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SYNTAX OF PROPOSITIONAL LoGIC

FORMULAE

DEFINITION 1 (SET OF PROPOSITIONAL FORMULAS)

Let Prop = {po, p1, P2, ...} be a countable set of propositions (or propositional
variables). The set of propositional formulas is the smallest set Fm(Prop) with
the following properties:

1 € Fm(Prop)

©

©

for any p; € Prop, p; € Fm(Prop)

©

for any ¢ € Fm(Prop), (—¢) € Fm(Prop)

©

for any ¢, ¢’ € Fm(Prop), (¢ A ¢') € Fm(Prop)

©

)

for any ¢, ¢’ € Fm(Prop), (¢ v ¢') € Fm(Prop)

o for any ¢, ¢’ € Fm(Prop), (p — ¢') € Fm(Prop)
(Prop), (

o for any ¢, ¢’ € Fm(Prop), (¢ < ¢') € Fm(Prop)
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SYNTAX OF PROPOSITIONAL LoGIC

INDUCTION OVER FORMULAS

USING THE STRUCTURE OF FORMULAS WE CAN DO INDUCTIVE
PROOFS

Let A be a property, then A(y) holds for all ¢ € Fm(Prop) if
@ A(pj), for any p; € Prop and A(L)
@ A(yp) implies A((—¢))
@ A(p) and A(¢') implies that A((¢p * ¢')), x € {A, v, >, <}

EXERCISE 1

The number of brackets in any ¢ € Fm(Prop) is even.
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SYNTAX OF PROPOSITIONAL LoGIC

RECURSION OVER FORMULAS

USING THE STRUCTURE OF FORMULAS WE CAN MAKE RECURSIVE DEFS

Let mapping Hpyop : Propu {L} - A, H.: A— Aand H, : Ax A— A with
* € {A, v,—,o}. Then, there exists exactly one mapping F : Fm(Prop) — A
such that:

@ F(pi) = Hprop(pi), for any p; € Prop and F(L) = Hprop(L)
@ F((—¢)) = H-(F(¢)) and
@ F((p*v)) = Ho(F(p), F(¥))

EXERCISE 2

Recursively define functions to:
@ the number of bracket occuring in a formula
@ determine the number of propositions occurring in a formula
@ determine the set of propositions occurring in a formula

@ determine the number of connectives occurring in a formula
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SYNTAX OF PROPOSITIONAL LoGIC

SUB-FORMULAS

DEFINITION 2

Let ¢ € Fm(Prop). The set of sub-formulas of ¢ is the smallest set
defined as follows:

o if ¢ = p; € Prop, Sub(y¢) = {¢}
o if o ==, Sub(p) = {—1p} U Sub(v))
o if p=1p*t), xe{r, v, o}
Sub(p) = {p *»¢'} U Sub(v)) U Sub(')
We say that ¢/ is a sub-formula of © if 1) € Sub(p)
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SYNTAX OF PROPOSITIONAL LoGIC

EXERCISES

EXERCISE 3
Determine Sub(—(r — (p A q)))

EXERCISE 4
Show that the relation “is a subform of” is:
o reflexive

o transitive

EXERCISE 5

Show that any formula with n connectives has at most 2n + 1
sub-formulas.
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SEMANTICS OF PL

OUTLINE
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SEMANTICS OF PL

LET US RECALL... TRUTH TABLES

How TO INTERPRET BOOLEAN OPERATORS

- v | 0|1 A0l
negation:| 0 | 1 | disjunction:| 0 | 0 | 1 | conjunction:| 0 | 0 | O
110 1111 11701

—- |01 - |01

implication:| 0 | 1|1 equivalence; 0 [ 1|0

1101 1101

THIS IS ENOUGH TO INTERPRET ANY ¢ € Fm(Prop):

plalprq|(prg) —p
11| 1 1
1[0 o 1
0[1] o0 1
0[0] O 1
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SEMANTICS OF PL

TRUTH TABLES

EXERCISE 6

Develop the truth table of the following formulas
°o(pvqgvrepv(qgvr)
o ~((pvag)vr)—(qvr)
o ...
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SEMANTICS OF PL

VALUATIONS AND INTERPRETATIONS

DEFINITION 3

A valuation is a function v : Prop — {0,1}. Given a valuation v, the
v-interpretation is the function

[-]v : Fm(Prop) — {0,1}

such that:
o [L]v =0
o for any p € Prop, [p], = v(p)
o [=¢]v =1 [ely
o [e vl = max([e]yv, [¥]v)
o [ A Y]y = min([ely, [+]v)
o [ — 9]y =0iff [¢], =1 and [¢], =0
o [y < ¢l =1iff [¢]y = [¥]v
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SEMANTICS OF PL

VALUATIONS AND INTERPRETATIONS

BACK TO THE TRUTH TABLES

plalprqg|(prg) —p
w11 1 1
wl1]o] 0 1
V3 0 1 0 1
wlo0l0] o 1

o Each line of the table corresponds to a valuation v;.

o For instance, for line 1 we have the valuation v; such that
vi(p) = vi(q) = 1. Hence, in the last column [(p A q) — p],, =1
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SEMANTICS OF PL

VALUATIONS AND INTERPRETATIONS

THEOREM 4

Let v and v’ two valuations and ¢ € Fm(Prop). If, v(p) = v/(p) for any
proposition p occurring ¢, we have that [¢], = [¢].

FOR INSTANCE:

Plag| P | PATP
pl—p|pA—p 11110 0
1] 0 0 0|1] 1 0
1 0 1100 0
010 1 0
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SEMANTICS OF PL

TAUTOLOGIES AND CONTRADICTIONS

DEFINITION 5
A formula ¢ is a:
o tautology if, for any valuation v, [¢], =1

o contradiction if, for any valuation v, [¢], = 0

A TAUTOLOGY AND A CONTRADICTION

plalprg|prg) —p

11 1 1 pl—pl|lpAr-—p
1]0 0 1 110 0
0|1 0 1 0|1 0
0|0 0 1
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SEMANTICS OF PL

SEMANTIC CONSEQUENCE

DEFINITION 6

Let ' € Fm(Prop) be a set of propositional formulas and ¢ € Fm(Prop)
be a formula. We say that  is a semantic consequence of ', in symbols

M=o

if for any valuation v:
if for all v €T, [v], = 1 implies that [¢], =1

NOTATION

o we write o, ..., = @ to denote {po,...on} FE ¢
o we write = ¢ to denote (J = ¢ hence,

= o iff © is a tautology
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SEMANTICS OF PL

SEMANTIC CONSEQUENCE

EXERCISE 7

Check that

°o Y EPAY

° =YY
° p—P, -
oFp—p

EXERCISE 8
Show that

YE®
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SEMANTICS OF PL

SEMANTIC CONSEQUENCE

EXERCISE 9
Show that:
if o= and ) =, then ¢ =

EXERCISE 10
Show that

Fe - iffol=d

EXERCISE 11
Show that

[[90 - w]]v =1 iff[[@]]v < H¢Hv
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SEMANTICS OF PL

SEMANTIC CONSEQUENCE

EXERCISE 12 (ALTERNATIVE PRESENTATION OF INTERPRETATION OF
FORMULAS)

Show that:

o [ A¥]y = [elv - [¥]v

o [ vyl =lelv + [¥]v — el - [¥]v
o [ = ¥lv =1~T[elv + [wlv - [¥]v

o [p =]y =1—|l¢lv — [¥]v]
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SEMANTICS OF PL

SEMANTIC CONSEQUENCE

EXERCISE 13 (NELLER, MARKOV, RUSSEL. CLUE DEDUCTION:
PROFESSOR PLuM TEACHEsS Locic (2016) )

Suppose that liars always speak what is false, and truth-tellers always
speak what is true. Further suppose that Amy, Bob, and Cal are each
either a liar or truth-teller. Amy says, “Bob is a liar.” Bob says, “Cal is a

liar.” Cal says, "Amy and Bob are liars.” Which, if any, of these people are
truth-tellers?
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SEMANTICS OF PL

SEMANTIC CONSEQUENCE

EXERCISE 14 (LoGIC IN ACTION. VAN BENTHEM ET AL. 2016)

You want to throw a party, respecting people’s incompatibilities. You
know that:

o John comes if Mary or Ann comes.
o Ann Comes if Mary does not come.
o If Ann comes, John does not.

Can you invite people under these constraints?
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SEMANTICS OF PL

PROPERTIES OF PROPOSITIONAL LOGIC

EXERCISE 15

Prove or refute that the following formulas are tautologies:
o (pvgvrepvigvr)
o (prg)Aaropa(gnar)
o pvgeqvr

O pAGeqgAp

©

pvigar)e(pva)a(pvr)

©

prlgvr)e(parg)v(pnar)
© =(pAg) e —pv—q

° =(pvqg)e—pr—q
°©g—pArg

°opAg—gq
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SEMANTICS OF PL

SUBSTITUTION LEMMA

SUBSTITUTIONS IN PROPOSITIONAL FORMULAS

® if o € Prop and ¢ # p

Y if o € Prop and p = p
plv/p] = :

—¢1[¢/p] if o = (—¢1)

e1[v/p] * p2(/p] if o = @1 * 2

THEOREM 7 (SUBSTITUTION THEOREM)

Let p € Prop and ¢1, 2,1 € Fm(Prop).
If = o1 < @2, then = ¢[p1/p] < P]p2/p]
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PROPERTIES OF PROPOSITIONAL LOGIC

SEMANTICS OF PL

EXERCISE 16

Prove or refute the following formulas are tautologies:

Qo

(pvi)vyeopov (@vy)

O (pr) Ay (@A)
O pvypeoyPvey
O prYeoPry
O pv@ar)e(evy)aleva)
O pr@vy)eo(ead)vipay)
O —(pAy) o —pv -t
O —(pvy) o —p At
O pvepeoop
O pAyY oo
O ~mpeop
y
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SEMANTICS OF PL

OTHER CONNECTIVE SYSTEMS

o As is well known, the set of connectives {—, v, A, —. <>} is not
minimal,
is not minimal, in the sense that a proper subset of these connectives
suffices to define the logic without any loss of expressivity.
o For instance, using {—, A} we can introduced the other connectives
by abbreviations:
° pvih=—(—p A1)
e —Y="pvy
o ... (Exercise)
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SEMANTICS OF PL

OTHER CONNECTIVE SYSTEMS

EXERCISE 17

- 1
Show that the Sheaffer Stroke connective| 0 | 1 | 1 |is a enough to
1110

represent propositional logic.

THEOREM 8

For each n-ary connective x defined by its valuation, there is a formula T,
containing only p1,...,pn, v and —, such that =7 < x(p1,...,pn)

PRrROOF.
See van Dalen Theorem 1.3. O
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NATURAL DEDUCTION CALCULUS
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NATURAL DEDUCTION CALCULUS

SEMANTICS CONSEQUENCES VS DERIVATIONS

Using the introduced semantics we have a way to interpret propositional
formulas and to check consequences

M=

Now, we will introduce a set of rules to make derivations:

)

At the end we will prove their soundness:

¢ implies [ = ¢

and their completeness
=@ implies T - ¢
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NATURAL DEDUCTION CALCULUS

NATURAL DEDUCTION CALCULAESTYLE

There are different styles of calculus to derive

()

In this course we will use a Natural Deduction Calculus constituted by a
set of rules of form

premisses

- *conditions* (rule name)
conclusions

Hence, a proof of ' - ¢ consists of a three rooted in ¢ and which leafs are
vyel
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NATURAL DEDUCTION CALCULUS

NATURAL DEDUCTION RULES

DEFINITION 9

Let ©, p1,...,9n € Fm(Prop). A (natural deduction) inference rule is
an expression
Y1 ... W

¥
Formulas 1; are the premisses or assumptions and ¢ is the conclusion

v

EXAMPLE: THE modus ponens RULE
Y Yoo
2
Hence, ¥,¢ — p I ¢
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NATURAL DEDUCTION CALCULUS

NATURAL DEDUCTION RULES

SOME ASSUMPTIONS MAY BE DISCHARGED
If | have

©

ﬁ‘@

we conclude that, assuming that ¢ is true, then ¢ holds,
i.e. 1.
But, hence

[]
D

)

S S
Y =Y

we can conclude ¢ — v without any assumption, i.e.
Fy—-v
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NATURAL DEDUCTION CALCULUS

NATURAL DEDUCTION RULES

DERIVATIONS

A derivation of a formula ¢ from assumptions I is a finite tree of
formulas satisfying the following conditions:

@ The topmost formulas of the tree are either in I or are discharged by
an inference in the tree.

@ The bottommost formula of the tree is .

® Every formula in the tree except the sentence ¢ at the bottom is a

premise of a correct application of an inference rule whose conclusion
stands directly below that formula in the tree.

We then say that ¢ is the conclusion of the derivation and I its
undischarged assumptions.
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NATURAL DEDUCTION CALCULUS

INFERENCE RULES

CONJUNCTION RULES

@ Introduction

p P
(In)
N
@ Elimination " "
P A P A
(Ex) (Ex)
® ¥
DISJUNCTION RULES
@ Introduction 0 0
() ()
v YV
@ Elimination
(6] [¥]
D D
o o 6
¥ (Pcp vy (Ev)
A. MADEIRA
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NATURAL DEDUCTION CALCULUS

INFERENCE RULES

IMPLICATION RULES

@ Introduction

@ Elimination
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NATURAL DEDUCTION CALCULUS

INFERENCE RULES

NEGATION RULES

@ Introduction

@ Elimination
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NATURAL DEDUCTION CALCULUS

INFERENCE RULES

BoTTOM RULES

Introduction

% (1)

Elimination

= (E1)
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NATURAL DEDUCTION RULES

A. MADEIRA

NATURAL DEDUCTION CALCULUS

Introduction Rules

Elimination Rules

v e vy e
YA P ®
[¥] [¢]
D D
¥ ® Yve £ &
Yve YV 3
[¥]
D
¥ Y Yo
P = ¢
[¥] [—¥]
D D
+ L
-y ¥
—p L
1 %
EL2324
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NATURAL DEDUCTION CALCULUS

EXAMPLES

e —e

[¢]*

(—) int 1) m

i) = (pve) =
[e]'  [el' e vl

v
pve—p

(v elim 1)

(—> int 2)
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NATURAL DEDUCTION CALCULUS

EXAMPLES

i) F (o= (0 —=8) = (g =) = (=)
o> @O [ [¢]? [¢—9P

(— elim) ) I ”
£
(—int 2)
(— int 3) p =8
o int 1) (b= ¢) = (=9
(= @W—8) = (¢ =) = (=)
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NATURAL DEDUCTION CALCULUS

EXERCISES

EXERCISE 18

Prove that:

O (W—0)

Q- (~p—1v)
@+(p—Y) > [(¥—0)—>(p—0)]
@+ (=Y > —p) = (p—)

@+ (=)= (¥ — —yp)

@O F——p—v

@F-p——p

O+ ((pry)—0)—= (v (¥—0)
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NATURAL DEDUCTION CALCULUS

EXERCISES

EXERCISE 19

@ a0+ 8- ((anpB)A(anb))

@0-a— (B—((arB)a(anb)))

@0 (a—> (8- ((arB)a(anb))))

EXERCISE 20
Da—->p,0—-0Ha—0
@ arfrFBAra
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NATURAL DEDUCTION CALCULUS

EXERCISES

EXERCISE 21
Conclude the the following derivation justifying all the steps involved:

A
-(AV B) AV B
L

-A

—-AAN-B
-(AVB)——-AAN-B
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NATURAL DEDUCTION CALCULUS

EXERCISES

EXERCISE 22
Conclude the the following derivation justifying all the steps involved:

AANB
(ANB)A(ANCQ)
B— (AANB)A(AANC)
A= (B—= (AANB)A(ANQ))
C— (A= (B—=(AANB)AN(ANC)))
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NATURAL DEDUCTION CALCULUS

EXERCISES

EXERCISE 23
Conclude the the following derivation justifying all the steps involved:

AN(BVCQO)
AN(BVCQO) 5 AANB
BvC (ANB)V(ANC) (ANB)V (ANC)

(AANB)V(ANC)
(ANBVC) = (ANB)V(AAC))
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SOUNDNESS AND COMPLETENESS

OUTLINE

(@ SOUNDNESS AND COMPLETENESS
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SOUNDNESS AND COMPLETENESS

BACK TO THE MOTIVATIONS

We studied two ways to infer in Propositional Calculus:

USING SEMANTICS
M=o

UsiNnGg CALCULUS
I

IN THIS SECTION WE WILL PROVE

that = and  are equivalent, in the sense that
SOUNDNESS [ |~ ¢ implies that [ |= ¢
COMPLETENESS [ = ¢ implies that [ - ¢
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SOUNDNESS AND COMPLETENESS

SOUNDNESS

THEOREM 10
[+ o implies that T = ¢

PROOF.

Exercise: use induction on the structure of derivations.
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SOUNDNESS AND COMPLETENESS

CONSISTENT SET OF FORMULAS

DEFINITION 11

Let ' € Fm(Prop) a set of propositional formulas. The set I is
consistent if ' I~ L

LEMMA 12
The following three conditions are equivalent:
@ T is consistent

@ There is no ¢ such that T ¢ and I - —

@ There is at least a ¢ such that I (£ ¢
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SOUNDNESS AND COMPLETENESS

CONSISTENT SET OF FORMULAS

EXERCISE 24

If there is a valuation v such that [y], = 1, for any y €T, then T is
consistent.

EXERCISE 25
o IfT U {—p} is inconsistent, then T - ¢
o IfT U {p} is inconsistent, then [ - —¢
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SOUNDNESS AND COMPLETENESS

MAXIMAL CONSISTENT SET OF FORMULAS

DEFINITION 13
A set ' is maximally consistent iff

(1) T is consistent

(11) for any " consistent, if T € " then I =T
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SOUNDNESS AND COMPLETENESS

MAXIMAL CONSISTENT SET OF FORMULAS

LEmMA 14
Each consistent set of formulas I is contained in a maximally consistent set of formulas '*
o
Proor.
Hint: we recursively construct such set. In order to do that we use the fact that Fm(Prop) is
countable (since Prop is countable as well). |
o

LEMMA 15

If T is maximally consistent, then

[ ¢ implies p e T

LEMMA 16
Let ' be a maximally consistent set of formulas. Then
Q for all ¢, either pc [ or —pc

9 for all ¢,1,
(o = eTl)iff (p el implies that v € I)
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SOUNDNESS AND COMPLETENESS

COMPLETENESS

COROLLARY 17

If T is maximally consistent, then
o pel iff~p¢l and
o ~pel iffp¢l

LEMMA 18

If T is consistent, then there exists a valuation v such that [v], =1 for
anyvyel.

COROLLARY 19

[ V£ @ iff there is a valuation v such that [v], =1, for any v € and
[[Soﬂv = 0.
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SOUNDNESS AND COMPLETENESS

COMPLETENESS

THEOREM 20
[ = ¢ implies that [ - ¢ J

Finally, the Natural Deduction Calculus for Propositional Logic is sound
and complete

COROLLARY 21

M= iff T o
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SOUNDNESS AND COMPLETENESS

SOUNDNESS AND COMPLETNESS OF PROPOSITIONAL
Loaic

COROLLARY 22

M= iff Mo
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