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WHILE: A SIMPLE PROGRAMMING LANGUAGE

THE IMPERATIVE LANGUAGE WHILE

THE LANGUAGE WHILE

For the purposes of this UC, we will introduce a prototype imperative
programming language that contains the basic ingredients of any

“standard” imperative programming language, without procedures or
advanced data structures.
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WHILE: A SIMPLE PROGRAMMING LANGUAGE

THE IMPERATIVE LANGUAGE WHILE

SYNTACTICAL CATEGORIES OF WHILE

Categogy Domain Meta-variables
Integers Z={--—-101,...}

Truth values B = {true, false}

Variables Var = {x,y,...}

Arithmetic expressions
Boolean expressions
commands

AExp
BExp
Cmd

O T »w X N
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WHILE: A SIMPLE PROGRAMMING LANGUAGE

THE IMPERATIVE LANGUAGE WHILE

ARITHMETIC EXPRESSIONS AEXP

ax=z|x|at+ala—alaxa

EXAMPLES
03+ xx%xy
o xx*((y —4)%0)

o ...
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WHILE: A SIMPLE PROGRAMMING LANGUAGE

THE IMPERATIVE LANGUAGE WHILE

BOOLEAN EXPRESSIONS BExp
bui=t|la=ala>a|-b|bAb|bVb teB

where a € AExp

EXAMPLES
°o 2(x=3)V(x=y)
o trueN(x=3Vx=y)

o ...
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WHILE: A SIMPLE PROGRAMMING LANGUAGE

THE IMPERATIVE LANGUAGE WHILE

COMMANDS CMD
cu=skip|x:=a|c;c|if bthen c else c |while bdo ¢

where a € AExp and b € BExp

EXAMPLES
o if x > 0 then x :=1 else x := —x
o x:=3;(if x > 0 then x := 1 else x := —x)
o (if x > 0 then x := 1l else x := —x); x := 3
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WHILE: A SIMPLE PROGRAMMING LANGUAGE

THE IMPERATIVE LANGUAGE WHILE

EXERCISE 1

Try to represent some other common commands (e.g.
repeat ¢ until b ) on means of the base programs of While.
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WHILE: A SIMPLE PROGRAMMING LANGUAGE

THE IMPERATIVE LANGUAGE WHILE

RECOMMENDED READINGS
o book of Winskel, Chap 1 and Sec 2.1
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

OUTLINE

@ BIG-STEP OPERATIONAL SEMANTICS OF WHILE
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

TO PROVIDE A FORMAL INTERPRETATION TO WHILE

o Objective: given a While program, interpret it in a mathematical
structure

o This is done in a structural way, using inference rules in a natural
deduction style

premisses ..
*conditions* (rule name)

conclusions
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BIG-STEP OPERATIONAL SEMANTICS OF WHILE

TO PROVIDE A FORMAL INTERPRETATION TO WHILE

o Objective: given a While program, interpret it in a mathematical
structure

o This is done in a structural way, using inference rules in a natural
deduction style

premisses ..
*conditions* (rule name)

conclusions

o Let us introduce:

o a notion of state
o rules to interpret arithmetic and Boolean expressions
o rules to interpret commands
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BIG-STEP OPERATIONAL SEMANTICS OF WHILE

(RECALLING) NATURAL DEDUCTION

NATURAL DEDUCTION SYSTEM FOR PROPOSITIONAL LOGIC

v P pAD pAD
AL AE AE
A ¢ ! P ?

EM
PV
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

STATES
DEFINITION 1
A program state (in the variables Var) is a function

o:Var - Z

The state space of a program is the set

Y={o|o:Var = Z}
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

STATES
DEFINITION 1
A program state (in the variables Var) is a function

o:Var - 7Z

The state space of a program is the set

Y={o|o:Var = Z}

o o(x) denotes the value of the variable x in the state o
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BiG-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF ARITHMETIC EXPRESSIONS AEXP

INTERPRETATION OF AN EXPRESSION a € AEXP IN A STATE 0 € ¥
(a,0) — z

means:
the expression a is evaluated in the state o as z
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE
INTERPRETATION OF ARITHMETIC EXPRESSIONS AEXP

AXIOMS

(z,0) >z (x,0) = o(x)
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE
INTERPRETATION OF ARITHMETIC EXPRESSIONS AEXP

AXIOMS

(z,0) >z (x,0) = o(x)

INFERENCE RULES
(a1,0) > z1 (a2,0) > =

where z = z1 + 2
(a1 + a2,0) = z
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF ARITHMETIC EXPRESSIONS AEXP

AXIOMS

(z,0) >z (x,0) = o(x)

INFERENCE RULES
(a1,0) > z1 (a2,0) > =

where z = z1 + 2
(a1 + a2,0) = z

(al,cr> — 71 <32,0'> — 22

where z = z; — 2
(a1 — az,0) = z
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF ARITHMETIC EXPRESSIONS AEXP

AXIOMS

(z,0) >z (x,0) = o(x)

INFERENCE RULES
(a1,0) > z1 (a2,0) > =

where z = z1 + 2
(a1 + a2,0) = z

- -
(a1,0) 221 (@2,0) > 2 where z =z — 2

(a1 — az,0) = z

a — a —
(a1,0) > 21 (@2,0) > 2 where z = z; % 2,

(a1 * ap,0) = z
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF ARITHMETIC EXPRESSIONS AEXP

AXIOMS

(z,0) >z (x,0) = o(x)

INFERENCE RULES
(a1,0) > z1 (a2,0) > =
<31 + ap, U> — z

where z = z1 + 2

(a1,0> — 21 <32,0'> — 22

where z = z; — 2
(a1 — az,0) = z

<31,0'> — Z1 <32,0'> — 22
(a1 * ap,0) = z

where z = z; x z»

EXAMPLE

Interpretation of expression (x 4+ y) — 1 in a state o such that o(x) =1 and o(y) =0
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF ARITHMETIC EXPRESSIONS AEXP

AXIOMS

(z,0) >z (x,0) = o(x)

INFERENCE RULES
(a1,0) > z1 (a2,0) > =
<31 + ap, U> —Zz

where z = z1 + 2

(a1,0> — 21 <32,0'> — 22

where z = z; — 2
(a1 — az,0) = z

(al,a> — Z1 <32,0'> — 22
(a1 * ap,0) = z

where z = z; x z»

EXAMPLE

Interpretation of expression (x 4+ y) — 1 in a state o such that o(x) =1 and o(y) = 0:

oy =1o (=1 ey =0
= (x+y,a)y—>1 = 1=1+0 (1,0)—1 0=1-1
((x+y)-1,0) >0
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF ARITHMETIC EXPRESSIONS AEXP

EXERCISE 2
@ Foro(x) =3 and o(y) =9, evaluate the expression (x + 3) * (y — 2)
ino

@ For o'(x) = 0, evaluate the expression (x +5) + (7 +9) in o’
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF ARITHMETIC EXPRESSIONS AEXP

THEOREM 1

Let a € AEzp and 0,0’ € ¥ such that, for any x € fv(a)?, o(x) = o'(x).
Then, for each z € Z,

(a,0) — z iff (a,0") — z

“The function fv : AExp — P(Var) that collects all the variable that occours in a
expression, was defined in a previous class
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF ARITHMETIC EXPRESSIONS AEXP

THEOREM 1

Let a € AEzp and 0,0’ € ¥ such that, for any x € fv(a)?, o(x) = o'(x).
Then, for each z € Z,

(a,0) — z iff (a,0") — z

“The function fv : AExp — P(Var) that collects all the variable that occours in a
expression, was defined in a previous class

EXERCISE 3

Prove the result using structural induction over AEzp.
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

BExp> bu=t|a=ala>a|-b|bAb|bVb, tecB;ac AExp

Axioms
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

BExp> bu=t|a=ala>a|-b|bAb|bVb, tecB;ac AExp

Axioms m

Inference Rules
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

BExp> bu=t|a=ala>a|-b|bAb|bVb, tecB;ac AExp

Axioms m

Inference Rules

<al,(7'>—>21 <82,(T)—>22

(a1=a2,0)—true Lt if z1 # 2

(ay=ay,0)—false

if Z] = 2o
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

BExp> bu=t|a=ala>a|-b|bAb|bVb, tecB;ac AExp

Axioms m

Inference Rules

<al,(7'>—>21 <82,(T)—>22

(a1=a,0) —true if z1 = 2
<31,0'>4)21 <32,0'>4)Z2 .
(a1>ay,0)—true if 2> 22
A. MADEIRA ADA
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(ay=ay,0)—false if 2, # 22

<31,0'>*>21 <32,0'>*)22

(a1 >ap,0)—false sez1 < 2
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

BExp> bu=t|a=ala>a|-b|bAb|bVb, tecB;ac AExp

Axioms m

Inference Rules

<al,(7'>—>21 <82,(T)—>22
(a1=a,0) —true

. _ <81,0'>—)21 <82,0'>—)22 -
if 1 =2 (ay=ay,0)—false if 21 # 22

<31,0'>4)21 <32,0'>4)Z2 .
(a1>ay,0)—true if 2> 22

(b,o)—false (b,0)—true

(—b,oc)—true (—b,0)—false

<31,0'>*>21 <32,0'>*)22
(a1 >ap,0)—false

se z1 < 2
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

BExp> bu=t|a=ala>a|-b|bAb|bVb, tecB;ac AExp

Axioms m

Inference Rules

<al,(7'>—>21 <82,(T)—>22
(a1=a,0) —true

. _ <81,0'>—)21 <82,0'>—)22 -
if 1 =2 (ay=ay,0)—false if 21 # 22

<31,0'>4)21 <32,0'>4)Z2
(a1>ay,0)—true

H <31,0'>*>21 <32,0'>*)22
if 2> (a1 >ap,0)—false

se z1 < 2

(b,o)—false (b,0)—true
(—b,oc)—true (—b,0)—false

(b1,0)—true (bp,0)—true (bj,0)—true (bp,0)—rfalse
(biA\by,0)—true (biAby,0) —false
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

BExp> bu=t|a=ala>a|-b|bAb|bVb, tecB;ac AExp

Axioms m

Inference Rules

<al,(7'>—>21 <82,(T)—>22
(a1=a,0) —true

. _ <81,0'>—)21 <82,0'>—)22 -
if 1 =2 (ay=ay,0)—false if 21 # 22

<31,0'>4)21 <32,0'>4)Z2
(a1>ay,0)—true

H <31,0'>*>21 <32,0'>*)22
if 7> 2 (a1 >ap,0)—false s€z; S 22
(b,o)—false (b,0)—true

(—b,oc)—true (—b,0)—false

(b1,0)—true (bp,0)—true (bj,0)—true (bp,0)—rfalse

(biA\by,0)—true (biAby,0) —false
(b1,0)—false (by,0)—true (bi,0)—false (bp,0)—false
(biA\by,0) —false (biAby,0) —false
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

BExp> bu=t|a=ala>a|-b|bAb|bVb, tecB;ac AExp

Axioms m

Inference Rules

<al,(7'>—>21 <82,(T)—>22
(a1=a,0) —true

H _ <81,0'>—)21 <82,0'>—)22 B
if 1 =2 (ay=ay,0)—false if 21 # 22
<31,0'>4)21 <32,0'>4)Z2

< > <31,0'>*>21 <32,0'>*)22
ai>ap,o)—true

(a1 >ap,0)—false

if z7 > 2 sez1 < 2

(b,o)—false (b,0)—true
(—b,oc)—true (—b,0)—false

(b1,0)—true (bp,0)—true (bj,0)—true (bp,0)—rfalse

(biA\by,0)—true (biAby,0) —false
(b1,0)—false (by,0)—true (bi,0)—false (bp,0)—false
(biA\by,0) —false (biAby,0) —false
(b1,0)—true (bp,0)—true (bi,0)—true (bp,0)—false
(b1Vby,0)—true (b1Vby,0)—true
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

BExp> bu=t|a=ala>a|-b|bAb|bVb, tecB;ac AExp

Axioms m

Inference Rules

<al,(7'>—>21 <82,(T)—>22 H _ <81,0'>—)21 <82,0'>—)22 B
(a1=a2,0) —true if 21 = 2 (a1=22,0) —>false if z1 # 2
<31,0'>4)21 <32,0'>4)Z2 H <31,0'>*>21 <32,0'>*)22
(a1>a;,0)—true if z1 > 2 (a1>a,0)sfalse ¢ 41 <2z

(b,o)—false
(—b,0)—true

(b,0)—true
(—b,o)—false

(b1,0)—true (by,0)—true
(biA\by,0)—true

(b1,0)—false (bp,0)—true

(b1,0)—true (bp,0)—false
(biAby,0) —false

(b1,0)—false (by,0)—false

(biA\by,0) —false

(b1,0)—true (bp,0)—>true

(biAby,0) —false

(b1,0)—true (bp,0)—false

(b1Vby,0)—true

(by1,0)—false (bp,0)—true

(b1Vby,0)—true

(b1,0)—false (bp,0)—false

(b1Vby,0)—true
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

EXERCISE 4

For o such that o(x) = 2 and o(y) =5, interpret the Boolean expressions
@ (y=3)v(x=2)
@ ~(x=y)
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF BOOLEAN EXPRESSIONS BEXP

MORE EFFICIENT STRATEGIES TO EVALUATE EXPRESSIONS?
To apply the rule
(b1,0) — false (by,0) — true
(b1 A\ by,0) — false

it would be enough to evaluate by, i.e.

(b1,0) — false
(b1 A bp,0) — false

EXERCISE 5

Introduce a more efficient set of inference rules to evaluate BExzp expressions
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

UPDATES ON STATES

Against of what happens with the interpretation of arithmetic and Boolean
expressions, the commands execution change the states of a program. E.g.

o(x)=25 - x=3 o'(x)=3
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

UPDATES ON STATES

Against of what happens with the interpretation of arithmetic and Boolean
expressions, the commands execution change the states of a program. E.g.
o(x) =26 ——— =3 o'(x)=3

The execution step
(x:=3,0) = o’
transforms the state o in a state o’ where, for any y € Var,

o )3 y=x
)= {U(y) y # X
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BIG-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

NOTATION
The expression
(c,o) — o

denotes that the (full) execution of command c in state o terminates in
final state o”.

UPDATE FUNCTION
Let c € X, x,y € Var and z € Z.

I E: y =x
b2l = {U(y) y # x
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BiG-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

THEOREM 2
Let z1,z0 € Z and x,y € Var. Then,

(o[x  z1])[x « z2] = o[x < 2]

PROOF.
Exercise!l O
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BiG-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

THEOREM 2
Let z1,z0 € Z and x,y € Var. Then,

(o[x  z1])[x « z2] = o[x < 2]

PROOF.
Exercise!l

COROLLARY 2
Let z1,...,zp, € Z and x,y € Var. Then,

(... ((a[x < z])[x < z2])...)[x < za])(y) = o[x < zn](y)
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BiG-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

Cmd > c:=skip| x :=a|c;c|if bthen c else c |while bdo ¢

COMMANDS INTERPRETATION

Axioms

v
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

Cmd > ¢ :=skip| x :=a| c;c|if bthen celse c|while bdoc
COMMANDS INTERPRETATION

Axioms

(sKiP) textp 75

Inference rules

v
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

Cmd > ¢ :=skip| x :=a| c;c|if bthen celse c|while bdoc

COMMANDS INTERPRETATION

Axioms

(Sklp) (skip,0)—0o

Inference rules

(assign)%
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INTERPRETATION OF COMMANDS CMD

Cmd > ¢ :=skip| x :=a| c;c|if bthen celse c|while bdoc

COMMANDS INTERPRETATION

Axioms

(Sklp) (skip,0)—0o

Inference rules

(assign)%

(c1,0)—=0’ (c,0' )=
(seq) (c1;0,0) =0
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

Cmd > ¢ :=skip| x :=a| c;c|if bthen celse c|while bdoc
COMMANDS INTERPRETATION

Axioms

(Sklp) (skip,0)—0o

Inference rules

(assign)%

(c1,0)—=0’ (c,0' )=
(seq) (c1;0,0) =0

(if—t) (b,o)—true (c,0)—0o’
(if b then c; else o,0)—0’
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INTERPRETATION OF COMMANDS CMD

Cmd > ¢ :=skip| x :=a| c;c|if bthen celse c|while bdoc
COMMANDS INTERPRETATION

Axioms

(Sklp) (skip,0)—0o

Inference rules

(assign)%

(c1,0)—=0’ (c,0' )=

(seq) (c1;0,0) =0

(if—t) (b,o)—true (c,0)—0o’ (If f) (b,o)—false (c,0)—0’
(if b then c; else o,0)—0’ (if b then c; else &,0)—0’
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

Cmd > ¢ :=skip| x :=a| c;c|if bthen celse c|while bdoc

COMMANDS INTERPRETATION

Axioms

(Sklp) (skip,0)—0o

Inference rules

(assign)%

(c1,0)—=0’ (c,0' )=

(seq) (c1;0,0) =0
(if—t) (b,o)—true (c,0)—0o’ (If f) (b,o)—false (c,0)—0’
(if b then c; else o,0)—0’ (if b then c; else &,0)—0’

(Wh—t) (b,0)—true (c,0)—0c’ (while bdo c ,0’')—o"
(while b do ¢ ,0)—0c"
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

Cmd > ¢ :=skip| x :=a| c;c|if bthen celse c|while bdoc

COMMANDS INTERPRETATION

Axioms

(Sklp) (skip,0)—0o

Inference rules

(assign)%

(c1,0)—=0’ (c,0' )=

(seq) (c1;0,0) =0
(if—t) (b,o)—true (c,0)—0o’ (If f) (b,o)—false (c,0)—0’
(if b then c; else o,0)—0’ (if b then c; else &,0)—0’

(Wh-t) (b,0)—true (c,0)—0c’ (while bdo c ,0’')—o"
(while b do ¢ ,0)—0c"

(b,0)—false
(Wh f) whlle bdo c ,0)—0o
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

ExXAMPLE

Interpretation of program x :=1; y :=3in a state ¢
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

ExXAMPLE

Interpretation of program x :=1; y :=3in a state ¢

(1,0)—1 (3,0[x+1])—3

(x :=1,0)—0[x+1] (aSSign) (y :=3,0[x=3])—=o[x+1][y3] (aSSign)
(x =1,y :=3,0) = o[x < 1][y « 3]

(seq)
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

INTERPRETATION OF COMMANDS CMD

EXAMPLE
Interpretation of program x :=1; y :=3in a state ¢

(1,0)—1 (3,0[x+1])—3

(x :=1,0)—0[x<1] (aSSign) (y :=3,0[x-3])—=o[x+1][y«3] (aSSign)
(x =1,y :=3,0) = o[x < 1][y « 3]

(seq)

EXERCISE 6
Interpret the programs

1f (2=3) then(x :=1; y :=3) else skip

and

if (2 =3) thenskip else(x =1, y :=3)
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

EXERCISES
EXERCISE 7
Extend the base language While with an operator

repeat ¢ until b

It shall behave as expected (see the executions of
w = repeat (x :=x+1) until (x>2)

UQ(X) =1 *w> Ul(X) =2 *w> UQ(X) =3
0’0(X) =5 *w> O’1(X) =6

@ Extend the set of inference rules for this new command.

@ Derive the executions of w = repeat (x :== x+ 1) until (x >2) froma
state o such that o(x) = 1 and from a state o' such that o’(x) = 5.

v
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BIG-STEP OPERATIONAL SEMANTICS OF WHILE
PROVING GENERIC PROPERTIES ABOUT PROGRAMS

DEFINITION 3 (OPERATIONAL EQUIVALENCE)

Let ¢, ¢’ € Cmd. The programs ¢ and ¢’ are operationally equivalent, in
symbols ¢ ~ ¢/, iff for any o € T,

(c,o) — o' iff (c',o) — o
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

PROVING GENERIC PROPERTIES ABOUT PROGRAMS

DEFINITION 3 (OPERATIONAL EQUIVALENCE)

Let ¢, ¢’ € Cmd. The programs ¢ and ¢’ are operationally equivalent, in
symbols ¢ ~ ¢, iff for any o € X,

(c,o) — o' iff (c',o) — o

EXERCISE 8
Show that

©

ci; (c2i c3) ~ (c1; c2); 3

a; @ # aa

o (x =y; x =1)~(x :=1)

(repeat ¢ until b) % (while—b doc ), by assuming the

semantic rules for repeat b wunt<il c introduced in the previous
Exercise 7

©

©

v
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BiG-STEP OPERATIONAL SEMANTICS OF WHILE

PROVING GENERIC PROPERTIES ABOUT PROGRAMS

THEOREM 3
Let w = while b doc. Then

w ~ 5f b then (c;w) else skip

PRrROOF.
Exercise! Yy
A. MADEIRA ADA SEPTEMBER 29, 2024 28 /48



B1G-STEP OPERATIONAL SEMANTICS OF WHILE

PROVING GENERIC PROPERTIES ABOUT PROGRAMS

EXERCISE 9

Let us revisit the inference rules for the command

repeat ¢ until b

suggested in Exercise 7.

o Define now this operator using the operators of While
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

PROVING GENERIC PROPERTIES ABOUT PROGRAMS

EXERCISE 9

Let us revisit the inference rules for the command

repeat ¢ until b

suggested in Exercise 7.

o Define now this operator using the operators of While

o Prove that (repeat ¢ until b))~ (c;while —b do c) using the

rules introduced in the Exercise 7
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

PROVING GENERIC PROPERTIES ABOUT PROGRAMS

THEOREM 4

The execution of programs While is deterministic, i.e. for any ¢ € Cmd
and for any states 0,0',0"” € ¥,

if (c,0) — o' and (c,o) — 0" then o' = o"

A. MADEIRA ADA SEPTEMBER 29, 2024
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BiG-STEP OPERATIONAL SEMANTICS OF WHILE

ABOUT TERMINATION OF PROGRAMS

EXERCISE 10
Try to derive the program

while true do skip
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

ABOUT TERMINATION OF PROGRAMS

EXERCISE 10
Try to derive the program

while true do skip

There exist o and ¢’ such that

(while true do skip,o) — o'?
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B1G-STEP OPERATIONAL SEMANTICS OF WHILE

Bic STEPS SEMANTICS OPERATIONAL FUNCTIONAL

DEFINITION 4

The functional of the operational semantics
B[] :Cmd — (X --» X)

assigns to every statement ¢ € Cmd, a partial function on states which is
defined as follows:

Blc]: X --» ©

Bc](0) {a’ (c,o) — o’

undefined otherwise
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BiG-STEP OPERATIONAL SEMANTICS OF WHILE

EXERCISES

EXERCISE 11

Determine
Bwhile true do skip |

EXERCISE 12
For o € X, determine

° B[z =x; x ==y, y =2](0)
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BiG-STEP OPERATIONAL SEMANTICS OF WHILE

EXERCISES

EXERCISE 11

Determine
Bwhile true do skip |

EXERCISE 12
For o € X, determine

o B[z :=x x Ly =2](o)

Let oy such that o1(x )=3 d o1(y) = 4. Then, determine:
° Bz =x; x ==y; y = 2z[(01)(x) an
0 B[z :==x; x :==y; y :=z](o1)(y)
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BiG-STEP OPERATIONAL SEMANTICS OF WHILE

EXERCISES

EXERCISE 11

Determine
Bwhile true do skip |

EXERCISE 12
For o € X, determine

o B[z :=x x Ly =2](o)

Let oy such that o1(x )=3 d o1(y) = 4. Then, determine:
° Bz =x; x ==y; y = 2z[(01)(x) an
0 B[z :==x; x :==y; y :=z](o1)(y)

EXERCISE 13

Let o € X such that o(x) = 3. Calculate:
B[y =L while-(x=1)do(y =y xx; x :=x—1)](o)(x)
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

OUTLINE

@ SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL-STEPS OPERATIONAL SEMANTICS

BIG-STEPS VS SMALL-STEPS OPERATIONAL SEMANTICS
o Big steps semantics describes the effect of the execution of a
complete programa ¢
o Small steps semantics emphasizes the individual steps of such
executions

B1G STEPS SEMANTICS

(c,o) =0

SMALL STEPS SEMANTICS

(c,o) = (', o)
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL-STEPS OPERATIONAL SEMANTICS

Cmd > c:=skip| x :=a|c;c|if bthen c else c|while bdoc

INFERENCE RULES

. (a,0)—z ;
(assign) (x:=a,0) = o[x¢2] (skip) (skip,0) = o
A. MADEIRA ADA
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL-STEPS OPERATIONAL SEMANTICS

Cmd > c:=skip| x :=a|c;c|if bthen c else c|while bdoc

INFERENCE RULES

(assign)<x::a<ff>7>;>§[xezl (skip) Tskip,o) = o
(c1,01) =0 (c1,01) = (¢1,02)
(seq 1) (q;cim; = <c22702) (seq 2) (Cl?cl#’; = <Ci;c22"72>
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL-STEPS OPERATIONAL SEMANTICS

Cmd > c:=skip| x :=a|c;c|if bthen c else c|while bdoc

INFERENCE RULES

(assign)<x::a<;‘>7>;>§[xezl (skip) {skip,0) = o
(c1,01) =0 (c1,01) = (c1,02)
(seq 1) (q;c;lm; = <622,U2) (seq 2) <C1;C;01> = <Ci?c22:‘72>

(f t) (b,o)—true
- (if b then ¢ else o,0) = (c1,0)
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL-STEPS OPERATIONAL SEMANTICS

Cmd > c:=skip| x :=a|c;c|if bthen c else c|while bdoc

INFERENCE RULES

(assign)<x::a<;‘>7>;>§[xezl (skip) {skip,0) = o
(c1,01) =0 (c1,01) = (c1,02)
(seq 1) (q;c;lm; = <622,U2) (seq 2) <C1;C;01> = <Ci?c22:‘72>

(f t) (b,o)—true (f f) (b,o)—false
= (if b then ¢ else o,0) = (c1,0) = (if b then ¢ else ©,0) = (o,0)
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL-STEPS OPERATIONAL SEMANTICS

Cmd > c:=skip| x :=a|c;c|if bthen c else c|while bdoc

INFERENCE RULES

. (a,0)— i
(assign) = _:a;> = i[xez] (skip) Tskip,o) = o
c1, >:> <C7J>:><C/’U>
seq 1) {c1; 623001; = <Zz2,02) (seq 2) <C1?C;Ui> = <Ci;c22"72>

(if b then ¢ else o,0) = (c1,0) (if b then ¢ else ©,0) = (o,0)

(
(If t) (b,o)—true (If—f) (b,o)—false
(

Whlle) (while b do ¢ ,0) = (if b then (c;while b do c ) else skip,0)
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

EXAMPLE 5
The derivation of the program x :=1; y :=2; z := 3 from a given o:
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

EXAMPLE 5
The derivation of the program x :=1; y :=2; z := 3 from a given o:

(1,0)—1
(x:=1,0) = o[x+1]

(1) (x:=1; y :=2,0) = (y :=2,0[x+1])
(x =1,y =2,z :=3,0) = (y =2,z :=3,0[x <+ 1])
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

EXAMPLE 5
The derivation of the program x :=1; y :=2; z := 3 from a given o:

(1,0)—1
(x:=1,0) = o[x+1]

(1) (x:=1; y :=2,0) = (y :=2,0[x+1])
(x =1,y =2,z :=3,0) = (y =2,z :=3,0[x <+ 1])

(2,0[x+1]) =2
(2) (y =2,0[x1]) = (o[x1][y+2])
(y =2,z :=3,0x«+1]) = (z :=3,0[x <« 1][y + 2])
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

EXAMPLE 5
The derivation of the program x :=1; y :=2; z := 3 from a given o:

(1,0)—1
(x:=1,0) = o[x+1]

(1) (x:=1; y :=2,0) = (y :=2,0[x+1])
(x =1,y =2,z :=3,0) = (y =2,z :=3,0[x <+ 1])

(2,0[x+1]) =2
(2) (y =2,0[x1]) = (o[x1][y+2])
(y =2,z :=3,0x«+1]) = (z :=3,0[x <« 1][y + 2])

(3,0[x+1][y+2])—3
(z :=3,0[x1][y<+2] = o[x+1][y«+2][z+3]
(3) <

z =3, 0x+ 1[y « 2]) = o[x« 1]y « 2][z + 3]
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

EXAMPLE 5
The derivation of the program x :=1; y :=2; z := 3 from a given o:

(1,0)—1
(x:=1,0) = o[x+1]

(1) (x:=1; y :=2,0) = (y :=2,0[x+1])
(x =1,y =2,z :=3,0) = (y =2,z :=3,0[x <+ 1])

(2,0[x+1]) =2
(2) (y :=2,0[x+1]) = (o[x+1][y<+2])
(y =2,z :=3,0[x«1]) = (z :=3,0[x < 1]y «+ 2])

(3,0[x1][y<2])—3
(3) (z :=3,0[x+1][y<-2] = o[x+1][y«-2][z<-3]

(z =3,0x+ 1][y «+ 2]) = o[x« 1]y « 2][z + 3]

Therefore
(x =1,y =2,z :=3,0) = (y =2,z :=3,0[x«1]) (1)
= (z =3, 0x+ 1y« 2) (2
= olx 1]y <« 2][z« 3] (3)
A. MADEIRA ADA SEPTEMBER 29, 2024 37 /48



SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL-STEPS OPERATIONAL SEMANTICS

EXERCISE 14

From a state o such that o(x) = 3 derive the following programs:
o whilex <bHdox:=x+1
o y :=Luwhilea(x=1)do(y =y xx; x =x—1)

o while true do skip
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL-STEP OPERATIONAL SEMANTICS

SEQUENCES AND DERIVATION SEQUENCES

A (possible infinite) set of configurations 7,71, .. ., such that
~o = (co,00), vi = (¢, o) for any 0 </ is called a sequence of ¢ in o.
A derivation sequence of ¢ in ¢ is a sequence of c in ¢ that either

o the sequence is finite (of length n > 0), and ~, is terminal, or

o the sequence is infinite.
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL-STEP OPERATIONAL SEMANTICS

SEQUENCES AND DERIVATION SEQUENCES

A (possible infinite) set of configurations 7,71, .. ., such that
~o = (co,00), vi = (¢, o) for any 0 </ is called a sequence of ¢ in o.
A derivation sequence of ¢ in ¢ is a sequence of c in ¢ that either

o the sequence is finite (of length n > 0), and ~, is terminal, or
o the sequence is infinite.

We write:
o v ='~"is there is a sequence of length i from ~ to 7/

o v =%*~'is there is a finite sequence from v to /'
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

PROPERTIES OF SEQUENCES

Note that
o 7 = 7 do not necessarily represents a derivations sequence
o for each step of the sequence, there is a derivation tree

o for each ¢ and o it is always possible to find (exactly) one derivation
tree

lIn While language, if terminates, terminates successfully. This is not always the
case, if we consider some extensions in the language
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

PROPERTIES OF SEQUENCES

Note that
o 7 = 7 do not necessarily represents a derivations sequence
o for each step of the sequence, there is a derivation tree

o for each ¢ and o it is always possible to find (exactly) one derivation
tree
The execution of a ¢ in o
o loops iff there is an infinite derivation sequence of ¢ in o
o terminates iff there is a finite derivation sequence of ¢ in ¢!

o terminates successfully iff there is a ¢’ such that (c,0) = o’

Yn While language, if terminates, terminates successfully. This is not always the
case, if we consider some extensions in the language
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

A NEW PROOF STRATEGY

INDUCTION ON THE LENGTH OF THE DERIVATION SEQUENCES
@ Prove that the property holds for all derivation sequences of length 0.
@ Prove that the property holds for all other derivation sequences:
Assume that the property holds for all derivation sequences of length
at most k (this is called the induction hypothesis) and show that it
holds for derivation sequences of length k + 1.
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

THE SMALL-STEPS SEMANTICS FUNCTIONAL

LEMMA 6

If (c1; c0,0) =K o', then, there exists a state oy and numbers ki, ko € N
such that (c1,0) =k o1, (c2,01) =" o' and k = ky + ko.
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

THE SMALL-STEPS SEMANTICS FUNCTIONAL

LEMMA 6

If (c1; c0,0) =K o', then, there exists a state oy and numbers ki, ko € N
such that (c1,0) =k o1, (c2,01) =" o' and k = ky + ko.

PROOF.

Exercise! (Proof by induction on the length of the derivation

sequences) O
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THE SMALL-STEPS SEMANTICS FUNCTIONAL

LEMMA 6

If (c1; c0,0) =K o', then, there exists a state oy and numbers ki, ko € N
such that (c1,0) =k o1, (c2,01) =" o' and k = ky + ko.

PROOF.

Exercise! (Proof by induction on the length of the derivation
sequences) O

LEMMA 7

/f<C1,0’1> =k oo then <C1; C2,01> =k <C2,0'2>
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

THE SMALL-STEPS SEMANTICS FUNCTIONAL

LEMMA 6

If (c1; c0,0) =K o', then, there exists a state oy and numbers ki, ko € N
such that (c1,0) =k o1, (c2,01) =" o' and k = ky + ko.

PROOF.

Exercise! (Proof by induction on the length of the derivation
sequences) O

LEMMA 7

/f<C1,0’1> =k oo then <C1; C2,01> =k <C2,0'2>
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL STEPS PROGRAMS EQUIVALENCE

DEFINITION 8

The programs ¢; and ¢ are semantically equivalent, in symbols ¢; =~ ¢,
if for any state o € L,

o (c1,0) =" v iff (co,0) =* 7 if v is terminal, or

o there is an infinite derivation sequence starting in (c1, o) iff there is
one starting in (¢, 0)
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL STEPS PROGRAMS EQUIVALENCE

EXERCISE 15
Show that
o c;skip=c

o c; (e a)~(a; ) c

EXERCISE 16

Introduce small steps semantic rules for the operator

repeat ¢ until b

and show that

repeat ¢ until b = c;while(—b) doc
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

THE SMALL-STEPS SEMANTICS FUNCTIONAL

LEMMA 9

For every ¢ € Cmd and for any states 0,0’ € X, k € N,

c,o01) — 0o implies {c, o1 :>*0'2
(c,01) plies (c, 1)

PROOF.

Exercise! (Proof by structural induction over the derivation trees.) O
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THE SMALL-STEPS SEMANTICS FUNCTIONAL
LEMMA 9
For every ¢ € Cmd and for any states 0,0’ € X, k € N,

c,o01) — 0o implies {c, o1 :>*0'2
(c,01) plies (c, 1)

PROOF.

Exercise! (Proof by structural induction over the derivation trees.)

LEMMA 10
for any ¢ € Cmd, 0,0’ € ¥ and k € N,

if (c,0) =K o' then (c,0) — o’
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THE SMALL-STEPS SEMANTICS FUNCTIONAL

LEMMA 9

For every ¢ € Cmd and for any states 0,0’ € X, k € N,

c,o01) — 0o implies {c, o1 :>*0'2
(c,01) plies (c, 1)

PROOF.

Exercise! (Proof by structural induction over the derivation trees.) O

LEMMA 10
for any ¢ € Cmd, 0,0’ € ¥ and k € N,

if (c,0) =K o' then (c,0) — o’

PRrROOF.
Exercise! O
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

SMALL STEPS SEMANTICS OPERATIONAL
FUNCTIONAL

DEFINITION 11

The functional of the small steps operational semantics
S[]:Cmd — (X --» X)

assigns to every statement ¢ € Cmd, a partial states function which is
defined as follows:

Slc]: X --» ¥

S[cl(0) = {U' (c,o) =* o'

undefined otherwise
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

EQUIVALENCE OF BIG STEPS AND SMALL STEPS
SEMANTICS

THEOREM 5

For any c € Cmd,
Blc] = S[c]

i.e. forany c € Cmd, 0 € .

Bc](0) = &[c](v)
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SMALL-STEPS OPERATIONAL SEMANTICS OF WHILE

EQUIVALENCE OF BIG STEPS AND SMALL STEPS
SEMANTICS

THEOREM 5

For any c € Cmd,
Blc] = &[c]

i.e. forany c € Cmd, 0 € .

Bc](0) = &[c](v)

PrOOF.
Exercisel!
The proof of this The proof follows from Lemmas 6,7 and 9. 0
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