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Optimal Control

/b L (t, 2(t), u(t)) dt —> min

z(t) =t x(t),u(t))
(x(a),z(b)) € F
() e Wiq([a,b]; R"),  u(-) € Ly ([a,b]; 2 CR"),
C'o5L:[a,b]xR"xR" =R, C'3¢:[a,b xR"xR" — R"

Fundamental Problem of the Calculus of Variations (CV)
(A Particular Case: ¢y =u, r =n, Q2 =R")

/b L (t, 5(t), &(t)) dt —> min

z(-) € Wi, (la,0]; R™)
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Pontryagin Maximum Principle (PMP)

If (z(-), u(+)) is a minimizer of (P), then 3 (g, ¥(-)) # 0, Yy <0,
Y(-) € W'y, such that the quadruple (z(-), u(-), 1o, ¥(-)) is a

(Pontryagin) extremal : it satisfies

OH : OH
* the Hamiltonian system zt = —, ¢ =——

oY’ Ox

% The maximality condition

H (t,2(t),u(t), v, 9 (1)) = max H (t,x(t), v, 1o, P(t)) ;

veR”
with the Hamiltonian H (¢, x, u, g, ) = ¥ L (t,x,u) + - @ (t,z,u).

Def. A function C(t, x,u, g, ) constant along every extremal,

C (t,x(t),u(t), o, (t)) = constant , (1)

is called a Constant of Motion (CM); (1) is the corresponding
Conservation Law (CL).
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Extremals of the CV (& = u)

% Hamiltonian: H = ygL + ¢ - u;

% Hamiltonian system: & = u, ¢ = —thg—

OL
% maximality condition: 1 = —zpo

oL
ox’

=» No abnormal extremals exist for the fundamental problem CV

=» If x(-) is a minimizer, it satisfies the Euler—Lagrange equations :

d 0L : oL

T (b (), &) = 5 (¢ @ (), #(t). (2)

< u(-) € Loo = z(+) € W1 o the Euler-Lagrange equations (2) are
valid for minimizers in the class of Lipschitzian functions

Def. A solution x(-) of (2) is an (Euler-Lagrange) extremal .

Def. A quantity C (¢, z(t),2(t)) preserved along every extremal
x(-) is a CM; C (t,x(t), ©(t)) = constant the corresponding CL.
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Conservation Laws, Reduction, and Symmetries

Solving the Hamiltonian system by the elimination of the control,
with the aid of the maximality condition, is typically difficult

v/ It is worthwhile to look for circumstances which make the

resolution process easier

% The existence of a CL may be used for reducing the 2n
dimensional Hamiltonian system to a (2n — 2) dimensional set

% With a sufficiently large number of (independent) CLs one can

solve the problem completely

=» CLs follow from the invariance of the problems (symmetry
theorems of Emmy Noether, 1918)
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General Method for Constructing CLs in the CV

Def. If C! 5 h8(t,x) = (hs(t,s), hy(x,8)) : [a,b] x R — R x R",
s € (—¢,e); hO(t,x) = (t,x) for all (¢,z) € [a,b] x R™;

ht(ﬁ’O) S S S d S S S B v
/h L(t B @ () 7 (a(t ))) dt _/a L(t,2(t),&(t)) dt,

t(CL,O)
for t* = hy(t,s), all s € (—¢, €), all § € |a,b], and all x(+); then the
problem of the CV is said to be invariant under the symmetry A®.

Emmy Noether’s Theorem (1918)

If the problem is invariant under the symmetry h®, then

0

00) - o g (2(0), )| g — H (1, 2(0),2(0), (1)) 5

is a Constant of Motion.

Example. Time invariance (hj =t + s, hY = x) = H = const
State invariance (h] =t, h = x + s)= 1 = const
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The Universal Principle of Emmy Noether

Invariance = Existence of a CL

Classical Formulations
Well Known:
% Invariant problems of the CV defined on a manifold M:;
% Problems of the CV with multiple integrals;

% Invariance with respect to families of transformations depending
on several parameters;

% Invariance of the Lagrangian up to addition of an exact
differential d®(¢, x, s), with & linear on the parameter s .

Not Well Known:

=» Noether’s theorem is still valid for maps A® depending on z.
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The Universal Principle of Emmy Noether

Invariance = Existence of a CL

Recent Formulations

% Autonomous Hamiltonian control systems (van der Schaft, ’81)
% (Higher-order) Supermechanics (Carinena & Figueroa, 94)

% Discrete systems (e.g. cellular automata) (Baez & Gilliam, 94)
¢/ Nonsmooth Calculus of Variations (DT, 2003)

Optimal Control:

* x+— h®(x) (van der Schaft, ’87; Sussmann, '95; Jurdjevic, 97;
Blankenstein & van der Schaft, 2001)

v (t,x)— (hi(t,z,u), hi(t,zr,u)) + quasi-invariance -+
nonlinear gauge term d®(t,z,u,s) (DT, 2002, 2003)
v/ Discrete Optimal Control (DT, 2003)
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Noether Theorem x — h®%(t, x, u)

Definition. Problem (P) is quasi-invariant under h® € C*,
s| <&, h®:]a,b] x R" x R" — R", up to ®(¢t,z,u) € C* if
h(t,z,u) = x and there exists u®(-) € Lo ([a, b]; R") s.t.

&)
* L (t, B5(t, 2(t), u(t)), u* () dt

g .
:/ (L(t,x(t),u(t)wa@(t, z( ),u(t))—l—é(t,x(t),u(t),s)) dt

* %hs(t,x( ), u(t))+6 (¢, (1), ult), s) = (L, h° (¢, 2(t), u(t)), u(t))

where 0 (¢, x,u, s) denote terms for which %‘ =0V (t,z,u).
s=0

Theorem. If (P) is quasi-invariant under h® up to ®*, then

0

0(0) - %0, (1), (D) gttt o ®°(t, (1), u(t))],y = constant.
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Proof of the Noether Theorem x +— h*(t,x, u)

% From the the invariance definition, differentiating with respect
to s and then setting s = 0 we obtain:

. oL 9 .
(I)’SZO_(?;U %h‘
6’90 0

~ Oz Os
* s — g L(t, x(t), u®(t)) + ¥ (t) - (t, x(t), u®(t)) attains its

maximum for s = 0. Therefore

u(t)],—g -

Wy + 00 22 T 1)y =0 (5)

% Using (5) to simplify the expression 1y (3) + ¥ (t) - (4) one gets

o io i0
w()ah\ +(t) - Eﬁ_h’ woaa—q”so

d 0 B
=£<¢()$h| wo |50)_0'
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An Example from the Calculus of Variations

/ (u(t))® dt — min, @(t)

% Invariance under h*(t,x) = x + st (problem autonomous but

the state transformation h® is depending also on t) up to
P5(t,r) = 5%t + 2sz (nonlinear gauge term) with u®(t) = u(t) + s:

d

07 (L (t) = i) + 5 = (u*(1))

/aﬁst(t)) dt = /ﬁ (u(t) +5)° dt = /B ((u(t))2 1820 2su(t)) It

a a

_ /j (L (u(t)) + % P (t,x(t))) at

— Y (t)t + 2¢gx(t) = const along the Pontryagin extremals, that

is, ©(t)t — x(t) is constant along the Euler-Lagrange extremals.
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An Example of Quasi-Invariance (n = 3,r = 2)
b ilfl (t) = ul(t)

[ @0 + (wa0)?dt — min, {o(1) = (1)

| 25(t) = ua(t) (22(t))”

% Problem is quasi-invariant (u§ = u; + s, u5 = ugs + s) under

/

(hzscl (ta 371) 7h5852 (t7 372) 7h;3 (ta L2, 2133)) — (331 + st,x2 + st, 3 + :U%St)

up to ®°(t,x1,x2) = 2s (w1 + 12) + 25t

w3 (hS (t,x2),u3) = (ug + 8) (x2 + st)’

= ’U,QZE% + s (a:% - 2x2u2t) - (u2t2 - 2:172t) s 4+ 123

d
p— Eh;g (t,xQ,xS) _|_ 5 (t7$2,u2, 8)

— 20 (21(t) + 22(8)) + 1 (D)t + V2 (£) + Ps(t) (22(t)) ¢ is a CM
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Noether Theorem (t,x) — (h{(t,x,u),h$(t,x,u))
Def. Problem (P) is quasi-invariant under h® = (h,hS) € C! up
to ®5(t,z,u) € C* ([a,b],R", R"; R), if h’(t,z,u) = (¢, x) and there
exists u®(-) € Lo ([a, b]; R") such that for t* = hi (¢, x(t), u(t))

hi(8,x(8),u(B))

* L (%, ho(t%, x(t%),u(t®)), u®(t%)) dt°
hi(a,z(a),u(a))

7 d
— / (L(t, x(t),u(t)) + a@s(t, x(t), u(t)) + 0 (t, x(t), u(t), s)) dt

* %hi(ts,fﬁ(ts),U(ts)) +0 = @(t%, ha (7, x(t%), u(t)), u(t%)).

Theorem. If (P) is quasi-invariant under h® up to ®°, then

00) - B (1, w(0), (b)) + Yo

0

— H(t, 2(t), ult), Yo, Y(t)) - hi(t, 2(t), ult))];—o = const.
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Proof of the general Noether Theorem (idea)

Time Reparameterization (Weierstrass, 1872)

/ UL, 2(r), w(r)) v(r) dr — min

t'(t) =v(r), wv(r)>0
(1) = (U7), 2(7), w(T)) v(T)

Partial Carathéodory-Equivalence

(Pr)

Proposition. Let (x(-),u(:), %o, %(-)) be a Pontryagin extremal of
(P). Then, for all v(+) € Lo ([Ta, To]; RT), s.t. f;b v(0)df = b — a,
(t(-), 2(-),v(+), w(:), po, pe(+), p=(-)) defined by t(7) = a + f; v(6) do,
(1) = 2(t(7)), w(r) = u(t(7)), po = tho, p=(1) = Y(i(7)),

pe(7) = —H (t(7), 2(7),w(T), po, - (7)), is an extremal of (P,) .

=» Proof follows by application of our previous theorem to (P ).
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Conservation Laws are a Useful Tool in Control

Typical application is to lower the order of the Hamiltonian system
of differential equations, and simplify the resolution of the optimal
control problem (van der Schaft, 87 ’99), but CLs are also

important for many other reasons, e.g.:

v/ to analyze the stability and controllability of nonlinear control
systems (Respondek, '82; Grizzle & Marcus, '85)

¢/ to characterize problems with the Lavrentiev phenomenon
(Heinricher & Mizel, ’88)

v/ to prove existence of minimizers (Clarke '93)
v solving the Hamilton-Jacobi-Bellman equation (Jurdjevic, '97)

¢/ to establish Lipschitzian regularity of the minimizing
trajectories (DT, 2002)
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A Quasi-Invariance Necessary Condition
We have considered the existence of the parameter family of
transformations h°. How to obtain these transformations?

Theorem. If problem (P) is quasi-invariant under the
one-parameter family of transformations h*(¢, x,u), then

d 0%*| 0L Ok OL Oht L Ou’
dt 9s |,_, Ot Os

3—0+au. ds 8:O+

S:0+ dr s _

S—=

d Oh; _ Op Ohy _I_E?gp oh?
dt 9s|,_, Ot 9Os|,_, Ox Os

Op Ou® d Oh;

40 du  Os SZO_HDE 0s

=» The proof follows easily from the definition of quasi-invariance

¢/ The conditions are useful to determine the transformations
under which a given optimal control problem is quasi-invariant

¢/ The conditions are also useful to characterize or classify optimal
control problems which have a given quasi-invariance property
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A Simple Example (n =2, r =1)
Problem (P) with L =u?, ¢ =1+ 23 and ¢, = u

71(t) = 1+ (22(t))
Ta(t) = u(t)

/a b (u(t))® dt —> min,

% From previous necessary condition we obtain the one-parameter
transformation h® = (hf, kS ,hs ): hi =t(1 — 2s),

tr)'"%x1

hi = a1+ 2s(t — 2x1), hy, = x2(1 — s), with v® = u(1 + s).

* Thedproblem is quasi-invariant but not invariant:

Lw®) —h =u?(1+s)°(1—-2s)=u? —(3+2s)us? =L +6(u,s),

dt
P1 (hs ) ihs = i [Zlil + 2S(t — 2,5131)] -+ (5372 — 23723) 52 —= ihs + 4
T2 dt t dt 2 2 dt 71

d d
wa(u®) Ehf = u(l+s)(1 —2s) =u(l —s) —2us® = Ehi? + 6(u, s) .

— b, (t— 221 (1)) — by, (D)o (t) + 2HE is a CM
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Characterization of Optlmal Control Problems
(21(t) = wa(1),

u; (t dt — min , i
/0 Z t < Ta(t) = ZXi (21 (t)) u;(t) .

Question. What kind of conditions shall we impose on the vector
fields X; in order to obtain a new CM? (H is a trivial CM)

Proposition 1. The homogeneity condition X; (Ax1) = AX;(z1),

VA > 0, implies quasi-invariance under hi = ¢, hj, = e°xq,
h;, = e’xa, ui = u;. Then the following CL holds:
P1(t)z1(t) + a(t)x2(t) = constant .

Proposition 2. If X; (Azx1) = A\*X; (z1), a € R\ {1}, then one
has quasi-invariance under t* = e~2%¢t, h (21(t%)) = ea1 “x1(t),

he (wa(t%)) = e(B5T sy (¢), ug (t°) = e*u;(t), and the CL holds:
V1 (1)

— 1) xo(t) + 2Ht = constant .

a—1
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Conclusions

A more general version of Noether’s theorem, enlarging the scope

of application of previous optimal control results, is obtained:
v We cover both normal and abnormal cases

v We deal with transformations of the variables up to a

(nonlinear) gauge term

¢/ The parameter transformations may depend on time, state, and

control variables

v We deal with quasi-invariant and not necessarily invariant

optimal control problems

v We derive conditions which help to obtain parameter

transformations under which the problem is quasi-invariant
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