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Abstract

Consider two graphs G and H. Let H*[G] be the lexicographic product
of H* and G, where HF is the lexicographic product of the graph H by
itself k times. In this paper, we determine the spectrum of H*[G] and H*
when G and H are regular and the Laplacian spectrum of H¥[G] and H* for
G and H arbitrary. Particular emphasis is given to the least eigenvalue of
the adjacency matrix in the case of lexicographic powers of regular graphs,
and to the algebraic connectivity and the largest Laplacian eigenvalues
in the case of lexicographic powers of arbitrary graphs. This approach
allows the determination of the spectrum (in case of regular graphs) and
Laplacian spectrum (for arbitrary graphs) of huge graphs. As an example,
the spectrum of the lexicographic power of the Petersen graph with the
googol number (that is, 10'%9) of vertices is determined. The paper finishes
with the extension of some well known spectral and combinatorial invariant
properties of graphs to its lexicographic powers.
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1 Introduction

The lexicographic product of a graph H with itself several times is a very special
graph product, it is a kind of fractal graph which reproduces its copy in each
of the positions of its vertices and connects all the vertices of each copy with
another copy when they are placed in positions corresponding to adjacent ver-
tices of H. This procedure can be repeated, reproducing a copy of the previous
iterated graph in each of the positions of the vertices of H and so on. Despite
the spectrum and Laplacian spectrum of the lexicographic product of two graphs
(with some restrictions regarding the spectrum) expressed in terms of the two
factors are well known (see [4], where a unified approach is given), it is not the
case of the spectra and Laplacian spectra of graphs obtained by iterated lexi-
cographic products, herein called lexicographic powers, of regular and arbitrary
graphs, respectively. A lexicographic power H* of a graph H can produce a graph
with a huge number of vertices whose spectra and Laplacian spectra may not be
determined using their adjacency and Laplacian matrices, respectively. The ex-
pressions herein deduced for the spectra and Laplacian spectra of lexicographic
powers can be easily programmed, for example, in Mathematica, and the results
can be obtained immediately. For instance, the spectrum of the 100-th lexico-
graphic power of the Petersen graph, presented in Section 3, was obtained by
Mathematica and the computations lasted only a few seconds. Notice that such
lexicographic power has the googol number (that is, 10!%°) of vertices.

The paper is organized as follows. In the next section, the notation is intro-
duced and some preliminary results are given. The main results are introduced
in Section 3, where the spectra (Laplacian spectra) of H¥[G] and H*, when G
and H are regular (arbitrary) graphs, are deduced. Particular attention is given
to the Laplacian index and algebraic connectivity of the lexicographic powers of
arbitrary graphs. In Section 4, the obtained results are applied to extend some
well known properties and spectral relations of combinatorial invariants of graphs
H to its lexicographic powers HF.

2 Preliminaries

In this work we deal with simple and undirected graphs. If GG is such a graph of
order n, its vertex set is denoted by V(G) and its edge set by E(G). The elements
of E(G) are denoted by ij, where i and j are the extreme vertices of the edge ij.
The degree of j € V (G) is denoted by dg (7), the minimum and maximum degree
of the vertices in G are §(G) and A(G) and the set of the neighbors of a vertex
jis Ng(j). The adjacency matriz of G is the n x n matrix Ag whose (i, j)-entry
is equal to 1 whether ij € E(G) and 0 otherwise. The Laplacian matriz of G
is the matrix Lg = D — Ag, where D is the diagonal matrix whose diagonal



elements are the degrees of the vertices of G. Since Ag and Lg are symmetric
matrices, their eigenvalues are real numbers. From Gersgorin’s theorem, the
eigenvalues of Lg are nonnegative. The multiset (that is, the set with possible
repetitions) of eigenvalues of a matrix M is called the spectrum of M and denoted
o(M). Throughout the paper, we write o4(G) = {A\, ..., A"} (respectively,
or(G) = {,u[lll], : ..,,uyt}}) when \y > ... > A, (g > ... > p; ) are the distinct
eigenvalues of Ag (L) indexed in decreasing order - in this case, 7"l means that
the eigenvalue v has multiplicity r. If convenient, we write v(G) in place of v to
indicate an eigenvalue of a matrix associated to G, and we denote the eigenvalues
of Ag (respectively, L¢) indexed in non increasing order, as A1 (G) > --- > A\, (G)
(11 (G) = -+ = pn(G)).

As usual, the adjacency matrix eigenvalues of a graph G are called the eigen-
values of G. We remember that p,(G) = 0 (the all one vector is the associated
eigenvector) and its multiplicity is equal to the number of components of G. Be-
sides, f1,—1(G) is called the algebraic connectivity of G [9]. Further concepts not
defined in this paper can be found in [5, 7].

The lexicographic product (also called the composition) of the graphs H and
G is the graph H|[G] (also denoted by H o G) for which the vertex set is the
cartesian product V(H) x V(G) and such that a vertex (zi,:) is adjacent to
the vertex (xq,ys) whenever x; is adjacent to x5 or x; = x9 and y; is adjacent
to yo (see [15] and [17] for notations and further details). This graph operation
was introduced by Harary in [13] and Sabidussi in [20]. It is immediate that the
lexicographic product is associative but not commutative.

The lexicographic product was generalized in [21] under the designation of
generalized composition as follows: consider a graph H of order n and graphs Gj,
i=1,...,n, with vertex sets V(G;)s two by two disjoints is the graph such that

V(H|Gy,...,G,)) = OV(GZ-) and

E(H[Gy,...,G,]) = OE(G,.) u |J EGivG)),

i=1 ijEE(H)

where G; VG denotes the join of the graphs G; and G;. This operation is called in
[4] the H -join of graphs Gy, . .., G,,. In [21] and [4], the spectrum of H[GY, . .., G,]
is provided, where H is an arbitrary graph and Gy, ..., G, are regular graphs.
Furthermore, in [10] and [4], using different approaches, the spectrum of the
Laplacian matrix of H[G4,...,G,] for arbitrary graphs was characterized. The
Laplacian spectrum of the H-join was previously obtained in [19] in the particular
case of a graphs with tree structure (that is, when H is a tree).

Let H be a graph of order n and G be an arbitrary graph. If, for 1 <i < n,
G, is isomorphic to G, it follows immediately that H|Gy,...,G,] = H[G], a fact
also noted in [2].



Now, let us focus on the spectrum of the adjacency and Laplacian matrix of
the above generalized graph composition.

Assuming that Gy, ..., G, are all isomorphic to a particular graph G (which
should be regular in the case of Corollary 2.1), as consequence of Theorems 5 and
8 in [4], we have the following corollaries.

Corollary 2.1. Let H be a graph of ordern with o 4(H) = {\"/(H), ..., A\ ()},
where the superscript [h;] stands for the multiplicity of the eigenvalue \;(H), and
let G be a p-regular graph of order m with o4(G) = {NN(G), ..., \¥NG)Y. Then

oa(H[G)) = {p"o D1 NP9l U{(md(H) +p)™, . (m(H) + p)Y

Corollary 2.2. Let H be a graph of order n with op(H) = {1 (H),..., u(H)}
and let G be a graph of order m with o,(G) = {u1(G), ..., um(G)}. Then

or(H|G]) = <U {mdu(7) +p(G) : 1 <i <m — 1}> U{mp (H), ..., mpu,(H)} .

3 The spectra and Laplacian spectra of iterated
lexicographic products of graphs

Let us consider the graphs obtained by an arbitrary number of iterations of the
lexicographic product of a graph by another as follows:

H[G] = G, H'[G] = H[G] and H"[G] = H[H*'[G]], for all integers k > 2.

Example 3.1. Let us consider the graph H = Cy (the cycle with four vertices)
and G = Ko (the complete graph with two vertices). Then H°[G] = K, and
H[G| = C4|K>] are depicted in Figure 1. Furthermore, Figure 2 depicts the graph
H?[G] = C*[Ky] = C4[C4] K]

In what follows, we adopt the traditional notation of the union of sets for
denoting the union of multisets, where the repeated elements of the multisets A
and B appear in AU B as many times as we count them in A and B.



Figure 1: The graphs H°[G] = K, and H'[G] = Cy[K,).

Figure 2: The graph H?*[G] = C?[K,].

3.1 The spectrum in the case of a p-regular graph G and
a g-regular graph H

The next theorem states the regularity degree, order and spectrum of H*[G], for
k > 0, when G and H are both regular connected graphs.

Theorem 3.2. Let H be a q-reqular connected graph of order n with o4(H) =
{q, 75‘2}(}1), . ,%[ht](H)} and G be a p-reqular connected graph of order m with
oa(G) = {p, 7%92](G),...,7£95}(G)}. Then for each integer k > 0, H*[G] is a



re-reqular graph of order vy with

nk —1
e = mq +p,
n—1
v, = mnF,
oa(HMG) = ("), A NG} Ui UAe where
k-1 | |
Ay = U {(mni%(H) + T’i)[nkﬂ,zhz}’ o (mniy(H) + Ti)[nkﬂﬂht}}’
i=0

assuming that Ay = ().

Proof. Since H°|G| = G, the case k = 0 follows. Furthermore, the case k = 1
follows from Corollary 2.1, since H'[G] = H|G] (notice that ry = mq +p =
my1(H)+p). Let us assume that the result holds for k — 1 iterations, with k£ > 2.
By definition of lexicographic product, we obtain

Tk = Vgp_1q+ Tgp—1
nkF—1

= mq(nk_l+nk‘2+---+n+1)+p=mqn_1

+p

and v, = v(H*|G]) = vy_1n = mn*. Additionally, replacing in the Corollary 2.1
the graph G by H*![G] it follows that

oa(HHG)) = {7 UG), .. AN @)} U {r} U Ay,
k-1
where Ay = U {(mni%(H) + Ti)[nkiliihﬂ, o (mnty(H) + n)[”kﬂﬂhd}'

i=0
0

Example 3.3. For the graphs of Figure 1, we have m = 2, n =4, p =1 and
q = 2. From Theorem 3.2, we obtain the following degree, order and spectra for
CEKs] for a given k > 1 integer:

gk — 1 |

1=
-1 3
v, = v(H"G)) = 2x4F,

oa(HYG)) = {(—1)[4’“1} U {MLB”} U A,

| NS | NG
where Ay, = Uf:_ol {(2 X 4" x 0+ 4+§_1> ; (2 X 4(=2) + 4+;_1) }

= Uf:_()l {(%)[Mﬂd‘@]’ (_4i+1 + 4i+_;_1)[4k717i]}'

T, = 2% 2
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In particular, for k =2 (the graph of Figure 2), it follows that

o = 21,
vy, =v(H?[G]) = 32 and
oa(H?[G]) = {21,(5)%, (V¥ (=), (=3)", ~11}.

We may consider the graph obtained by an arbitrary number of iterations of
the lexicographic product of a graph with itself. In fact, for a given g¢-regular
graph H of order n, we assume that H* = K|, H' = H and that H* = H*"1[H]
for k > 2. Then, as an immediate consequence of Theorem 3.2, we have the
following corollary.

Corollary 3.4. Let H be a connected q-reqular graph of order n with oa(H) =
{q, yghﬂ(H), . ,%{M(H)}. Then, for each integer k > 1, H* is a ry-reqular graph
of order vy, with

- nkF—1
Tk = qn_17
v = nf and
k—1 _ _
oA(HY) = (U«niw(H)mﬂn’“1%ﬂ,...,<n2‘%<ﬂ>+n>[nk“h”}>u{m}.
1=0

Remark 3.5. The least eigenvalue of H* is A\ (H®) = nF=I\,(H) + ¢22—=2.

n—1

Proof. In fact, based on the Corollary 3.4, we obtain

A (H®) = Ogringllgl—l{n W H)+r}= Ogringllgl—l{n (H)+q S }
| nk=1—1

= n"u(H) +q =n""I\(H) +¢q

n—1 n—1

The third equality above is obtained taking into account that for every i €

{0,k — 1}, 0PIy (H) + ¢ 52 < nig(H) + ¢%=L & (051 — )y (H) <

) n—1
—q"k;:"l & v (H) < —=% and the last inequality holds since the graph H has
at least one edge and then (see [5]) v,(H) < —1 < ——=. O

Remark 3.6. Let H be a p-regular graph of order n. Then for all k € N and for
all nonnegative integer q, o 4(H*)\{ri} C o4(H*9), where ;. is the reqularity of
H* and this inclusion means that all eigenvalues with the respective multiplicities
of the multiset o ,(H*) \ {ry} belong to the multiset o 4(H**9).

Proof. This is a direct consequence of Corollary 3.4. O

Example 3.7. Let us apply the Corollary 3.4 to the powers of the Pertersen
graph P*, with k € {1,2,3,100}.



1000

L h 1 h 1
1 200 400 600 800 1000

Figure 3: The second and third lexicographic powers of the Petersen graph with
adjacency matrix plots.

k Spectrum of P*
E=1 3, 151 —ol4]
k=2 33, 1301 11500, —ol0l 1714
k=3 | 333 1330 1300 1000]  _oM00 77040 _ 16714
99
3 % Z 101" 1[5><1099]’ _2[4><1099}’
=0
k=100 mo1 o\ e
( 10 +3> 10° ,m=1,...,99,
nii(i [4>< 109977n}
—<7+10m+6210i> ,m=1,...,99.
=1

Notice that the graph P* has 10F vertices, in particular P has the googol
number of vertices 1019, All the computations were done by Mathematica and
lasted just a few seconds.



3.2 The Laplacian spectra

In this section we characterize the Laplacian spectrum of the iterated lexico-
graphic product H*|G], where G and H are arbitrary graphs. The particular
cases of the Laplacian spectra of these iterated lexicographic products, when H
is regular and when H is arbitrary but equal to G are also presented.

Theorem 3.8. Let G be a graph of order m with or(G) = {p1(G), ..., un(G)}
and let H be a graph with V(H) = [n], where [n] = {1,2,--- ,n}, and o (H) =
{ui(H), ..., un(H)}. Then, for each integer k > 1, H¥|G] is a graph of order
v, = mnF with

oL (H*(G)) = 0 U T,

where

k
QF = U {,ul(G) +mZni_1dH(ji) 1<li<m-— 1} and
n]k

(J1,J2,--dk) €l i=1

k k
k. = U U {mni_2ul(H) —|—mZn”_1dH(jr) 1<l <n— 1} U

{mnk_l,uj(H) :1<j<n}.

Proof. Corollary 2.2 gives us the assertion in case k = 1. Given an integer k > 2,
let us suppose that
o (HHG]) = Qg Uy,

where

k—1
Q’é‘l = U {m(G) +mZni_1dH(ji) 1<I<m-— 1} and

(J1r-rdk—1)EM]F~L i=1

k—1 k—1

k-t = U U {mni_2m(H) + mZnT_ldH(jr) 1<l <n— 1}
=2\ (Jiyeosfit—1)E[n]F
U {mnk_zuj(H) :1<j<n}.

r=i

Then, by Corollary 2.2,

oL(HYG)) = o (HIH'(G]]) =

= (U {mnk_ldH(jk) +z:x€ QZ_I}>U<U {mnk_ldH(jk) ty:ye FI;{_I}> )

Jr=1 Jr=1



where 7 _, {mn*'dp(ji) + 22 € QF'} =

— U U {mnk_ldH(jk) +w(G) + mz_:ni_ldH(ji) 1<1i<m-— 1}

Jk=1 \ (J1,--Jk—1)€E[n]F1 =1

k
= U {ul(G)+mZni_ldH(ji):lglgm—l}:Q’é and
i=1

(J15-dk—1.3K)E[M]F

U i {mn*du(ie) +y :y e T3} =

n

k—1 k—1
- Uiy u {mnk‘ldﬂ<jk)+mni‘2m<H)+man‘1dH(jr):1szgn-1}

Je=1 \7=2 (ji,....jp—1)€[n]*—* r=i

U {mnk_ldH(jk) +mnk_2m(H) 1<l <n-— 1} ) U {mnk_luj(H) 1<j5<n}

k k
= U U {mni_Q,ul(H) +mZn’"_1dH(jr) 1<l <n— 1}

=2 (j;,...,J ) E[n]F—it1 r=i
U{mn* ' (H);1 < j <n} =T%.
]

As an immediate consequence of the above theorem, for a regular graph H it
follows

Corollary 3.9. Let G and H as in Theorem 3.8, with H q-reqular. Then, for
each integer k > 1,

"]

E_ 1\
o1 (HG) = {(ul<a>+mq2_f) :1szw—1}u{0}u

k+1

) ) nk—i-l—l -1
U (mn’_zm(H) + mqn’_lﬁ)

i=2
Proof. From Theorem 3.8, for all integers k& > 1, it follows that
oL (H*[G]) = Qg U T,

[nkfz#l}

:1§l§n—1}.

where

k
Q’é = U {,ul(G)ijani_l:lglgm—l}
: ¢

i=1

"]
10

:1§l§m—1} and



k k
s = U U {mni_z,ul(H)ijanr_l:1§l§n—1} U

1=2 \ (jis.rji) €[]~ F1

{mnk_luj(H) 1< < n}

) ) nk—i+1 -1
= U (mn’_Z,ul(H) + mqn’_lﬁ>

r=t

[nkfz#l]

:lglgn—l}U{O}.

O

Now, let us consider the case G = H.

Corollary 3.10. Let H be a graph with V(H) = [n] and o,(H) = {1 (H), .
pn(H)Y. Then H* is a graph of order vy = n* and

ey

op(H") = O U {ni_l,ul(H) + inrdH(jr) 1<l <n— 1} U

(Jirewsdi—1)€[n]F =7
{nFtp(H): 1< j <n},

r=i

for all k > 2.

Proof. The first statement is obvious. Regarding the second statement, applying
again Theorem 3.8 for £ > 2 we obtain

oL(HY) = oL (H*'[H]) =

= U {ul(H)—i—nini_ldH(ji):1§l§n—1}u

(J1,J2,-rJk—1)E[n]F—1 i=1

k-1 k-1
U U {ni_l,ul(H)—l—nZn”_ldH(jr) 1<li<n—-1;|U
i=2

(Jise-orfe—1)E[N]F—E r=i

{nn"uy(H) 1< j <n} =

k—1 k—1
= U {ni_lul(H) +andH(jr> 01 S l S n — 1}) U
=1 [n]k—t

{n" "y (H) 1< j <n}.
]

Finally, the next proposition determines the algebraic connectivity and the
largest Laplacian eigenvalue of H*, for k > 1.

11



Theorem 3.11. If H is a connected graph of order n with or,(H) = {p1(H), ...,
wn(H)} and k > 1, then

i1 (HY) = nF "y, (H) and (1)

(HY) = 0ty (H) )

Proof. Let k > 1 be fixed. From Corollary 3.10, it follows that the second
least eigenvalue of H* is among the values n*~'p,_(H) and n'"‘u, (H) +

Zf;ll n"dy(j,) for 1 <i <k —1. We may recall that §(H) > p,,_1(H); then, for
all 1 <7 <k —1, it holds that

' -1 (H) + Z W dp(jr) =0 o1 (H) + Z n'6(H)

k-1

Zni_lun_l(H)jLun_l(H)an:,un 1 ( O l—i-Zn)

r=t

k—1
= :un—l(H) Z n' = Hn— 1 an ! > Moy — 1(H) 1'

r=i—1

Thus the equality (1) is proved. Now, let us prove the equality (2).

Applying again Corollary 3.10, it follows that the largest Laplacian eigenvalue of
H* is among the values n* =iy (H) and n'~ py (H)+ S5 n7dy (5,), 1 < i < k—1.
Since 1 (H) > A(H) + 1, for 1 <i <k — 1, it follows that

ni‘lul(H)JanrdH(jr) < ni_lul(H)ﬂLan(m(H)—

k—1 k—1

|
=
=
3@
L

= m(H)n""' +
< "l (H)

The last inequality is obtained taking into account that u;(H) —n < 0. O

12



4 Spectral and combinatorial invariant proper-
ties of lexicographic powers of graphs

In this section, a few well known spectral and combinatorial invariant properties
of a graph H are extended to the lexicographic powers of H. For instance,
considering that H has order n > 2, for all £ > 1, we may deduce that

nF—1

n—1

S(H") = 6(H)

nk —1
(A(Hk) = A(H) ) : (3)
n—1
Notice that since H has order n, then H* has order n*. The equalities (3) can
be proved by induction on k, taking into account that they are obviously true
for k = 1. Assuming that the equalities (3) are true for k — 1, with £ > 2, it
is immediate that a vertex of H* with minimum (resp. maximum) degree is a
minimum ( resp. maximum) degree vertex of the copy of H*~! located in the
position of a minimum (resp. maximum) degree vertex of H, and then its degree

in H* is equal to 6(H) (% + nk_l) (resp. A(H)(% + nk_1)>.

For an arbitrary graph G, let ¢;(G) and ¢,(G) be the largest and the least
eigenvalue of the signless Laplacian matrix of G (that is, the matrix Ag + D),
respectively. Taking into account the relations 20(G) < ¢1(G) < 2A(G), which
were proved in [6], and also the inequality ¢,(G) < 6(G) [8], for the lexicographic
power k of a graph H we obtain the inequalities

E_ k _
25(H)" 11 < a(H) < 28(H)" 11 and

nF—1

w(HY) < 6(H) —

Denoting the distance between two vertices x and y in G by dg(z,y) and
the diameter of G by diam(G), we may conclude the following interesting result
concerning the diameter of the iterated lexicographic products of graphs.

Theorem 4.1. Let H be a connected not complete graph and let G be an arbitrary
graph of order m. For every k € N

diam(H"™) = diam(H"|G)) = diam(H).

Proof. Consider V(H) = {1,...,n} and z,y € V(H*[G]) (vesp. z,y € V(H*)).
Then we have two cases (a) they are both in the same copy of H*71[G] (resp.
HP¥) located in the position of the vertex i € V(H) or (b) they are in different
copies of H*"1[G] (resp. H*) located in the positions of the vertices r,s € V (H).

(a) If  and y are adjacent, then dyrgy(z,y) = 1 (resp. dgri(z,y) = 1),
otherwise there exists a vertex j € V(H) such that ¢j € E(H) and then

13



there is a path z, 2, y, where z is a vertex of the copy of H*~![G] (resp. H¥)
located in the position of the vertex j € V(H). Therefore, dykig(z,y) = 2

(resp. dgw+i(z,y) = 2).

(b) In this case, assuming that r, ji,..., j;, s is a shortest path in H connecting
the vertices r and s, there are vertices 21, ...,z in the copies of H*![G]
(resp. HP*) located in the positions of the vertices ji, ..., j:, respectively,
such that x, 21, ..., 2,y is a path of length dy(r, s).

O

4.1 The stability number

Regarding the stability number a(G) (the maximum cardinality of a vertex subset
of an arbitrary graph G with pairwise nonadjacent vertices), according to [11],
a(H[G]) = a(H)a(G) for an arbitrary graph H. Thus we may conclude that
a(H*) = a(H)* (and, denoting the complement of graph F by F and the clique
number by w(F), since H|G] = H[G], w(H*) = w(H)*). Furthermore, from the
spectral upper bound a(G) < n%, independently deduced in [18] and [12]
for an arbitrary graph G, and taking into account (3) and (2), considering the
k-th lexicographic power of a graph H of order n we obtain

k:ul(Hk) - 5(Hk) < k 13&'_—11nk_1:ul(H) - 5(H)
YAamny " A(H)

oz(Hk) <

4.2 The vertex connectivity

Considering a graph G of order m and a graph H of order n, it is well known that
the lexicographic product H|[G] is connected if and only if H is a connected graph
[14]. On the other hand, according to [11], if both G and H are not complete,
then v(H|[G]) = mu(H), where v(H) denotes the vertex connectivity of H (that
is, the minimum number of vertices whose removal yields a disconnected graph).
Therefore, v(H*) = n*~'v(H). Furthermore, we may conclude that when H is
connected not complete (and then H* is also connected not complete),

nF—1

" (H) < v(H*) < 6(H) —

In fact, it should be noted that v(G) < 6(G) and, when G is not complete,
tn—1(G) < v(G), see [9]. Therefore, taking into account (1) and (3) we obtain
05 iy (H) = i (HY) < 0(HY) < 6(HF) = 6(H) %=

n—1

14



4.3 The chromatic number

Concerning the relations of the chromatic number of a graph G of order n with
its spectrum, the following lower bound due to Hoffman in [16] is well known.

As direct consequence, if a graph H is g-regular of order n, taking into account
the Remark (3.5), we may conclude the following lower bound on the chromatic
number of H*:

Th nkF—1

k
>1-—F  — 1_
XUHT) 2 1= = 1=q

Acknowledgement

The authors are indebted to the anonymous referees for their careful reading and
for their valuable suggestions.

The research of Nair Abreu is partially supported by Project Universal CNPq
442241/2014 and Bolsa PQ 1A CNPq, 304177/2013-0. The research of Domin-
gos M. Cardoso and Paula Carvalho is supported by the Portuguese Foundation
for Science and Technology (“FCT-Fundagao para a Ciéncia e a Tecnologia”),
through the CIDMA - Center for Research and Development in Mathematics and
Applications, within project UID/MAT/04106/2013. Cybele Vinagre thanks the
support of FAPERJ, through APQ5 210.373/2015 and the hospitality of Depart-
ment of Mathematics of University of Aveiro, Portugal, where this paper was
finished.

References

[1] Z.Baranyai, G.R. Szazy, Hamiltonian decomposition of lexicographic product,
J. Combin. Theory Ser. B 31 (1981), pp. 253-261.

2] S. Barik, R. Bapat and S. Pati, On the Laplacian spectra of product graphs,
Appl. Anal. Discrete Math. 9 (2015), pp. 39-58.

[3] D. M. Cardoso, P. Rama, Equitable bipartitions of graphs and related results,
J. Math. Sci., 120 (2004), pp. 869-880.

15



[4] D. M. Cardoso, M.A.A. Freitas, E. A. Martins, M. Robbiano, Spectra of
graphs obtained by a generalization of the join graph operation, Discrete
Math. 313 (2013), pp. 733-741.

[5] D. Cvetkovié¢, M. Doob, H. Sachs, Spectra of Graphs - Theory and Applica-
tion, Academic Press, New York, 1980.

[6] D. M. Cvetkovi¢, P. Rowlinson, S. K. Simié¢, Signless Laplacians of finite
graphs, Linear Algebra Appl. 423 (2007), pp. 155-171.

[7] D. Cvetkovié, P. Rowlinson and S. Simi¢, An Introduction to the Theory of
Graph Spectra, Cambridge University Press, Cambridge, 2010.

[8] K. C. Das, On conjectures involving second largest signless Laplacian eigen-
value of graphs, Linear Algebra Appl. 432 (2010), pp. 3018-3029.

[9] M. Fiedler, Algebraic connectivity of graphs, Czechoslovak Math. J. 23 (1973),
pp. 298-305.

[10] A. Gerbaud, Spectra of generalized compositions of graphs and hierarchical
networks, Discrete Math. 310 (2010), pp. 2824-2830.

[11] D. Geller, S. Stahl, The chromatic number and other functions of the lexi-
cographic product, J. Combin. Theory Ser. B 19 (1975), pp. 87-95.

[12] C. D. Godsil, M. W. Newman, Eigenvalue bounds for independent sets, J.
Combin. Theory Ser. B 98(4) (2008), pp. 721-734.

[13] F. Harary, On the group of compositions of two graphs, Duke Math. J. 26
(1959), pp. 29-34.

[14] F. Harary, G. W. Wilcox, Boolean Operations on Graphs, Math. Scand. 20
(1967), pp. 41-51.

[15] F. Harary, Graph Theory, Addison-Wesley, Reading, MA, 1994.

[16] A. J. Hoffman, On eigenvalues and colorings of graphs, in: Graph Theory
and its Applications, ed. B. Harris, Academic Press, New York (1979), pp.
79-91.

[17] R. Hammack, W. Imrich, S. Klavzar, Handbook of Product Graphs, Second
Edition, Discrete Mathematics and its Applications Series, CRC press, Boca
Raton, 2011.

[18] M. Lu, H. Liu, F. Tian, New Laplacian spectral bounds for clique and in-
dependence numbers of graphs, J. Combin. Theory Ser. B 97 (2007), pp.
726-732.

16



[19] M. Neumann, S. Pati, The Laplacian spectra of graphs with a tree structure,
Linear and Multilinear Algebra 57 (2009), pp. 267-291.

[20] G. Sabidussi, The composition of graphs, Duk Math. J. 26 (1959), pp. 693~
696.

[21] A. J. Schwenk, Computing the characteristic polynomial of a graph, Graphs
and Combinatorics (Lecture notes in Mathematics 406, eds. R. Bary and F.
Harary), Springer-Verlag, Berlin (1974), pp. 153-172.

17



