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@ Generating functions and asymptotics
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© Sums of smooth functions
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Generating functions and asymptotics

Generating functions and asymptotics

The general rationale of analytic number theory is to derive statistical
information about a sequence {a,} from the analytic behaviour of an
appropriate generating function, such as a power series > a,z" or a
Dirichlet series > a,n~=.

The type of generating function employed depends on the problem being
investigated. There are no rigid rules governing the kind of generating
function that is appropriate — the success of a method justifies its use —
but we usually deal with additive questions by means of power series or
trigonometric sums, and with multiplicative questions by Dirichlet series.

To appreciate why power series are useful in dealing with additive
problems, note that if A(z) = axz¥ and B(z) = 3 b,z™ then the
power series coefficients of C(z) = A(z)B(z) are given by

Cn = Zk—i—m:n akbm‘
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Additive number theory - Example

If f(z) => 72, 2™, for |z| < 1, then the n'" power series coefficient of
f(z)® is the number r, s of representations of n as the sum of s positive
k™ powers,

n=mk+... +mk

We can recover ry s from (f(z))*°, by means of Cauchy coefficient formula

_ 1 ()
= omi P e

Is,k

By choosing an appropriate contour, and estimating the integrand, we can
determine the asymptotic size of rs x as n — oo, provided that s is
sufficiently large. This is the germ of the Hardy—Littlewood circle method.
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Generating functions and asymptotics Dirichlet series

Dirichlet series

A Dirichlet series is a series of the form a(s) = Y 2, a,n"°, where s is a
complex variable.

If B(s) = > o1 bmm™* is another Dirichlet series and (s) = a(s)S(s)
then (ignoring questions relating to the arrangement of terms of infinite

series) y(s) = > poq ckk—°, where
Ck = Z anbm.
nm=k

This explains why Dirichlet series are useful in dealing with multiplicative
problems.
We will use the standard notation s = o + it.
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Riemann zeta function

Riemann zeta function

Among the Dirichlet series we consider the Riemann zeta function which,
for 0 > 1 is defined by the absolute convergent series

¢(s) = Z n—®.
n=1

Lemma

The series ((s) is absolutely convergent for all s € C with o > 1, and
uniformly convergent in any compact subset of {s | o > 1}. In particular,
by Weierstrass Theorem?, ((s) is an analytic function in {s | ¢ > 1}.
Remember ‘n75| — |efs|ogn‘ — ‘efalognefitlogn| — ‘efalogn|'

“Weierstrass Theorem states that if {fi} is a sequence of analytic functions in an
open set 2 C C and if f is a function on Q such that fx — f uniformly in any compact

subset of €2, then f is analytic in Q, and also fk(") — £ uniformly on compact subsets
of Q.

= = = - ~
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Riemann zeta function

Euler Identity

The reason why ((s) is important in the study of primes is the following
identity, which is a consequence of the unique prime factorization:

s)y=JJ@-p>"",

p

for all s € C with o > 1.

<1+2’5+2’25A---)(1A3’5+3’25+»--)(1+5’5+5’25+-»-)(1+7’5A7’25+--»>-»-

1442743704 () AT (20 T T
None of the factors on the right hand side vanishes, since
lp~°| =|p~ 7] <1, when o > 1.

Hence, it seams reasonable that we have ((s) # 0, for o > 1 (this can be
rigorously proved).
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log ((s)

It follows that log {(s) can be defined for each s € C with o > 1.
Although log is a multivalued function, we may define

log ¢(s Zlog 1—

where each logarithm on the right is taken in the principal branch. Using
the Euler identity, this is the most natural choice of the logarithm.

. . 2 3 .
Using the Taylor expansion —log(1 —z) =z + % + % +---, valid for all
z € C with |z| < 1, we may write

log ¢(s ZZm p~ ™.

p m=1
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Riemann zeta function

Infinitude of primes

Now, we restrict to considering real s > 1. Directly from the definition of
¢(s) we have

li = lim | = 0.
S_|>r‘?+q(s) oo and so [im, og((s) =0

Also note that, for s > 1,

— -1, —ms — —m 1
zp:zmlp <Zp:2p :Zm

m=2 m=2 P

[o@)
1 1
——=1.
<z:n—l n
n=2

s

Hence, limg_ 1+ Zp p~° = oo, and so, there are an infinitude of primes.
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Sums of smooth functions

Euler summation formula

The simplest types of sums > _ f(n) are those in which f is a smooth
function that is defined for real arguments x.

The basic idea for handling such sums is to approximate the sum by a
corresponding integral and investigate the error made in the process. The
following important result, known as Euler's summation formula, gives an
exact formula for the difference between such a sum and the corresponding
integral.

Theorem (Euler summation formula)

Let 0 < y < x and suppose f(x) is a function defined on the interval [y, x|
and having a continuous derivative there. Then

S = [ reacs [ (6 + (510

y<n<x

where {x} = x — | x| denotes the fractional part of x.

= =
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Sums of smooth functions

Euler summation formula (contd)

Taking y = 1, we obtain the special case

S f(n) / (£)dt + /1 [EV(6) dt — {x}(x) + £(1).

n<x

Proof.

Consider F(x) = [x]. Then, we can write the given sum as a Stieltjes

integral ;
> f(n):/ f(t) dF(t).
y

y<n<x

Now, we have dF(t) = dt — d{t} and d{t} = d{t}dt hence, using
integration by parts, we obtain

Z f(n) = /X f(t)dt + /X{t}f’(t) dt — {x}(x) + {y }H(y).
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Sums of smooth functions Partial sums of the harmonic series and Euler constant

Example 1: Partial sums of the harmonic series

Theorem
We have
1 1
Zf =logx+vy+0|( -],
n X
n<x
where
. 1
7:XI|_>rr;o ZE—Iogx ~ 0.5772...,

n<x

is the Euler constant.

Proof.

By Euler summation formula,

Z%:/X%dt—/x{t%}dt+{—i}+1.

n<x
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Partial sums of the harmonic series and Euler constant
Example 1: Partial sums of the harmonic series (contd)

Proof.

Now, 0 < %} < t% and the improper integral floc %Zdt is convergent and, in fact
equal to 1. So, the improper integral

_ [Ty
/_/1 o dt

is also convergent and its value is between 0 and 1. Therefore,
*{t < {t < {t 1
JRC T P ol PRI ES)
1 t2 1 t2 < t2 X

lelogx—i—l—/—kO(l).,
n X

n<x

Hence

n<x n

for x > 1. In particular, this implies v = limy_ (Z L_ Iogx) =1—1.

O
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Sums of smooth functions Partial sums of the logarithmic function and Stirling formula

Example 2: Stirling formula

Theorem (Partial sums of the logarithmic function)
We have

1 1 1
ZIogn—N(IogN—l)—i—2IogN+2Iog(27r)+O<N>.
n<N

Corollary (Stirling formula)

nl = \/2mn (g) <1+ 0 (},)) .

Corollary

For x > 2, we have

Zlogn = x (logx — 1) + O (log x) .

n<x
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Sums of smooth functions Integral representation of the Riemann zeta function

Example 3: Integral representation of the Riemann zeta
function

Theorem (Integral representation of the Riemann zeta function)

¢(s) = s—il —s/l )f:i}ldx

Foro > 1,

Proof.

By Euler summation formula,

Z / L /j{y}yf+1 dy—{xis}ﬂ.

n<x

1-s X Xl—s_l 1
—dy = = = O (x*79).
/ v |:1Sj|1 1—s sfl+ (X )

4
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Sums of smooth functions Integral representation of the Riemann zeta function

Example 3: Integral representation of the Riemann zeta

function (contd)

Proof.
Also,

—/lx{y}yildy=—8/1m {y+}1 dY+/ k= ot d
:_S/I”{Y}dJFO( 7)

strl

Letting x — oo we obtain

¢(s) = sil —5/1 j:ir}ldx
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Abel summation

Abel summation

Abel summation is the analogue for sums of integration by parts. Given a
sum of the form >~ _ anf(n), where a, is an arithmetic function with
summatory function

= Z an

n<x

and f(n) a smooth weight, the Abel summation allows one to remove the
weight f(n) and reduce the evaluation or estimation of the above sum to
that of an integral over A(t).

Theorem (Abel summation)
Let a : N — C be an arithmetic function, 0 < y < x be real numbers and
f : [y,x] = C be a function with continuous derivative in [y, x]. Then

X

S anf() = A ~ AFW) ~ [ A (0.
y<n<x y

= = = = =
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Abel summation

Abel summation

In particular, considering y = 1, we have

S anf(n) = AX)F(x) — /1 " A()F (1.

n<x

Exercise Deduce Euler summation from Abel summation.
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Abel summation - Proof

Proof.
Set x(n,t) =1if n < t and x(n, t) = 0 otherwise. Then

/y A(D)F ()d /y S anx(n, D)F (2)dt

n<x
= Za,,/ n, t)f
n<x
=
n<x max(n,y)
= Z anf(x) — Z anf(max(n,y))
n<x n<x
S a0 - af) - Y aro
n<x n<y y<n<x
= A)F(x) = AW)F(y) = > anf(n)
y<n<x
Paulo Almeida (University of Aveiro,Portugal MNT September 10, 2023
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Abel summation Mellin transform representation of Dirichlet series

Example: Mellin transform representation of Dirichlet series

Theorem (Mellin transformation representation of Dirichlet series)

Let f be an arithmetic function, S¢(x) = >_,-, f(n) and let
F(s) =302, f(n)n—° be the Dirichlet series associated with f, whenever

the series converge. Then, for any complex number s with o > 0 such that
the F(s) converges, we have

F(s) = 5/100 Sf(x)dx

Xs+1 :
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Dirichlet product

Definition (Dirichlet product)

Given two arithmetic functions f and g, the Dirichlet product (or Dirichlet
convolution) of f and g, denoted by f x g is the arithmetic function

defined by
(f % g)(n Zf g(%)-
© 7(n) =1x1, where 1(n) =1, for any n;
@ o(n) =Id x1, where Id(n) = n, for any n;
© e=pu*1, where e(1) =1 and e(n) =0 for n > 1;
Q p=pxld;
Q Id=ypx1;
O log = Ax1, where A(p™) = log p and A(n) = 0 if nis not a prime

power.
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The convolution method

The convolution method

Given an arithmetic function f whose partial sums F(x) =" ., f(n) we
want to estimate, we try to express f as a convolution f = fy x g, where f;
is a function that approximates f, good estimates for the partial sums
Fo(x) =" ,<, fo(n) are available and g is a small perturbation.

We have
FO) =Y f(m) =Y eld)h (5)

n<x n<x d|n

=Y &> 6 (3)

d<x n<x

d|n
= g(d) Y fo(n')

2 X
d<x <%

= gld)Fo (2) :

d<x
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The convolution method Partial sums of the Euler ¢ function

Partial sums of the Euler ¢ function

Theorem (Partial sums of the Euler ¢ function)

We have
ng —x 2+ O(xlogx),
n<x

for x > 2.

Proof.

We have ¢ = p« Id. If we consider f = ¢, g = p and fy = Id then

Folx) = 3 Lx] (Lx] 1) = 22+ O(x)
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The convolution method Partial sums of the Euler ¢ function

Partial sums of the Euler ¢ function (contd)

Proof.
Therefore,
X
D eln) =) u(d <2 20 (d)>
n<x d<x
1o p(d) X
2 > 2 ° o2 d
d<x d<x
1 5= pu(d
= §X22 M(z) +0 <X2Z dz) + O (xlog x)
d=1 d>x

3 o
= — I
X+ O (x log x)
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Partial sums of the Euler ¢ function
The Dirichlet series 7

For o > 1, we have

n=1 n=1 d|n
NN ML)
- dgl m;l (dm)s

)
3
M8
fs_;;H

d=1 m=1
Therefore,
1 o pln)
ORI
Hence,
p(n) 6
n? 2
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The convolution method Dirichlet series of arithmetic functions

Algebraic properties of Dirichlet series

Definition
Let f be arithmetic function. The Dirichlet series associated to f is the

De(s) =" f(f).
n=1

n

Theorem (Dirichlet series of convolution products)

Let f and g be arithmetic functions with associated Dirichlet series Ds(s)
and Dg(s). Let h = f x g with associated Dirichlet series Dp(s). If D¢(s)
and Dg(s) converges absolutely at some point s then so does Djy(s) and

Dh(5) = Ds(5)Dx(s).
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The convolution method Dirichlet series of arithmetic functions

Dirichlet series of arithmetic functions

o
2]

o

©0 06 060

©

10

Unit function: De(s) = 1;

Mébius function: D, (s) = (s) for o > 1,

Characteristic function of squares s(n): Dy, (s) = ((2s), for
o> %;

Logarithm: Dy, = —('(s), for o > 1;

Identity function:Dj4(s) = ((s — 1), for o > 2;

Euler ¢ function: D,(s) = C(Cs )1 for o > 2, since p = p*Id;
Divisor function: D.(s) = ¢?(s), for o > 1, since 7(n) = 1% 1;
Sum of divisors function: D,(s) = ((s)((s — 1), for o > 2, since

o(n) =1d * 1,
¢(s)

Characteristic function of squarefree numbers: D,>(s) = Zs)

foroc > 1, sincel = u2*s;
Von Mangoldt function: Dp(s) =

C/((SS)' for o > 1, since log = Ax 1.
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The convolution method Dirichlet hyperbola method

Partial sums of the divisor function

Theorem (Partial sums of the divisor function)
We have

ZT(H) = xlogx + (27 — 1)x + O (V/x) .

n<x

Proof.

We have 7 = 1% 1. If we consider f =7, g =1 and fy =1 then
Fo(x) = |x]. Therefore,

n<x d<x
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P E
Dirichlet hyperbola method

Proof.

Notice that X
31 [dJ =YL
d<x m,d<x

md<x

This sum can be separated in three sums,

1= 14> 1- > 1

m,d<x m</x d<y/x d<y/x
X X
‘”dSX dSE I”Sg mg\/;

The last sum is equal to |/x]?, which is x + O (V/x).
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The convolution method Dirichlet hyperbola method

Partial sums of the divisor function (contd)

Proof.
Now,
X
=3 |
m<y/x m<y/x
d<x
1
= x Z —+0 Z 1
N m<V/R
= xlog (v/x) +vx+ O (Vx) .
Therefore,
ZT(I‘)) = xlogx + (27 — 1)x + O (V/x) .
n<x
L]

———————————— - ~
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The convolution method Dirichlet divisor problem

Dirichlet divisor problem

Dirichlet divisor problem consists in finding an estimation of the function
A(x), given by

> d(n) = xlogx + (27 — 1)x + A(x).

n<x

Let 1(x) = {x} — 1. Using better estimations of the partial sums of the
harmonic series, of log|+/x]| and of [/x| 7!, it can be shown that

0=-2 % v(2) - 2R - ) +o ().

n<y/x
So, the main (oscillating) term of A(x) is related to v (x). Hardy proved
that .
A(x) = Q4 <X1)
and conjectured that

A(x)=0 (X%—HS)

Paulo Almeida (University of Aveiro,Portugal MNT September 10, 2023 31/68



The convolution method Dirichlet divisor problem

Dirichlet divisor problem

Dirichlet(1849): 1/2=0.5
Voronoi(1903): 1/3=0.(3)
van der Corput(1922): 33/100=0.33
van der Corput(1928): 27/82 = 0.3(29268)
Chih(1950) and Richert(1953):  15/46 ~ 0.326086
Kolesnik(1982): 35/108 = 0.32(407)
lwaniec and Mozzochi (1988): 7/22 = 0.3(18)
Huxley(2003): 131/416 ~ 0.314903
Paulo Almeida (University of Aveiro,Portugal MNT September 10, 2023

32/68



Chebyshev type estimates

Lower bounds for 7(n)

Getting upper and lower bounds for the prime counting function m(x) is
surprisingly difficult. Euclid’s result that there are infinitely many primes
shows that 7(x) tends to infinity, but standard proofs of this result give at
most very weak lower bounds for 7(x). Euclid's argument, shows that

Pn < p1p2--- pp—1 + 1. By induction, this implies p, < 22" Hence,
7(x) > log log x.

Getting upper bounds for 7(x) is not easy either, even to get m(x) = o(x)
is by no means easy.
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Chebyshev type estimates

Chebyshev estimates

Consider

0(x) = Z logp and ¥(x)= Z/\(n).

p<x n<x

Theorem (Chebyshev estimates)
For x > 2, we have

Q Y(x)=x;

9 I(x) < x;

Q@ 7(x) = i

= .
log x
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Chebyshev type estimates

Chebyshev estimates - Proof

Proof.

Define S(x) = Y.<, log n and D(x) = S(x) — 25 (5). We will evaluate

D(x) in two different ways. As we saw before,
D(x) = x (logx — 1) 4+ O (log x) — 2% (Iogg — 1) + O (log x)
= xlog2+ O (log x).

This implies 5 < D(x) < x, for sufficiently large x.
On the other hand using log = A x 1 and the Convolution Method, we

obtain
=3 A E:l_E:A(d [ J
dSX n<x
d|n
L]
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Chebyshev type estimates

Chebyshev estimates - Proof

Proof.
Now,

S(X)fzs(f)
swo 22l

d<3
2N ([g)~2[5))
Notice that the function f(t) =

[t] — 2| 5] is always an integer which is 1
when 1 <t < 2and f(t) € {0,1} if t > 2. Therefore, for x > 2
D

() € Pger A(d) = 6(x) or D(x) = s _ger A(d) = 0x) — 1 (5).

O
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Chebyshev type estimates

Chebyshev estimates - Proof

Proof.

Hence ¢(x) > % and ¢(x) < x + ¢ (%), for x sufficiently large. The last

inequality implies ¢(x) < 2x. Whence,
P(x) =< x.

Now, to get f(x) =< x, notice that §(x) < ¢(x) and

log x
log p

Wb(x = logp—) logp= > logp> 1

pr<x p<x p<+y/x m=2
log x
< E log p L
[0}
p<v/x &p
< +V/xlog x
Paulo Almeida (University of Aveiro,Portugal MNT September 10, 2023
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Chebyshev type estimates

Chebyshev estimates - Proof

Proof.
Finally,we prove that m(x) = 2. Firstly,

1
m(x) > — Z log p = 0(x) .
log x e log x log x
and
1 20(x)
ﬂ(X)_W(ﬁ)—i— Z logp < v/x +
log v/x log x
Vx<p<x
L]
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Chebyshev type estimates

Chebyshev estimates - Comments

Chebyshev used a more complicated version of this argument, in which the
linear combination S(x) — 25 (%) is replaced by

X X X X
st-5(5) -5 (3)-5(3)+5(5)
() 2 3 5) 7> \30
to obtained the constants ¢c; = 0.92... and ¢ = 1.10.... All other
proofs of these estimates use some kind of trickery.
For example, a commonly seen argument, which may be a bit shorter than

the one given here, but has more the character of pulling something out of
the air, is based on an analysis of the middle binomial coefficient (2n”).
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Relation between 1(x), (x) and 7(x).

Theorem
We have (x) = ¥(x) + O(v/%) and n(x) — 122+ 0 (5. ).
Proof.

The first relation results from the Chebyshev estimate 7(x) =< loax

to the expression Zp<\/;logp ngxJ above. The second relation results

log p
from Abel summation, considering a, = lognif nis prime and a, =0

otherwise, and f(x) = Iogx We have
*oo(t
= anf(n) = 2 [T
oy og x 1 tlog®t
0(x X
K0 o x ),

|OgX' Iog X

Paulo Almeida (University of Aveiro,Portugal MNT

September 10, 2023

applied

40/68



Mertens type estimates

Mertens estimates

Theorem
(1]
ZA(n) =logx + O(1);
n<x n
° I
Z 8P _ log x + O(1);
p<x P
e o
1 1 1
~ =logl — — :
52 - 5 0 (i)
p<x p k=2
° 1 - 1
H(l—):le +O< 5 >
px p og x log® x

— — - — SaRe
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Mertens type estimates

Mertens estimates

Proof.
By Chebyshev estimate 1(x) =< x, we have

xlog x4+ O(x Z log(n Z A(d) LEJ =X Z A(d) + O(x).

d
n<x d<x d<x
o (d) (p)
A(d log(p
——E = 0(1).
d< d < p @
<x p<x

For the third estimate, we use Abel summation.

log p

< X log p -1
e T

2
p<x P = P tlog=t

For the forth estimate we take the logarithm and use the third.

Paulo Almeida (University of Aveiro,Portugal MNT September 10, 2023

42/68



Mertens type estimates

Mertens type estimates

Theorem
For any x > 1,

Proof.

We have e = 1+« 1 and, without loss of generality, we may assume x = N
an integer. So, by the convolution method, we have

S e = X @ §| - M-S ua {F.

n<N d<N d<N d<N

O
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Mertens type estimates

Mertens type estimates - contd

Proof.
Now, {g} =0if d =N, hence

Zu(d){’;’} <N-1

d<N
Therefore,
1(d)
N <1+N-1=N.
D oS+
d<N
and we obtain the stated result. O
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Relation between PNT and the p(n) function

Theorem

The Prime Number Theorem is equivalent to
1
lim — Zu(n) =0.

X—00 X
n<x

What is so surprising about this result is that there does not seem to be
any obvious connection between the distribution of primes (which is

described by the PNT), and the distribution of values of the Moebius
function.
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Prime Number Theorem

Prime Number Theorem

In its original form, the Prime Number Theorem states that 7(x) ~ @.
Which is equivalent to the following relations:

Q@ n(x) ~ Li(x);

0 U(x) ~x;

Q 0(x) ~ x.
Where
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Prime Number Theorem

Prime Number Theorem

In its original form, the Prime Number Theorem states that 7(x) ~ @.
Which is equivalent to the following relations:

Q@ n(x) ~ Li(x);

0 U(x) ~x;

Q 0(x) ~ x.
Where

Li(x) = / e
5 logt

Theorem (Prime Number Theorem with error term)
We have
(x) = x + O (xexp(—c(logx)?)) ,

where ¢ and a are constants (various values for a have been considered, for
example Hildebrand has the proof for a=0.1).

—_ _— — -
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Prime Number Theorem

The error term

Hadamard and Poussin (1896):
De le Vallée Poussin (1899):
Vinogradov—Korobov (1958):

Erdés-Selberg (1949):

Lavrik—Sobirov (1973):
?

Paulo Almeida (University of Aveiro,Portugal

o(x) Complex
O (xexp (—c(log x)°?)) Complex
O (xexp (—c(log x)%®7¢))  Complex
o(x) Elementary
O (xexp (—c(logx)1/7¢))  Elementary
o) (X0.5+€)? ?
MNT September 10, 2023 47 /68



Prime Number Theorem Perron’s formulas

Perron’s formulas

Theorem

Let f(n) be an arithmetic function and suppose the Dirichlet series Ds(s)
has finite abscissa of absolute convergence o,. Then, for any
¢ > max(0,0,) and any non-integral value x > 1,

c+ioco XS
> f(n Dt (s) =
= 2ni /C r(s) 5 ds,

n<x —ico S

where the improper integral chi'oo is to be interpreted as limt_o [ C+'T
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Prime Number Theorem Perron’s formulas

Perron’s formulas

Theorem

Let f(n) be an arithmetic function and suppose the Dirichlet series Ds(s)
has finite abscissa of absolute convergence o,. Then, for any
¢ > max(0,0,) and any non-integral value x > 1,

c+ioco XS
> f(n Dt (s) =
= 2ni /C r(s) 5 ds,

n<x —ico S

where the improper integral chi'oo is to be interpreted as limt_o [ C+'T

Moreover, given T > 0, we have

s

c+iT X
f(n D¢(s)— T
S 27”/ () ds +R(T)

n<x iT

where R(T) =< % 3772, it

n=1 n¢[log %
Paulo Almeida (University of Aveiro,Portugal MNT

September 10, 2023 48 /68



Prime Number Theorem Perron’s formulas

Perron’s formulas

Theorem

Let f(n) be an arithmetic function and suppose the Dirichlet series D (s)
has finite abscissa of absolute convergence o,. Then, for any
¢ > max(0,0,) and x > 1,

1 c+ioco s+1
Zf (x — n) / Df(S)XidS.
C

n<x 27TI —joo 5(5 + 1)
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Prime Number Theorem Perron’s formulas

Perron’s formulas

Theorem

Let f(n) be an arithmetic function and suppose the Dirichlet series D (s)

has finite abscissa of absolute convergence o,. Then, for any
¢ > max(0,0,) and x > 1,

1 c+ioco s+1
Zf (x — n) / Df(S)XidS.
C

n<x 27TI —joo 5(5 + 1)

Remark: Notice that

Zf(n)(xn):z:f(n)/n 1dy—/ > f(n)

n<x n<x n<y

September 10, 2023
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Prime Number Theorem Sketch of the proof of PNT

Sketch of the proof of PNT

The starting point is Perron’s formula for the function A(n). Since

Dy = C((s)) we have

ZA X B n 1 a+ioco C’(S) Xs+1
2 21 oo C(9) S5+ 1)
for any a > 1.
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L) R e A
Sketch of the proof of PNT

The starting point is Perron’s formula for the function A(n). Since
Dy = C((s)) we have

1 atioo s+1
ZA (x — n) ¢'(s) X
T2 Joie C(5) (s 1)

for any a > 1. We apply this formula initially with a value of a depending

on x and slightly larger than 1, (namely a =1+ |Oéx) and then move the
contour of integration to the left o0 = 1.
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L) R e A
Sketch of the proof of PNT

The starting point is Perron’s formula for the function A(n). Since
Dy = C((s)) we have

ZA 1 at+ioco C,(S) X5+1

x—n

T2 oo C(8) S5 D)

for any a > 1. We apply this formula initially with a value of a depending
on x and slightly larger than 1, (namely a =1+ |Oéx) and then move the
contour of integration to the left 0 = 1.

Since ((s) as a pole at s =1, CC( ) will also have a pole at s =1 and
passing over this point, by the Residue Theorem we pick a contribution of
X; from the residue of the integrand at s = 1.
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Sketch of the proof of PNT
Sketch of the proof of PNT (contd)

Notice that if the contour for the Residue Theorem encloses any zero of
((s), we would have other poles in the integrand, and we would have to
consider their contribution.
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Sketch of the proof of PNT
Sketch of the proof of PNT (contd)

Notice that if the contour for the Residue Theorem encloses any zero of
((s), we would have other poles in the integrand, and we would have to

consider their contribution.
2, . .
If one proves that % is the main term of > _ A(n)(x — n), since

S A m) = [ An)dy,

n<x n<y

then it is possible to prove that the main term of Y~ _ A(n) is x.
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Sketch of the proof of PNT
Sketch of the proof of PNT (contd)

Notice that if the contour for the Residue Theorem encloses any zero of
((s), we would have other poles in the integrand, and we would have to
consider their contribution.

If one proves that %2 is the main term of >_ _ A(n)(x — n), since

S A m) = [ An)dy,

then it is possible to prove that the main term of Y~ _ A(n) is x. While

from an estimate for a function one can easily derive a corresponding
estimate for the integral of this function, a similar derivation in the other
direction is in general not possible. However, in this case we are able to do
so by exploiting the fact that the function v (x) is non decreasing.
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Sketch of the proof of PNT
Sketch of the proof of PNT (contd)

The error term will come from bounding the integral over the shifted path
of integration.

Paulo Almeida (University of Aveiro,Portugal MNT September 10, 2023 52 /68



Sketch of the proof of PNT
Sketch of the proof of PNT (contd)

The error term will come from bounding the integral over the shifted path
of integration.

In order to obtain good estimates for the integrand, we need to, on the
one hand, move as far to the left of 0 = 1 as possible (so that | x° |= x“
is small compared with x).
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Sketch of the proof of PNT
Sketch of the proof of PNT (contd)

The error term will come from bounding the integral over the shifted path
of integration.

In order to obtain good estimates for the integrand, we need to, on the
one hand, move as far to the left of 0 = 1 as possible (so that | x° |= x“
is small compared with x). On the other hand, we can only move within a
region that we know to be zero-free and in which we have good upper
bounds for | {’(s) | and | % |
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Sketch of the proof of PNT
Sketch of the proof of PNT (contd)

The error term will come from bounding the integral over the shifted path
of integration.

In order to obtain good estimates for the integrand, we need to, on the
one hand, move as far to the left of 0 = 1 as possible (so that | x° |= x“
is small compared with x). On the other hand, we can only move within a
region that we know to be zero-free and in which we have good upper
bounds for | {’(s) | and | % |

The region in which we can establish such bounds consists of points s
bounded on the left by a curve of the form o = 1 — clog® t.
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RMCRITO TR Il Zero-free regions for ¢(s)

Zero-free regions for ((s)

Theorem

@ ((s) has no zeros in the half-plane o > 1;
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RMCRITO TR Il Zero-free regions for ¢(s)

Zero-free regions for ((s)

Theorem
@ ((s) has no zeros in the half-plane o > 1;

@ There exists positive constants ¢; and A; such that ((s) has no zeros
in the region 0 > 1 — ¢; and | t |< 2, and in this region

'g(ls) =
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RMCRITO TR Il Zero-free regions for ¢(s)

Zero-free regions for ((s)

Theorem
@ ((s) has no zeros in the half-plane o > 1;

@ There exists positive constants ¢; and A; such that ((s) has no zeros
in the region 0 > 1 — ¢; and | t |< 2, and in this region

< A;.

@

© There exists positive constants c; and Ay such that ((s) has no zeros
in the region o > 1 — colog® | t | and | t |> 2, and in this region

1
“§A2|0g7]t|.

¢(s)
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Zero-free regions for ¢(s)
3—4—1Lemma

Lemma

For any real o we have 3 + 4 cos « + cos 2a. > 0.

Proof.

1
0<(1+cosa)? = 1+2cosa+§(1+cos2a).

O
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Zero-free regions for ¢(s)
3—4—1Lemma

Lemma

For any real o we have 3 + 4 cos « + cos 2a. > 0.

Proof.

1
0<(1+cosa)? = 1+2cosa+§(1+cos2a).

O

Lemma (Lemma 3-4-1 for the ¢ function)
Ifo>1andtecR, we have

’(3 )¢CHo + it)¢(o + 2it)| > 1.
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Zero-free regions for ¢(s)
3—4—1Lemma - Proof

Proof.
For o > 1, use

log [¢(s)] =

B >, cos(tlog p™)
= zp: Z o

0J

= =7 = = = - e
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RMCRITO TR Il Zero-free regions for ¢(s)

Zero-free regions for ((s)- ldea of the Proof

The key ingredient to prove that ((s) has no zeros on the vertical line
o =1isto use the 3—4 —1 Lemma. Assuming we had a zero in this line,

say at 1 + jt, by the Lemma this would imply that {(s) should have
another pole at 1 + 2it.
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RMCRITO TR Il Zero-free regions for ¢(s)

Zero-free regions for ((s)- ldea of the Proof

The key ingredient to prove that ((s) has no zeros on the vertical line

o =1isto use the 3—4 —1 Lemma. Assuming we had a zero in this line,
say at 1 + jt, by the Lemma this would imply that {(s) should have
another pole at 1 + 2it. Since we proved ((s) has only one pole for o > 0
we conclude that the line ¢ = 1 is a zero-free region.
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RMCRITO TR Il Zero-free regions for ¢(s)

Zero-free regions for ((s)- ldea of the Proof

The key ingredient to prove that ((s) has no zeros on the vertical line

o =1isto use the 3—4 —1 Lemma. Assuming we had a zero in this line,
say at 1 + jt, by the Lemma this would imply that {(s) should have
another pole at 1 + 2it. Since we proved ((s) has only one pole for o > 0
we conclude that the line ¢ = 1 is a zero-free region.

The 3—4 —1 Lemma is also used to obtain the third zero-free region, now
using upper bounds of ((s) in the region indicated.
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S e
Shifting the path of integration
We have

1 a+ioco 1 s+1
ZA (x — n) ¢ (S)Xi
2 T2 oo () S5 4 D)

where the path of integration is a vertical line located within the half-plane
o>1.
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S e
Shifting the path of integration

We have

1 a+ioco C/(S) Xs+1
ZA (x=n) 2w S C(s) s(s+1)

where the path of integration is a vertical line located within the half-plane
o > 1. We move the portion [t| < T of this path to the left of the line

o =1, replacing it by a rectangular path. With this new path we will
obtain the main term x2/2 which is the contribution of the residue at the
singularity inside the enclosed region and the integral on all the other lines
can be bounded and becomes the error term.

n<x
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S e
Shifting the path of integration

We have

1 a+ioco C/(S) Xs+1
ZA (x=n) 2w S C(s) s(s+1)

where the path of integration is a vertical line located within the half-plane
o > 1. We move the portion [t| < T of this path to the left of the line

o =1, replacing it by a rectangular path. With this new path we will
obtain the main term x2/2 which is the contribution of the residue at the
singularity inside the enclosed region and the integral on all the other lines
can be bounded and becomes the error term.

We end the study of the PNT with a result that shows how connected are
the zero-free regions of ((s) with the error term of 7(x).

n<x

Theorem

Let 1/2 < oo < 1. Then the Riemann zeta function has no zeros in the
half-plane o > « if and only if {)(x) = x + O, (x*€).

=7 ™ - —_ = =
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Primes in arithmetic progressions

Dirichlet's Theorem

Theorem

Given any positive integers q and a with (a, q) = 1, there exist infinitely
many primes congruent to a modulo q.
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Dirichlet's Theorem

Theorem

Given any positive integers q and a with (a, q) = 1, there exist infinitely
many primes congruent to a modulo q.

A natural attempt to prove Dirichlet's theorem would be to try to mimick
Euclid’s proof of the infinitude of primes. In certain special cases, this does
indeed succeed. For example, to show that there are infinitely many primes
congruent to 3 modulo 4, assume there are only finitely many, say
p1,..., Pk and consider N:pf‘--pi—i-z
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Primes in arithmetic progressions

Dirichlet's Theorem

Theorem

Given any positive integers q and a with (a, q) = 1, there exist infinitely
many primes congruent to a modulo q.

A natural attempt to prove Dirichlet's theorem would be to try to mimick
Euclid’s proof of the infinitude of primes. In certain special cases, this does
indeed succeed. For example, to show that there are infinitely many primes
congruent to 3 modulo 4, assume there are only finitely many, say
p1,..., Pk and consider N:pf‘--pi—i-z

Similar, though more complicated, elementary arguments can be given for
some other special arithmetic progressions, but these methods do not
seam be able to prove the general case of Dirichlet's theorem.

Paulo Almeida (University of Aveiro,Portugal MNT September 10, 2023 58 /68



Primes in arithmetic progressions

Dirichlet's Theorem

We could also try to prove Dirichlet's Theorem, by replacing the function
¢(s) by the series

n=1
n=a mod q
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Primes in arithmetic progressions

Dirichlet's Theorem

We could also try to prove Dirichlet's Theorem, by replacing the function

¢(s) by the series
1
2

n=1
n=a mod q

But unfortunately, the Euler product for ((s) does not generalize to this
series.
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Primes in arithmetic progressions Dirichlet's characters

Dirichlet’s characters

Definition
Let g be a positive integer. A Dirichlet character modulo q is an
arithmetic function y with the following properties:
@  is periodic modulo g (x(g + a) = x(a));
@ x(mn) = x(m)x(n) for any integers m and n, and x(1) = 1;
@ x(n) #0if and only if (n,q) = 1.

The arithmetic function xo defined by xo(n) =1 if (n,q) = 1 and equal to
zero otherwise, is the principal character modulo q.
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Primes in arithmetic progressions Dirichlet's characters

Dirichlet’s characters

Definition
Let g be a positive integer. A Dirichlet character modulo q is an
arithmetic function y with the following properties:
@  is periodic modulo g (x(g + a) = x(a));
@ x(mn) = x(m)x(n) for any integers m and n, and x(1) = 1;
@ x(n) #0if and only if (n,q) = 1.

The arithmetic function xo defined by xo(n) =1 if (n,q) = 1 and equal to
zero otherwise, is the principal character modulo q.

The Legendre symbol (g) is a Dirichlet character (it is in fact a quadratic

2
character, because (%) = X0)-
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Primes in arithmetic progressions Dirichlet's characters

Elementary properties of Dirichlet's characters

Theorem
We have
@ The values of a Dirichlet character modulo q are either O or a
©(q)-root of unity;
@ The characters modulo q form a group with respect to pointwise
multiplication;
© There exist exactly ¢(q) Dirichlet characters modulo q.

MNT September 10, 2023 61 /68
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Primes in arithmetic progressions Dirichlet's characters

Dirichlet’s characters

There are three different cases for the Dirichlet's characters modulo g:

Q If g=p™ odd (Z/qZ)* is cyclic and has generator g (called primitive
root modulo q). For (a,q) = 1, define v by a = g(® mod q. Let w
be a primitive ¢(q)-root of unity and for (r,q) = 1 define
Xq.r(a) = w3 if (a,q) = 1, and equal to zero, otherwise.
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Primes in arithmetic progressions Dirichlet's characters

Dirichlet’s characters

There are three different cases for the Dirichlet's characters modulo g:

Q If g=p™ odd (Z/qZ)* is cyclic and has generator g (called primitive
root modulo q). For (a,q) = 1, define v by a = g(® mod q. Let w
be a primitive ¢(q)-root of unity and for (r,q) = 1 define
Xq.r(a) = w3 if (a,q) = 1, and equal to zero, otherwise.

Q If g=2m with m>2,(Z/qZ)* = (Z/)27Z) x (Z/“p )7) where each
of these cyclic groups have the generators (—1) and 5, respectively.
For a odd define vy and v by a = (—1)*(9)5%(2) mod q. Let w be a
primitive ‘p(q) -root of unity. Define xq.,(a) = (—1)*(vo(@)r(nvia) jf
a is odd, and equal to zero, if a is even, for odd r.
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Primes in arithmetic progressions Dirichlet's characters

Dirichlet’s characters

There are three different cases for the Dirichlet's characters modulo g:

Q If g=p™ odd (Z/qZ)* is cyclic and has generator g (called primitive
root modulo q). For (a,q) = 1, define v by a = g(® mod q. Let w
be a primitive ¢(q)-root of unity and for (r,q) = 1 define
Xq.r(a) = w3 if (a,q) = 1, and equal to zero, otherwise.

Q If g=2m with m>2,(Z/qZ)* = (Z/)27Z) x (Z/“p )7) where each
of these cyclic groups have the generators (—1) and 5, respectively.
For a odd define vy and v by a = (—1)*(9)5%(2) mod q. Let w be a
primitive £ (q) -root of unity. Define xq.,(a) = (—1)*(vo(@)r(nvia) jf
ais odd and equaI to zero, if a is even, for odd r.

Q Ifg=p- pk with k > 2 then

(Z/qZ) =(Z/p(p fl)Z)'--(Z/(p(pfk)Z). Using the Chinese
remainder theorem define, for (a,q) =1, x40 = Hfle X b o0 where

a=a; mod p;”'.
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Primes in arithmetic progressions Dirichlet's characters

Orthogonality relations

Q forany x € Xy

LS @ =gt =
0 otherwise
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Primes in arithmetic progressions Dirichlet's characters

Orthogonality relations

Q forany x € Xy

1Z><(a>={1 if x = xo

v(q) —_ 0 otherwise

© For any integer a,

1 if a=1 modg
0 otherwise

1
m X;q x(a) =
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Primes in arithmetic progressions Dirichlet's characters

Orthogonality relations

Q for any x € X,

O s

v(q) —_ 0 otherwise

© For any integer a,

So(lq)zx(a):{l if a=1 modg
XEXqg

0 otherwise

© for any integers a and n with (a,q) = 1, we have

ZX(E))X(N):{1 if n=a modgqg

1
©(q) YeXq 0 otherwise
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L-functions
L functions

Definition

Given a Dirichlet character y its Dirichlet series is called a L- function and
denoted by L(s, ), i. e.,

L(s,x) = Z X,(_:)
n=1
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L-functions
L functions

Definition

Given a Dirichlet character y its Dirichlet series is called a L- function and
denoted by L(s, ), i. e.,

L(s, ) = Z X(”)'

ns

3
—_

We have

for all s with o > 1.
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L-functions
L functions

Definition

Given a Dirichlet character y its Dirichlet series is called a L- function and
denoted by L(s, ), i. e.,

L(s, ) = Z X(”)'

nS
n=1
We have )
x\p
L(57X):H<1_ ﬁ()s)) ;

P
for all s with o > 1. Similarly to the zeta function we can define the
log L(s,x) and obtain

log L(s, ) = Z Z x(p™)
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Primes in arithmetic progressions L-functions

Dirichlet’'s theorem - proof

Let a be a fixed integer with (a,g) = 1, then

1 — 1 ——  x(P™)
—— > x@lgl(s,x)=—= > x@>_ >
¢(q) rd ©(q) e, > o mp
oo . 1
D IP I BRTE N
p m=1xeXy
> >
> — mpms
p"=a mod q
> 1
= ) —+o
p=a mod g

for all complex s with o > 1.
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Primes in arithmetic progressions L-functions

Dirichlet’'s theorem - proof

Let a be a fixed integer with (a,g) = 1, then

N e (e = L S TSt S (e
) g;qn Jlog L(s:) = 5 Xequ( )ngl pape
3D IDBRONCOE

1
=[]
Nk
3
T | =
3

= 1
= > =+0(1)
p=a mod g

for all complex s with o > 1. So, if we prove that the left hand side tends
to infinity, when o — 17, we prove Dirichlet Theorem.
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Primes in arithmetic progressions L-functions

Dirichlet’'s theorem - proof

Clearly, lim,_,1+ L(o, x0) = oo and L(o, x0) has a simple pole at s = 1.
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Primes in arithmetic progressions L-functions

Dirichlet’'s theorem - proof

Clearly, lim,_,1+ L(o, x0) = oo and L(o, x0) has a simple pole at s = 1.
So, it suffices to show that for each choice of x € X;, with x # xo,
log L(o, x) is bounded as o — 17.
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Primes in arithmetic progressions L-functions

Dirichlet’'s theorem - proof

Clearly, lim,_,1+ L(o, x0) = oo and L(o, x0) has a simple pole at s = 1.
So, it suffices to show that for each choice of x € X;, with x # xo,
log L(o, x) is bounded as o — 17.

Using the orthogonality relation, it can be shown that L(o, x) is
convergent for o > 0, so it is enough to prove that L(1, x) # 0.
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Primes in arithmetic progressions L-functions

Dirichlet’'s theorem - proof

Clearly, lim,_,1+ L(o, x0) = oo and L(o, x0) has a simple pole at s = 1.
So, it suffices to show that for each choice of x € X;, with x # xo,
log L(o, x) is bounded as o — 17.

Using the orthogonality relation, it can be shown that L(o, x) is

convergent for o > 0, so it is enough to prove that L(1, x) # 0.
Now, taking a = 1, we have

1
E log L(s, x) E g >
mp™ms
xEX
p’"—l mod q
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Primes in arithmetic progressions L-functions

Dirichlet’'s theorem - proof

Clearly, lim,_,1+ L(o, x0) = oo and L(o, x0) has a simple pole at s = 1.
So, it suffices to show that for each choice of x € X;, with x # xo,
log L(o, x) is bounded as o — 17.

Using the orthogonality relation, it can be shown that L(o, x) is
convergent for o > 0, so it is enough to prove that L(1, x) # 0.
Now, taking a = 1, we have

ZlogLsX Z Z L

— =
m
xEX p

p’"—l mod q

IT tsx) =1

X€Xq

Hence,
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Dirichlet’'s theorem - proof

Suppose x is complex and L(1,x) = 0. Then L(1,x) = 0. But then we
get a contradiction, as

li L =0.
L
X€Xq
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Primes in arithmetic progressions L-functions

Dirichlet’'s theorem - proof

Suppose x is complex and L(1,x) = 0. Then L(1,x) = 0. But then we
get a contradiction, as

li L =0.
L
X€Xq

If x # xo is real it is a bit harder to prove that L(1,x) # 0. | suggest you
to read any book of the Bibliography (or others).
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Dirichlet’'s theorem - proof

Suppose x is complex and L(1,x) = 0. Then L(1,x) = 0. But then we
get a contradiction, as

li L =0.
L
X€Xq

If x # xo is real it is a bit harder to prove that L(1,x) # 0. | suggest you
to read any book of the Bibliography (or others). Therefore,

[e.e]
. 1
lim E — = 00,
—1+
7 p=a mod g P

and the arithmetic progression a + gb has infinitely many primes.
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