{xs

pI@q
@xφ

where fresh means that x0 may not occur free in any hypothesis on which
φ depends
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Natural Deduction Calculus

Elimination Rule for the universal quantifier

Elimination of @

@xφ
pE@q

φrt{xs

if x is free for t in φ
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Natural Deduction Calculus

Natural deduction rules for universal
quantifier

Exercise 21

Prove that:

1 @xpPpxq Ñ Qpxqq,@xPpxq $ @xPpxq Ñ @xQpxq

2 @x@yPpx , yq $ @z@wPpz ,wq

3 @x@yPpx , yq $ @y@xPpx , yq

4 @xp␣Ppxq Ñ Qpxqq,␣Qptq $ Pptq
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Natural Deduction Calculus

Natural deduction rules for universal
quantifier

Exercise 22

Prove that:

1 @x@yφpx , yq Ñ @y@xφpx , yq

2 @xpφ^ ψq Ñ p@xφ^ @xψq

Exercise 23

Prove that, if x R FV pφq :

1 $ @xpφÑ ψpxqq Ñ pφÑ @xψpxqq

2 $ φÑ @φpxq

3 $ @φpxq Ñ φ
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Natural Deduction Calculus

Introduction Rule for the existential
quantifier

Introduction of D

φrt{xs

Dxφ

if t is free for x in φ
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Natural Deduction Calculus

Elimination Rule for the existential
quantifier

Elimination of D

Dxφ

rx0s fresh

φrx0{xs (ass)

...
χ

pE_qχ
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Natural Deduction Calculus

Elimination Rule for the existential
quantifier

Exercise 24

Show that

1 @xpPpxq ^ Qpxqq $ @xpPpxq _ Qpxqq

2 @xpPpxq Ñ Qpxqq, DxPpxq $ DxQpxq

3 DxPpxq,@x@ypPpxq Ñ Qpyqq $ @yQpyq

4 DxPpxq $ ␣@x␣Ppxq

5 @Ppa, x , xq,@x@y@zpPpx , y , zq Ñ Ppf pxq, y , f pzqqq $ Ppf paq, a, f paqq

Exercise 25

Show that

␣DxPpxq $ @x␣Ppxq

@x␣Ppxq $ ␣DxPpxq
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Natural Deduction Calculus

Natural deduction with identity

In the presence of identities we consider the following
rules

x “ x

x “ y

y “ x

x “ y y “ z

x “ z

x1 “ y1, . . . xn “ yn
tpx1, . . . , xnq “ tpy1, . . . , ynq

x1 “ y1, . . . xn “ yn φpx1, . . . , xnq

φpy1, . . . , ynq
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Natural Deduction Calculus

Natural deduction with identity

Exercise 26

Check

1 x “ y , x2 ` y2 ą 5x $ 2y2 ą 5x

2 x “ y , x2 ` y2 ą 5x $ x2 ` y2 ą 5y

3 $ @xpx “ xq

4 $ @zpz “ x Ñ z “ yq Ñ x “ y
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Soundness and Completeness

Outline

1 Signatures and structures

2 Syntax of first-order logic

3 First order logic Satisfaction

4 Natural Deduction Calculus

5 Soundness and Completeness
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Soundness and Completeness

Soundness

The natural deduction rules for @ in terms of $

Γ $ φpxq ñ Γ $ @xφpxq, if x R FV pΓq

Γ $ @xφpxq ñ Γ $ φptq, if t is free for x in φ

Definition 14

Let Γ be a set of formulae and let tx1, x2, . . . u “
Ť

tFV pγq | γ P ΓYφu. If
a “ pa1, a2, . . . q, ai P |A|, i ď 1, then Γpaq denotes the set of formulas
obtained from Γ by replacing simultaneously in all formulas in Γ xi by āi .
Hence,

1 A |ù Γpaq if A |ù γ, for all γ P Γpaq

2 Γ |ù φ if for any A and for any a, A |ù Γpaq implies A |ù φpaq
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Soundness and Completeness

Soundness

Theorem 15 (Soundness)

Let φ P FmpΣq and Γ Ď FmpΣq.

Γ $ φ implies Γ |ù φ

Proof.

Proof by induction on the structure of proof trees.
Exercise!
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Soundness and Completeness

Going to the completeness...

It is helpful to try to establish an analogy with completeness proof for
Propositional Logic studied earlier

Existence Lemma

Let Γ Ď FmpΣq. If Γ is consistent, then Γ has a model

Proof.

This is the hard part of the completeness proof. Done later.

Observation:

check the consistency characterization introduced during the presentation of
propositional logic

Exercise 27

Assuming the Existence Lemma and the previous observation, prove that

Γ |ù φ implies Γ $ φ
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Soundness and Completeness

Theory and Henkin theories

Definition 16

Let T Ď SenpΣq

1 T is a theory if, for any φ P SenpΣq, T $ φ implies that φ P T

2 Γ is an axiom set for T if T “ tφ | Γ $ φu

3 T is an Henkin theory if for each sentence Dxφpxq, there is a
constant c such that Dxφpxq Ñ φpcq P T . The constant c is called a
witness of Dxφpxq.
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Soundness and Completeness

Theories extensions

Definition 17

Let T and T 1 be theories for Σ and Σ1.

1 T is an extension of T 1 if T Ď T 1

2 T is a conservative extension of T 1 if T 1 XΣ “ T , i.e. all theorem
of T 1 in Σ are already theorems of T
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Soundness and Completeness

Theories extensions

Definition 18

Let T be a theory for Σ “ pP,F q.

The signature Σ˚ is obtained from Σ by

P˚
0 “ P0 Y tcφ | Dxφpxqu, and P˚

k “ Pk , k ą 0
F˚ “ F

T ˚ “ T Y tDxφpxq Ñ φpcφq | Dxφpxq closed, with witness cφu

Lemma 19

T ˚ is a conservative extension of T

Note that there is no evidence that T ˚ is still an Henkin theory
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P˚
0 “ P0 Y tcφ | Dxφpxqu, and P˚

k “ Pk , k ą 0
F˚ “ F

T ˚ “ T Y tDxφpxq Ñ φpcφq | Dxφpxq closed, with witness cφu
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Theories extensions

The Tω construction

Tω is recursively defined as follows:

T0 :“ T

Tn`1 “ pTnq
˚

Tω “
Ť

tTn | n ě 0u

Lemma 20

Tω is an Henkin theory
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Theories extensions

Remember from the Propositional Logic completeness proof:

Lemma 21

Each consistent theory is contained in a maximally consistent theory

Lemma 22

An extension of a Henkin theory is a Henkin theory

A. Madeira EL2324 June 13, 2025 57 / 59



Soundness and Completeness

Theories extensions

Remember from the Propositional Logic completeness proof:

Lemma 21

Each consistent theory is contained in a maximally consistent theory

Lemma 22

An extension of a Henkin theory is a Henkin theory

A. Madeira EL2324 June 13, 2025 57 / 59



Soundness and Completeness

Completeness Theorem

Lemma 23 (Model Existence Lemma)

If Γ is consistent, then Γ has a model

Proof.

Check the construction of the standard model in the proof of Lemma
4.1.11 in Van Dalen: Logic and Structure.

Theorem 24 (Completeness Theorem)

Γ |ù φ implies Γ $ φ

Proof.

Exercise 27.

A. Madeira EL2324 June 13, 2025 58 / 59



Soundness and Completeness

Completeness Theorem

Lemma 23 (Model Existence Lemma)

If Γ is consistent, then Γ has a model

Proof.

Check the construction of the standard model in the proof of Lemma
4.1.11 in Van Dalen: Logic and Structure.

Theorem 24 (Completeness Theorem)

Γ |ù φ implies Γ $ φ

Proof.

Exercise 27.

A. Madeira EL2324 June 13, 2025 58 / 59



Soundness and Completeness

Completeness Theorem

Lemma 23 (Model Existence Lemma)

If Γ is consistent, then Γ has a model

Proof.

Check the construction of the standard model in the proof of Lemma
4.1.11 in Van Dalen: Logic and Structure.

Theorem 24 (Completeness Theorem)

Γ |ù φ implies Γ $ φ

Proof.

Exercise 27.

A. Madeira EL2324 June 13, 2025 58 / 59



Soundness and Completeness

References

The presentation of First-Order Logic done in this set of slides was based
in the book

that is strongly recommended for the preparation of this course.
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