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Abstract
Let G be a simple undirected graph. Let 0 < o < 1. Let

Aa(G) = aD(G) + (1 — a)A(G)

where D(G) and A(G) are the diagonal matrix of the vertex degrees of G
and the adjacency matrix of G, respectively. Let p(G) > 0 and ¢(G) be the
number of pendant vertices and quasi-pendant vertices of G, respectively.
Let mg(a) be the multiplicity of « as eigenvalue of A,(G). It is proved that

mea(a) > p(G) — q(G)

with equality if each internal vertex is a quasi-pendant vertex. If there is at
least one internal vertex which is not a quasi-pendant vertex, the equality

ma(a) = p(G) — q(G) + my(@)

is determined in which my(«) is the multiplicity of « as eigenvalue of the ma-
trix N. This matrix is obtained from A, (G) taking the entries corresponding
to the internal vertices which are non quasi-pendant vertices. These results
are applied to search for the multiplicity of a as eigenvalue of A,(G) when
(G is a path, a caterpillar, a circular caterpillar, a generalized Bethe tree or a
Bethe tree. For the Bethe tree case, a simple formula for the nullity is given.
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1. Introduction

Let G = (V(G), E(G)) be a simple undirected graph on n vertices with
vertex set V(G) and edge set E(G). Let D(G) be the diagonal matrix of
order n whose (i,7)—entry is the degree of the i — th vertex of G and let
A (G) be the adjacency matrix of G. The matrices L(G) = D(G) — A(G) and
Q(G) = D(G) + A(G) are the Laplacian and signless Laplacian matrix of
G, respectively. The matrices L(G) and Q(G) are both positive semidefinite
and (0,1) is an eigenpair of L (G) where 1 is the all ones vector. For a
connected graph G, the smallest eigenvalue of Q(G) is positive if and only if
G is non-bipartite.

In [9], the family of matrices A,(G),

Aa(G) = aD(G) + (1 — @) A(G)

with a € [0, 1], is introduced together with a number of some basic results
and several open problems.

Observe that 4g (G) = A(G) and A2 (G) = 1Q (G).

A pendant vertex is a vertex of degree 1 and a quasi-pendant vertex is
a vertex adjacent to a pendant vertex. Let p(G) be the number of pendant
vertices and ¢(G) be the number of quasi-pendant vertices. An internal
vertex is a vertex of degree at least 2. Throughout this paper, we assume
that G is a graph with pendant vertices.

The multiplicity of p as an eigenvalue of the matrix M is denoted by

ma ().
The following results are due to I. Faria [6].

Lemma 1. /6] For any graph G,

mre)(1) 2 p(G) — q(G) (1)

and

maoe)(1) > p(G) — q(G). (2)

In [1], it is proved that the equalities in (1) and (2) occur if each internal
vertex is a quasi-pendant vertex. Moreover, if there is at least one internal
vertex which is not a quasi-pendant vertex then equalities

muc)(1) = p(G) = ¢(G) +my-(1)



and

mqe)(1) = p(G) — ¢(G) + my+(1)
are determined, where the matrices N~ and N are obtained from the Lapla-
cian matrix and signless Laplacian matrix, respectively, taking the entries
corresponding to the internal vertices which are non-quasi-pendant vertices.

We already observed that A;2(G) = 2Q(G). Then the above mentioned
results can be used to find the multiplicity of 1/2 as eigenvalue of A, /5(G).

In this paper, we search for the multiplicity of o € [0, 1] as eigenvalue
of A,(G). The multiplicity of o = 0 as eigenvalue of A(G) is known as the
nullity of G and it has been extensively studied (see [12, 13, 15]) and plays
an important role in Chemistry. Some of its applications are described in
2,5, 7, 8, 14, 16].

Since A;(G) = D(G), from now on, we consider a € [0, 1).

For simplicity, we write mq(«) instead ma,(q)(c). More precisely, we
prove that

ma(a) > p(G) — ¢(G). 3)

If each internal vertex of G is a quasi-pendant vertex, it is proved that the
equality in (3) holds. If there is at least one internal vertex which is not a
quasi-pendant vertex, the equality

mea(a) = p(G) — q(G) + my(a)

is determined in which my(«) is the multiplicity of « as eigenvalue of the ma-
trix V. This matrix is obtained from A, (G) taking the entries corresponding
to the internal vertices which are non quasi-pendant vertices.

Let 7(G) be the number of internal vertices of G. From now on, G is a
connected graph on n vertices. Let

Ve ={v €V (G) :vis a pendant vertex},

Vo ={v € V(G) : v is a quasi-pendant vertex}

and

C(G) =V (G)\ (Vo UTy).

Then C(G) is the set of the internal vertices of G which are not quasi-pendant
vertices.

Throughout the text, |S| denotes the cardinality of the set S. Clearly
Vel =p(G), Vol =¢(G) and |C(G)| =n —p(G) —q(G).

We introduce some additional notation.



e The identity matrix is denoted by I and the zero matrix by 0.

o If M is a matrix of order m X m with m > 2 then M is the matrix
obtained from M by deleting its last row and its last column.

e The determinant of a square matrix M is denoted by |M| and the
transpose of M by M7T.

e [/ denotes a matrix whose entries are zeros except the entry in the last
row and last column which is 1.

e ([F] denotes the subgraph of G induced by F C V(G).

The orders of the matrices I, 0 and E will be clear from the context.
We recall Lemma 2.2 of [11] that will play an important role in this paper.

Lemma 2. [11] Fori=1,2,...,m, let B; be a matriz of order k; X k; and
i be arbitrary scalars. Then

By ikl e By B
M2,1ET B, e e pomE
ps BT ps o ET :

: : . Bm—l ,um—l,mE
,um,lET ,um,QET ,umﬂn—lET Bm

| By M,z‘E) “o fm—1 |Bmo1 H1,m B,
H2.1 E‘ |B2| H2.m E;z

= ,U3,1‘E’ Ns,z‘ﬁg)
: : |Bmfl‘ ,umfl,m ’B\r/n)

—_~—

,um,2 ‘E‘ e ﬂ/m,m—l Bm—l |Bm|

lum,l ‘/B:
The following result is Corollary 1.3 in [1].

Corollary 1. If k; = 1, for some 1 < ¢ < m, then defining E =1 the
equality in Lemma 2 also holds.

Another previous result that we need is the following.



Lemma 3. Consider the square matriz of order s + 1

o) 0 ... 0 l-a]

0 « 0 11—«

S(Oz)z : : . : :
0 0 « 1—«

l—-a 1—a ... 1—a ad

Then the characteristic polynomial of S(«) is
|zl — S(a)| = (z — a)* H(z — ad)(x — a) — s(1 — a)?).

Throughout this paper, unless otherwise stated, vy, vs,...,v,q) are the
internal vertices of G. As usual, u ~ v means that the vertices u and v are
adjacent. For the internal vertices, d; is the degree of the vertex v; as a vertex
of G and g;; = 1 if v; ~ v; and €;; = 0, otherwise. For instance, d; = 6,
e37 = 1 and €710 = 0 (see Figure 1 and Figure 2).

We label the vertices of G with the numbers 1,2, ..., n, starting with the
vertices of the stars K, ... K sy b each star the vertices are labeled
beginning with the pendant vertices, and finishing with the internal vertices
which are not quasi-pendants. This labeling of the vertices of G is herein
called the global labeling of the vertices of G. Notice that, since the internal
vertices of G are also denoted by vy, ..., v4q),-- -, Ur@), for j =1,...,¢(G),
each of these vertices v; corresponds, in the global labeling of the vertices of
G, to the vertex »_7_, s; + j and the vertices vyg)11, - - - , Ur(q) correspond to
the vertices ¢(G) + p(G) + 1,...,n, respectively.

2. Each internal vertex is a quasi-pendant vertex

In this section we consider the case in which each internal vertex of G is a
quasi-pendant vertex. Then r(G) = ¢(G) and there are stars Ky 4, ..., K15,
such that G is obtained by identifying the root of K s, with the i—th vertex
of the graph induced by the quasi-pendant vertices. Moreover, s; + so +
<+ Sqe) + ¢(G) = nand s; > 1 for all i. We denote this graph G by
G(s1,52,...,5¢c))- In Figure 1, we have an example of such a graph.
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Figure 1: A example where each internal vertex is quasi-pendant.
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Figure 2: The subgraph induced by the internal vertices vy = 3,vy = 7,v3 = 11,94 =
14,v5 = 19 and vg = 23 of the graph in Figure 1.

Fori=1,2,...,9(G), let

[« 0 0 11—«
0 «Q )
Si(a) = :
0 Q 11—«
| 1-a ... ... 1-a ad, |

of order (s; +1) x (s; + 1) and

a (1 —a)\/s;
)= o _ayys e

From the definition of the matrices S; and C;, and Lemma 3, we have the

following corollary.



Corollary 2. Fori=1,2,...,q(G),
1.
|zl — Si(a)| = (z — a)* |zl — Ci(a).
and

—_—

|l — Si(a)| = (z — a)™.

From now on, let 1 — a = . Using the above mentioned labeling the
matrix A,(G), G = G(s1,59,...,54c)), becomes

Sl(a) 617265) Ce 81’q(G)5E

Aq)= | SOE S

o SR E4(G)-1.49()BE
eLga)BET .. gye)-14@)BE Sy(a) (@)

The next theorem gives the spectrum of A,(G)ifG = G (51, 89yt sq(G)).

Theorem 1. If G = G (31,52, . .,sq(g)), the eigenvalues of An(G) are «
with multiplicity at least p(G) —q(G) and the eigenvalues of the 2q(G) x 2¢(G)
matrix

Ci(a) €128E --- e E1,9@)BE
c128E Cz(“) :

: Coe)-1(@)  Ega)-1.9@)BE
| c1g@BE 0 Ee1a@BE Gy (@)

Proof. Applying Lemma 2 and Corollary 2, together with a factoring in
each column, we have |zI — A, (G)| =
(33[ — 51(04)) —61725E Ce _gl,q(G)ﬁE
—ElygﬂET (l’[ — SQ(O&)) ' :

- . E . —E4(G)-1,4(G)BE
—€14c)BE —q@)-19@)BE" (2] = Sye)(a))



|z — C1(a)] —61,25(55 —a) cee —51,q(G)[3(iE —a)
qﬁ’(x gpet| eBla—a) el - Coa) 3

—Eq(@)-La@) BT — a)

j=1 : :
—€1q)BE —0a) —eqe)Blx—a) ... |zI — Cyia) ()]

Applying again Lemma 2, it follows that |2/ — X| =

|l — Ci ()] —e128(x — ) s —Erg@)—1B(T — ) —e1,q@) B —a)
*61,25(93 —a) |z — Ca(a)] S *52,q(G)—15(95 - ) *52,(;(6)5(% —a)
—e1,9@)-18(r —a) —eyq@-1B(x—a) ... |vI — Cyiay—1(a)] —Eq(a)-1,9(@) BT — a)

—e1,q@) B —a) —&q)BlT—a) ... —ega)-1,q@) BT — ) |vI — Cyay ()]

Finally, observe that H‘;g) (r— )% ! =(z—)P@d&) u

Corollary 3. The multiplicity of o as an eigenvalue of A.(G), where G =
G (31, So, ... ,sq(G)), is exactly p(G) — q(G).

Proof. It is sufficient to prove that |af — X| # 0. From the above expression
for |zI — X|, we have |af — X| =

lal — Cy(a)] 0 0
0 ladl — Cy(a)] :
: . 0
0 . 0 |al = Cye(a)|

and fori =1,2,...,q(G), |al—Ci(a)| = —(1—a)?s; # 0. Hence |al—X| # 0.
n

3. Graphs having internal vertices which are non quasi-pendant

Let e be a column vector of zeros except its last entry which is 1. As
before, the dimension of e will be clear from the context.

Suppose 7(G) > ¢(G). Then there are r(G) — ¢(G) internal vertices
which are non quasi-pendant vertices and ¢(G) internal vertices which are
the roots of the stars Ky 5,, K15, .., K15, Let us denote such a graph G
by G(s1,...,54c),0), where 0 indicates a vector of zeros with 7(G) — ¢(G)
entries. Without loss of generality, we assume that Vo = {vi,vs,..., 09}
and C(G) = {vg@)+1, Vg(@)+2, - - - » vr(G) }. We recall that the global labeling



for the vertices of G(s1,...,54c),0) is such that the labels 1,2,...,p(G) +
q(G) are used for the vertices of the stars K4, Kig,,-- -, Ki s, and the
labels p(G) + ¢(G) + 1, ...,n are used for the internal vertices which are non
quasi-pendant, as illustrated in Figure 3. Using this global labeling jointly

with the labels vy, ..., v, ) for the internal vertices (as before) the matrix
Ao(G), where G = G(s1,. .., 54),0), is

Uu Vv
Aa(G) - |: VT N :|
where
Sl (Oé) 61’2ﬁE c. 817q(G)_1ﬁE 817q(G)ﬂE
61726ET Sg(Oé) Ce 627q(G)_1ﬁE 82,q(G)6E
U= : : : : )
e1,9c)-1BET  eag)-1BE ... Sqcy-1() Eq(@)-1,q(c)BE
eLg@BET  eaqaBfE . gge1a@)BET Syo(a)
[ crgo)ne E1g@) 128 o E1p(G)1€ eir@e |
€2,4(G)+1€ €2,4(G)+2€ ce €1,r(@)-1€ €2.r()€
V’ — /8 . . . .
€q(G)-14(@)+1€  Eq(G)-1,9(@)+2€ - - Eg@)-1,r(G)-1€ Eq(G)-1,r(G)€
€q(G),q(G)+1€ €q(G),q(G)+2€ - - €q(G)r(G)-1€ Eq(@)r(G)€
and
ad g Eorra@P 0 Euorrire-1P  Eqerrime P
€ erra@+2P ad, v o Eyerran@-1B Eaarama
N — . . : .
5q(G)+1,r(G)—1/8 8q(G)+2,T(G)—1ﬁ ttt adr(G)—l gr(G)—l,r(G)ﬁ
8q(G)+1,r(G)/8 gq(GH—Q,T‘(G)B e 8T(G)—1,T(G)/8 adr(G)
where dyG)+1, dg(a)+2, - - - » dr@)-1, dr(c) are the degrees of the vertices
Ug(G)+15 Vg(G)+25 - - - » Ur(G)—1, Un(G), Tespectively.

Applying Lemma 2, Corollary 1 and Corollary 2, together with a factoring
in each of the first ¢(G) columns of the resulting determinant, one can prove
the following theorem.



Theorem 2. IfG =G (31, 59,5 5q(G) 0), the eigenvalues of Ay(G) are «
with multiplicity at least p(G) — q(G) and the eigenvalues of the (n+ q(G) —
p(G)) x (n+q(G) — p(G)) matriz

| Q@ R
x=| & ¥
where
Cl (Oé) 81,2ﬁE Ce 51,q(G)—lﬁE El,q(G)ﬁE 1
61,2ﬁE CQ(OC) . 82’q(G)_1ﬁE 62’q(G)ﬁE
Q= : : . : : ;
E19@)-18E cagq-1BE ... Cyo-1(a)  cqa)-14a)BE
Clq@)BE ey a)BE ... go-1aeBE  Cyola) |
ad g Eqarina@el  Eyerm@1P Eeriina B
€ (@)t 1a(c 2P ad, g 1o o Eyerran@-1B Eqaram@
N — . . : .
é\q(G)-kl,r(G)—l/B é\q(G)-FQ,'r‘(G)—l/B Tt adr(G)—l gr(G)—l,r(G)/B
€a(@r+1,m(0) a(@)+2.m(a) o E e P ad, g |
and
I €1,9(G)+1€ €1,¢(@)+2€ e €1r(@)-1€ €1,r(@)€ |
€2,4(@)+1€ €2,4(G)+2€ ce E2r(@)-1€ €2.r(@)€
€q(@)-1,4(G)+1€  Eq(@)-1,4(G)+2€ .- Eg(@)-1,r(G)-1€ Eq(G)-1,r(G)€
€q(G),q(G)+1€ €q(G),q(G)+2€ - .- €q(G),r(G)-1€ €q(@),r(G)€

Theorem 3. Let G =G (51, 525+, 5q(Q)s 0) . Let X,Q and N be the matri-
ces in Theorem 2. Then

1. mx(a) =my(a).

2. mg(a) = p(G) — q(G) + my(a).

Proof.

1. We have |af — X| = ol ~@  —R

~RT ol - N |” Hence, applying Corollary 1,

10
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Figure 3: The graph G(2,3,3,4,0).

we obtain |af — X| =

—(1—a)?s; 0 0 *
0 —(1 = a)?sy : :
: 0 0 : =
: _(1_&)23(1(@ *
0 0 0 lal — N|

(_1>q(G) (1 — a)2q(G)8182 Ce Sq(G) |Oé] — N| .

Since 1 —a # 0 and s; > 1, for 1 <i < ¢(G), we obtain |al — X| =0 if
and only if |al — N| = 0. Hence mx(a) = my(a).

2. From Theorem 2, mg(a) = p(G) — ¢(G) + mx(«). Since mx(a) =
my(«), the result follows. m

We see that the matrix N in Theorem 2 is obtained from A, (G) by taking
the entries corresponding to the internal vertices which are not quasi-pendant
vertices.

We recall that G[F] denotes the subgraph of G induced by F' C V(G).

Theorem 4. Let G =G (31, 52,5 Sq(G),s 0) . Let X,Q and N be the matri-
ces in Theorem 3. Let Cy,...,C} be the components of the subgraph induced
by C(G). Then

me(a) = p(G) — q(G) + Xi_; mu, (@),

11



where, for 1 < i <t, N; = (1 — a)A(G[C;]) + aD;, where D; is a diagonal
matriz of order |C;| in which each diagonal entry is the degree in G of the
corresponding vertex.

Proof. From the hypothesis, there is a labeling of the vertices of C(G) such
that N = @!_, N; (the direct sum of the matrices N;,i = 1,...,t). Therefore
my(a) =Y ._, mn,(a). Now, the result is immediate by Theorem 3. =

Example 1. For the graph G in Figure 3, we have p(G) = 12, q(G) = 4.
3a 0 o — 3 0

We see that N = 0 3a1.Hence\oJ—N]—’ 0 o — 30 =0

if and only if « = 0. Therefore, « is not an eigenvalue of N, when o # 0.

Then, from Theorem 3, the multiplicity of o as an eigenvalue of Ay (G) is

{p(G)—q(G):& when o # 0;
p(G) —q(G) +mn(0) =10, otherwise.

We recall that the nullity of a graph G, denoted by 7(G), is the multi-
plicity of 0 as eigenvalue of A(G). From Theorem 4, we obtain

Corollary 4. Let G = G (31, 525+ 8q(G),s 0) . Let Cy,...,C} be the compo-
nents of the subgraph induced by C(G). Then

1(G) = p(G) — ¢(G) +Z77(Ni>: (4)

where, for 1 < i < t, N; = A(G[C;]) and n(N;) is the multiplicity of 0 as
eigenvalue of Nj.

Corollary 5. Let G = G (81, 52,5 Sq(G), 0) . Let Cy,...,Cy be the compo-
nents of the subgraph induced by C(G). Let H be the induced subgraph of G
obtained by deleting one pendant vertex together with the vertex adjacent to

it. Then n(G) =n(H).

Proof. Clearly C(H) = C(G) and the components of the subgraphs induced
by C(H) and C(G) are the same. In addition, p(H) — ¢(H) = p(G) — 1 —
(¢(G) — 1) = p(G) — ¢(G). Applying (4), we obtain n(H) =n(G). =

A version of Corollary 5 is proved in [3] assuming that G is a bipartite
graph with at least one pendant vertex.

12



4. Applications on some particular graphs

In this section, the above results are applied to search for the multiplicity
of @ € [0,1) as an eigenvalue of A,(G) when G is a path, a caterpillar, a
circular caterpillar, a generalized Bethe tree or a Bethe tree.

4.1. The multiplicity of o as an eigenvalue of Ay (P,)

Let P, be the path of n vertices. It is well known that 0 is an eigenvalue
of A(P,) if and only if n is odd. Moreover, if n is odd then 0 is a simple
eigenvalue of A(P,). We begin considering the cases 2 < n < 4.

o If n = 2 then A, (P) = Lfa 1;0‘ } We have |Ay(Py) — aly| =

0 1-«o
l—a O
eigenvalue of A, (D).

= 0 if and only if & = 1. Hence o € (0,1) is not an

e [f n = 3 then Pj is a graph with 2 pendant vertices and 1 quasi-pendant
vertex. From Corollary 3, mp, (o) =2 —1 = 1.

e [f n =4 then Py is a graph with 2 pendant vertices and 2 quasi-pendant
vertices. From Corollary 3, mp,(a) =2 —2 = 0. Hence o € (0,1) is
not an eigenvalue of A, (Py).

From now on let us assume that P, is such that n > 5. Since a # 1, the
vertices of P, can be labeled such that A, (P,) is a symmetric tridiagonal
matrix with nonzero codiagonal entries. Hence the eigenvalues of A,(F,) are
simple and, in particular, if o # 1 is an eigenvalue of A, (P,) then it will be
a simple eigenvalue. We recall the following lemma (see [4]).

Lemma 4. The eigenvalues of the symmetric tridiagonal matrix

20 1 —«
l—-a 20 11—«
N(a) = (5)

of order s X s are

2 2(1 —
a+2( oz)cos(s_i_1

forj=1,2,...,s.

13



Corollary 6. Let N(«) as in (5).

1. If2/3 < a <1 then a is not an eigenvalue of N(«).

2. v is an eigenvalue of N(v) if and only if

-2 cos(!%)

1Tz 2008(8%)

for some 3 =1,...,s.

3. Let

-2 cos(%)

Oéj — —ﬂ_j.
1 —2cos(4)

(6)

Then «; is an eigenvalue of N(aj) and 0 < «; < 1 if and only if

je{lH2],. . s}

Proof.

1. Assume 2/3 < a < 1. Using this hypothesis, the matrix N(a) — ol is
irreducible and diagonally dominant with strict inequality in at least
one row. Then, by Theorem 1.21 in [17], N(«) — ad is an invertible

matrix. Hence « is not an eigenvalue of N(«).
2. It is immediate from Lemma 4.

3. Let oj as in (6). Then «; is an eigenvalue of N(c¢;). The following fact

is immediate:

T
0<
1+2

< 1 if and only if = > 0.

Let j € {[=52],...,s}. Then —2cos(ZL) > 0. From the above fact,

) s+1
—2cos(F5)

1—2 cos( strjl

O<Oéj:

< 1. Conversely, suppose that 0 < o;; < 1. We use

again the above mentioned fact, to obtain that —2 Cos(;_%) > 0. Hence

je{l22)... .5}

Since n > 5, P, has 2 pendant vertices, 2 quasi-pendant vertices and n—4

internal vertices which are not quasi-pendants. By Theorem 3, mp, («)

14



2 -2+ my(a) = my(«), where

N = N(a) =
l-a 2a 1-«
i l—a 2o |
of order (n —4) x (n — 4).
In particular, for n =5 and n = 6, we have
e mp, (o) = my(a) where N = N(«a) = [2a]. Since a # 0 is not an

eigenvalue of [2a/], we have that « # 0 is not an eigenvalue of A, (Ps).

20

o mpy(@) = my(a) where N = N(a) = [ l1—a

1—a } We have
2a
a l1-«a
l—-a «
a € (0,1) is an eigenvalue of A,(Fs) if and only if o = 1/2.

IN(a) — als| = ‘ ' = 0 if and only if @ = 1/2. Hence

Applying Theorem 4 and Corollary 6, we get

Corollary 7. Let n > 7. Then a € (0,1) is an eigenvalue of An(P,) if and
only if .
—2cos(-%)
a=—"""
1 —2cos(-%)

for some j € {|%52],...,n—4}.

4.2. Multiplicity of « as eigenvalue of An(G) when G is a caterpillar or a
circular caterpillar

We recall that a graph G is a caterpillar (respectively, a circular caterpil-
lar) if its internal vertices induce a path (respectively, a cycle). We say that
a caterpillar or a circular caterpillar is complete if each internal vertex is a
quasi-pendant vertex. From Corollary 3, we get

Corollary 8. If G is a complete caterpillar or a complete circular caterpillar

then mg(a) = p(G) — q(G).

15



Figure 4: An example of a circular caterpillar.

If G is a caterpillar or a circular caterpillar having internal vertices which are
not quasi-pendant vertices, we may use Theorem 4 together with equation 6
to find mg(a).

Example 2. Let us find the exact multiplicity of o € [0,1) as eigenvalue of
AL(G) where G is the circular caterpillar in Figure 4. Applying Theorem 4,
we obtain

ma(a) = p(G) — q(G) + my, (@) + mu, (@) = 14 — 6 + my, (@) + muy, (a)

20 1 -« 0
where Ny = Ni(a) = | 1—a 2a 1—a | and Ny = No(a) = [2a]. By
0 l—a 2«
equation (6) in Corollary 6, o € (0,1) is an eigenvalue of Ny(«) if and only
—2005(‘%) 2
172(:05(377') TO1HV2
Moreover, o € [0,1) is an eigenvalue of Ny if and only if « = 0. Then,
from Theorem 4, the multiplicity of o as an eigenvalue of A,(G) is

if o = a3 =

8+ my, (a) +my,(a) =8+14+0=9, when a = as;
8+ mp,(0) +mn,(0) =8+0+1=9, when a=0;
8 + my, (@) + mpy,(a) =8, when a € (0,1)\{as}.

4.8. Multiplicity of o as eigenvalue of A,(T) when T is a generalized Bethe
tree
Given a rooted graph, the level of a vertex is equal to its distance to the
root vertex increased by one. A generalized Bethe tree is a rooted tree in
which vertices at the same level have the same degree.
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root

Figure 5: An example of a generalized Bethe tree of 4 levels.

In this section, By is a generalized Bethe tree of k£ > 1 levels. Given a
By, and an integer 1 < j <k, ng_;41 is the number of vertices at level j and
di—j+1 is the degree of them. In particular, dy =1, ny = 1, ny = p(By,) and

ny = q(By).

Definition 1. For j = 1,2,...,k — 1, let T} be the j x j leading principal

submatriz of the k x k symmetric tridiagonal matriz

[« By/ds — 1 0 0 0 0
ﬁ\/dz -1 Ozdg /B\/dg, —1 0 0 0
T, = : : : : : :
0 0 0 Oédk_g B\/dk—l —1 0
0 0 0 B/ dr—1—1 ady—1 B/dj,
L0 0 0 0 BV d oy,

where B =1— a.

Let o(M) be the multiset of eigenvalues of the matrix M.

Since d, > 1 for all s = 2,3, ...., j, each matrix 7T} has nonzero codiagonal
entries. Then the eigenvalues of each T} are simple and o(T;) No(Tj41) = ¢
foryj=1,....k—1

The following theorem was proved in [10].

Theorem 5. Let By be a generalized Bethe tree.

1. The multiset of the eigenvalues of An(By) is

0(Au(By)) =o(Ty)U---Uo(Ty).
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2. The multiplicity of each eigenvalue of T; as an eigenvalue of A,(By)
isn;—mnjp if 1<j<k—1,andisl if j =k. If some eigenvalues
obtained in different matrices are equal, their multiplicities are added
together.

3. The largest eigenvalue of Ty is the largest eigenvalue of Ay (By).

We observe that for £ > 3,

_ o (1—04)@}‘

{ (1—a)ydy—1 adsy

. 0 (1 — Oé vV d2

Hence |To—als| = ’ (1—a)d =1 a(dy — 1) ‘ dy—1) #
0 because a # 1. The next corollary follows easily from Theorem 5.
Corollary 9. Let a € [0,1). Then

1. mp,(a) =ny — 1.

2. mp,(@) =ng —ng if « #0 and mp,(0) = ny —ng + 1.

3. Fork >4,

mp, (@) =ni —ny + Z = njp1)mr; (@) + my (@) (8)

in which, for j = 3,...,k, mp, (o) = 1 if a € o(1}) and mg,(a) = 0
otherwise.

We already observed that o(T;) No(Tj41) = ¢ for j=1,... k-1
Example 3. Let us find mp,(«). Using (8),

mp, (@) =ny —ng + (ng — ng)mp, (@) + my, ()

a (1 —a)ydy—1 0
where ng = 1, Ty = | (1 —a)y/dy —1 ads (1 —a)yds —1
0 (]_—O./)\/dg—]_ Ozdg

and
o (1-a)Vdy—1 0 0
T — (1—a)ydy, —1 adsy (1—a)yds —1 0
e 0 (1—a)yds —1 ads (1 —a)ydy
0 0 (1 —a)ydy ady

18



It is easily to find that
Ty — al3] = —a(l — a)*(ds — 1)(ds — 1)
and
Ty — ady| = —(1 — @)?*(dy — 1)(a®(ds — 1)(dy — 1) — (1 — a)?dy).
Hence « € [0,1) is an eigenvalue of Ty if and only if « =0 and o € [0, 1) is

e
Ny eyt Therefore the

multiplicity of « as an eigenvalue of An(By) is

an eigenvalue of Ty if and only if a« = ap =

when o = 0;
when a = ay;
when o € (0,1)\{ao}

nl—n2+n3—1,
nl—n2+1,
ny — na,

4.4. Multiplicity of a as eigenvalue of A(T) and the nullity of T when T is
a Bethe tree

A Bethe tree B(d, k) is a rooted tree of k levels in which the root has

degree d, the vertices in level j (2 < j <k — 1) have degree equal to d + 1

and the vertices in level k have degree equal to 1 (pendant vertices). Clearly,

any Bethe tree B(d, k) is a generalized Bethe tree in which the matrix T}

is the j x j leading principal submatrix of the £ x k& symmetric tridiagonal

matrix

[ a pfVd 0 - 0 0 0
BVd ad BVd - 0 0 0
0 BvVd ad 0 0 0
Tp=| : : : : : (9)
0 0 0 ad BVd 0
0 0 0 BVd ad BVd
0 0 0 0 Bvd od |
where 8 =1 — a. Moreover, n; = d*7 for j = 1,...,k. From Corollary 9,

we get

Corollary 10. Let a € [0,1). Then

1. mB(d,Q)(a) =d-—1.
2. mpg () =(d—=1)d if a # 0 and
N(B(3)) = mia(0) = (d — D+ 1.
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3. Fork >4,

k—1
mpr (@) = (d—=1)(d">+> d* 7 'my (@) +mp () (10)

j=3
in which the matriz T;, for j = 3,...,k, is the j X j principal submatriz

of Ty as in (9) and mry, (o) = 1 if o € o(T}) and mg,(«) = 0 otherwise.

Finally, we find the nullity of B(d, k). Let a = 0. Then, § = 1 and the
matrix T} becomes

0 vd 0 --- 0 0 0
vd 0 Vd -+ 0 0 0
0 vd 0 --- 0 0 0
Tp=| + & 0 c.n (11)
0 0 0 --- 0 Vd o0
0 0 0 -+ Vd 0 Vd
L0 0 0 0 Vd 0 |

Corollary 11. The nullity of B(d, k) is given by

dk—1

Fr if k is even;
nB@R) =1

dF+1 ,

T, otherwise.

Proof. We recall that, for j = 1,...,k—1, T} is the j X j principal submatrix
of T}, as in (11). One can easily see that 0 is an eigenvalue of 7} if and only
if 7 is odd.
1. Let k£ be an even integer.
For k = 2, we have mp2)(0) =n(B(d,2)) =d—1= P et k> 4.

d+1

From (10), we obtain
k—2 | k-4 2 d* —1
N(B(d k) = (d = 1)(d 2+ d" 4 d 1) =

2. Let k be an odd integer.
For k = 3, we have mB(d73)<0) = 77(B<d7 3)) = (d — 1)d +1= 341 Let

d+1

k > 5. From (10), we obtain
dF +1
n(B(d,K) = (d = D)(d* 2 +d" "+ d) +1 = o
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