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Abstract

A weighted Bethe graph B is obtained from a weighted generalized
Bethe tree by identifying each set of children with the vertices of a graph
belonging to a family F' of graphs. The operation of identifying the root
vertex of each of r weighted Bethe graphs to the vertices of a connected
graph R of order r is introduced as the R-concatenation of a family of r
weighted Bethe graphs. It is shown that the Laplacian eigenvalues (when
F has arbitrary graphs) as well as the signless Laplacian and adjacency
eigenvalues (when the graphs in F' are all regular) of the R-concatenation
of a family of weighted Bethe graphs can be computed (in a unified way)
using the stable and low computational cost methods available for the de-
termination of the eigenvalues of symmetric tridiagonal matrices. Unlike
the previous results already obtained on this topic, the more general con-
text of families of distinct weighted Bethe graphs is herein considered.
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1 Introduction

1.1 Basic notation and definitions

In this paper we deal with undirected simple graphs G of order n, with vertex set
V(G) ={1,...,n} and edge set E (G). Considering a vertex subset S C V (G),
0 (S) denotes the subset of edges that have exactly one vertex in S. Throughout it
is assumed that each edge e € E(G) has a positive weight w (e). When w (e) =1
for all e € E(G) the graph G is an unweighted graph otherwise is weighted. The
adjacency matrix of a graph G is the n x n matrix A(G) = (a;;) such that
a;; = w(ij) if there is an edge ij joining the vertices ¢ and j and a;; = 0
elsewhere. The Laplacian matrix and the signless Laplacian matrix of G are
L(G) = D(G) —A(G) and Q(G) = D(G) + A(G), respectively, where D (G)
is the diagonal matrix with diagonal entries d;; = > . ;) w (€), where the
sum is taken over all edges incident to the vertex ¢. Notice that the matrices
L(G), Q(G) and A(G) are real and symmetric and thus all of their eigenvalues
are real. Furthermore, L (G) and @ (G) are positive semidefinite and hence each
of their eigenvalues is nonnegative.

Let B be a w-weighted generalized Bethe tree with k£ > 1 levels, which is a
rooted tree in which the vertices at the same level have the same degree and
edges connecting vertices at consecutive levels (k—j+1 and k — j) have the same
weight w; (the j-th entry of the (k — 1)-tuple w), with 1 < j <k — 1. When all
of the weights are equal to 1, B is called an unweighted generalized Bethe tree or
simply a generalized Bethe tree. Considering a family of graphs F'= {G, : j € A},
where A is a non-empty index subset of {1,...,k — 1}, the graph B (F) obtained
from the w-weighted generalized Bethe tree B by identifying each set of children
of B at level k — j 4+ 1 with the vertices of the graph G; € F, is herein called
a w-weighted Bethe graph. This graph is called an unweighted Bethe graph or
simply a Bethe graph when all the weights in the (k — 1)-tuple @ are equal to
1 (see [2, Fig.1.2] as an example). The root vertex of B (F) coincides with the
root vertex of B. For 1 < j <k, n; and d; are the number and the degree of the
vertices of B at the level k — j + 1, respectively. We recall that for a rooted graph
the level of a vertex is one more than its distance from the root vertex. Thus dj,
is the degree of the root vertex, ny =1, d; = 1 and n; is the number of pendant
vertices. Let us consider

w;j if j =1,
drwy—1 if j = k.

Notice that ¢§; is the sum of the weights of the edges of B incident with a vertex
at thelevel k —j+1. fw; =wy =+ =wp_y =1, then§; =d, for j =1,... k.



Now,letmj:%forjzl,...,k—l. Then
J

m; = dipn—1(1<j<k-2),

dy, = Np_1 =my_q,

where m; is the cardinality of each set of children at the level & — j + 1.

From now on, M = M (G) is one of the matrices L (G), @ (G) or A(G). We
consider only matrices M; = M (G;), with eigenvalues 6, (M}), ..., 0, (M;), for
which e,,; (the all one vector with m; entries) is an eigenvector associated to the
eigenvalue 0, (M;), that is,

Mjen, = Ou, (M;) ;. (1)

Observe that (1) holds if M (G;) = L (G;) and also if M (G;) = Q (G;) or M (G;) =
A (G;) whenever G; is a regular graph. We introduce the notation

(2)

| =1 if M is the Laplacian matrix
5= 1 if M is the signless Laplacian or the adjacency matrix

and

(3)

y— 0 if M is the adjacency matrix
| 1 if M is the Laplacian or the signless Laplacian matrix.

Definition 1.1 Let us define the matrices X;, for j = 1,...,k — 1, and the

matrices X;; for j =1,2,...,k—=1andl =1,...,m; — 1, as follows. X, is the

7 % 7 leading principal submatriz of the k x k symmetric tridiagonal matriz X; =
ady + O, (M) wi4/m1

w1~/ ada + O, (M)

Wg—24/Mk—2
Wi—2y/Mik—2 @0k—1 + O, | (Mr_1) wWr—1/MEk—1
Wk —14/Mk—1 ady,
and
ady + le (Ml) W14/
W14/Mq "
s N =

Wj—2y/Mj—3  abj1+0m, , (Mj—1) wj_1y/m;
Wj—14/Mj—1 a(Sj + 0[ (M])

The multiset of eigenvalues of a square matrix C' is denoted o (C).



1.2 Previous results and the aim of the paper

Several results on the spectra of matrices associated to generalized Bethe trees
were published in [3, 7, 11] and some of those results were generalized in [12]. In
fact, assuming (1) and defining Q@ = {j: 1 <j <k —1,n; > nj1}, we have the
following result stated in [12, Th. 2.10].

Theorem 1.2 [12/
0B 1500 G (5 e (2 )

where o (X;)" ™" and o (X;;)"™ mean that each eigenvalue in o (X;) and in
o (X;;) must be considered with multiplicity n; — nj1 and njy,, respectively.
Furthermore, the multiplicities of equal eigenvalues obtained in different matrices

(if any), must be added.

Denoting by A the submatrix obtained from a square matrix A by deleting
its last row and its last column, from the proofs of Lemma 2.2, Theorem 2.5 and
Lemma 2.7 in [12], we obtain

Lemma 1.3 [12/

m]'—l
—_ —

M —=MBE)| =D (N [T @00 ] T (D))
jEQ-A jEA I=1
where, for j = 1,...;k—1 and l = 1,...,m; — 1, D; (X\) and D;; (\) are the
characteristic polynomials of the matrices X; and X;;, respectively.

Theorem 1.2 above was extended in [2, Th. 3.7] to a graph R{B (F)} ob-
tained from a connected weighted graph R on r vertices and r copies of B (F)
by identifying the root of the i-th copy B (F) with the i-th vertex of R. Those
spectra were given by the eigenvalues of symmetric tridiagonal matrices of order
j, with 1 < j < k, where k is the number of levels of the generalized Bethe
tree B. Thus, the spectra of M (B (F)) and M (R {B(F)}), respectively, can be
computed using the stable and low computational cost methods available for the
determination of the eigenvalues of symmetric tridiagonal matrices (see [6]).

The purpose of this paper is to extend the results obtained in [2] to a graph
RA{H;:1<i<r} defined as follows.

Definition 1.4 Let R be a connected graph on r wvertices vq,...,v,.. For each
i € {1,...,r} consider an index subset A; C {1,... k; — 1}, a family of graphs
F, ={G; : j € A;} and the w;-weighted Bethe graph H; = B; (F;), where B; is a
w;-weighted generalized Bethe tree with k; levels. The weighted R-concatenation
of the family of weighted Bethe graphs H = {H; : 1 <i <r} is the graph R {H}
obtained from R and the graphs Hi, Ha, ..., H, by identifying the root of each
H; with v;.



As usually, when the weights in the tuples wy, ..., w, are all equal to 1 the
graph R {H} is called an unweighted R-concatenation or simply a R-concatenation
of the family of Bethe graphs .

The graph depicted in Figure 1 is the R-concatenation of a family of Bethe
graphs Hy,...,H,, where R is obtained from K, after deleting one edge and
Hi, ..., Hy denotes a collection of four distinct Bethe graphs. Notice that, unlike
the case studied in [2], the graphs H; in R {H; : 1 <i <r} can be distinct.

\

Figure 1: The R-concatenation of a family H of four Bethe graphs, where R is
obtained from K, after deleting one edge.

A similar operation with the designation of concatenation between two graphs
by their root vertices is used in computer science in context-free word grammars
[4] and graph codes [1]. This graph operation is also called in [8] the coalescence
of two graphs with respect to some particular vertices (one vertex in each graph).

The remaining sections of this paper are organized as follows. Section 2 is
devoted to the introduction of some additional notation to facilitate the presenta-
tion of the main result of Section 3. In Section 3 we characterize the eigenvalues,
including their multiplicities, of the matrix M (R {#}) in a unified way. As an ap-
plication of this main result, in Section 4 the eigenvalues of the Laplacian matrix
of the graph R {H} are characterized as well as the eigenvalues of the signless
Laplacian and adjacency matrices of this graph, whenever for ¢ = 1,...,r, in
each family F; (considered for H; = B; (F})) the graphs G, ;, with j € A;, are all
regular.



2 Additional notation

Before going further it is worth to introduce the following additional notation.

1. For each i € {1,...,r} H; = B;(F;), where B; is a weighted generalized
Bethe tree with k; levels.

(a) For j = 1,...,k;, n;; and d;; denote the number and the degree of
the vertices of B; at the level k; — j + 1, respectively.

(b) For j =1,...,k; — 1, the edges of B; connecting vertices at the level
k; — 7 + 1 with the vertices at the level k; — j have the weight w; ;.

(c) For j € A;, the edges of the graph G, ; (defined on the set of children

of B; at level k; — j+1) have the weight u; ;. On the other hand, when
J & Aiui;=0.

2. Now let us define G = R{H}, with H ={H,;:1 <i<r}.

(a) Considering vy, ...,v, € V(R), as usually, v; ~ v; means that v; and
v; are adjacent.

(b) Furthermore, for every pair of vertices v; and v; if v; ~ v; then ¢; ; =
€. 1s the weight of the edge v;v;, otherwise €; ; = €;;, = 0.

(¢) For ¢ = 1,...,r, the degree of v; as a vertex of R is d(v;) and n; =
Z?;l n;; is the number of vertices of the graph H;. Therefore, the
total number of vertices of G is n=>"._ n,.

d) Forl1<i<rand1 <3<k —1 m,; =
j J=nk

the cardinality of each set of children of B; at the level k; —7+1 and
then the order of G, ; is m; ;. Moreover

m;; = dz’,j—}—l_lu 1<j<k—2

mMik,—1 = di,ki:ni,kﬁr

(e) Fori=1,2,...,r let

5z’,1 = Wi
(Si,j = (di,j — 1) wi,jfl + wm-, j = 2, ey kz -1
Oiky = i, Wig,—1
g = E Eij-
Vi~U4

Observe that if B; is an unweighted tree then 9§, ; = d; ; and if R is an
unweighted graph then ¢; = d (v;).



The identity matrix of appropriate order is denoted by I and I,, denotes the
identity matrix of order m. For further notation the reader is referred to [13]
(regarding matrix theory) and [5] (regarding graph spectra).

It should be noted that B; and H; have the same vertex set, furthermore the
vertices of G are labeled as follows:

(1) The vertices of H; are labeled from the bottom to the vertex vy, using the
labels 1,...,n; and at each level from the left to the right;

(2) The vertices of Hy are labeled from the bottom to the vertex vy, using the
labels n1 + 1,...,n7 + ny and at each level from the left to the right;

(r) The vertices of H, are labeled from the bottom to the vertex v,, using the
labels n —n, + 1,...,n and at each level from the left to the right.

In addition, fori =1,...,rand j = 1,...,r, we denote by E; ; = (e,,) the matrix
of order ¢; X t; such that ey,e; = 1 and the other entries are zero.

Using the above mentioned labeling the Laplacian, signless Laplacian and
adjacency matrices of G become M (G) =

[ M (Hl) + a51E1,1 861,2E1,2 ce ce Ssl,’l“El,T’

T - -
se1,2E7 5 . . sez oy

: - M (Hr—l) tag, 1B 1,1 ser 10 Br 1
T T T
5817TE1,T 56277"E2,r e 567“—177”Er—1,7" M (%T) + aaTETJ’ J

where s and a are as in (2) and (3), respectively. On the other hand, for
i=1,...,r, M (H;) + ag;E;; =

i Inig ® Si,l SIni,g ® wi,lemiJ T

T
sly, , ® Wi 1€,

Siki—1 SWi k;—1€m, 4,

a (05, +€i)

. T
Sw7‘7ki_1emi,ki—l

where, for j =1,...,k — 1,
Sig = a0ijlm,; + M (Gi;)

Let us assume that M; ; = M (G, ;) has the eigenvalues 01 (M;;), . .., Oy, (M ;)
such that
Miajemi,j = emi,j (Mi:j)emi,j' (4>
This is always the case if M(G; ;) = L(G; ;) and also the case if M(G; ;) = Q(G;,)
or M(G; ;) = A(G; ;) whenever G, ; is regular.
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Definition 2.1 Fori=1,...,randj=1,...,k—1, let X; ; be the j X j leading
principal submatriz of the k; X k; symmetric tridiagonal matriz X, , = aD+

Oy (Min)  winy/ma1
Wi 1y/Mi1 Om, , (Mi2)

. Wi, ki —2+/ M,k —2 ’
Wi g, —2y/Miki—2  Omy g,y (Migi—1) Wik, —14/Mi k-1
Wi ks — 1/ ey — 1 0

where a is defined as in (3) and D = diag(0;1,0;2, - 0ik;—1,0ik;)-

Definition 2.2 Fori=1,...,r, j=1,...;ki—=1andl =1,...,m;; — 1, let
Xiji =

adi 1+ 9771,;,1 (M; 1) wi1/M51

w4 1/ 1
. wi,j—2y/Mi 2
Wi j—2y/Mij—2 a8 j-1+0m; ;g (Mij—1) wij-1yMi;1
Wi, j—1/Mi,5—1 adi,j + 01 (M, ;)

3 The main results

Defining €; = {j:1<j <k —1, n;; >n;;4+1},i=1,...,r and applying The-
orem 1.2 and Lemma 1.3 to H; = B; (F;) we obtain the following lemma.

Lemma 3.1 Fort=1,...,r,

AL =M (Hi)| = Dir(N)FE(A)

‘)\I — m) = Dir1(AN)F(N),
where g
PN =TI @0 I T (Daga )+
jeQi-A; jed; 1=1

and for j=1,...)k; andl =1,...,m;; — 1, D; ; (\) and D, j; (\) are the char-
acteristic polynomials of the matrices X, ; and X, j;, respectively.

Before proceeding, it is also worth to recall the following lemma deduced in
[10].

Lemma 3.2 [10] For i =1,2,...,r, let B, be a matriz of order k; x k; and fu; ;



be arbitrary scalars. Then

By p12E o 1B, B,
M2,1E1T,2 By s MQ,rEz,r
psaEls psoEs :

5 : B, JTRS
Mr,1E1T,r pr2 by, Mr,r—lE;—l,r B,
|Bl| H1,2 E H1r—1 E: M1 E
H21 /B: ’B2‘ M2 r /B\;
= 31 E 13,2 E
|Br—1| Hr—1r E:—/l
Hr1 E Hr.2 E Hrr—1 B:—/l ‘Br|

The next theorem states the main result of this paper.

Theorem 3.3 Let us consider the graph G = R{H}. If (4) holds then

o (M(G)=c(X)uUl (Ujeﬂi—AiU (X5.)"™ 7" Ujen, (Ugf—la (Xz',j,l)m’w))
i=1

where
Xig +aci1 by se12b 2 se1 L,

T .

881’2El72 X27k2 + CL€2E272

X = : ‘ ,
. Sgrfl,rErfl,r

T T

Sgl,TEl,r Sgr—l,TErfl,r XT,kr + asTETﬂ“

o (X ;)" 7" and o (X5, mean that each eigenvalue in o (X;;) and in
o (X 1) must be considered with multiplicity n; ; —n; j+1 and n; j+1, respectively.
Furthermore, the multiplicities of equal eigenvalues obtained in different matrices

(if any), must be added.
Proof. We apply Lemma 3.2 to obtain |\ — M (G)| =

)”i,j+1

|)\I - M (Hl) — a51E1’1| —SE€12 N — ]\Z_@/Q) —SE€1r N — M)
—se1 ‘)\I M (’Hl)‘
: —S€p_1,y | A — 77;)
—seqp [ A = 0 (1) A — M (H,) — as, E, |




Fori=1,...,r, applying linearity on the last column of |\ — M (H;) — ag;E; |,
we have

e~

N — M (H;) — ag; B ;| = |IN — M (H;)| — ag; | AN — M (H,;)] -
Now, using Lemma 3.1, we obtain
N[ — M (H;) — ag;E; ;] = (Dig,(N) — ag;D;g,—1(N)) Pi(X\)
Therefore |\ — M (G)| =

T

(Dl,kzl - a€1D17k1—1)P1 —551,2D2,k2—1P2 s —351,rDr,k Y

_551,2D1,k1—1p1

: _Sgr—l,TDT,k‘T—lPT
_Sgl,rDl,klflpl e e (Dr,kr - agrDr,kal)Pr

ROV TP (V) where R()) =

i=1
D1,k1 - CL€1D1,1¢171 _551,2D2,k271 s —881,7~Dr,krl

_551,2D1,k171

. _Sgrfl,rDr,kal
_Sgl,rDl,kl—l e _Sg'r—l,'rDr—l,kT,l—l D'r’,kr - ag'rDr,kr—l

in which, for short, the variable A\ has been omitted.
Now, applying Lemma 3.2, we have |A\] — X| =

A — Xl,kl - @€1E1,1 —851,2E1,2 T —881,rE1,r

T
—881’2E172 M — X2,k2 — CL€2E272

_Sgr—l,rEr—l,r

T T
—se1,Eq, e —ser_1,bp 1, M — Xk, —ag B,
|>\I — Xl,kl — a51E1,1| —S8€1,2 ‘)\I — )(2’]€2 —SE€1r M — Xr,kr
—5€1,2 ‘)\[ — X17k1 ‘)\[ — X27k2 — G,€2E272’
—sgr_10 (M — X, g,
—S€1r Al — Xl,kl |)\I - X?“,kr - agrEr,r’
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For ¢ =1,...,r, expanding along the last column, we get

‘)\[ — Xi,ki — agiEi,i\ = ’)\I — Xi,ki‘ — ag;

M—)?i;i’.

Now, we use the fact that |\ — X, x,| = D;x, (A) and ’)\[ — )f(;‘ = D1 (N).
Replacing, we obtain [\ — X| =R (\). =

4 The Laplacian, signless Laplacian and adja-
cency spectra of R {H}

Throughout this section, we analyze the particular cases of the Laplacian, signless
Laplacian and adjacency spectra of G = R {H}.

4.1 On the Laplacian spectra of ¢

We already observe that condition (4) holds for the Laplacian matrix. Then we
may apply Theorem 3.3 to find the Laplacian spectrum of G.
Fori=1,...;,rand j=1,... .k — 1, let

p(Mij) > po(Mij) > -+ > pim, ;(M;;) =0

where MiJ’ =L (gm)

Since, according to (2) and (3), s = —1 and a = 1 whenever M = L (G) and
Pon, ;(M;j) =0fori=1,...,7and j =1,...,k — 1, the Laplacian spectrum of
G follows easily from Theorem 3.3.

Theorem 4.1 The Laplacian spectrum of G = R{H} is
o (L(G) =c(U)ul (UjeﬂfAiU (Ui )™ 7 Ujea, (Uﬁif_lg (Ui,j,l)m’j+l>>
i=1

where,

1. fori=1,...,r and j € Q; —A;, U;; is the j X j leading principal submatriz
of the k; x k; matriz U, = Xix, (in this particular case, the diagonal
entries in Uy, are 6;1,...,0i% ),

2. fori=1,....,r,jeN andl=1,...,m;; —1, U;;; = X; ;1 (in this partic-
ular case, the diagonal entries in U, j; are 0;1,...,0;;-1,0;; + i (L(Gij))),

3. and U =X, with X, = Ui, a =1 and s = —1.

The multiplicities of the eigenvalues of L (G) are considered as in Theorem 3.3.

11



4.2 On the signless Laplacian and adjacency spectra of ¢

We denote the signless Laplacian eigenvalues and adjacency eigenvalues of a graph
S of order m as follows

@1 (S) <@(8) <e(S) < < g1 (S) < gm(S)

and
AM(S) <A (S) << A1 (S) <A (S)

respectively. In particular, if S is a regular graph of degree t and order m in which
the edges have a weight equal to u then @ (S) e, = 2tue,,, A (S)e,, = tue,, and
thus ¢, (S) = 2tu and A, (S) = tu.

If each G, ; is a regular graph of degree r; ; then (4) holds and we may apply
Theorem 3.3 to obtain the eigenvalues of @ (G) and A (G).

Since, according to (2) and (3), s = 1 and a = 1 whenever M = Q(G) and
Gm, ; (M ;) = 2m; ju; j fori =1,...,r and j = 1,..., k;—1, the signless Laplacian
spectrum of G follows easily from Theorem 3.3.

Theorem 4.2 If fori=1,...,r and for each j € A; the graph G; ; is a regular
graph of degree r;; and r;; = 0 whenever j ¢ A;, then the signless Laplacian
spectrum of G = R{H; : 1 <i <r}is

J(Q( U U ( e, —A,; 0— )Th] i, j5+1 UJEA (Umz] 10_ (‘/i’j’l)ni’j-‘—l))

where,

1. fori=1,....r and j € Q; —A;, V;; is the j x j leading principal submatriz
of the k; x k; matriz Vi, = X, , (in this particular case the diagonal entries
in Vi, are 81+ 2ri 101, 0i0 + 270U 2, -, O ji—1 + 275 ki 1Wi jy—15 Ok, )

2. fori=1,....r,je€ N andl=1,....,m;;—1,V,;; = X, (in this particu-
lar case the diagonal entries in 'V j; are 6; 1421 1 1, 0;2+2715 92U 2, . . ., 0; j_1+
2r; i _1Uij—1, 0 + @(Gij)),

3. andV =X, with X;, = Vig,, a=1and s = 1.

The multiplicities of the eigenvalues of Q (G) are considered as in Theorem 3.3.

Since, according to (2) and (3), s = 1 and @ = 0 whenever M = A(G) and
Amg;(Mij) = miju;j fori = 1,...,rand j = 1,...,k — 1, the application of
Theorem 3.3 yields to

12



Theorem 4.3 If fori=1,...,r and for each j € A; the graph G;; is a regular
graph of degree r; ; and r; ; = 0 whenever j ¢ A;, then the adjacency spectrum of
G=R{H} is

7 (AG) = cW)ul (Ujeﬂi—AiU (Wi )" ™94 Ujea, Uy 0 (VVz',j,l)nWl)
=1

where,

1. fori=1,...,r andj € Q;—A;, W, is the j X j leading principal submatriz
of the k; x k; matrizc Wy, = X, 1, (in this particular case the diagonal entries
in Wiy, are 111, Tigi, - - - Tik—1Uik,—1,0),

2. fori=1,...;r,je€N;andl=1,....,m;; — 1, W;;; = X, (in this par-
ticular case the diagonal entries in Wi ;1 are r;1u;1, 7ol 2, .« ., Tij—1Uij—1,

A(Gij)),
3. and W =X, with X;p, = Wik, a =0 and s = 1.
The multiplicities of the eigenvalues of A(G) are considered as in Theorem 3.5.

From Theorem 4.1, Theorem 4.2 and Theorem 4.3, the Laplacian eigen-
values, signless Laplacian eigenvalues and adjacency eigenvalues of R(H), re-
spectively, are the eigenvalues of symmetric tridiagonal matrices of order 7,
1 < j < maxz{ky,...,k.}. Thus we may use the stable and low computational
cost methods available to compute the eigenvalues of such matrices.
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