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1. Introduction

Many combinatorial problems can be formulated as the

determination of maximum size k-regular induced subgraphs.

e A maximum stable set is O-regular;
e A maximum induced matching is 1-regular;

e A maximum clique is (w(G) — 1)-regular;
e An Hamiltonian cycle of a graph GG is a maximum

cardinality 2-regular induced connected subgraph of L(G);

® etc.
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1. Introduction (cont.)
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The vertex subset Sy, = {1, 2, 3,4} induces a 0-regular
subgraph.
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1. Introduction (cont.)
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The vertex subset S; = {5,6,7,8,9,10} induces a 1-regular
subgraph.
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1. Introduction (cont.)
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The vertex-subsets S; = {1,2.5,7, 8} induces a 2-regular
subgraph.
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1. Introduction (cont.)

e As it is well known the determination of a maximum

cardinality k-regular induced subgraph is IV P-hard;

e It is crucial to obtain polynomial-time upper bounds;

e A vertex subset S C V(G) is (k, 7)-regular if induces a
k-regular subgraph and

Vv & S |Na(v) N S| =T.
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1. Introduction (cont.)
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So = {1,2,3,4} is (0, 2)-regular;
S1 =14{5,6,7,8,9,10} is (1, 3)-regular;
Sy = {1,2,5,7,8} is (2, 1)-regular.
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2. Maximum size regular induced subgraphs

Let G be a graph of order n with at least one edge, then

_ .. T _7pA4c
v (G) = IB§8<26 x k—l—Tm ( - + I,)x,

e where é is the all-ones vector;
e A( is the adjacency matrix of G and 7 = —\,,,;n(A¢);
e I, is the identity matrix and k is a scalar;

IS @ convex quadratic program.
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2. Maximum size regular induced subgraphs(cont.)

Let G be a simple graph of order n with at least one edge
and —\,,in(Ag) = 7. If S C V(@) induces a subgraph of G
such that dgis) = k (where dg = ﬁ > wevim G (v)),
then the following properties hold.

o S| < uk(G);
o |S| = vi(G) if and only if S induces a k-regular subgraph and

r+k<|Ne(w)NnS| Yo¢S.
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2. Maximum size regular induced subgraphs(cont.)

Assuming that G is regular, then

¢ vk(G) - nAmam(AG)_)‘mijl(AG)’

o |S| = vr(G) if and only if S is (k, k + 7)-regular.

For the Petersen graph G (where \,.;n(Ag) = —2),

1—(=2) _
3—(-2)

v1(G) = 10

Note that S; = {5,6,7,8,9,10} is (1, 3)-regular and induces
the maximum induced matching M = {56,9(10), 78}.
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3. Some applications

As immediate consequence of the previous results, considering
a regular graph G with 7 = —\,,.;,(A¢g), we have the
following extension of the Hoffman bound: If S C V(G)
induces a k-regular subgraph, then

kE— Amin(Ag)

Sl < n .
| | - )\ma:c(AG) — )\mzn(AG)

Furthermore,

k — Amin(Ag)
Amaz(Ac) — Amin(Ag)
iff S is (k, k + 7)-regular.
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3. Some applications(cont.)

3 4
For this 4-regular graph G (where \,,;,(Ag) = —2)

2 (-2)

v2(G) = 64 ~(—2) =

Note that S = {1,3,4,6} is (2, 4)-regular.
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3. Some applications(cont.)

e If g(G) is the girth of a p-regular graph G, with p > 1,

then
2 — )\mzn(AG’)

g(G) S np _ Amzn(AG) .

e Another consequence:

Let G be an arbitrary graph (regular or nonregular) of order n
with at least one edge and 7 = —\,.in(Ag)-

If S C V(G) is (k, k + 7)-regular then S is a maximum
cardinality set inducing a k-regular subgraph of G.
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3. Some applications(cont.)

The Hoffman-Singleton graph G is a strongly regular graph
with parameters (50, 7;0,1) (for which \,,;,(Ag) = —3).
If S C V(G) is a stable set and M C E(G) is an induced

matching, then

0—(=3) _
5] < 509=58) = 15,

2|M| < 50:==3 =20 = [M| < 10. The equality holds iff

V(M) is (1,4)-regular.
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4. Final remarks

The Moore graph G of valency 57 if there exists (so far it is
open) is a strongly regular graph with parameters
(3250,57;0,1) (for which \,,;,(Ag) = —8).

If S C V(G) is a stable set and M C E(G) is an induced

matching, then

0—(~8) _
S| < 32505='=5 = 400.

2|M| < 32505 == =450 = |M| < 225. The equality

holds iff V(M) is (1,9)-regular.
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4. Final remarks(cont.)

The recognition of (k, 7)-regular sets in regular graphs can be

done using the following result obtained in (Thompson, 1981).

e A p-regular graph has a (k, 7)-regular set S, with k < p, iff

k — T is an adjacency eigenvalue and
(P — k+ 7)x(S) — 7€,

is a (k — 7)-eigenvector.

e D. M. Thompson, Eigengraphs: constructing strongly
regular graphs with block designs. Utilitas Math., 20 (1981):
83-115.
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