ON RANK 2 HYPERGEOMETRIC MOTIVES

FRANCO GOLFIERI MADRIAGA, ARIEL PACETTI, AND FERNANDO RODRIGUEZ-VILLEGAS

ABSTRACT. Hypergeoemtric motives have a combinatorial nature that makes them more tractable
than general motives. In the present article we prove most of their expected properties in the rank
2 case.

1. INTRODUCTION

The theory of hypergeometric motives has its origins in the study of the complex hypergeometric

series
(a)n(b)n on

oF(a,b;c|z) = Z (nn!

n=0
for z a complex number satisfying |z| < 1 (as done by Gauss [23], Kummer [34], Goursat [25] et
al). Riemann (in [38], “Contribution a la théorie des fonctions représentables par la série de Gauss
F(a,b,c,x)”) studied the differential equation satisfied by this series. This differential equation
yields a rank two local system on P\ {0, 1, 0o} which in turn determines a 2-dimensional monodromy
representation

)

P Wl(]P)l \ {07 1)00}720) - GLQ((C)7
describing how a chosen basis of local solutions at a regular point zy changes while looping around
the missing points. Riemann realized that the monodromy representation is a natural way to encode
information of the differential equation and its solutions.
We denote by My, M7 and My, the local monodromy matrices obtained by looping around the
point 0, 1 and oo respectively, chosen so that

MoM My, = I,

where I is the identity matrix.

We are interested in algebraic encarnations of the hypergeometric series, so for the rest of the
introduction we let a, b, ¢ be rational numbers and let N be their common denominator. Under this
assumption, a result of Levelt implies that the monodromy representation is algebraic: it can be
chosen to take values in the number field F' := Q((x ), with (i a primitive N-th root of unity. Given
a prime ideal p of Z[(x] one can extend the monodromy representation to a geometric continuous
representation

(1) pp + Gal(Q(2)/Q(2)) — GLa(Fp),
where F}, denotes the p-adic completion of F' at p (as explained in §2) and z is a variable.

We expect the representation (1) to be motivic, namely to match the restriction of a representa-
tion of Gal(Q(z)/F(z)) to Gal(Q(z)/Q(z)) arising from a motive defined over a number field F. In
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particular and more precisely, for every specialization z € L of the parameter in a finite extension
L/F there should exist a pure motive H(a,b;c|z) defined over L related to Gauss’s hypergeomet-
ric series. Concretely, we should be able to determine from the defining hypergeometric data the
characteristic polynomial of the Frobenius automorphism under the compatible system of Galois
representations determined by H(a,b;c|z), as well as obtain information on the action of inertia.

In more detail, let H denote the set of elements ¢ € (Z/N)* fixing ¢ and the set {a, b} modulo Z;
i.e., ic = cmod Z and i{a,b} = {a,b} mod Z. Let K = F after identifying H with a subgroup
of Gal(F'/Q) in a natural way. Then the following should hold:

(i) The motive H(a,b;c|z) has a model defined over its field of moduli K.

(i1) For generic values of z € K the motive H(a,b;c|z) defined over K resulting from special-
izaing (i) has coefficient field K.
For z #£0,1 € F we have the following.

(iii) The prime ideals q of F not diving N,z,2~1 and z — 1 are primes of good reduction for
H(a,b;c|z2).

(iv) Let q be a prime ideal of F' of good reduction for H(a,b;c|z). Then the trace of Froby on
H(a,b;c|z) matches the finite field analogue of the function 2Fy(a,b;c|z) (defined in §4).

(v) The primes q of F not dividing N but dividing z,z~1 or z—1 are (at worst) tame primes for py.
Moreover, the conjugacy class of a generator of the image of inertia py(1q) (for any prime
ideal p whose residual characteristic is prime to that of q) is that of MfS, where s = 0,1, c0
and

ko := vq(2), k1 = ve(z — 1), koo = Uq(zil)-

It is expected that all of the above properties actually hold for hypergeometric motives of any
rank (see §3). In general if the rank is n the motive can be described as an isotypical component
of the middle cohomology of a corresponding Euler variety

n—1

(2) V: yV = H x?i(l —x) Pl —zay )M
i=1

under the action of the automorphsim y — (ny (see [33] for results on compactifications of these
varieties). For K = Q the motive may also be seen as the top weight piece of the middle cohomology
of a hypersurface in a torus (see [6], [39]). Partial results on properties (i)-(v) were obtained by
Katz in [32] (see also [21]).

Our main focus in the present article is the case of rank two, where we prove all properties
(i)-(v). For the general rank n case we prove a slightly weaker form of (ii) and (iv). More precisely,
let @ = (a,b),B = (c,d) be two pairs of generic rational numbers (see Definition 3.4 for the precise
meaning of generic) and let N denote their common denominator. Define integers

(3) A=(d—-bN, B=@0b+1-¢N, C=(1+a—d)N, D=(d-1)N

to be representatives of their classes modulo N in the interval [0, V).
To simplify the exposition let us assume throughout this introduction that ged(A, B,C, D) = 1.
Then for any divisor m of N let C,, denote the Euler curve defined over QQ given by the equation

(4) Cm : Yy =2t (1 —2)B(1 - 22)C L.

By the gcd assumption C,, is absolutely irreducible. We have a natural map ¢, : Cy — C,, sending
(z,y) — (2,y™/™). Let Ji be the quotient of the Jacobian Jac(Cy) by the sum of the images
tm(Jac(Cp,)) of all proper divisors m of N. It carries a natural action of the group ux of N-th
roots of unity via (y - (z,y) = (z,(ny) on Cy, which in turn yields a corresponding action on Jy".
For {y € jun a primitive root of unity let 7, ]6]\’ MY denote the (y-eigenspace for this action.
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To define our hypergeometric motive we reason heuristically as follows. Assume first that d = 1.
The hypergeometric series o F] has the integral presentation

5) F(b)llj((c b)
c)
We may interpret this formula as an identity of periods. The right hand side (the integral) is a
period of the holomorphic differential dz/y of the Euler curve Cy; the first factor on the left hand
side (a product of Gamma values) is a period of a Jacobi motive J((a,b), (c,1)) (defined in §5)
and the second factor (the series oF} itself) should correspond to a period of our hypergeometric
motive. We obtain the general case with parameters (a,b), (¢,d) as a twist of that with parameters
(a—d,b—d),(c—d,1).
Concretely, we define for any specialization z € F

(6) H(a,B|z) = TP @ J(a,B)7".

For p a prime ideal of F, let Hy(a,B| %) be the finite hypergeometric sum in Definition 6.4 (see
also Definition 6.1). We have the following (see Theorem 7.23)

1
oF(a,b;c|z) = / 22711 — 2)7 (1 — zx) .
0

Theorem 1. Let p be a prime ideal of Q((n) satisfying (iii). Then H(e,B|2) has good reduction
at p and the trace of the Frobenius automorphism Frob, acting on H(a,B|z) equals Hy(ax, B | 2).

We may be more precise.

Definition 1.1. Let H be the subgroup of elements in (Z/N)* that fiz (under multiplication) the
multisets {au,...,an} and {p1,...,Bn} modulo 7Z.

The group H is naturally identified with a subgroup of Gal(F/Q). Since —1 € (Z/NZ)* corre-
sponds to complex conjugation, K := F C Q(¢y)* (or equivalently, it is totally real) if and only
if -1 € H.

Theorems 8.15 and 8.2 imply the following (see also Corollary 8.19).

Theorem 2. If —1 € H then H(e, B | z) maybe defined over the totally real field K.

Under some extra hypothesis (see Proposition 8.21) we can prove that for generic values of the
parameter zg € Q, the motive H(a, B|z) can be defined over K and has coefficient field also K. It
seems to be true that always the field of definition of the motive is the same as the coefficient field
(even when it is smaller than K, like in Example 9).

Let p be a rational prime. For a,b rational numbers, denote by a ~, b the relation defined
by the condition that the denominator of a — b is a p-th power. Extend this relation to vectors
component-wise.

Theorem 3. Let o, B and o', B’ be generic pairs of rational numbers (see 3./) such that a ~, o
and B ~p, B’ for some p prime. Then H((a,b), (c,d)|z) is congruent to H((a',b"), (', d’)|z) modulo
any prime ideal p of a common field of definition dividing p.

The previous results has two interesting applications: on the one hand, it provides a “lowering
the level” result, given by removing a prime ideal p from the denominator of any hypergeometric
motive’s parameters. This is very useful for example in the study of Diophantine equations (as
used in [24] to study solutions of the generalized Fermat equation).

On the other hand, it gives a “raising the level” result, since given a pair of rational parameters
a, 3 we can add a rational number r/p® to each a; and §;, with r, s positive integers and p a prime
not dividing their denominator. Note that the resulting motive will a priori have wild ramification
at primes dividing p.
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Example 1. Consider the hypergeometric motive with parameters (1/2,1/2), (1, 1), corresponding
to Legendre’s family of elliptic curves

E.:y? =az(x—1)(1 - 2x2).

Adding/substracting 1/3 to the first parameters, we obtain the rational motive with parameters
(1/6,—1/6),(1,1) corresponding (as proved in [28]) to the family of elliptic curves with equation
2
~ x z
E, =" 4 2.
SRR

Then for any specialization zg of the parameter z the elliptic curves are congruent modulo 3 as
implied by Theorem 2.

We mostly restricted to rank two hypergeometric motives because of the applications to the study
of solutions to the generalized Fermat’s equation, following the program described by Darmon in
[16], as explained in the article [24]. We expect, however, that our proofs extend to the arbitrary
rank case by considering the general Euler variety (2).

The article is organized as follows: section §2 is devoted to rank 1 hypergeometric motives.
Although the theory of rank 1 motives is quite elementary (solutions to the differential equation
are algebraic), it gives a flavor of the general theory.

Section §3 starts recalling the definition of the rank n hypergeometric series, the differential
equation it satisfies, and some of its well known properties. It includes a detailed description of the
construction of the geometric representation (1) extending the monodromy one.

Section §4 contains a discussion of arbitrary rank n hypergeometric motives. Following compu-
tations of David Roberts and the third author, analogues of properties (i) to (v) are expected to
hold. The section includes a the proof of a weaker version of statement (ii) for general rank n hy-
pergeometric motives (based on [4]). We end the section by recalling an algorithm to compute the
Hodge numbers of the hypergeometric motive of parameters a, 8 and include different examples.

Section §5 is a short survey on Jacobi motives (following [49] and [51]). It includes results needed
to interpret the product/quotient of Gamma values in (5) as a Jacobi motive. Section §6 gives the
definition of the finite field analogue H,(a, B|2) of the hypergeometric series ,,F,—1 (as studied in
[26] and [31]). Proposition 6.3 summarizes the main properties satisfied by finite hypergeometric
sums needed in the present article. There is an alternate p-adic definition of finite hypergeometric
sums in terms of the p-adic Gamma functions (as defined by Morita in [35]). Theorem 6.18 proves
that both definitions coincide (using the Gross-Koblitz formula). The section ends (Theorem 6.25)
with a relation between hypergeometric character sums and finite hypergeometric series. The result
plays a crucial role while computing the zeta function of Euler’s curve (4).

In Section §7 we focus on the case n = 2. Previous results on rank 2 motives (like [2] and [21])
always assumed that d = 1. This a priori “innocent” assumption not only excludes many interesting
motives, but also has deep consequences since it implies that Euler’s curve is absolutely irreducible.
For general values of d this is no longer true (as proved in Example 9); Euler’s curve can have
any number of irreducible components. To circumvent this problem, we start studying the case of
irreducible curves, and use them to define a general rank 2 hypergeometric motive in Definition 7.10.
In §7.2 we study the possible Hodge numbers of a rank 2 hypergeometric motive, a very reach theory.
In Example 11 we compute the Hodge numbers of some curves studied by Shimura (in [44]). The
last part of the section is devoted to computing the zeta function of the Euler curve C (and its
factorization according to the action of py). The main result (Theorem 7.23) gives a precise

relation between Hy(a,fB|z) and the trace of a Frobenius element Frob, acting on H;t’CN (CA, Qo)
(for p a prime ideal of F' where C has good reduction), where C denotes the desingularization of
the Euler curve, and the superscript (n; denotes the (n isotypical component. The result is an

arithmetic counterpart to (5) and a manifestation of (6).
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Section §8 is devoted to prove results on the field of definition of the motive (property (i) of the
introduction). Our main result reads.

Theorem 8.2. Let (a,b), (c,d) be generic parameters such that a +b and ¢ + d are integers and
(Irr) holds. Then H((a,b), (c,d)|z) is defined over FH and its coefficient field is contained in FH.

Its proof is interesting on its own, since it consists on constructing involutions of Euler’s curve.
The section includes a study of the Galois representation attached to specializations of the hyper-
geometric motive. We prove irreducibility results (Theorem 8.16), extension results (Theorem 8.15
and Corollary 8.19) and results on the coefficient field of the motive (Proposition 8.21).

Section §9 is devoted to the study of hypergeometric motives defined over totally real fields
(meaning that —1 € H). In this case we can prove a stronger irreducibility result (Theorem 9.1).
The last section §10 contains the explicit statement and proof of congruences between hypergeo-
metric motives. Although the proof is elementary, the result has deep implications in Darmon’s
program (as exploited in [24]). The present article ends with an appendix addressing the following
problem: keeping the previous notation, let p be a prime ideal of F' not dividing N but (say)
dividing the numerator of z. Then it is a priori a tame prime for the motive, but it may actually be
of good reduction (as follows from (4), since the matrix My might have finite order). In this case
the stated formula (proven in Theorem 7.23) does not apply. One can still compute the trace of the
Frobenius element geometrically, by computing the stable model of Euler’s equation (as explained
in the appendix). It would be interesting to have an explicit description for wild primes.

The third author wrote a script to compute Hy(a, B|z) p-adically in terms of the p-adic Gamma
function (a different algorithm to compute the L-series of a hypergeometric motive is given in [12]
and [13]). The script can be downloaded from the github repository

https://github.com/frvillegas/frvmath.

Example 2. Here is an example of how it works. Consider the hypergeometric motive H, with
parameters & = (1/8,—1/8),8 = (3/8,—3/8) Tate twisted so that it has weight one. A priori H,
is defined over Q(v/2) as explained in Example 15.

First we take z = 9 and compute the action of Frobenius for the prime p = 7.

? hgm(9,[1/8,-1/8]1,[3/8,-3/81,7)

3¥77=1 + 6 + 6%7 + 6%772 + 6%x7°3 + 6*%774 + 6%7°5 + 6*%776 + 6*%7°7 + 6%7°8 +
6x779 + 6x7710 + 6%7711 + 6*%7712 + 6*%7713 + 6%x7714 + 6%7715 + 6*%7716 + 6%x7°17 +
6x7°18 + 0(7°19)

? recognizep(hgm(9,[1/8,-1/8]1,[3/8,-3/81,7))

-4/7

We conclude that the trace of Frobenius on Hg is —4. To get the full characteristic polynomial
L7(T) of Frobenius we can proceed as follows

? hgmfrob(9,[1/8,-1/8],[3/8,-3/8],7)

(77-1 + 0(7718))*x"2 + (4%7°-1 + 0(7719))*x + 1

? polrecognizep(hgmfrob(9,[1/8,-1/8],[3/8,-3/8],7))

1/7%x72 + 4/7*x + 1

This case is special however since the specialization parameter is a square, which results in the field
of definition being Q. The characteristic polynomial of Frobenius at p = 7 is then

Ly(T) = 7TT? + 4T + 1.
For a further discussion of this example see Example 9.

Example 3. For z = 3 on the other hand, we have
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? Li=hgmfrob(3,[1/8,-1/8],[3/8,-3/8],7);

7 L2=hgmfrob(3,[3/8,-3/8],[1/8,-1/8],7);

? polrecognizep(L1*L2)

1/49*%x74 + 6/49%x"2 + 1

In fact, looking at the polynomials L1,L2 individually we find that the characteristic polynomial
Lp(T) of Frobenius for primes P of Q(v/2) dividing 7 acting on H3 is

Lp(T) = 7T? £ 22T + 1.

Let x be the quadratic character of Gal(Q/Q(+/2) corresponding to the extension Q(v/v/2 + 2) over
Q(v/2). Computing for more primes, it is not hard to verify that the twist by x of the Frobenius
polynomials of the hypergeometric motive Hs match those of a Hilbert newform over the real
quadratic field Q(v/2) of parallel weight 2 and level 32 - \@5 for all prime ideals of Q(v/2) less
than 200. This form is not in the LMFDB, but we can nevertheless uniquely identify it using its
standarized labeling/ordering of forms. To this end, we compute the trace of the Hecke eigenvalue
of each (Galois orbit) eigenform for primes up to norm 31 (sorted as explained in [15]). The form
corresponds to the 11-th one in the resulting ordering. Here is the code in magma to compute the
space of all relevant Hilbert modular forms.

> R<x> := PolynomialRing(IntegerRing());

> F := NumberField(x"2-2); OF := Integers(F);

> P2:=Factorisation(2+0F) [1] [1];

> M := HilbertCuspForms(F, 9*P275);

> decomp := NewformDecomposition(NewSubspace(M));

It seems plausible that the Faltings-Serre’s method can be used to prove modularity of the corre-
sponding motive and hence the equality of Frobenius polynomials for all p.

Remark. One important advantage of working p-adically is that there is typically no need to pass
to an algebraic extension to compute the corresponding Gauss sums. For the above example, we
would a priori need to compute in the field Q((g) or possibly Q(v/2) if set up appropriately. As
it stands we simply compute the trace of Frobenius in Z, and then recognize it as an (algebraic)
integer.

We finish this introduction with a few challenges that we expect to address in the near future:

e Can the inertial information be used to prove large image results for hypergeometric mo-

tives? (We do know (see [5]) that the Zariski closure of the geometric monodromy is big.)
e Extend the analogue of property (iii) to primes of the field of definition of H((a,b), (¢, d)|z).
e Prove properties (i) to (v) for rank n hypergeometric motives.

Acknowledgments: We would like to thank David Roberts for many useful conversations.

2. RANK ONE HYPERGEOMETRIC MOTIVES

We start by considering a baby example of the theory, that of rank 1 motives. The definitions
used in the present section will be explained in detail in subsequent sections for the general case of
rank n hypergeometric motives.

Let o be a rational number of denominator N > 1. Consider the differential equation (see (11)
for its general definition)

d d d
(7) D(a,1) := ao —z(za—i—a) =z(1 —z)% —za = 0.

Its one-dimensional space of holomorphic local solutions around some base point zg # 0, 1 in the unit

disk is spanned by the algebraic function H(z) = (1 — z)~¢ (for any fixed branch determination).
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Analytic continuation along closed loops around zg determines the monodromy representation
p: 7T1((C \ {1},20) — C*.

It is easy to verify that if v is a simple loop around 0 (in counterclockwise direction) then p(vy) =
exp (27”) Let F' = Q((n). Algebraically, p corresponds to the Galois representation

p: Gal(Q(2)/F(2)) = C*,
given by

5(0) o(V1—=z)

P iz

The representation is ramified only at 1 and oco. Taking zg € Q, zg # 1, we can study the
specialization of the representation at zp, which corresponds to the extension of number fields
F(%/1— zy)/F. By class field theory, the extension corresponds to a (conjugacy class of a) character
of order N of the ray class group of I’ whose conductor is supported at primes dividing N, 1 — zg
and its denominator.

Let O denote the ring of integers of F', let q a prime ideal of O unramified in the extension
F(%/1—2p)/F and let F, denote the finite field Or/q of ¢ = Nq elements. Since N | ¢ — 1, F,
contains the N-th roots of unity. Fix @ a generator of the character group of F;* and ¢ an additive
character of Fy. For z € F,, define (see §6)

(8) Hy(o,1)20) - Z 36“0 %) 20),

where the sum runs over characters ¢ of F;* and

I(ap, @) = g(v, @ T V%) g (v, 7),

where ¢(1),¢) denotes the standard Gauss sum (as recalled in (32)). Denote by e the character
@@= D (a character of order N). Since g(¢%, ) = B(a)g(1, ), we have

Iep, ) (_1)9(1#,&0)9(1#,@
(e, 1) 9(¢,¢)

where for ¢, n characters, J(¢,n) denotes the standard Jacobi sum (whose definition is recalled in
Definition 6.23). Then (8) becomes

—2zot
D) MCCECLIBVEP S SEC) B I B
¢ t#l t;«él ®
The last sum equals zero unless —zgt = 1 — ¢t and ¢ — 1 in that case. Therefore

Hy(a,1|z9) = (1 — zo)*l,

= —p(—=1)J(ep, P),

showing that our finite hypergeometric series Hy(a, 1]2p) at a prime ideal q matches the Dirichlet
character of the extension F'( V/1 — zy)/F.
Consider now the same problem for parameters 1, —«. The differential equation becomes

d
D(1,—a) = 2(1 — z)d— —a=0.
z

z

(0%
i— | - If N denotes the denominator of a,

Its space of solutions is spanned by the function G(z) =

fz) /F(z), which is unramified outside {0, 1}.

An elementary computation proves that both the differential equations and the field extensions are
7
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related to the previous case by the change of variables z — 1/z. This is consistent with the finite
hypergeometric series behavior

co~l o1
Hy(1, —alz) = Z J( 1 5—1 (Z )= 1 i q Z 2 ?(8 719; )SD(ZO) = Halex 1|ZO_1)'
P )

3. HYPERGEOMETRIC SERIES AND REPRESENTATIONS

For a € C and k a positive integer, let () denote the Pochammer symbol, defined by
MNa+k)
NGO

Definition 3.1. Let aq,...,an, 51, .., Bn—1 be complex numbers, and z € C with |z| < 1. The
hypergeometric series with parameters o, B evaluated at z is defined as

(@) =ala+1)-(a+k—-1)=

o0

. 2) = (1)k -~ ()i 2"
(9) nFn_l(al,...,Oén,lgl,...?ﬁn—ﬂ )_kzo(ﬁl)k(ﬁnl)kk‘

We will briefly recall some the properties of this classical function and refer the reader to [5] and
the references therein for details. For Re(8;) > Re(a;) > 0, for ¢ = 1,...n, we have the following
integral presentation

n—1
[T (2 (1 — ;)i ldyy)
10) pFn-1(a; = , 1.
10 (e Blz) };[1 F(az /81 — ;) / / 1 — 2Ty Tpo)On =l <
As it is well-known the hypergeometric series , F},_1 satisfies the differential equation
(11) D(a'ﬂ)UZO D(a;B):=(0+p1—1)--(0+Bn—1) —2(0 + 1) (6 + an),

where 0 = 2z~ d . This equation has regular singularities at the points z = 0,1, co. We have ([5, §2]).

Proposition 3.2. If the number B, ..., B, are distinct modulo Z, n independent solutions of (11)
are given by

_3, v
(12) Uz(Z) = Zl Blnanl(]- + a1 — Bia ey 1 + Qp — Bla 1 + ﬁl - Bi? T 1 + ﬁn - ﬁi|z)a
where V denotes omission of 1 + B; — B;.

Lemma 3.3. Let aq,...,ap,51,...,0n € C. Then the change of variables z — u = 1/z sends
solutions of the equation D(a;f) to solutions of the equation D(—B — 1; —a — 1).

Proof. Set u=1/z, so zd = —ud In the variable u, equation (11) becomes

(_1)n+1

(0 —ar)-- (0 —an) —u(@ =1 —=1)--- (0= Bn—1)).
([l

We are interested in the case when the parameters «y, 5; are rational numbers, where we can
expect a geometric origin for the differential equation. We restrict to this case from now on. Set
N to be their least common denominator and define the quantities:

(13) A;:= N(Bp—«qi), B;:=N(a;—p;), fori=1,...,n—1, A, :=N(an—P0n), Bp:=Np,.
Then u,, is a period of the middle cohomology of the twisted Euler’s variety
(14) Vi : B”Ha: (1 —a;) (l—zx1-~-a:n_1)A”.
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FIGURE 1. Fundamental group of 71 (P!(C) \ {0, 1, 00}, 20)

Definition 3.4. Let a = (a1,...,ay) and B = (P1,...,0n) be n-tuples of complex numbers. We
say that a and B are generic if the sets {exp(2mic;)}, {exp(2mify)} are disjoint. We will also say
that such a pair determines a hypergeometric data.

3.1. The monodromy representation of the differential equation. Keep the notation of the
previous section. For X a topological space, and z¢g € X, let m1(X,z¢) denote the fundamental
group of X based at the point xg.

Definition 3.5. Let zy be a complex number different from 0,1. The differential equation D(a;f)
has attached a natural monodromy representation

(15) p: w1 (PHC)\ {0,1,00}, 29) — GL,(C)

obtained as follows: pick a basis { f1,..., fn} of n independent solutions to D(a;fB) around the point
20. Given a loop o € w1 (PY(C) \ {0,1,00}, 20) extend each solution f; along «, to obtain a new
basis {f1,..., fn} of linearly independent solutions at zy. The matriz p(c) is defined as the change
of basis matriz.

Proposition 3.6. The monodromy representation attached to the parameters a, B is irreducible if
and only if the parameters are generic.

Proof. See Propositions 2.7 and 3.3 of [5]. O

Proposition 3.7. If the parameters a, B are generic then the monodromy representation for the
parameters «, B is isomorphic to the one corresponding to the parameters a +mn, B +m for any
n.mezZ".

Proof. See Corollary 2.6 of [5]. O
Let go, g1, goo denote paths going through 0, 1, co respectively in counterclockwise direction as in
Figure 1. It follows from Van Kampen’s theorem that
m1(PH(C) \ {0, 1,00}, 20) = (90, 91, Goo : G0g1goo = 1)-
In particular, the monodromy representation is determined by the matrices
(16) My = p(90)7 My = p(gl)7 My = p(goo)7
corresponding to the monodromy matrices around 0,1 and oo respectively.

Definition 3.8. A pseudo-reflection is a matrix M satisfying that M — 1 has rank one. Its deter-
minant is called the special eigenvalue of M.

Proposition 3.9. Leta = (a1,...,ap) and B = (B1,...,Bn) be generic. Let a; = exp(2mia;) and
bj = exp(2mip;) for j=1,...,n. Then
n

(17) det(t — Moo) = [J(t—ay),  det(t—My") =[]t -0y,

j=1 7j=1



and My is a pseudo-reflection with special eigenvalue exp(2mivy), where v =37, (8; — ;).
Proof. See Proposition 2.10 and Proposition 3.2 of [5]. O

Remark 3.10. Two monodromy representations p1, pe are isomorphic if there exists a change of basis
matrix that sends one to the other. Equivalently, if the monodromy matrices p1(go), p1(91), p1(goo)
are conjugate (by some matrix M) to p2(go), p2(91), p2(9so). The generic case correspond to what
is called a rigid case, and more is true, namely the representations p; and ps are isomorphic if
each monodromy matrix p1(g;) is conjugate to pa(g;) (for i = 0,1, 00) for a matrix M; that might
depend in i (as proven in Theorem 3.5 of [5]).

Let a, B be generic rational parameters and let N be their least common denominator. Then a
construction due to Levelt (see Theorem 3.5 of [5]) allows to give explicit matrices My, My, M in
GL,(Q(¢n)) for the monodromy representation; then if F' = Q((y), the image of the monodromy
representation lies in GLy (F).

3.2. Geometric representations. A good reference for the statements of the present section is
§6.3 of [43]. Let R be an algebraic closed field, and X a projective smooth curve of genus g over
R (in our case X = P!, so g = 0). Let Py,..., P be distinct points in X (R). Let R|(X) be an
algebraic closure of R(X) and let Q C 9R(X) be the maximal extension of R(X) unramified outside
the points Pi,..., P;. The algebraic fundamental group is defined by

(18) (X N\ {P1,..., B}) = Gal(Q/R(X)).

Definition 3.11. Let G be a discrete group. The profinite completion of G is the topological group

~

G :=lmG/H,
(—
where the inverse limit is with respect to finite index normal subgroups H of G.

Given a discrete group G, we denote by G its profinite completion.

Definition 3.12. Let g,k be positive integers. The group mwi(g,k) is defined as the group with
generators and relations
(19) m1(g, k) = (a1,b1,...,a4,bg,c1,...,Cp : alblaflbfl e agbgag_lbg_lcl coecp =1).

—

Theorem 3.13. The algebraic fundamental group ﬂflg(X \{Pi,...,P}) is isomorphic to mi(g, k),
the profinite completion of the group w1 (g, k).

Proof. See [43, Theorem 6.3.1]. This is a particular case of the well known general result: the
algebraic fundamental group of a complex variety is isomorphic to the profinite completion of the
topological fundamental group. O

Remark 3.14. As noted in [43], the canonical map 71 (g, k) — W@) is in fact injective.

Let F' be a number field, and let p be a prime ideal of its ring of integers. We denote by F, the
completion of F' at p.

Corollary 3.15. Let a and B be generic rational parameters. Then for each prime ideal p of
F = Q[(n], there exists a (unique up to isomorphism) continuous representation

(20) Py - Galiﬂ(z) — GLn(Fp),

unramified outside {0, 1,00}, whose restriction to m (P*(C) \ {0,1,00}, 20) is isomorphic to p.
10



Proof. Let p be a prime ideal of F' and F' — F, the natural field homomorphism. Consider
71 (P {0,1,00}, 20) as a topology group with the discrete topology. By Van Kampen’s theorem
7 (P \ {0,1,00}, z0) =~ 71(0,3), so we can think of p as a continuous representation of 71 (0, 3),
which can be extended (by continuity) to a representation

—

Theorem 3.13 (with X = P! and {Py, P>, P3} = {0,1,00}) gives an isomorphism wm) o~
Gal(€2/R(z)), the later being a quotient of Galg,) (corresponding to extensions unramified outside
{0,1,00}). This proves the existence statement. Uniqueness follows from the fact that any discrete
group G is dense in its profinite completion G. O

It follows from the last corollary that for rational generic parameters, the differential equation
satisfies by the hypergeometric series induces a family of Galois representations

pp : Gal(Q(2)/Q(2)) — GLn(F).
A realization of the motive incorporates arithmetic information, allowing to extend the represen-
tation to Galg.), for K some number field.

4. GENERALITIES ON HYPERGEOMETRIC MOTIVES

We refer the reader to the survey [39] for an introduction to the subject (see also Katz’s article
[32]). Let a, B be vectors of generic rational numbers (as in Definition 3.4), and let N be their
least common denominator. Keeping the previous notation, let F' = Q({n). Then for zy € F,
2o # 0,1, there should exist a motive H (e, B|z0), a hypergeometric motive or HGM, attached to
the parameters a, B8 satisfying the following properties

(i) It is a pure motive of degree n defined over F.

(ii) Its ¢-adic étale realization is related to the monodromy representation (see Theorem 4.8).
(iii) The primes of F' of bad reduction belong to Syt U Spw (potentially tame and potentially wild
primes respectively), where

Spw = {p|vp(NV) > 0}, Spt := (So U S1 U Sx) \ Spw,
and

So := {p | vp(z0) > 0}, S1:={p|vp(z0 — 1) > 0}, Seo 1= {p|vp(20) <0}

iv) For a prime p not in Sy, U Spy the trace of powers of the Frobenius automorphism at p acting
P p
on H(a, B|zp) are given by an explicit finite hypergeometric sum.

Remark 4.1. As is well-known (iv) yields a way to compute the characteristic polynomial of the
Frobenius automorphism at p acting on H (e, 8|z0) by means of Newton’s formulas.

Remark 4.2. The existence of a motive over a number field for general rigid local systems was
proved by Katz in [32].

Among the extensive literature on topics related to HGMs we may highlight the following as
most relevant for our purposes: for rational HGMs (see Definition 4.7) [6] and [39] and for the
specific case of rank n = 2 with 8y =1 [2] and [21].

Let H be the subgroup of Gal(F/Q) that fixes the set {exp(2mia)} and the set {exp(27miB)}.
Via the natural identification of Gal(F/Q) with (Z/N)*, the group H can be defined as the set of
elements j € (Z/N)* satisfying

(21) jg-Aal,...,an} ={aa,...,an} mod Z, and j-{p1,...,06u} ={P1,-..,0n} modZ.
11



Definition 4.3. We define the base field K := Q(¢y) € Q(¢n) of the hypergeometric data (o, B)
as the field fixed by H.

Definition 4.4. Given a motive we will call the field generated by the traces of all Frobenius
elements the coefficient field of the motive.

We have (see Proposition 6.3)
(22) H(a, Blzo)” = H(ja, jBl2G),

where 1 < j < N — 1 coprime to N corresponds to . Hence it is natural to expect (and all
numerical evidence supports) the following

Conjecture 4.5. Let K be the base field of the hypergeometric data o, 8. Then

(1) The motive H(a, B|z) has a model H(z) defined over K.

(2) The specialization H(zy) for generic zo € K has coefficient field also K.

(8) For primes p of K of good reduction the trace of Frobenius on H(zo) is given by the finite
hypergeometric sum Hy(o, B 20).

Remark 4.6. For particular values of the parameter z, we might by able to define the motive over
a proper subfield of L C K. For example the motive of Example 15 has base field Q(v/2), but
evaluated at squares is defined over Q. The coefficient field of all motives we have studied is also
L.

Example 4. A generic twist of a HGM typically increases the degree of its base field. But in some
special cases it does not. For example, the following parameter set

a=(1/24,11/24,17/24,19/24), B =(1/4,1/2,3/4,1)
has base field Q(1/—8). However, its twist by —1/8
o =(1/3,7/12,2/3,11/12) B’ ' =(1/8,3/8,5/8,7/8)

has base field Q(¢). This HGM is number 38 in the Beukers-Heckman [5] list of algebraic hypergeo-
metric functions; it has weight zero and corresponds to an Artin motive. The geometric monodromy
group for H(a, B|z) is of order 2304 and is a central extension by Cy of S40.55.

Note that the pair (a,8) does not actually appear in the Beukers-Heckman list since they mod
out by twisting. There are only three cases of this kind for rank n > 2, all with base field Q(v/—8).
Namely,

(1/24,11/24,17/24,19/24)  (1/4,1/2,3/4,1)
(1/24,11/24,17/24,19/24) (1/4,5/8,3/4,7/8)
(1/8,1/4,3/8,3/4) (1/6,1/3,2/3,5/6)

Definition 4.7. A pair (a,B) of vectors with rational entries is rational if its base field is Q
(equivalently, H = Gal(F'/Q)).

Suppose for the rest of the section that the motive H (e, 8|z) for generic rational parameters a
and B can be defined over K (z) for some number field K. Let L denote its coefficient field and Op,
its ring of integers. Define

(23) S(n, L) := gcd{#GL, (0L /p) : p is a prime ideal of O }.
The following result follows the lines of [16, Lemma 1.2].

Theorem 4.8. Keep the previous notation and assumptions. Let zy € PL(K) \ {0,1,00} and let
H(a, B|zo) be the specialization at zy. Let p,q,r denote the order of the monodromy representation
at the points 0,1, 0o respectively (they need not be finite). Let n be a prime ideal in O not dividing
S(n, L) and satisfying one of the following properties:

12



n | zo, p is finite and p | va(20),

n|zop—1, qis finite and q | va(z0 — 1),

vn(20) <0, r is finite and r | va(20).

vn(20) = vn(20 — 1) = 0.

Then the compatible family of Galois representations attached to H(e, B|zo) is unramified at n.

Proof. Let n be a prime ideal of K not dividing S(n, L) and satisfying the stated hypothesis. Then
there exists a prime ideal A of L such that n t #GL, (O /A) (in particular, n does not divide the
norm of ). Let

P GalK(z) — GLn(L)\)
be the A-adic representation attached to the motive H(a, 8|z). Start considering the geometric part
of the representation, namely its restriction to G&°™ := Gal(Q(z)/Q(z)).

By Corollary 3.15, the monodromy representation determines a geometric one. By a result of
Katz (Theorem 5.4.4 of [31]) such a representation is isomorphic to the de Rham cohomology
Hyy 1(VZ). By the well known cohomology compatibility, the de Rham cohomology is isomorphic
to the étale one, i.e. Hggl(VZ,C) ~ Hgt_l(Vz,@) (after an isomorphism between C and Qg is
chosen). In particular, the image of inertia at z = 0, 2 = 1 and z = oo under (the restriction to
G&°™ of) py has order p, ¢ and r respectively. Since the extension Q(z)/K(z) is unramified at
z=0, z=1 and z = oo, the image of inertia at these three points under p) also has order p, ¢ and
r respectively.

After choosing a lattice fixed by py, we can assume that our representation actually takes values
in GL,,(0)) (the completion of O at A). Let m be a positive integer, and let py ,, be the reduction
of py modulo A™. The kernel of py, corresponds to a curve Xy ,, which is a finite cover of P!
unramified outside {0,1,00}. Then Theorem 1.2 of [4] implies that if one of our hypothesis is
satisfied and if n does not divide the order of the image of py,,, then the image of I, under the
specialization map is trivial. But the order of the image of py ,, divides the order of GL,(Or/\™),
whose order is supported at the same primes as GL,(Or/)), so if n { #GL,(OL/N), pam(ln) =1
for all m, hence py)(I,) = 1, and the family is unramified at n. O

We may relate S(n,Q) and Spy in the case the motive is rational.
Lemma 4.9. If L=K =Q andn > 1, then p | S(n,Q) if and only if p <n+ 1.

Proof. Let p be a prime number such that p — 1 = ¢(p) < n. Then there is an injective map
Y : Z[(p) = GL,(Z); for example, let M be the n x n matrix made up of two blocks on the diagonal
(and zero elsewhere). The first block (of size (p — 1) x (p — 1)) being the companion matrix of
(P —1)/(x — 1) and the second one being the identity. Then Z[(y] ~ Z[M] C GL,(Z).

Since n > 2, it is always the case that p | |GL,,(Z/p)|. Let ¢ be a rational prime number different
from p. Since ¢ does not ramify in Z[(,|/Z, the group GL,(Z/q) contains an element of order p
(the image under the reduction map of ¥({p)), so p | #GLy(Z/q) hence p | S(n,Q).

Reciprocally, let 1 < & < p—1 be any integer and let r be its order in IF;. By Dirichlet’s theorem
on arithmetic progressions, there exists a rational prime ¢ congruent to £ modulo p. By hypothesis,
p| #GL,(Z/q) = ¢* (¢ — 1)(¢* —1)---(¢" — 1), so 2* = ¢" = 1 (mod p) for some i < n, i.e. any
element modulo p has multiplicative order at most n, hence p — 1 < n. O

Corollary 4.10. For rational motives, if p € Spw then p | S(n, Q).

Remark 4.11. We expect Theorem 4.8 to hold for prime ideals n dividing S(n, L) but not dividing
N (as they are potentially tame primes according to (iii)), but we do not know how to prove this
stronger statement in general. The rank 2 case is proved in Appendix A when one of the first three
properties holds and in Theorem 7.23 when the last one holds (see also [22] for a description of
inertia at tame primes).
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4.1. Hodge numbers and normalization. The Hodge numbers of a rational HGM can be com-
puted using a formula conjectured by Corti and Golyshev (proved in general in [11, 20, 48]). The
formula can be applied to arbitrary hypergeometric parameters by means of the zig-zag diagram
(see 8§85 of [39]), giving the dimensions of the associated graded of the Hodge filtration (see [39,
Figure 5.1] for a nice rank 5 example). Let us recall the procedure. Assume a, 8 are generic.

Algorithm 4.12. The zig-zag procedure

1: Set S the sequence of ordered parameters of & as elements in (0,1] and B as elements in [0,1).
2: To each s € S associate the color red if s € a and blue if s € B.

3: P+ 0

4: fori=1...2n do

5: Draw a point with the color Si] at (i, P).
6:  if S[i] is blue then

7: P+—P-1

8: else

9: P+~ P+1
10:  end if
11: end for

Remark 4.13. In fact, this procedure can be extended to give the full mixed Hodge numbers of the
middle cohomology of the corresponding toric model in the rational case, see [48].

In §7.2 we will prove the relation between the Hodge numbers of Euler’s curve and the output
of the zig-zag procedure for rank two hypergeometric motives.

Example 5. As a first example, consider the rational HGM with parameters @ = (1/2,1/2),
B = (0,0) of the Legendre family of elliptic curves

Ey:y? =a(x —1)(1 — zz).

The zig-zag procedure gives the following picture

o L0 1
-1 1

The Hodge number A% corresponding to a, 3 is obtained by counting the number of blue (or
shifting up one step red!) points at level i of the output. In our example the Hodge vector equals
(1,1), with Hodge numbers h%? = b1 = 1.

Example 2.(continued) Consider the hypergeometric motive H, of the introduction, with pa-
rameters a = (1/8,—1/8),8 = (3/8,—3/8) defined over its base field, the real quadratic field
K = Q(v2) € Q(¢g). For j € (Z/8)* the Hodge numbers of H3’ are obtained by applying the
zig-zag procedure to the parameters a = (j/8,—7/8),8 = (3j/8,—37/8). The result is given in
Figure 2. The Hodge numbers in both cases are h~ 10 = p0—1 = 1.

Example 6. As a further example of a motive not defined over Q, let a = (%, %)7 B = (0, %) Here
N =4 and K = Q(i). We find the Hodge numbers ht~1 = h%0 = 1 and h%? = h=11 =1 for the
respective complex embeddings K, as illustrated in Figure 3. The Hodge vector of the restriction of

scalars H(z) to Q (the sum of H(a, 8|2)7 over the two complex embeddings o of K) equals (1,2, 1).
14
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FIGURE 2. The Hodge numbers of (3, %), (2,2) and (2, 2), (%, %)
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FIGURE 3. The Hodge numbers of (3, 1),(0,) and (3, 3),(0,2)

We can check this calculation numerically in Pari/GP using the third’s author package. Taking
for example z = 3 and p = 17, we get:
? polrecognizep(hgmfrob(3,[1/2,1/2],[3/4,1]1,17)*hgmfrob(3, [1/2,1/2],[1/4,11,17))
x"4 - 10/17%x"3 + 18/17*x"2 - 10/17*x + 1
This is the Euler factor Li7(T) of H(3). Its Newton polygon at p = 17 should lie above the Hodge
polynomial. In fact they are actually equal in this case. Concretely, L17 has roots of absolute value
{—1,0,0,1} with multiplicities matching the Hodge vector (1,2, 1) of H(z).

Remark 4.14. Taking a Tate twist has the effect of shifting the zig-zag diagram up or down. When
working with Galois representations, it is customary to take the minimal Tate twist that makes
the Hodge numbers of all Galois conjugates non-negative (making them the Hodge numbers of
an effective motive) because this is the standard normalization for automorphic forms. In partic-
ular, the resulting Euler factors have integral coefficients. We will call this process the effective
normalization.

In the present article (and also in the Pari/GP code written by the third author) we do not make
any additional Tate twist when considering HGM’s unless explicitly mentioned. The reader should
bear this in mind when matching a HGM to an automorphic form.

The effective normalization is the Tate twist that shifts the minimum value of the zig-zag dia-
grams over all embeddings to zero. As an illustration, we have the following.
Example 6.(continued) The minimum value of the zig-zag function over the two diagrams in Fig. 3
is —1. Therefore the effective normalization is the Tate twist

H((5,3), (1, D)]2)(1)
In terms of Euler factors (like L17(7") above) it amounts to replacing T by ¢T.

Remark 4.15. Let @ and B be generic rational parameters and let N be their least common de-
nominator. Let F' = Q((x) and let H be the subgroup of (Z/N)* defined in 1.1. Then for zy € Q,
the motive H(a, B|20) is expected to be defined over F¥ and hence has ¢(N)/|H| Hodge vectors
(indexed by the embeddings of F¥ into C) instead of ¢(IN). This is consistent with the fact that
if j € H then the Hodge vector of e, 8 is the same as the one of ja, jB.
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5. JACOBI MOTIVES

In this section we review some basic facts about Jacobi motives and set up the notation we will
use. The main reference are the articles [50, 51], [1], [40] and [49] (the software package Magma [7]
contains an implementation of Jacobi motives due to Mark Watkins).

Fix an integer N > 1. For a prime ideal p in F' := Q({x) C C of norm ¢, where (y is a primitive
N-st root of unity, let x;, be the character

(24) Yot (Or/p)" = C.
of order N satisfying
Xp(x) = 2@ D/N mod p.

Extend the definition by setting x,(x) = 0 if p | z. Here OF is the ring of integers of F.

We will define Gauss sums as functions on 3;Z/Z as follows. Fix a non-trivial additive character
1 on [Fy and let

1

2 —7Z/7.
(25) g, a,p) =Y Plx ), a€ 2/

zeFy
The dependence on the choice of additive character is straightforward. For any non-zero y € Op
coprime to p if ¥’ (x) := ¢ (y~'x) then
(26) 9@, a,p) = X3 “(y)g (1, a,p).
Definition 5.1. Let 6 = Y, n;(0;) € Z[+Z/Z] satisfying

(27) > ni; =0 mod Z.

The Jacobi sum attached to 0 for the prime ideal p is defined as
(28) J(0)(p) := (~1)="H [T (v, 6:,p)"

It is easy to verify, thanks to (27) and (26), that the definition is independent of the choice of
the additive character ¢ and therefore there is no need to include it in the notation.

By the main result of [51] the map

p = J0)(p)

determines a Grossencharacter J(@) of F. In particular, it has an associated compatible system of
l-adic Galois representations where J(8)(p) equals the trace of Froby,. This is an incarnation of the
Jacobi motive associated to @ (see [1, §5]). We will denote this pure motive also by J(8) if there is
no risk of confusion.

It will sometimes be convenient to use an alternative notation for Jacobi motives as a pair of
tuples of rational numbers a = (aq,...,a,) and b = (by,...,bs) with common denominator N such

that
' S
Zai = Zbi mod Z,
i=1 i=1

corresponding to

We will then simply write J(a,b) instead of J(0).
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By [1, Theorem 1] (see also Remark 2.3.2 of loc. cit) the infinity type of the Gréssencharacter
associated to J(0) is given by

(29) oj = niljfit,  ged(j,N) =1,

where {-} denotes the fractional part of real numbers and o; € Gal(F/Q) is the automorphism
satisfying 0, (¢n) = ¢%. The (motivic) weight of J(0) equals

w = Z ng,
where the sum only includes indexes ¢ for which 6; &€ Z. Define the Hodge values

(30) pi= an‘{ai}a q:= Zni{—@'},

so the motive appears in H®9(X), for X a Fermat hypersurface (as described in §10 of [1]). Our
convention follows [49] and it is a Tate twist of Anderson’s one.

Example 7. Consider the Jacobi motive J(a,b) where
a :=(1/10,1/10,1/10,3/10,13/30,7/10,23/30,9/10)
b = (1/5,1/3,2/5,2/3,4/5,1/5,3/10,1/2).

It is perhaps not immediately obvious but this motive is a Tate twist of a motive of weight zero
and therefore the Tate twist of an Artin motive. Indeed, we can quickly check that we have

> ljaid = (bt =3,

for all j coprime to 10.
Computations with MAGMA show that the associated Artin motive is given by a Dirichlet
character of Q((s) of order 10 and conductor 2% -3 - (1 — (5)2.

The Jacobi sums J(@) belong to F' and for o; € Gal(F/Q) as before we have
;(J0))(p) = J(50)(p),

where

70 = Znigaiy

Let T = {0 € Gal(F/Q) : o(J(8)) = J(0)}. Then the base field of the motive J() is FT
(see §2.3 of [49]). Note its resemblance with Conjecture 4.5. In some very particular instances, the
Grossencharacter J(6) can be defined over a proper subextension of F7.

Example 8. Consider the Jacobi motive J(@) where

- ()0 (e (R ()

The set T of elements in (Z/15)™ fixing 6 equals {£1}, so the base field of J(8) is Q((15)™ (the
maximal totally real subfield of Q((i5)). However the values of the Jacobi sum attached to our
choice of parameters at a prime ideal p of Q((i5) equals Np® (see Lemma 8.3). Then there is
a second extension of the Grossencharakter to Galg given by the cubic power of the cyclotomic
character.
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6. FINITE HYPERGEOMETRIC SUMS

Let us recall Katz’s definition (given in [31, p.258]) of the finite version of a hypergeometric series.
Let @ = (a,...,a),8 = (B1,...,0n) € Q" be arbitrary vectors of rational numbers and let N be
the common denominator of the a’s and ’s. Fix ¢ = 1 mod N be a prime power and a generator

w of Fy. Following [31, p. 258] (but note that our parameter z is the inverse of Katz’s though it
matches the normalization in [6]), define for 2 € F, the exponential sum (here z;,y; € F):

(31) Hyp,(a,B|z) = Z W+ + 2y —y1 — - — o) (@) D (y)Pla D),

XL Tn=Y1"""Yn

where w(z)*0 1) = w(z)* @D ... ©o(x,)* @) and similarly with 8. Katz relates (using the
Lefschetz trace formula) such finite hypergeometric sum to the trace of Frobenius acting on some
concrete hypergeometric D-module [31, Chap. 8.2].

It will be convenient to expand Hyp, in terms of characters of IFqX. The calculation is straightfor-

—

ward (see [31, §8.2.8]); we sketch it here for the reader’s convenience. The coefficient ¢, of ¢ € Fg

equals
1

Cp = —1 ?(2)Hypg(a, B|2).
2€Fy
Interchanging order of summation we get
— > Ytz — = )@@ VB gyt )
(w Y)ET:
and hence
Ta-1 H > wla(e) e [T 3 vtmmn) o).
i=1,,

In terms of Gauss sums

(32) 9, @) = Y pla)(x),

we finally have
1 —~ o 1 —(—1)B—
%Zﬁn g(p, @ %) [T g(p~ " w1 i)
i=1 i
and therefore

Hypy(e, Bl2) 721—[9 P, @t Hg @ DPB)p(2).
©

i=1

It is instructive to check the simplest non-trivial case where n =1, ay =1/2,6y =1 and g = p
is an odd prime. In this case, a quick calculation shows that

Hyp(1/27 1 ’ Z) = g("pz—h 6)7
where ¢y, () := 9 (uz) and € is the quadratic character of ‘. It follows that

Hyp(1/2,1]z) = €(1 — 2)/p*, p* = (—=1)P= /2y,
as is well known. In particular, the values Hyp(1/2,1 | zp) as p varies, for fixed zp € Q say, do not lie
in any given number field. We therefore cannot expect Hyp(1/2,1|z) to be the trace of Frobenius

of a motive. To achieve this we normalize the hypergeometric sum Hyp,(a, B|z) by dividing by
18



the appropriate constant so that the sum of its values over all z € IF'qX equals —1. Concretely, we
consider the following.

Definition 6.1. For z € F,, define the finite hypergeometric sum Hy (e, B|z) by
1 d(ap, By)
®

(e, B)

where
n

I, Bp) = [[ 9w, @ T Vp) [[ g™ 7 Vo).
=1

i=1
For any integer a coprime with p we have

(34) 9@, ) = 2(a)g(¥, @),

so one can alternatively define

(35) I, Bo) = o(—1)" [ 9w, @' V0) [ [ g(w, 7 VP,
i=1 i=1

and the definition of Hy(e,B]z) in (33) does not change. To simplify the notation set g(m) :=
g(¢,@w™) for m € Z. Then, explicitly,

m—i—ozz q—l))g(—m—ﬁi(q—l)) n_\m
(6 Hyepl2) mZOH G e e T e RO

The finite hypergeometric sum Hy(e, B|z) does not depend on the choice of the additive character
1, but it does (in general) depend on the choice of the character w. For our previous rank one
example we have (see §2)

Hp(1/2,11z0) = e(1 — 20),
where € is the quadratic character of F,, matching

S U L
>0 (1)n 1-— 20
Note that ZpEF;f H,(1/2,1z) = —€(1) = —1 as desired.

Remark 6.2. It follows from its definition that H,(a, B|z) is independent of the ordering of {1, ..., a,}
and {f1,...,0n}

6.1. Properties of H,(a, B|z). We record the basic properties of the hypergeoemetric sum H, (e, Bz).
Proposition 6.3. (1) (Inversion) For z € F)\ we have
Hylo Bl2) = Hy(—B, ~al="1).
(2) (Galois action) Let z € Fy and o € Galg with o((n) = C]jv for some j coprime with N then
Hy(e, Bl2)” = Hy(jer, jBl2)
(3) (Field of moduli) Let z € F and let H be the subgroup of (Z/N)* defined in 1.1. We have
Hy(ex, B12) € Q(Cn)"
(4) (Twists) Let p € Q and pa = (a1 + p, ..., 00 +p) and pB = (b1 + p,...,Bn + p) then

2) = (=1)"a=Drz()a=1p M
Hy(pa, pBlz) = (=1) (2) 3o, B H,(a,B|2),

whenever both sides are well defined.
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(5) (Non-generic) If aq = 1 mod Z let v = (a,...,ap) and § = (B2, ..., 0n). Then

e plz) = o (MU 4 5.
where
5= 0 ifa1 €Z
1 -1 otherwise

Proof. (1) It is clear from (35) that

Iap,Bp) = I(—-BP, —ap).
The result follows from the change of variables ¢ — @ in (33).
(2) Since o is a ring morphism,

g(¢, TV o(g(y @ DPip)
(37) o(Hy(a, B T ZH ( Y, w@ Do) g (g(p=1, w—(a-1DB:)) a(p(2)).
e =1
If 0 € Galg, ¢ is a multiplicative character of qu and 1 is an additive character, then

a(g(, ) = g(¥7,¢7),

where ¢7(x) = o(p(z)) (similarly for ). Let b be an integer (prime to ¢ — 1) satisfying o((4—1) =
Cq 1, for (4—1 a primitive (¢ — 1)-th root of unity. Then

o(wmrela)) = gbmtbala—1) — gbmgbala—1),

The rational number ba equals ja up to translation by an integer. Then changing the summation
order (replacing ¢ by U( )), the left hand side of (37) becomes

g(, w V% )9t w DI
T—g ZH ( (0. @iy g (51, —aim) ) )

p =1

(3) For z € I, the standard properties of Gauss sums imply that the value Hy(a,B|z) is an
element of Q((4—1) (see also [6, Proposition 3.2]). Note that all elements of (Z/(¢ — 1))* that are
congruent to 1 modulo N leave the sets {a1,...,a,} and {f1,..., B,} stable under multiplication
(up to translation by integers), hence the second statement (and Galois theory) imply that actually
Hy(a,B|z) € F = Q((n). Since multiplication by elements of H also fix the sets {a,...,a,} and
{B1,...,0n}, the result follows.

(4) It follows from (35) that

9(pap, pBy) = I(apm @V, Bom(a—Dey(—1ynla—1p,
Then

Halpa,Blz) = o 3 ML () — (ayta i BBy o o, ),

(5) If ¢ is an additive character of F, and y is a multiplicative character, then

if x =1,
1 otherwise.

g, )t x7h) = {q

If aq and B are integers, then

3 76
Hy(o, B|z) = Zq 09.89) 1) — 4, (y,6) + 1
p#1

7
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Similarly, if a; = 1 mod Z but they are not integers, let ¢ = (@1 Then

Hy(a,B|2) = b 3 I(yp,60)  I(vpo,b¢0) — H,(7,8) + I((=a1)y, (—a1)d)

+

O
Definition 6.4. Leta, 8 € Q" be generic parameters and let N be their least common denominator.

Let F = Q(({n) and let p be a prime ideal of F of norm q not dividing N. Let zyp € Q satisfy
vp(20) = vp(20 — 1) = 0. The p- hypergeometrlc sum, denoted Hy(a, B|z0) is the value Hy(a, B20)

for w a generator of IFq satisfying w = Xp .
The independence of w follows from the following result.

Lemma 6.5. Let o, € Q" be genemc parameters and let N be their least common denominator.
q 1 g—1

Let wyi and wy be two generators ofIF such that @™ wy . Let 2y € F , 20 # 1. Then the

value Hy(a, B|z0) taking wi as a generator of Fy is the same as the value obtained by taking wos.
. q-1 q-1
Proof. Let j € (Z/(qg — 1)) be such that wy = w]. The hypothesis @w;¥ = w," implies that
j =1 (mod N). The value Hy(a, B|z) taking ws as a generator equals
1)jo 1 (g—1)i8;—
Z HZ 1g<w,wlq i p)g(y?, Vi)
L=a 5 TIL, g, @) g(p1, e Did)

which matches the value of the finite hypergeometric series for the generator wy with parameters
ja, jB. Since j =1 (mod N), @ = ja (mod Z™) and the same is true for 8 hence the result. O

©(20),

6.2. Relation with the p-adic Gamma function. For the reader’s convenience, we will use bold
letters for p-adic functions. Let p be a prime number. Recall the following definition (see [35]).

Definition 6.6. The p-adic Gamma function is the continuous function I' : Z, — Q,, that at a
positive integer n takes the value

(38) H i
p)(z

Remark 6.7. We used the nowadays standard definition for the p-adic Gamma function. It does
not match Morita’s definition ([27]), but they are related by I'(n) = (—1)*I',(2).

As proved in [35, Lemma 1], the p-adic Gamma function satisfies the relation
T'(n+p'm)=T(n) (modp"),

hence condition (38) determines it uniquely. An important property of the p-adic Gamma function
is that it determines an analytic function.

Theorem 6.8 (Morita). Set Q@ =8 if p =2 and Q = 1 otherwise. Then the p-adic T' function is
an analytic function from QZ, — Q,.

Proof. See [35, Theorem 3]. O

Let ¢ = p/ for a positive integer f. The following functions play an important role.
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Definition 6.9. Let x € {0,00}. The function {-}*: Q/Z — Q is defined by
(39) {2} =2 — [z], and {2}0:=1— {—z}°,

where [x] denotes the floor of x (so {x}*> € [0,1) while {z}° € (0,1]). Consider the following
functions

f-1
(40) T} Zy/Z—Q,  Thx) = H r'({p'z}*)

2
(41) mQ/Z—-Q, mi(z):= Z{p%}*-
(12) i QUZQ a(a) = (o4 1) = n3fo)

Ifx € (Q/Z)", we extend the last map linearly component-wise, namely

M Z M ().

Definition 6.10. Let x € Q/Z be such that its denominator is not divisible by p. The g-orbit of
1s the set

O(z) == {z,qz,¢x,...} C Q/Z.

We denote by len(x) its number of elements.

Remark 6.11. If © € Q/Z and its g-orbit has r elements, then (¢" — 1)z € Z. In particular, the
g-orbit of x has a unique element precisely when den(z) | ¢ — 1.

Lemma 6.12. Let © € Q/7Z be such that its denominator is not divisible by p. Then

(43) [T i) = T ().

ueO(x)
Similarly,
(44) Z nq m 7];1911(56)7m(33)'
ueO(x)

Proof. By definition of the ¢-Gamma function

len(z)—1 f—1 flen(z)—1
[I mw= I [IrWweeh= [I D)) =@
ueO(x) =0 j=0 i=0
The second statement is an additive version of the same proof. ]

Definition 6.13. Let p be a prime number, let ¢ = pf and let n be a positive integer. Let x € Z(p)/Z.
For x € {0,000}, define the Pochammer symbol

I (x + 2
(45) @ = O T
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Let O denote the ring of integers of Q,((4—1) and let p be its maximal ideal. Let Teich be the
character

(46) Teich : Ff — O

that while composed with the quotient map 7 : O — [, is the identity (it is the p-adic version of
the character x; of (24) for N = ¢ —1).

Definition 6.14. Let o, € (Q/Z)"™. Let p be a prime number not dividing the denominator of a
nor B and let ¢ = p/. The g-adic finite hypergeometric sum is the function defined at zo € F, by

12 (1)g5m -+ (an)gs - 0
H . P M )\, ,m(a)_n ,m(ﬂ) 1 m
(47) q(ale‘ZO) 1 q mEZO (61)277’” . (Bn)g’m ( p) a a TGICh(ZQ)

Remark 6.15. The Pari/GP package described in the introduction (developed by the third author)
computes the value (47). The routine “hgm” takes as input the specialization zy (a rational num-
ber), the parameters a, 8 and a prime number p and outputs the p-adic number H,(a, B|z0). A
priori the g-adic finite hypergeometric sum is just an element of the p-adic field Q, (with a default
precision of 20 digits). See Example 2 in the introduction.

Definition 6.16. Let a € (Q/Z)" and let ¢ = pf, with p not dividing the denominator of the
coordinates of a. The vector a is called g-stable if the set {qa, ... ,qon} = {aq,...,an}.

We will prove in Theorem 6.18 that H,(a, B|z) is algebraic for ¢g-stable parameters a and 8. We
start with some preliminaries.

Let 9 : F) — Zp[(p]* be a non-trivial additive character. For a € ﬁZ/Z, define the p-adic
Gauss sum

(48) 9(¥,a,q) Z Teich(u (q_l)'w(TrFq/Fp u).
u€Fy
Let M = Q((4—1) and let L = M((,). Let p be a prime ideal of M dividing p and let q be a prime

ideal of L dividing p. Let ¢ : L — L be the natural inclusion, where L, denotes the completion of
L at q. Let ¢ : Fy — Z[(p]* be the additive character satisfying ¢ o) =1 o Trp_sr,. Let @ be a

generator of Fg such that 0w = Teich™!. Then for a € q%IZ/ Z

(49) g(¢7a7Q) = _[‘(g(w7a7p))u

where g(1, a,p) € L is the complex Gauss sum defined in (25).
Set (p := (1) and let m € Q satisfy

Pl = —p, T=(¢p—1) (mod (- 1)2)~
Theorem 6.17 (Gross-Koblitz). Let a € qulZ. Then

(50) 9, a,q) = aPIC 0D (q),
and

q —1)%(a
o prer L O

where ¥’ (a) =¥ (—a).

Proof. The first result follows from [27, Theorem 1.7] and (49), taking (in Gross-Koblitz’s notation)
N =q—1. If we replace I'’° and 7, by their 1"2 and 172 counterparts, we find that

(p l)nq(a)FO( ) {q ifac Z,
(Y,a,q) ifadgZ.
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The formula follows from the well known relation

1 ifae€Z,

g(’(ﬁ’a,q)g(qﬁ/,*a,Q): {q 1fa€Z
]

Theorem 6.18. Let a, B € Q" be g-stable vectors. Consider the decomposition of each set as a
disjoint union of orbits (after relabeling the parameters)

{a, .. on} = O0(a) U---UO(ew),  {B1,.-; fn} = O(B1) U---UO(B).

To ease notation, let l; = len(a;) and I, = len(B;). Then for zy € Fy,

2 “gt/),al—l—l qa(J) ke g(«/),a_ﬁi_ qa(I)
(52)  Hy(a,Bl20) = — ZH o) H1 PR Teich(z)™

m=01=1
In particular Hy(e, Blz0) € Q.

Proof. Since q(a; + l%q) = qa; + 7, in Q/Z, the decomposition in g-orbits of {a; + oo On T+
727} mimics that of {a1,...,an}. Then using Lemma 6.12

mOTR (o ) TR (g )

(al);om cee (an)g,om = H I‘go(az)_ - H I‘zfz (al)

i=1 i=1

By Remark 6.11, both (¢! — 1)oy and (g% —1)(c; + %) are integers, so Theorem 6.17 implies that
the product equals

ﬁ 90b i+ 725.0")_(1p) (o7 ot 25) 3, (o)
i=1 g('l)baahqli) .

The same argument applies to the values (5;)} ,,, using (51). Then the result follows from Lemma 6.12
and the fact that 7'~? = (—p). The algebricity statement follows from (49), because the right hand
side of the equality belongs to the number field L. ([l

Corollary 6.19. Let a,B € (Q/Z)" and let N be their least common denominator. Let p be a
prime ideal of F = Q((n) of norm q. Let v : Q(Cn) — Q(Cn)p be the natural map. Then for
20 € F;

(53) L(Hp(avﬂ’z(])) :H(](aaﬂ|zﬁ)'

Proof. Since N | ¢ — 1, the sets {a1,...,a,} and {51,...,8,} decompose as n-disjoint g-orbits of
length 1 (so l; = 1) =1). Since ¢(xp) = Teich(@—1/N L(Xévai ()) = Teich(@~V (), hence the right
hand side of (52) matches the definition of Hy(a;, B|20). O

Remark 6.20. In the hypothesis of the last lemma, if p is a prime ideal of F', we can define the
value Hy(a, B|zo) as the algebraic number o € F' such that «(a) = Hy(a, B20), for v : F — F,.

6.3. Finite hypergeometric sums over K. Let a, 8 be generic parameters and N be their least
common denominator. Set K = FH. We extend the definition of p-hypergeometric sums to prime
ideals of K following the proof of Theorem 6.18. Let p be a prime ideal of K of norm ¢ prime to

N.
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Definition 6.21. Keeping the previous hypothesis, let zg € Q be such that vy(zo) = vy(z0 —1) = 0.
Consider the q-orbits decomposition

{at,...,an} =0(a1) U+ U O (), {B1y.- s Bn} =0(B1)U---UO(By).
Let q be a prime ideal of K dz’vidz’ng p. The p-hypergeometric sum s the value

( ﬂ‘ZO Z H g 77/}7 Xq_NO% H g 7XqN;Z¢7 q) QO(ZO)a

@zlg 7q zlg an 7Cl)

where the sum runs over characters of F.

Our definition is the algebraic analogue of the respective g-adic hypergeometric sum. At a first
glance it looks like the definition depends on a particular choice of an element on each orbit.
However this value is well defined as the following lemma shows.

Lemma 6.22. Let g = p" be a prime power. Let ¢ be an additive character of F, obtained as the
composition of the trace map Tr : F; — ), with an additive character of Fq. Let ¢ be a multiplicative
character of Fy. Then

(54) 9(, ) = g(1, ¢").
Proof. By definition
9. = 3 e@)(z) = Y ey ).
zeFy yeFy
The result follows from the choice of our additive character, because Tr(y?") = Tr(y). O

The extended hypergeometric sum satisfies all the expected properties. For example, if zg € Q,
Hy(a,Bl20) € Q(¢n)* (the proof mimics that given in Proposition 6.3).

6.4. Hypergeometric character sums. The result of the present section will be used to relate
the number of points of a variety to a finite hypergeometric sum. Although the definition of Gauss
sums depend on the choice of an additive character, the products/quotients considered in the
present section will not, so we omit writing the dependence to easy notation. Recall the following
well known definition.

Definition 6.23. Let ¢,n be two multiplicative characters on ¥ . The Jacobi sum attached to
them is defined by

T(em) = pla)m(l — ),

z€lfg

where p(0) = n(0) = 0.
Lemma 6.24. Let ¢,n be characters of Fy, with n non-trivial. Then

_ (o1 )e(e)
J(‘Pvﬁ)—@( 1) 9(7771) '

Proof. If ¢ and ¢n are non-trivial, then the left hand side is the usual Jacobi sum, and its value
equals
o) = 9(e)g(n)
’ g(en)
For ¢ a non-trivial character, the equality g(yp) = go(—l)ﬁ applied to ¢ = n and n implies
that

J(p,m) = ¢(—1)



If ¢ =1, the left hand side equals —1 (because ¢(0) = 0), which equals the right hand side as well.
At last, if ¢n = 1, then the left hand side equals J(p, ™) = —¢(—1), which also equals the value
of the right hand side, since g(1) = —1. O

Let 1,11, ..,6n—1,Mn—1, X be characters of IE‘qX (extended to [, by setting their value at 0 to be
0). For z € F, let

n—1
(55) Hiz) = Y JJea@)m@—z)x (1221 2p1).

T1yeeyn—1 1=1

Theorem 6.25. Keep the previous notation, and set €, = x and e,n, = 1. Let o, B be rational
numbers such that w @)% = ¢; and w5 = g;m; fori=1,...,n. Then H(z) equals

n—1
H(z) = (-1)""" (H 61(—1)> J((a,=B), (@ — B))Hy(a, B|2).

i=1
Proof. Add one more variable x,, to the definition of H(z) defined by
Tp :— 21 Tp-1-
Then

Z Z H 51 xz 771 1 - xZ)Xil(l - wn)ga(zx;lxl T .%'n_l),

@ T1,.Tn i=1

q—l

where the first sum ranges over all characters ¢ of F (we are abusing notation, declaring x,; L'to
be 0 if x,, equals 0). Interchanging sum and product, we get

n—1
(56)  H(z) = qil (H (Zwm)m(l—mi))-Zw(:cn)x—l(l—xn)) o (2).
©

=1 T;

Applying Lemma 6.24 we get that

1 "_15, Do(_ndElaEe e gle)ge™)
H(z) = q_1%:<£[1 i(—1)p(-1) e > o e
I = G O C ( ( g w e 1)) i )
= 1I o W=D Z 11 1,71 e(=1)"p(2) |
as claimed (with the convention &, = x and &,7, = 1), the extra —1 coming from the fact that
g(1) = -1 O

7. RANK TWO HYPERGEOMETRIC MOTIVES

The main result of [6] provides an explicit formula relating the function Hy(&, 3|2) to the number
of points of a non-singular projective variety V' when the parameters are rational. Such relations

allow to realize the motive H(&, 3 |z) in V. A nice instance of their result is the following result of
Omno (see [36]).

Theorem 7.1. Let p be an odd prime power and A € F, and X\ # 0,1. Let Ey be the projective
elliptic curve given by the Legendre affine equation

Ey:y? =x(x—1)(z— N\
Then the set of F,-rational points (including the one at infinity) equals

[EA(Fp)| = p+1— (=1)PV2H,((1/2,1/2), (1, 1)]A).
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Equivalently,
(57) Hy((1/2,1/2), (1, 1)]A) = (=1)® V20, (Ey),

where a,(E)) is the trace of the Frobenius endomorphism acting on E}.

Our definition of the geometric realization of the hypergeometric motive (Definition 7.7) is ana-
logue to (57). The hypergeometric motive is a twist by a finite order character of a motive appearing
in Euler’s curve times a Jacobi motive. Fora = (1/2,1/2) and 8 = (1, 1), Euler’s curve is the elliptic
curve E), and the Jacobi motive J((—1/2,-1/2,1,1),(1 —1/2,1 —1/2)) is trivial.

The explicit relation between the action of Frobenius and the finite hypergeometric sum is a
particular instance of Theorem 7.23.

Definition 7.2. Let (a,b),(c,d) be rational numbers, and let N be their least common denominator.
Define the quantities

(58) A=(d—bN, B=@0b+1-¢)N, C=(1+a—dN, D=(d—1)N.
Then Euler’s curve attached to the parameters (a,b), (c,d) is the curve with equation
(59) C:yN =221 —2)B(1 — 22)¢2P.

Remark 7.3. If we translate any of the parameters (a,b),(c,d) by an integer, we get different
equations that are related by a simple change of variables.

Definition 7.4. Let (a,b), (c,d) be a pair of generic rationals parameters. The parameters satisfy
condition (Irr) if Euler’s curve (59) is irreducible over Q(z).

Lemma 7.5. Let (a,b), (c,d) be a pair of generic rationals parameters. Then condition (Irr) holds
if and only if

(60) lem{den(a),den(b), den(c),den(d)} = lem{den(d — b),den(b — ¢),den(a — d)}.

Proof. By making the change of variables (over ﬁ) Yy = Wy, it is enough to study the curve
yV =21 - 2)P (1 - z)
which is irreducible if and only of ged(A, B,C,N) =1 = ged((d —b)N, (b—c¢)N, (a—d)N, N). The
later equality holds if and only if
lem{den(d — b),den(b — ¢),den(a — d)} = N = lem{den(a), den(b), den(c), den(d)}.
([l
Remark 7.6. If r denotes the quotient of N by lem{den(d—b), den(b—c),den(a—d)}, then the curve

C decomposes as the union of r irreducible components defined over Q(¢,)[v/z]. This phenomena
did not appear before in the literature because when d = 1, condition (Irr) is always satisfied.

Example 9. Continuing with Example 2, let a =1/8,b=17/8,¢=3/8,d =5/8 so N = 8. Euler’s
curve is defined by ‘
C: ¥ =251 —-2)'1 - z2)%2°.
= z, it becomes the union of the curves
Cy: oyt =H4wrd(l—2)?1—wis)?

These curves have genus two with hyperelliptic model

Over Q(w), where w?

y? = wz(z® Tw)(z® Fw )
The map

v (zy) = (@ ya?)
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yields an involution of the curve and it is not to hard to see that the quotient of C+ by ¢ equals
By :y? =23 — dwa® F w(w — 1)%z.
The point P := (0,0) is a 2-torsion point on Ey(w) and
B (w)/(P) = By (w) ® V=2
It can be verified (using the involution (z,y) — (z~1, —yz~3)) that actually
Jac(Cy) ~ Fi(w) @ Ex(w) @ vV—1
If we now take w = 3, so z =9 as in Example 2, the curve E(w) specializes to the elliptic curve
E: y?=2z>—60x+ 176,

of conductor 576 and CM by Q(v/—12). We can quickly verify for small primes p split in Q(v/2)
that the trace of Frobenius Frob, on H'(FE) and on Hg indeed agree (the latter may be computed
in Z, as

? e=ellinit([0,0,0,-60,176]);

? forprime(p=5,100,if (kronecker(2,p)==1,

print(p," ",ellap(e,p)," ",recognizep(hgm(9,[1/8,-1/8],[3/8,-3/8],p)*p))))
7T -4 -4
17 0 O
23 0 O
31 -4 -4
41 0 O
47 0 O
71 0 O
73 -10 -10
79 -4 -4
89 0 O
97 14 14

with the GP code already mentioned).
We will come back to this example later.

Many problems appear when Euler’s curve is not irreducible. For this reason we start studying
the irreducible case, and in the reducible one, we define our hypergeometric motive as a twist of
the motive attached to an irreducible Euler curve (similar to formula (12)).

7.1. Hypergeometric motive definition. Let Jy°" denote the new part of (the Jacobian of)

Euler’s curve (see §7.4). It has an action of juy (the N-th roots of unity); denote by JgV"" its
(n-eigenspace.

Definition 7.7. Let (a,b), (¢,d) be a pair of generic rational numbers satisfying condition (Irr) and
let N be their least common denominator. The hypergeometric motive with parameters (a,b), (c,d)
equals

(61) H((a,b), (c,d)|z) == ]st,neW ® J((—a,—b,c,d), (c —b,d — a))fl(—l)dfb,

where (—1)%=Y denotes the quadratic character that at an odd prime ideal p of F not dividing N
takes the value

(62) w(—1)d=-ONp=1),

for w any generator of the group of characters of (Z[(n]/p)*.
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Formula (61) involves three different motives, and a priori the field of definition of each motive
might be different (as shown in Example 10). This is precisely the reason why we can only prove
Conjecture 4.5 under extra hypotheses (for example conditions making the Jacobi motive to be
rational). To prove cases not covered by our assumptions, one probably needs to study other
geometric varieties where the HGM appears. Let us illustrate the situation with some examples.

Example 10. Let a = 1—15, b= 1%, c= % and d = %. The Jacobi motive for these parameters is
J(0), where

g /14 11 1 3 103 37

=)+ () (6)+ () - (i)~ (o)

Since 19 is the only element in (Z/120)* that fixes (under multiplication) the sets {12, 1%, &, 2
and %, % (in Q/Z), the Jacobi motive is defined over Q((120)7. The field of definition of the
motive 7—[((%5, %), (%, %)|z) corresponds to the field fixed by the group H = (49,91). In particular,
the hypergeometric motive is defined over a field properly contained in the Jacobi motive’s one.

On the other hand, if we take a = %,b = %,c = % and d = g then the Jacobi motive is
rational (since multiplication by any odd integer fixes the sets {%, 2,3, 2} and {3}), while the
hypergeometric motive is defined over Q(v/2).

Definition 7.8. Let a = £ be a rational number, with a, N coprime integers. Define the character

na : Gal(Q(2)/Q(z, ¢v)) = Q7
to be the character that factors through Gal(Q( ¥/z,{n)/Q(z,{n)) and whose value at o equals

Remark 7.9. The character 1, equals the hypergeometric motive H(c, 1|1 — z) defined in §2.

Let zp € Q\ {1}, and consider the specialization of 1, at zg. Let p be a prime ideal of Q({y) of
norm ¢, not dividing N and such that v,(z9) = 0. Let p be a prime ideal of Q( ¥/zo,(n) dividing
p. It follows from its definition that

Frobg( 4/z0) = (¥/z0)? (mod p),
hence

Frobs( ¥/ a=1
NZo

This implies that the specialization of 7, at zg satisfies
(63) Na(Frobp) = xp(20)",
where X, is the character defined in (24).

Definition 7.10. Let (a,b), (c,d) be generic rational numbers, and let N be their least common
denominator. Set F = Q(¢n). The hypergeometric motive H((a,b), (¢,d)|z) is defined by

(64) H((a —d,b—d),(c—d,1)]z) ® I((—a,—b,c,d),(d —a,d —b,c—d)) " na(z),
where the hypergeometric motive H((a — d,b — d), (c — d,1); z) is considered as a motive over F.

Remark 7.11. A priori it is not clear why the two given definitions coincides when (Irr) holds. We
will prove that this is indeed the case in Theorem 7.23.
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Lemma 7.12. Let A, B,C, N be positive integers such that gcd(A, B,C,N) = 1. Let K(N) be the
number of elements in the set {A, B,C, A+ B+ C} divisible by N. Then if N > 1

= 2280 gy

dim( ) = =

Proof. See formula (16) of [2]. O

Then the abelian variety JyN has dimension ¢(/N) and its endomorphism ring contains Z[(n],
hence it has attached a strong compatible family of 2-dimensional Galois representations (as defined
by Serre in [42])

(65) {pzp + Galp = GL2(Z[C(N]p) b,

indexed by prime ideals p of F'. By definition the same is true for the motive H((a,b), (¢, d)|2);
denote the family by {pH((a,b),(c,d)|z),p : GalF(Z) — GLQ(Fp)}p.

Theorem 7.13. The Galois representation py((ap),(c,d)|=),p Testricted to Gal@(z) matches the rep-
resentation given in Corollary 3.15.

Proof. The Galois representation attached to the Jacobi motive does not depend on z, its restriction
to Gal@( 2) is trivial. Then to prove the result we need to understand the reduction type of Euler’s

curve at 0,1 and co. The main result of [22] proves that the image of inertia at all three points is
generated by the matrices My, M1 and M, respectively. ]

7.2. Hodge numbers. For rank two motives, we can give an explicit relation between the Hodge
vector of H((a,b), (¢,d)|z) and the output of the zig-zag procedure, since the Hodge numbers of
Euler’s curve (and of its (n-eigenvalue) as well as the ones of the Jacobi motive are well known.

Theorem 7.14. Let (a,b), (c,d) be generic rational parameters. Let r be the number of parameters
in Z. Let o; € Gal(F/Q) be the automorphism sending (n — (X. Then the Hodge vector of the
motive H((a,b), (c,d)|z) attached to o; equals

Z p,— PR PR+r—1
P

where the sum runs over the blue points P of the zig-zag procedure applied to the parameters
(aj, bj), (cj, dj).
Proof. By definition, the hypergeometric motive H((a, b), (¢, d)|z) satisfies
H((a,b), (c,d)|z) @ I((—a,—b,c,d),(c —b,d—a)) = jjgN’neW(—l)dfb.
Let C be Euler’s curve as in (59). The space of differentials of the first kind on C has an action of

N (the N-th roots of unity); the dimension of the Ci, eigenspace (for ged(j, N) = 1) is given by
the formula

W) ()

where {a} denotes the fractional part of a (see for example §4, formula (21) of [53]).
The motivic weight of the Jacobi motive equals n = 2 — r. The Hodge number (corresponding
to the embedding o) of the Jacobi motive is given (see (30)) by

p:=A{-aj} +{-bj} +{cj} +{dj} — {(c—b)j} = {(d —a)j}, p+q=n.
Table 7.2 contains, for a < b € (0,1] and ¢ < d € [0,1), all possible outcomes of the zig-zag

procedure together with the hodge number of the Jacobi motive and of Euler’s curve for the
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embedding o(¢xy) = (n in the case r = 0. The statement follows by comparing the last two
columns.

Case | Condition J Euler H((a,b),(c,d)|z) | ZigZag
\

I |a<b<ec<d]|(2,0)](1,00®(0,1) | (-1,0)& (-2,1) | LLLIN

A A

I |a<c<b<d|(1,1) 2(0,1) 2(—1,0) NN

<

N

I |a<c<d<bl|(1,1)](1,0)&(0,1) | (0,—1) & (—1,0)

IV |ec<d<a<b|(0,2)](1,0)®(0,1) | (1,-2)® (0,-1)

V |e<a<d<bd|(1,1) 2(1,0) 2(0,-1)

>

VI |e<a<b<d|(1,1)](1,0)®(0,1) ] (0,—-1)® (—1,0) g

TABLE 7.1. Possible Hodge diagrams in the rank 2 case

It is easy to verify that the values of the columns (namely J, Euler and H((a,b), (¢,d)|z)) remain
the same while permuting (a,b) and (¢, d) in cases I, ITII, IV and VI. In case II, when b < ¢ < a < d
or when a < d < b < ¢, Euler’s curve has Hodge numbers 2(1,0) while J has Hodge number (2,0),
so the value for H stays the same. A similar phenomena occurs in case V.

When r is non-zero, the p-value of the Jacobi motive remains the same, but the motivic weight
decreases by r hence the same occurs to q. O

Example 11. Let C be the Euler curve with equation
C:y° =z(1—x)(1—tx),

as studied by Shimura in [44] (case (4) of the table in the first page of the paper). It corresponds
to the parameters (%, %) , (%, 1) (using formula (58)). The field Q(¢s) has four embeddings into C,
parametrized (once we choose a fifth root of unity in C) by the elements i € (Z/5)*. It is easy to
verify that the values ¢ = 1,4 give type V, the value ¢ = 2 gives type IV, while the value i = 3 gives

type VI (see Figure 7.1). Its Hodge values are given in Table 7.2. In particular, for i = 1 we gave

i || Case HI ™I Euler/-1=J Jacobi/ 1=

] —2[-1]o]1]2]]-2]-1]0]1][2]-2]-1]0[1]2

1 \ 2 2 1

2 IV 11 11 1

3 VI 11 11 1

AV 2 2 1
[(Total | | 0] 1]6]1]0f] 0] of4[4fof [ [2[2] |

TABLE 7.2. Hodge values

OO = 2; for i =2, h%0 = pb=1 =1; for i = 3, h~! = K90 = 1 and for i = 4, %9 = 2. Note that
all Hodge vectors but two have h®% = 2 (this type of examples are the ones considered in Shimura’s
article). It is not hard to verify (using (30)) that the Jacobi motive (as defined in (28))

J((—i/5,i/5,3i/5), (4i/5,—i/5))
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has Hodge value h''* = 1 for i = 1,3 and A% = 1 for i = 3,4. From Definition 7.7 it follows the
consistency of the values given in Table 7.2.

We see that the HGM # is the half-twist of H' of the Euler curve C, in the notation of van
Geemen[47], with respect to the CM type X := {01,092} of Q((3).

*** This is not very clear

Similarly, we can study the case (6) of Shimura’s table (in [44]). It is given by Euler’s curve with
equation

C:y’ =z(1—x)(1—tx),

corresponding to the parameters (7, 7) (5 1) Now the embeddings are parametrized by the
elements i € (Z/7)*. The values i = 1,2, 5,6 yield zig-zag diagrams of type V, with Hodge number
h%0 = 2 while for i = 3 we get type IV and hence h~! = h%0 = 1 and for i = 4 type VI and hence
hO0 = =11 = 1. Summarizing, the Hodge vectors are

2(0,0),2(0,0),(0,0)® (1,—-1),(—1,1) & (0,0),2(0,0), 2(0,0).

7.3. Superelliptic curves. To study properties of the hypergeometric motive we recall how Frobe-
nius acts on Euler’s curve as described in [2] and in [21] (Theorem 1.1) with a few little modifications
to include the case d € Z (assuming that (Irr) holds). Our contribution is the use of Lefschetz’s
trace formula to pin down the trace of Frobenii acting at the juy-eigenspace of a superelliptic curve.
The results obtained (specially Theorem 7.22) might be of independent interest.

In this section we let N be a positive integer and L be a number field or a local field containing
the N-th roots of unity. Let f(z) € L]z]. Let C be the superelliptic curve with equation

(67) C:y" = f(x).
Assume that the curve C is irreducible. The group of N-th roots of unity acts on the L-rational
points C(L) of C by

Let J := Jac(C) denote the Jacobian of the (smooth model of the) curve C. The ring Z[(n] is
contained in the endomorphism ring of J over L.

7.4. The new part of 7. Let us recall the contribution of theA so called old parts for cyclic covers
of curves (as explained in [30]). For a positive integer d, let C; denote the smooth model of the
curve

Ca:y = f(2).

The Jacobian variety Jac(CAN) has a contribution coming from the curves C, for divisors d of N.
More concretely, let d be a proper divisor of N and consider the natural map ny : Cy — C4 given
by mq(z,y) = (z,yV/%) (and a similar map for their desingularizations). The map mq induces two
morphisms between Jac(C ~) and J ac(Cd) namely the push-forward

7+ Jac(Cn) — Jac(Cy),
and the pullback
Ty Jac(Cy) — Jac(é\N)-

Let Ay/q denote the connected component of ker(m,). Then there exists an abelian subvariety Ay
(isomorphic to J ac(CAd)) of Jac(CA N) so that

Jac(Cn) ~ Ag % An/a,
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where we use the symbol ~ to denote that the two varieties are isogenous. Then Jac((? ~N) contains
what is called an N-new part which is a complement to the contribution of all proper divisors of
N. This gives a decomposition

(68) Jac(Cy) ~ @Jac (Cq) e,
N

Let ¢ be a prime number and let V;(J ac((?)) denote the Tate module of the Jacobian variety of
C. The decomposition (68) gives a similar decomposition of Galz-modules

(69) Vi(Jac(C)) = @D Vi(Jac(Ca)) ™ .
din
The action of the group uy on the curve C induces an action of yy on the cohomology group

H} (C, Q) and a decomposition

(70) HLC.Q) = PHLC ™ =P | P BHECQ)],
dln

dln \i€(Z/d)*

where H; Cd( C,Qy) is the eigenspace for the eigenvalue Cd The well known isomorphism of Galg-
modules

H}(C,Q0) = Ve(Jac(C))(~1) @ Q.
preserves d-new subspaces. We denote by Hj ((?, Q)" the N-new vector space (over Q) and by
JN°Y the N-new part of the Jacobian.

7.5. Counting points: the zeta function. Let O be the discrete valuation ring consisting of
the ring of integers of L (when L is a local field) or a completion of its ring of integers at a prime
ideal (when L is a global field). Let p be its maximal ideal and k its residue field, a finite field of
characteristic p with ¢ elements (so N | ¢ — 1). Let f(z) € O[z] and C be the superelliptic curve
(67). For the rest of the section we make the following assumptions.

Assumption 1. Keeping the previous notation, the polynomial f, the integer N and the residual
characteristic p satisfy the following properties:

(1) pIN,
; f
(2) pt dise (gt )
(8) The leading coefficient ¢ of f is a unit in O,
(4) The curve C is irreducible over L.

The assumptions assure that the reduction of a smooth model of C will be smooth.

Remark 7.15. When C matches Euler’s curve as defined in (59), a prime ideal p satisfies As-
sumption 1 precisely when p t N and v,(29(20 — 1)) = 0. Equivalently, the primes satisfying the
assumption are precisely the primes of good reduction of the motive (as described by property (iii)
in the introduction).

Let us fix some notations: by C we will denote the desingularization of C, and by Ca projective
non-singular model. The following result is standard.

Lemma 7.16. Keeping the previous assumptions

(71) #C(k)= > > w

wekx €k
wN=1
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Proof. Clearly #C(k) =Y, 6(f(z)), where §(z) = #{y € k : y¥ = 2} whose value equals

1 ifx=0,
(72) d(z) =< N if z is an N-th power,
0 otherwise.

Let Cn := {w € W = 1} (the set of characters whose order divides N). I follows from [29,
Proposition 8.1.5] that for any x € k

(73) 5(x) =) wlx).

O

Lemma 7.17. Let C be the superelliptic curve (67). Suppose that f(x) = z%g(x), where g(0) # 0.
Then the desingularized curve C has d = ged(a, N) points over the point (0,0), all of them defined
over the field K({/¢(0)).

Proof. See §3.1.1 of [2]. O

Since C is an affine curve, its “points at infinity” are missing (and the missing points might be
singular for the model).

Lemma 7.18. Let C be the hyperelliptic curve (67). Let r = deg(f(z)) and consider the projective
curve
Cp . yNZmax{N,'r}—N — f(x/z)zmax{N,r}.

Let d = ged(N,r). Then there are d points on CA, the desingularization of the projective curve Cp,
lying above the points at the infinity line. Furthermore, they are defined over the extension K(</c),
where c is the leading coefficient of f(x).

Proof. See §3.1.2 of [2]. O

Keeping the previous notation, let C be a superelliptic curve given by (67) satisfying Assump-
tion 1. Let C denote the projective desingularization of C and let ¢ be any prime number different
from the characteristic of k. Let Frob denote the geometric Frobenius endomorphism. Then Lef-
schetz trace formula implies that

o~ —

2
(74) #{x € C(k) : Frob(z) =z} = Z(—l)i Tr(Frob)|Hé-t(aQ[).
i=0

The contribution of the sum on the left hand side is 1 when ¢ = 0 and ¢ when ¢ = 2, providing the
well known formula

~

(75) Tr(Frob)|Hé1t(aQ[) =q+1—#C(k).
Let C% be the set of characters of precise order N.

Theorem 7.19. Let C be the superelliptic curve given by (67) for N > 1. Suppose it satisfies the
following hypothesis:

o Assumption 1 holds,
e For each root o (defined over K ) of f(x), the order of vanishing of f(x) at v is not divisible
by N.
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Let Frob denote a geometric Frobenius endomorphism. Then

(76) Tr(Frob)| 1 g, ynew = -3 Y {Zweey\] w(e) if N | dgg(f)

wets, vek 0 otherwise,

where, as before, ¢ is the leading coefficient of f.

Proof. Start supposing that N is a prime number. The hypothesis on the vanishing order of the
roots of f(x) implies (by Lemma 7.17) that the desingularization C of C has the same number of
points as C. By Lemma 7.18, the projective desingularization has ¢ = ged(N, deg(f)) points at
infinity defined over the field K(¢/c). The hypothesis on ¢ being a unit in O and the fact p f N
imply that the reduction of the points are defined over k if and only if ¢ is a g-th power in k. If
g =1 (i.e. N tdeg(f)) there is a unique point at the infinity line, while if N | deg(f), the number
of points is either N or 0. Then

#C(k) = #C(k) + ) wl(o).
weCy

Replacing in (75) gives

Tr(Frob) | g, = 4 +1 - #C(k)=q+1— [#C(k)+ D wlc)

weCy
By Lemma 7.16

=2 D wl@)=a+ 3 D

weCN z€k weCly ek
proving the formula when N is a prime number.

The general case follows from an inductive argument: the case N = 2 follows from the prime
case. Let N be a positive integer larger than 2, and suppose that the result is proven for all values
smaller than N. Since the prime case was already proved, we can assume that N is composite. The
decomposition (68) implies that

Tr(Frob)|Hét(aQZ) = Z Tr(Frob)|Hgt(5,Qz)d,ncw.
dln

For d | N a proper divisor, let fd be the polynomial (in L[z]) obtained by removing from f all roots
whose multiplicity is divisible by d, and let C(d) be the curve

c(d) : y~ = fa.

Keeping the previous notation, let C/(\d) denote the desingularization of the projectivization of C(d).
Let pu : Z — Z be the function given by

Cf1itd| deg(f).
(77) uld) = {0 otherwise.

The inductive hypothesis for d | N a proper divisor not equal to 1 implies that
Tr(FrOb)‘Hét(é;Ql)dfnew = Tr(FrOb)|H1t(c(d Qg)ncw = Z Z fd ) Z W(C)
weC) zek wely

Using (75) we get the relation

g+ 1= #C(k) = Tr(Frob) 1 @ g — D D (Z x)) + p(d)w ()>.

(i\N wely \ze€k
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Let g = ged(deg(f), N), so that
#C(k) = #C(k) + ) w(o).

weCy

Lemma 7.16 gives the value of #C(k), proving the equality

(78) q+1- 3 wle)= > > w(f(x))— (#C(k) - #C(k)) =

weCy weCN z€k

r[&"(FI"O]:)”Hl (C,Qq)new Z Z <Z z)) + p(d)w(c )) :

d\N weCy \zek

The sum on the middle left hand side equals ¢ when w = 1, canceling the first summand. Hence
we are led to prove the equalities

(79) SO w(f@) + (#C(k) =22 D w

€k weln z€k dIN wely
ord(w)#1,N d#1,N

and

(50) S w0 =33 uld)e)

weCy d|N wet

The second equality is trivial, since p(d) is zero when d { deg(f) (or equivalently when d 1 g).

To prove (79) define S to be the set of singular points of C defined over k. If P = (z(P),y(P)) € S,
there is a unique point in C above P (defined over the same field) hence it does not contribute to
the term #C (k) — #C(k). To compute the contribution of z(P) to the other terms of both sides of
(79) consider the following two cases:

o If f(x(P)) =0 (so z(P) is a single root of f), all other terms involving z(P) in (79) are
zero, so the contribution of z(P) is the same on both sides of the equality.

e Suppose that z(P) is not a root of f. The difference between the left hand side and the
right hand side corresponds to a character w € C} evaluated at f(x(P)) (on the left hand

side) minus the character evaluated at fy(z(P)) (on the right hand side). Both values are
non-zero, and they differ by a d-th power, so w evaluates the same at them.
We are led to study the contribution of points P € S (where f(z) = 0 but fz(z) might be non-zero)
to both sides. For d a proper divisor of N (not equal to 1) let Sy be the set of points in S satisfying
that ged(N,ordp(f)) = d, so
S=]|]5a

d|N
For d | N a proper divisor not equal to 1 define

f
[pes, (& — (P))@ir@’

a polynomial in K[z] (which does not vanish at any point of Sy). Since all exponents in the
denominator are divisible by d, it is clear that for any P € Sy, the points of C above P are defined
over K if and only if g4(xz(P)) is a d-th power in K. The second assumption implies that gq(x(P))

is a unit in O (since different roots of f do not reduce to the same value in k), and since p{ N, p { d,
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so gq(z(P)) is a d-th power if and only if its reduction is (by Hensel’s lemma). Let d4 : £ — Z be
the function defined by

_Jd ifxisa d-th power,
(81) Sal@) = {0 otherwise.
Then
(82) #C(k) = #C(k) =Y > (Sa(ga(x(P))) —1).

dIN PeSy
d#1

The first sum on the left hand side of (79) evaluated at x(P) for P € S is zero. The contribution
of the sum on the right hand side for ¢ | N and w € €} at a point P € Sy equals w(f;(x(P))) which

is non-zero if and only if ¢ | d. Then (recalling that ﬁ and g¢; differ by a perfect t-th power) the
contribution of P € Sy equals

(83) D) wlga(P))).
i weey

Once again, g:(x(P)) differs from gq(z(P)) by a t-th power, so the proof follows from the equality
(proved in Lemma 7.16)

> wlga(@(P))) = ba(9a(z(P)))

weCy

0

7.6. Factoring the zeta function. Keeping the previous section notation, let f(z) € O[z] and
N be a positive integer satisfying both Assumption 1 and that no root of f(x) (over an algebraic
closure) has multiplicity divisible by N. Let w denote a character of (O/p)*.

Definition 7.20. The counting function N is defined by
w() if N | deg(f),

0 otherwise.

(84) N(w;z) =Y w(f(x))+ {

z€eF,

Let k£ € F; be the reduction of (; modulo p, an N-th root of unity in F,. Let a € E be such
that @41 = k. Then € := o!¥ € F, (since it is a root of 971 — 1), and it generates Fy.

Lemma 7.21. The character x, (defined in (24)) satisfies
(85) Xp(€) = (-
Proof. By definition xy(g) = xp(aV) = (V)@ V/N = o071 = k = (y (mod p). O

Theorem 7.22. Let ¢ be a prime number different from p. Then the trace of Frob on H;CN (CA, Qp)
equals —N (xp; 2).

Proof. Recall the decomposition Helt(CA, Q)™ = Dz HE (C,Qy). For j € (Z/N)*, let A;

X et

i
be the matrix of Frob acting on Helt’CN (C,Q¢). By Theorem 7.19

N—-1 N—-1 )
— Z Tr(A;) = Z N(xp; 2)-
j=1 Jj=1
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Let X/F, be a non-singular variety and let o € Autp,(X). By Lefschetz’s trace formula

2dim(X)

(86) #{x € X(F,) : Froby(o(x)) =2} = > (=1)"Te(Frobyo o)l (x.0,-
=1

Let o; be the automorphism of C defined by (z,y) — (z, ¢4y). Then (86) with o = o; gives

N-1
#{(x,y) € 5(Fq) cr €FyT =k =14q— Z C%Tr(Aj) + ”old contribution”
j=1

Since k € Fy, k9 = k, hence

{(z,y) €C(Fy) : x € Fyy® ' = k™) = {(x,y) € C(F,) : x € Fy,y?~' = k).

Recall the notation introduced before: «a € E satisfies a?"! = k and ¢ := . Then the map
y < § := ya' gives a bijection between the sets
(87) {(z.) € C(F,) fixed by Frobgo o} ¢ {(x,§) € Fy : 75" = f(2)},
Indeed,
T

P l=k"e =k e gl=74.

(as-1)

The elements of the right hand side of (87) are the Fy-points of the twisted curve
Ci:yN =ef(x).

Theorem 7.19 applied to the twisted curve imply the relation

N-1
#@(Fq) =14qg+ Z xg (5i)N(Xg; z) 4+ 7old contribution”
j=1
By Lemma 7.21, xp(¢) = (n, hence

N N 4
=Y Tr(45) =D N(xg;2)
i=1 j=1

N N
—ZTr(Aj) JZ\], = ZC}\J}N(X%’;Z}’ for1<i< N-—1.
j=1 j=1

Consider the linear system Mz = b where M is the N x N matrix given by M;; = J(\?_l)j and b
is the N x 1 vector given by b; = Z;Vﬂ Qxfl)JN(xf,'; z), for i = 1,...,N. The previous equalities

imply that the system has at least two solutions, namely z; = — Tr(A;) and z; = N(X{;; z). Since
M is invertible (as it is a Vandermonde matrix), Tr(A;) = —N(xp; 2). O

Theorem 7.23. Let (a,b),(c,d) be generic rational parameters and let N be their least common
denominator. Let zg € Q*, zop # 1. Let p be a prime ideal of F satisfying that p 1 N and
vp(20(20 — 1)) = 0. Then the trace of the Frobenius element Frob, acting on H((a,b), (c,d)|zo)
equals Hy((a,b), (c,d)|zo).

Before proving the statement, recall that we gave two different definitions of H((a,b), (¢, d)|z0)
depending on whether (Irr) holds or not. Part of the statement is that the trace of a Frobenius
element is the same for both definitions. We need the following auxiliary result.
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Lemma 7.24. Let (a,b),(c,d) be rational generic parameters and let N be their least common
denominator. Let q be a rational prime number such that N | ¢ — 1. Then

Hy((a —d,b—d), (c—d,1)|z0) = xp(20) "™ I((—a, =b,c,d), (d — a,d — b, c — d))Hy((a,d), (c,d)|20).

Proof. Recall that we chose a generator @ of the character group Fy so that wle- /N = Xp ! Then
[6, Theorem 3.4] implies that

906 ™M) 906 "™M)g(x@N)
g Mg MY g Mg (1)

From its definition (Definition 5.1) the middle factor equals the stated Jacobi motive. As a side
remark, the first statement of [6, Theorem 3.4] is correct, but the second one is not. The numerator
should be the denominator and vice-versa (since the function S is the product of H, with a Gauss
sum involving the same parameters, as follows from (3.1) of loc. cit.) O

Hy((a—d,b—d), (c—d, 1)|zp) = w(zp)@V)

Hy((a,b), (¢, d)|z0)-

Proof of Theorem 7.23. Suppose that (Irr) holds and let C denote Euler’s curve as defined in (59).
The hypothesis on p implies (by Remark 7.15) that Assumption 1 holds. The genericity condition
on the parameters imply that a — ¢,b —c,a —d,b—d &€ Z, so N1 A, Nt B, N{C and N ¢
deg(f(x)) = A+ B+C = (a—c)N. By Theorem 7.22 the trace of Frobenius on H;CN (C,Qy) equals
NG 20) = —x(z0) 3 (@A (1 = 2)P(1 - 202)),
z€lF,
where A = (d—b)N, B= (b—c¢)N,C = (a—d)N and D = dN. Set oy = (d—b)N, ag = (d—a)N,
B1 = (d—¢)N and B3 = 0. Then Theorem 6.25 implies that
(88) —N(xp; 20) = Xp(20)Pxp (1) I([a1, —B1], [e1 — B1]) Hy(ex, Bl20).
By definition (6.4) the value Hy(a, B|2) equals the value Hy(a, B|zy) choosing a generator w satis-
fying w@~D/N = X,jl, hence
Hy(e Bl20) = Hy((a — )N, (b— d)N), (¢ — d)N, 1)|z0).
Then (88) equals
d—b)N
Xp(20) "™ N (=1) I((d = by e = d). (¢ = b)) Hy (@ — d,b— d), (c = d, 1)]0) .
Using Lemma 7.24 this value equals
d—b)N
XN (1) I((—a, b, e, d), (¢ = b,d — a)) Hy ((a,b), (e, d)|20),

which matches the motive of Definition 7.7.
To prove that H((a,b), (¢, d)|z0) also matches (64), we apply the proven result to the parameters
(a—d,b—d),(c—d,0) and are led to prove the equality

HQ((G - d7 b— d)v (C - dv 1)|z0) J((_aa _bv ¢, d)? (d - a, d— b7 ¢ — d))_l"?d('ZO) = Hq((av b)a (Ca d)’ZO)7

which follows from Lemma 7.24 since 14(Froby)(20) = xp(20)*". O

Remark 7.25. Let (a,b), (¢, d) be generic rational parameters satisfying (Irr). The change of vari-
ables y — yz~P/N_ defined over the extension L = Q(¢w, W), gives an isomorphism between
Euler’s curves with parameters (a, b), (¢, d) and (a—d,b—d), (c—d,1). Since L/F is abelian, the two
curves are twist of each other. This is the underlying reason why Definition 7.7 and Definition 7.10
coincide.

It is not clear to us if there is a definition of the motive that does not involve twists when
condition (Irr) is not satisfied. Such a description for example would be useful while proving
properties regarding the field of definition of the motive.
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Example 12. Continuing with Example 2, take a = 1/8,b=7/8,¢=3/8,d =5/8,s0 N = 8. The
values & = a—d =1/2,b=b—d =1/4 and ¢ = ¢ — d = 3/4 have denominator 4, so the curve
C is reducible (as studied in detail in Example 9). Euler’s curve for the parameters (a,b), (¢,1)
correspond to the curve with equation

C: yt =231 — 2)2(1 - 22)?,
an irreducible curve which is a twist of an irreducible component of C. According to Conjecture 4.5,
the motive H((1/2,1/4),(3/4,1)|z) is defined over Q(¢4) = Q(7) (which is clearly a field of definition
for the motive), but the motive H((1/8,7/8),(3/8,5/8)|z) (that is defined by restricting the motive

H((1/2,1/4),(3/4,1)|z) to Q(¢s) and twisting by ¥z") should be defined over Q((s)™ = Q(v/2).
We do not know how to give a “geometric” proof of this result.

Lemma 7.26. If 29 € FH then the coefficient field of the motive H((a,b), (c,d)|z0) (i.e. the field
extension of Q generated by the trace of Frobenius’ elements) of is contained in F.

Proof. Follows from Theorem 7.23. O

Remark 7.27. Let (a,b), (¢, d) be generic parameters with denominator N. Let zp € Q and let p be
a prime ideal of F' not dividing IV, but dividing 2. Suppose furthermore that v,(2o) is divisible by
the order of the monodromy matrix of the motive at 0. Then Theorem 4.8 implies that the motive
H((a,b), (c,d)|zo) is unramified at p, so the trace of the action of Frob, on our motive is well defined.
Since Assumption 1 is not satisfied, there is no reason for it to match the value Hy((a,b), (¢, d)|z0)
(and it does not). Still, a formula can be explicitly computed as done in Appendix A.

Proposition 7.28. The motives H((a,b), (c,d)|z) and H((—c, —d), (—a,—b)|z~1) are isomorphic.

Proof. Let N be the least common multiple of the denominators of a, b, ¢, d and assume (for simplic-
ity) that condition (Irr) holds. Keeping the previous notation, the Euler curve for the parameters
(—c,—d), (—a, —b) at the variable z~! has equation

yN = xA(l - w)c(l — a:/z)BzD*A.

The change of variables x = 22/, y = 3 provide an isomorphism between this curve and Eu-
ler’s curve with parameters (a,b), (¢,d). Clearly the quadratic character (—1)?~? is invariant un-
der the substitution (a,b), (¢,d) — (—¢,—d),(—a,—b) and the same holds for the Jacobi motive
J((—a,—b,c,d),(c —b,d — a)) appearing in the motive definition (61). g

The last result was expected from the similar result regarding solutions to the differential equation
satisfied by the hypergeometric series proven in Lemma 3.3.

7.7. On the quadratic character (—1)d_b. The factor corresponding to the quadratic character
(if non-trivial) matches the restriction of an explicit rational character of Galg.

Lemma 7.29. Let N = 2'M, where 24 M. Ift = 0 then (=1)'/N is trivial. Ift > 1, let & be any
primitive character of conductor 271 thought as a character of Galg. Then the quadratic character
(—1)YN of F = Galg(cy) corresponds to the restriction of k to Galp.

Proof. Let p be an odd rational prime not dividing N and let p a prime idea in Z[(y]| dividing
it. By construction, the value of the character (—1)/" evaluated at the prime ideal p equals

Xp(—1) = w(—1)@ /N where w is a generator of the character group F; and ¢ is the norm of p.
In particular, xp(—1) =1 if (¢ — 1)/N is even, and —1 otherwise; equivalently,

1 ifg=1 (mod 2*1),
Xp(—=1) = .
—1 otherwise.
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Clearly xp(—1) = 1if t = 0 proving the first statement. Suppose then that ¢ > 1. Recall that if we
denote by r = ordy(p) the order of p modulo N, then ¢ = p”. In particular, p” = 1 (mod 2%) and
p?" =1 (mod 2!*1). If k is a primitive character of conductor 2/*1,

K (p) = w2(q) = k(™) = 1.
Then x(p) = £1. Recall that a character of conductor 2! (for ¢ > 1) is primitive if and only if its
value at 1+ 2 is not 1. Then (p) = 1 if and only if p” = 1 (mod 21) if and only if x,(—1) = 1.
When the equivalent statements do not hold, both values are —1, proving the result. O

8. EXTENSION TO K
Let H be the group (21) for generic parameters (a, b), (¢, d).
Lemma 8.1. The group H is a subgroup of Z/2 x 7./2.

Proof. For S a finite set, let Perm(S) denote the group of bijective maps on S. Set S = {a, b} x{c,d}
(we are not assuming a # b nor ¢ # d). Then there is a group morphism

Y : H — Perm({a,b}) x Perm({c,d}),

sending an element A to the bijective map given by multiplication by h on the sets {a, b} and {c, d}.
Since Perm({a, b}) x Perm({c,d}) < Z/2 x Z/2, it is enough to prove that ¢ is injective. Let N
be the least common denominator of a, b, c,d. Let i € (Z/N)* be an element in the kernel of 1, so
1 satisfies

ia = a, ib = b, ic = c, id = d,
as elements of Q/Z. Write a = &, b = %, c=,d= % with ged(a, 3,7,0, N) = 1. Then there

are integers x1, T2, rs, x4 such that the following congruence holds
ary + fre+yrs+dry =1 (mod N).
Multiplying by ¢ we get that
i =iz + ifxy + iyrs + i0xg = axy + fra +yxrs +drg =1 (mod N).
0

As stated in Conjecture 4.5, it is expected that K = F is both the field of definition and the
coefficient field of the motive H((a,b), (¢, d)|z).

Theorem 8.2. Let (a,b), (c,d) be generic parameters such that a +b and ¢ + d are integers and
(Irr) holds. Then H((a,b), (c,d)|z) is defined over FH and its coefficient field is contained in FH.

We start proving some preliminary results.

Lemma 8.3. Let (a,b),(c,d) be generic rational parameters satisfying that a + b and ¢ + d are
integers. Let N be their least common denominator. Set

5— {1 ifa,c ¢ 7,

0  otherwise.
Let p be a prime ideal of Q({n) of norm ¢, not dividing N. Then
J((—a,=b,c,d), (c—b,d—a))(p) = ¢°.

In particular, we can assume that the Jacobi motive is rational.
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Proof. The hypothesis a + b € Z (respectively ¢ + d € Z) imply that we can replace b by —a
(respectively d by —c) in the Jacobi motive

J((—=a,—b,c,d), (c—b,d—a))(p) = I((—a,a,c,—c),(a+c,—a—c))(p).

If x is a character of F,

q ifx#1L,
9()9(x) = x(-1) :
1 ifyxy=1.
The genericity condition on the coefficients imply that a + ¢ = a — d € Z and at most one of a, ¢ is
an integer. O

Then when a + b and ¢ + d are integers the hypergeometric motive H((a,b), (¢, d)|z) is (up to a
Tate twist) a twist by & of the motive coming from Euler’s curve.

Lemma 8.4. If (a,b), (¢,d) are generic parameters such that a+0b and ¢+ d are integers, then the
character k constructed in Lemma 7.29 is at most quadratic while restricted to Gal .

Proof. By Lemma 7.29  is a primitive character of conductor 2/, where t = valy(N) (which we
can assume is positive, as otherwise & is trivial). Equivalently, it is a character of the Galois group
Gal(Q(¢ye+1)/Q). Since —1 € H (complex conjugation), a simple Galois theory exercise shows that
Q(Cot+1) N FH = Q(¢ye)T. Then & restricted to Galg factors through Gal(Q((yer1)/Q(¢at)), a
group isomorphic to Z/2 x Z/2 if t > 1 and Z/2 if t = 1, hence & is at most quadratic. O

Our goal is to construct a motive 9 defined over K whose base change to F' is isomorphic to
Euler’s motive and define #H((a, b), (¢,d)|z) as in (61). Since & is (at most) quadratic and the Jacobi
motive corresponds to a Tate twist, the coefficient field of H((a,b), (¢, d)|z) is the same as that of

M.
The motive It appears in the quotient of Euler’s curve C by involutions that we now describe.

-1 1
Lemma 8.5. The map (z,y) — (zz(ifl)@

parameters (b,a), (c,d) and a twist by 2(TON (z — 1)(atb—c=dN ¢ Eyler’s curve with parameters
(a,b), (c,d).

Proof. If we denote by A’ B',C’, D' the exponents of Euler’s curve with parameters (b, a), (¢, d),
then an elementary computation proves that

A =—C, B =A+B+C, ' =—A, D' =D.

The values A, B,C, A+ B + C correspond to the ramification degrees of the cover C — P! sending

(z,y) — x at the ramified points {0, 1,1/¢,00} respectively, so up to a sign we are just permuting

the ramification points. The change of variables x = Zz(ﬁ;j), Y= % sends the equation

yN =2V (1 - 2)P (1 - 22)¢" Y

) gives an isomorphism between FEuler’s curve with

to the equation
1 Zc(x/ _ 1)0 (1-— Z)A+B+C’ (a?’ _ 1)A2D

yN (za! —1)C ZATB+C (g — 1)A+B+C (1 — 2)Ag/A”

which satisfies the equivalent equation

ZQD—A—B(Z o 1)B+C’y/N _ x’A(l o x/)B(l

The result follows from the equalities 2D — A — B = (¢+d)N and B+ C = (a+b—c—d)N. O

— za!)C P,

Lemma 8.6. The map (v,y) — (Zﬁ;ll, %) gives an isomorphism between Euler’s curve with pa-

rameters (a,b), (d,c) and a twist by 2(cTIN (1 — Z)atb=c=dN o Byler’s curve with parameters

(a,b), (c,d).
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Proof. Mimics the previous case one, noting that in this case the relation between the exponents
reads
A= —-B, B = —A, C'=A+B+C, D'=D—-A-B.
O

Lemma 8.7. The map (z,y) — (i, y) gives an isomorphism between FEuler’s curve with parame-
ters (b, a), (d,c) and a twist by (—1)(@T0=c=DN of Buler’s curve with parameters (a,b), (¢, d).
Proof. Let A, B',C", D’ denote the exponents of Euler’s curve with parameters (b, a), (d,c). They
are related to A, B,C, D by

A=-A-B -C', B=C, C=B, D=D -A-PB.
Then the change of variables x = %, y =y gives the curve
IN _ (_1)B’+C’xl—(A’+B’+C’)(1 - 33,)0/(1 B’ZD’—A’—B’.

y — za')

O

When both a + b and ¢ + d are integers after a simple change of variables (as explained in
Remark 7.3) we can (and do for simplicity) assume that actually a+b = 0 = c¢+d. Then no twist is
needed in any of the last three lemmas and permutations of the parameters give isomorphic curves.

If j is prime to NN, there is an elementary morphism v; from Euler’s curve with parameters
(a,b),(c,d) to Euler’s curve with parameters (ja, jb), (jc, jd), defined by

¢J(‘T7y) = (‘T’yj)‘
Recall from the proof of Lemma 8.1 that the group H might be thought of as a subgroup of
Perm({a,b}) x Perm({c,d}), so if j € H there is an isomorphism ¢; between Euler’s curves for the
parameters (aj, bj), (cj,dj) and (a,b), (¢, d).

Definition 8.8. For each j € H let vj : C — C be the rational map defined as the composition
(89) Li(2,y) 7= dj 0 (. y).
The next lemmas prove that ¢; is an involution for any j € H.

Lemma 8.9. Let a,b,c,d be generic parameters such thata+b=c+d=0. The map t_1 :C —C
s an tnvolution given by
(2.1) 11
ti(z,y)=(—,— ).
1z, Yy p ) y

Proof. Since j = —1, it corresponds to the map that permutes both (a,b) and (c,d), so by
Lemma 8.7, ¢;(z) = % The hypothesis a + b = ¢+ d = 0 imply that the exponents of Eu-
ler’s curve are A = (a —¢)N, B = —(a+¢)N, C = —B and D = —cN, hence Euler’s curve
equals

(90) yV =241 — )P (1 — za) BN,
. . 11 . -
Let (z,y) is a point of C. To prove that (%, §> also belongs to C, we substitute on (90), and need

to verify the equality
ny — $7A(Z{L’ - 1)3(:11 - 1)fBchNfAfB’
which holds because —cN — A — B = c¢N. Clearly (:_1)? is the identity map. O

Lemma 8.10. Let a,b,c,d be generic parameters such that a +b=c+d=0. Let j € H be such
that ja = a+r and jc = —c+ s, forr,s € Z. Then map vj : C — C is an involution defined by

=1 2" (1—) (1 —w) T
(o) O y .
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Proof. From its definition, ¢;(z,y) = (=, y’) is an isomorphism between Euler’s curve with param-
eters (a,—a), (¢, —c) and the one with parameters (ja, —ja), (jc,—jc). By definition,

(ja,—ja) = (a+r,—a —r), (je,—jec) = (—c+ s,c— s).

Let A, B,C,D be exponents of Euler’s curve with parameters (a,—a), (—c,c) and A, B',C", D’
those for (ja,—ja), (jec,—jc). They satisfy the relations

A'=-B+(r-s)N, B=-A-(r+s)N, C'"=A+(r+s)N, D =D-sN.

Then the map ¢; is obtained by composing the map (z,y) — (z, xv'fs(1—z)77'7€(1—m)7'+5275) with the

map (z,y) — (L, %) of Lemma 8.6, giving the stated formula.

The proof that ¢; is an involution is straightforward. Applying the formula twice we get

L?(:n,y) = (2,3 2 TUADFSG=D (1 = ) GHD =G (] — gp)rGHD+s(-1) ys(G-1)y,

From its definition, r(j + 1) = (j2 — 1)a and s(j — 1) = (j2 — 1)c. Let t = j2]\71 (an integer). Then
the second coordinate equals

y - (ytNfot(l _ x)th(l _ xZ)BtZCtN) = y.

0

Lemma 8.11. Let a,b,c,d be generic parameters such that a +b=c+d =0. Let j € H be such
that ja = —a +r and jc = c+ s, forr,s € Z. Then map ¢j : C — C is an involution defined by

ze—1 2" 5(1—xz)"" (1 — xz)”rsz_s)

) oo = (=T v

Proof. Mimics the previous ones, noting that if A, B,C, D are the exponents for the parameters
(—a,a),(c,—c) and A’, B',C", D’ those for (ja,—ja), (jc,—jc). They satisfy the relations

A" =B+ (r—s)N, B'=A—(r+s)N, C'=—-A+(r+s)N, D'=D —sN.
Then the formula follows from Lemma &.5. O

As explained in §7.4, for each § | N Euler’s curve C has an old contribution coming from the curve
denoted Cj, which in turns is Euler’s curve for the parameters (%, NTI’), (%, NTd). If j € H we can
think of it as an element of (Z/5)* which also preserves (by multiplication) the sets {£2, &} and

%, %}, so for each j € H, the curve Cs also has its respective involution ¢;.
Proposition 8.12. Let a,b,c,d be generic rational parameters satisfying a +b = c+d = 0 such
that (Irr) holds. Let j € H. If N > 2 then the new part of the quotient of Euler’s curve C by the

involution v; has genus ¢(N)/2.

Proof. For ease of notation, denote by ¢ the involution. By Riemann-Hurwitz’s formula, if 2f,
denotes the number of points fixed by ¢, then

:g(c)+1_fb.

(93) g(c/1) 5

Fact 1: The number of points fixed by ¢ equals:
e 2 (ie f,=1)if j=—1 and N is odd.
e 0 (ie. f,=0)if j =—1 and N is even.
e 2gcd(j+1,N) (ie. f, =ged(j+1,N)) if j # —1.
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Let (xo,y0) be such a fixed point. By Lemmas 8.5, 8.6 and 8.7, 29 = ¢;(zg) for ¢; one of
Z;":ll, Z:‘will or i In all cases there are precisely two different solutions (note that the singular
points {0, 1,00} are not preserved by the functions ¢;, so we can count the number of fixed points

on the singular model).

The condition satisfied by yo depends on whether j = —1 (i.e. it permutes both coordinates) or
not. Start considering the case j = —1. Then zg = %, where € = £1. Substituting in the equation

for C we get the relation
(94) y(])V - (_1)(a+c)N(€)2aN — (_1)(a+c)N‘

On the other hand, by Lemma 8.9, y2 = 1. If N is odd, only one of 41 can satisfy (94), so there are
two fixed points (and f, = 1). If N is even, the hypothesis (Irr) implies that (a+¢)N has to be odd
(the hypothesis a + b and ¢ + d integers imply that the exponents satisfy A = B = C (mod 2); if
they are even, Euler’s curve is not irreducible). Then the involution has no fixed points (so f = 0).

Suppose that multiplication by j corresponds to the permutation that fixes a and b (and permutes
c and d) and let (x0,y0) be a fixed point. Then z( satisfies the quadratic equation (1 — zgz)xo =
(1 — zp) (which has two solutions). Replacing in the equation defining C and in (91), the value yo

satisfies the equations
j+1 _
{yé = (a32)",

vy = (xg2) .

But the relation (j+1)c = s implies that both equations are “compatible”, so we have ged(j+1, N)
solutions for yy. A similar computation proves that the same formula holds when j fixes ¢ and d
(and permutes a and b).

To prove the statement we need a more general formula that holds for all old contributions
(where the hypotheses N t A, N { B, N { C might not hold). For M | N, let Cjs denote the curve
(as in (4))

Car s y™M =241 — 2)B(1 — 22)¢ 2P,
Let k(M) denote the number of elements in the set {A, B,C, A+ B + C'} divisible by M.
Fact 2: If M > 2,

(95) dim(Jac(Cpy /1)"") = (2—’1(]‘4)) , {gﬁ(M ) i % H

When M = 2, the curve Cps/¢t has genus 1 if j = —1 and 0 otherwise. For M = 1 the curve always
has genus 0.

When M = N, K(N) = 0 and N ¢ f,, so we recover the original statement. In any case, the
generic hypothesis on the parameters implies that x(M) € {0, 1,2}. The Riemann-Hurwitz formula
([2, Theorem 4.1]) implies that

(96) g(Car) = M — <gcd(A, M) + ged(B, M) + gci(C, M) +ged(A+ B+ C, M)> o

Case j = —1. Fact 1 implies that f, is 0 if M is even and 1 if M is odd (in particular M {§, when
M > 2). If M is an odd prime, the formula reads
- Mkr(M) + (4 - rk(M)) t1— (2—Rr(M))(M —1)

2 B 2 '

The statement follows from (93) (since Fact 1 implies that there are precisely two fixed points).
When M = 2 the curve C has genus 1 (since A, B,C are odd) and the involution has no fixed
points, so the quotient also has genus 1.

9(Cn) =M
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Let M be any positive integer, and suppose that the statement is true for all proper divisors §
of M. On the one hand equation (93) gives

M — (ged(A, M) + ged(B, M) + ged(C, M) + ged(A+ B+ C,M))/2+2 -,

(97) g(Cur/) = >

On the other hand, the inductive hypothesis implies

(98) 9(Cn/t) = g(Car /)" + E #(9) 1
s|M
8#1,2,M

0 otherwise.

(2-+(0) | {1 if 2| M,

Note that the middle sum can be written like

Y ) X e Y e Y e - Y 60)

5| M S|gcd (A, M) Slged(B, M) §|ged(C, M) §|gcd(A+B+C, M)
5;&1 2,M 6#1,2,M 6#£1,2,M 6#£1,2,M 6+£1,2,M

The sum of the missing terms for § = 1 equals —%, while the sum for § = 2 equals % if M is even
and 0 otherwise (since 2 1 gcd(A, M) nor the other similar terms). Then Mdébius inversion formula

implies that it equals

M — ¢(M) — (ged(A, M) + ged(B, M) + ged(C, M) + ged(A+ B+ C,M))/2 i K(M)p(M)
2 4

Substracting (98) to (97) we obtain

= glCufoyrer - B+ Ly .
otherwise.

M) | f | QDS {1 if 2] M,
2 4 %

Since f, = 0 if M is even and f, = 1 if M is odd, the result follows.
Case j # —1: Let n = ged(f,, A).
Fact 3: 1| 2 (the same is true for ged(f,, B) and ged(f,, C)).

Write @ = ¢ and ¢ = 1 with ged(a, r) = ged(7,s) = 1. Suppose that multiplication by j, up
to integer translation, fixes a and sends ¢ to —c (the other case being similar). The hypothesis
ja—a € Z and jc+c € Z imply that j =1 (mod r) and j = —1 (mod s). In particular ged(r, s) | 2.
If 4| n then 4 | N =lem(r,s) so 4 | r or 4 | s, but not both (as otherwise both congruences cannot
hold). Also 4 | A = (as — ’yr) . If both r, s are even, then va(as —yr) = 1 and vg(N) = —1so
v2(A) = 0. If only one of r, s is even then va(aus —yr) = 0, so A is also odd, contradicting the fact
that 7 | A.

Suppose then that p is an odd prime dividing 1, so p | 7 or p | s (but not both). If p | r, since
p| A| as—~r, then p | @ contradicting the fact that ged(a,) = 1. A similar contradiction is
obtained when p | s, proving Fact 3.

Going back to the proof of Fact 2 (for j # —1), when k(M) = 2 the formula is clearly true since
in this case Cjs has genus zero (by (96)). Assume then that x(M) = 0.

If M is an odd prime, then either f, = 1 (when j # —1 (mod M)) or f, = M (otherwise). The
proof when f, = 1 mimics the j = —1 case one given before. Suppose then that f, = M. Since
k(M) = 0 and there is no old contribution, we are led to prove that Cys/¢ has genus 0, which follows
from (93) (since Cps has genus M — 1). When M = 1, Cjs has genus zero, while when M = 2, Cps
has genus 1 if k(2) = 0 and 0 otherwise. But M = 2 implies that j 4+ 1 is even, so the involution
has 4 fixed points and Cy/¢ has genus 0 as claimed.
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Assume that M > 2 and that the result holds for all proper divisors of M. Following the proof
of the previous case, now (98) becomes (using the inductive hypothesis)
new 2—k(0 2—k(0
o(Car/0) = ooy + 3 0(6) ETHO) 5 5 B0,

5| M 3[fe
§#2,M §#2,M

Note that f, is even if and only if M is even, so we can add the term with § = 2 to both sums
(when 2 | M). Fact 2 implies that if ¢ | f, and 6 > 2 then x(0) = 0. If 2 | f, (so N is even) then
k(2) =0 (since A, B and C are odd in this case). Since k(1) = 4 we get

. o@D
™ o5) (6))2&_1_{2 £M |,

o 4 2 0 otherwise.
SAM

Then using Mo6bius inversion formula

M ¢(M)  ged(4, M) ged(B,M) ged(C, M)

(99) g(Cun/t) = g(Car/t)™™ +

2 2 4 4 4
_ged(A+BHCM) o 0D it M|,
4 2 0 otherwise.

Substracting (99) to (97) we get the equality
MML{“? if M | f,,

C L new —
9(Cu /1) 2 0 otherwise.

0

Proof of Theorem 8.2. Let N be the least common denominator of the parameters a,b,c,d. Let
J € H and let ¢; be the involution defined in (89). The last proposition states that the new part of
C/u has genus ¢(N)/2. Abusing notation, denote by ( the map on C given by (ny(z,y) = (z,{NY).
It follows easily from its definition that

(100) tjo(N = {C&j oy i # =L

(ot ifj=—1.

Then over the field FY) there is an action of the ring Z[Cy + (y’] (vespectively Z[(n + C;,l]) on
Jac(C/1). Looking at the new part, we get a 2-dimensional representation with coefficient field F*).
If H is cyclic, this concludes the proof; when H is not cyclic, take the quotient by two different
isogenies attached to elements on H (getting a representation over F'7). O

The irreducibility assumption (Irr) in the theorem is not a strong one.

Lemma 8.13. Let (a,b), (c,d) be generic parameters such that a+b and c+d are integers. If (Irr)
does not hold then H = {+1}.

Proof. By Lemma 7.5 the values N := lem{den(a),den(c)} and N’ := lem{den(a + ¢),den(a — ¢)}
are different so N = 2N’. This implies that vy(den(a)) = va(den(c)). If j € H and j # +1 then
ja=a (mod Z) and jec = —c (mod Z) or vice-versa. But then ve(j — 1) = va(j + 1) = va(den(a)),
a contradiction. O

A result similar to Theorem 8.2 can be proved under the following hypothesis.

Theorem 8.14. Let (a,b), (c,d) be generic parameters such that (Irr) holds. Suppose furthermore
that H = (i) where the action of multiplication by i is not trivial on both sets {a,b} and {c,d}.
Then H((a,b), (c,d)|z) is defined over F and its coefficient field is contained in FH .
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Proof. Consider the twisted Euler curve

(101) C:yN = (—1)DNgA — 2)B(1 — 22)° 2P,

where the exponents are as in (58). Then the motive H((a,b), (¢,d)|z) can be defined using the
twisted Euler curve as in (61) but without the quadratic twist, namely

H((a,b), (¢, d)|z) = T @ I((—a, —b, ¢, d), (¢ — b,d — a)) "},

where J denotes the Jacobian of C. The action of multiplication by ¢ fixes the Jacobi motive, and
with the new definition, it also fixes the twisted Euler curve (by Lemma 8.7). Then we can define
an involution ¢; and the proof follows mutatis mutandis that of Theorem 8.2. U

When the group H is cyclic, we can prove a weaker general version of the result.

Theorem 8.15. Let (a,b),(c,d) be generic parameters such that |H| < 2. Then for all zy €
Q\ {0, 1}, the Galois representation of H((a,b), (¢, d)|z0) extends to Galpu and its coefficient field
is contained in a quadratic extension of FH .

Let us start with some auxiliary needed results.

Theorem 8.16. Let (a,b), (c,d) be generic rational parameters. For zy outside a thin set of Q, the
Galois representation py((ap),(c,d)|z)p 0f Galp is absolutely irreducible.

Proof. By Theorem 7.13 the Galois representation py;((a,p),(c,d)z)p €xtends the monodromy repre-
sentation p, a representation which is absolutely irreducible representation (by [5, Proposition 3.3]).
After the choice of a stable lattice, if O, denotes the ring of integers of F},, we can assume that our
representation Py ((a,p),(cd)|z),p takes values in GLa(Oy). Then there exists a positive integer n such
that the reduction

PH((a,b),(c,d)|2),p,m + Gal((@(z)/F(z)) - GL2(OP/pn)
is irreducible. The field fixed by its kernel is a finite extension L(z)/F(z). Then Hilbert’s irreducibil-
ity theorem (see for example §3.4 of [43]) implies that for zy outside a thin set, Gal(L(zp)/F) =
Gal(L(2)/F(z)), so the representation py((a,p),(c,d)|z),p 15 irreducible. O

Example 13. Let F' = Q((3), where (3 is a third root of unity. The motive H((1/3,2/3),(1,1)|z)
matches (as discovered in [28]) the motive attached to the rational elliptic curve with equation

z
FE; : 2 — Y = 3,
t:yY 4‘$y4‘27y T
For zp = 9/8 the elliptic curve is defined over F' = Q(1/—3) and has complex multiplication by
Z[¢3] (as can be verified for example using Sage [46]). The map: = = u?2’ + 7, y = vy +u?s2’ +1t,
with
G +2 (3 —1

(3+2
9 S 5 t = .
12 2 24
is an endomorphism of the curve defined over F'. Then its Galois representation is not irreducible.

u=(¢3, 1=

Example 14 (Shimura’s Example 11 continued). Consider Shimura’s example at zp = 1/2, corre-
sponding to the curve

C:yP=x(1—2)(1—1z/2).
The map ¢(x,y) = (2 —x, —y) is an involution of C. The quotient curve can be computed using [7].

A<x,y>:=AffineSpace(Rationals(),2);
C:=Curve(A,y 5-x*x(1-x)*(1-x/2));
G:=AutomorphismGroup(C) ;
CG,prj := CurveQuotient(G);
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It is given by the hyperelliptic model
C1:y* = x(z® - 8).

This implies that the motive at zp = 1/2 is reducible. To obtain a complement to the Jacobian of
C1 in the Jacobian of C we use the code developed in [14] and we find the hyperelliptic curve

Co : % = x(a® — 16).

The two curves are isomorphic over the field Q(v/2), the isomorphism being (z,y) — (v/2x, V/8y).
Their Jacobians are not isogenous over F' = Q((5); this can be verified by computing their Frobenius
polynomial at 11
P<x> := PolynomialRing(RationalField());
C := HyperellipticCurve (x*(x"5-8));
D := HyperellipticCurve(x*(x~5-16));
LPolynomlal(ChangeRlng(C GF(11)));
> 121%x74 + 121%x"3 + 51%x72 + 11*x + 1
LPolynomial (ChangeRing(D,GF(11)));
> 121%x74 - 99%x73 + 41%x"2 - O*x + 1
Both curves have an order 5 automorphism sending (x,y) — ((3z, (5y
surfaces with complex multiplication. Then the motive H((%, 2), (% 1)]
of two (distinct) Hecke characters.

A result of Bailey (see [3]) gives the following identity

1 L(5)T(F)
2F1<a,1—a;c): 2 2
’2 F(C+“)F( +2 )
A similar formula is expected to hold for the hypergeometric motive (where the right hand side has
to be understood as a Jacobi motive). We expect Jac((5, <tL), (%3¢, 14£=2) for a = 1/5, ¢ = 2/5
and a = 6/5, c = 2/5 (taking ¢ = 7/5 gives the same Values) to be part of the motive, i.e. that

14 3 1 1 7 4 1 1 7 3 3
) w((55)-(31) ) =1 () ) =2 ((6) - (3)
Equivalently, the curve C; should correspond to the Jacobi motive
J<(1 13 7) <1 4 4))

5°5°5710)\10'5" 5 ’

while the curve Cy should correspond to the Jacobi motive
(55 m) (53)
5°5710) 7\ 10’5 '

We verified that their Euler factors coincide for primes up to 500 (it seems like a nice exercise to
prove the stated equality).

so correspond to abelian

)
%) corresponds to the sum

Question: Let S denote the set of values where the specialization of the Galois representation is
reducible. Besides the proven statement on S being thin, can more be said? Is it finite?

Lemma 8.17. Let L/K be a cyclic extensions of number fields, and let p : Gal, — GL4(Q,) be an
irreducible continuous Galois representation. Then the representation p extends to a representation
p: Galg — GLq(Qyp) if and only if for all 7 € Gal(L/K), the representation p” : Gal, — GL4(Qp)
defined by p™ (o) := p(toT™ 1Y) is isomorphic to p.

Proof. See [17, Lemma 3.4] (even when the result is stated for L/K quadratic, the proof works the
same for cyclic extensions). U
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Remark 8.18. The result is only valid for cyclic extensions; it is not hard to construct examples of
abelian extensions L/K with Galois group Z/2 x Z/2) where the last result does not hold. It is
however true in general that a twist of our representation does extend.

Proof Theorem 8.15. Start assuming that p((a,p),(c,d)|z0),p 15 @bsolutely irreducible (by Theorem 8.16
and Remark 8.18 this occurs for zg outside a thin set). Since H is cyclic, Lemma 8.17 implies that
it is enough to prove that for all 0 € H, the representation p‘q’{((a’b)’(q )[20),p is isomorphic to
PH((ab),(c,d)|z0),p» OF equivalently (since py((ab),(c,d)|z0),p 19 irreducible) that for all prime ideals q of
F on a density one set both representations have the same trace at Frob;. By Theorem 7.23 and

Proposition 6.3, if o({x) = Cgv, it amounts to verify that

Hq((a,b), (¢,d)|z0) = Hq((ja, jb), (j¢; 5d)[20),

whose veracity follows from the definition of H.
If the representation is reducible, then there exists Hecke characters xi, x2 of Galp such that
(up to semisimplification)

p,s}s[((ab)v(cvd)‘zo)ﬂp = Xl,]J @ X27p

Let o be the non-trivial element of Gal(F'/K). Either “x; = x1 or “x1 = x2. In the first case, both
characters x;, i = 1,2, extend to Galg, so the extension is defined as the sum of the two extended
characters. In the second case, the extension is defined as the induced representation Indgzifbf X1

(which is isomorphic to the induction of x2). O

Corollary 8.19. Ifa+b and c+d are integers, then for zg € Q, the Galois representation attached
to H((a,b), (c,d)|z0) extends to Galg.

Proof. If (Irr) holds, the result follow from Theorem 8.2. Otherwise, Lemma 8.13 implies that H
is cyclic, so the result follows from Theorem 8.15. [l

8.1. On the coefficient field of the motive.

Lemma 8.20. Let a,b,c,d be generic parameters such that a # b. Let N be their least common
denominator. Let zy € Q be such that there exists a prime p{ N with vy(29) > 0 prime to N. Then
both C.aq and (. + (g belong to the coefficient field of the hypergeometric motive. Similarly, if ¢ # d
and there exists a prime p{ N with v,(29) < 0 prime to N then both (444 and C, + (p belong to the
coefficient field.

Proof. Recall that the geometric representation attached to H((a,b), (¢, d)|z) has monodromy ma-

trices My, := (%8) at oo if a # b and My := (CHCC?d) at 0 if ¢ # d.

Let p be a prime number not dividing N, such that v,(z9) = r, where r is positive and prime to
N. Let p be a prime ideal of F' divisible by p. Then by [4, Theorem 1.2] (see also [22]) the image
of inertia I, is generated by Mg, so [18, Lemma 15] implies that the coefficient field contains both
Cr(c+d) and C—re + (g, Which is equivalent to say that it contains (.4 and (. + (g (because the
extension Q((., (4)/Q is abelian). The second statement follows from a similar argument. O

Proposition 8.21. Let zyp € Q be such that it has a prime dividing its numerator and a prime
dividing its denominator satisfying the hypothesis of Lemma 8.20. Then if (Irr) holds and |H| = 4,
the coefficient field equals FH.

Proof. Let M denote the coefficient field. By Theorem 8.2, M is contained in F¥ hence [F : M] >

|H|. The hypothesis on 2y (and last lemma) imply that Q(Catt, Ca+Co, Copd, CetCa) C M C FH C F,

so [F: M] < 4 (because F' = Q((4, Cy, Cey q))- Since |H| =4, M = F1. O
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Example 15. Last proposition suggests that some genericity condition on the parameters is needed
for the coefficient field to match F¥. Consider the case of parameters (3/8, —3/8),(1/8,—1/8)
(studied in Example 2 and Example 9). The group H = (—1) in (Z/8)*, so for any specialization
2o of the parameter, the motive is defined over Q(v/2) (by Theorem 8.2). But in Example 9 we
showed that when zg is a square, the motive actually corresponds to a rational elliptic curve.

Remark 8.22. It is not true in general that if p : Galx — GLy(A) is a continuous Galois representa-
tion and B is a subring of A that contains the trace of all elements of Galg, then the representation
can be defined over GLy (B). This is true under the extra hypothesis that p is absolutely irreducible
(see for example Mazur’s article in [10], Corollary in page 256). Then although we can (in many
instances) prove properties of the coefficient field of the motive (like being contained in K), we
cannot guarantee that there exists a representation into GLg(K,), since the Galois representation
attached to H((a,b), (¢, d)|20) is not always irreducible (as shown in Example 13 and Example 14).

9. HYPERGEOMETRIC MOTIVES DEFINED OVER TOTALLY REAL FIELDS

Our understanding of L-series coming from Galois representations is still very limited. There are
a few instances where some general results are known, including odd 2-dimensional representations
of weight two over totally real fields. In this case, it is known (see for example [45, Theorem 1.1.1])
that the L-series extends meromorphically to the whole complex plane and satisfies a functional
equation (it is furthermore expected the extension to be holomorphic). For this reason, these
section is dedicated to hypergeometric motives defined over totally real fields.

According to Conjecture 4.5 the motive H((a,b), (¢, d)|z) is defined over a totally real field pre-
cisely when —1 € H; i.e. when

{a,b} = {—a, b}, {¢,d} = {—c,—d}.

Equivalently, the motive is defined over a totally real field when one of the following (non-disjoint)
cases occurs:

e a = —band c = —d, or equivalently, a +b € Z and c+ d € Z,

e a = —b (respectively ¢ = —d), ¢ = —c and d = —d (respectively a = —a and b = —b).

e a=—a,b=—-b c=—candd=—d.
The last case (for generic parameters) corresponds to the motive with parameters (1/2,1/2),(1,1)
or (1,1)(1/2,1/2). It is a rational motive corresponding to Legendre’s family of elliptic curves

E,:y*=x(1—2)(1 - zx).

In this case modularity of the motive is known (by [52] and [9]), so we study the other two cases.
For a rational number a, the relation a = —a (mod Z) implies that either a = 1 or a = %, SO We can
separate (up to a quadratic twist obtained by adding 1/2 to all parameters) totally real motives
into two disjoint cases (that we study separately):

(1) Motives with parameters (a,b)(c,d) with a +b € Z and c+d € Z,

(2) Motives with parameters (a, —a)(1/2,1) or (1/2,1)(c,—c).

9.1. Case (1). We start computing the Hodge vectors as explained in §4.1 (using Theorem 7.14).
If two of the parameters are integers, then for all embeddings o : K < C, the zigzag procedure gives

FIGURE 4. Hodge vector when a,b € Z or ¢,d € Z
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the diagram in Figure 4, so h%! = h1:0 = 1. Then for any 2o € K \ {0, 1}, the Galois representation
of Galg attached to H((a,b), (¢,d)|z9) has Hodge-Tate weights {0, 1}.
When no parameter is an integer, the zig-zag procedure gives the diagram in Figure 5. In this

FIGURE 5. The zigzag procedure in case (1) for a < ¢ and a > ¢

case, the Hodge vector has values h®~! = h=19 = 1. Then for any 29 € K \ {0,1} the Galois
representation of Galg attached to H((a,b), (¢, d)|zp) has Hodge-Tate weights {—1,0}.

In both cases, the L-series attached to H((a,b), (¢,d)|zp) extends meromorphically to the whole
complex plane and satisfies a functional equation (by [45, Theorem 1.1.1]). As already mentioned,
it is expected that the L-series is actually holomorphic, and comes (up to a Tate twist) from
a parallel weight 2 Hilbert modular form defined over K. In some cases one can use modularity
lifting theorems and congruences to prove modularity of all specializations of the motive (as done in
[24] for the parameters (%, —%), (1,1) for example). In other cases (like the motive corresponding
to the parameters (3/8, —3/8), (1/8, —1/8) described in the introduction) one can prove modularity
of the motive for some particular specializations (like zp = 3) using Faltings-Serre method.

9.2. Case (2). The zig-zag procedure gives (for all embeddings o : K < C) the diagram shown
in Figure 6. Its Hodge vector has h%? = 2, so it should correspond to a parallel weight 1 modular
form. This is indeed the case, since such motives have finite monodromy as studied by Schwarz

FIGURE 6. The zigzag procedure in case (2)

(in [41]), corresponding to dihedral projective image. A detailed description will be given in a
subsequent article by the last two authors.
In both cases, we can prove a stronger version of Theorem 8.16.

Theorem 9.1. Let (a,b), (¢,d) be rational generic parameters, and let zg € Q \ {0,1}. Suppose
that a + b and ¢+ d are integers. Then the Galois representation of the motive H((a,b), (¢, d)|zo)
extended to Galg is irreducible.

Proof. Recall that any Hecke character of the idele group of a totally real field is (up to a finite order
character) a multiple of the norm character (the reason is that if d = [K : Q], the compatibility
relation at the units of K impose d— 1 relations among the d possible characters at the archimedean
places). Suppose then that the representation is reducible, namely

a
(103) pr = (X‘bgl , >

Xzﬁz
for some a,b € Z and €1, g2 finite order characters of the idele group of K, where y, denotes the

cyclotomic character (the precise values of a and b can be given using the zig-zag procedure as
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previously explained). Then p) is also reducible while restricted to Galp and the same holds for

any twist, so the 2-dimensional representation coming from H ;C}V (C,Qy) also looks like (103) (since
by Lemma 8.3, the Jacobi motive is also a power of the cyclotomic character).

The Hodge-Tate weights of the Galois representation attached to the new part of Euler’s curve
are {0,...,0,1,...,1}, each one with multiplicity @ From the decomposition

N )
HLC,Q)™ = @ HL™NC Q).
gcd(i',:]%f)zl

it follows that for each ¢ prime to IV the representation of H élt,C}V (5 , Q¢) has a decomposition like (103)

for some characters 6@,6&” (but the exponents a, b, are independent of i, since they are Galois
conjugate of each other). In particular, a = 0 and b = 1 or vice-versa.

Let q be a prime ideal of F' not dividing N¢ such that vq(29(20 — 1)) = 0 and also E(f)(q) =
Eg)(q) =1 for all ¢ prime to N (there are infinitely many such prime ideals by Chebotarev density
theorem). Then the trace of Frob, acting on the new part of the Jacobian equals (N (¢) + 1)¢(N).

On the other hand, Weil’s conjectures imply that such trace cannot be larger than 2¢(N)+/N (¢),

which is a contradiction, since x +1 > 2y/x if x > 1. O

10. CONGRUENCES BETWEEN HYPERGEOMETRIC MOTIVES

Congruences between Galois representation have many applications in number theory. In Lang-
lands’ program they play a crucial role in the proof of results like base change, Serre’s conjectures,
potential modularity, the Shimura-Taniyama conjecture, etc. In the study of Diophantine equa-
tions, they also play a crucial role, like in Wiles’ proof of Fermat’s last theorem. Hypergeometric
motives have the property that they satisfy many congruences.

Definition 10.1. Let ¢ be a rational prime. Define on Q/Z the relation defined by the condition
that the denominator of a — b is an £-th power. Denote it by a ~y b.

The following result is easy to verify.
Lemma 10.2. The relation ~y is an equivalence relation.
Extend the definition to (Q/Z)™ component-wise.

Theorem 10.3. Let ¢ be a prime number, and let (a,b), (¢,d) and (a', V'), (¢, d’) be two pairs of
generic rational parameters. Let F' be the composite of the fields of definition of the motives attached
to both parameters. Then if (a,b) ~¢ (a',V) and (¢,d) ~; (¢, d'), the base change of both motives
to F are congruent modulo 1, for | any prime ideal of their coefficient field dividing ¢.

Proof. By Theorem 7.23 the trace of the hypergeometric motive at a prime p of good reduction
matches a finite hypergeometric sum. From its very definition (equation (36)) the finite hypergeo-
metric sum is a sum and product/quotients of Gauss sums of the form g(m + a(q —1),p), where «
is one of the parameters (and ¢ = p" is the order of the residue field O /p). To prove the statement
it is enough to verify that if a ~; 8 then g(m + a(q —1),p) = g(m + S(¢ — 1),p) (mod [). Recall
that if w denotes a generator of the multiplicative group Fy, then

(104) gm+alg-1) = > w™(@)w" TV (@)y(),
z€0F/p
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where 1) is an additive character of F;*. The last sum is an element of Z[Cp,Cq—1). Let [ be a prime
ideal in this ring dividing ¢. Then

wa(q_l) (x) -
— wle=Ba=1) () — (a—1)/¢
wﬁ(q_l) (ff) =w (.'L') =w (x)

for some non-negative integer r. In particular, it is a root of unity whose order divides ¢", so
congruent to 1 modulo [. This implies that g(m+a(¢—1)) = g(m+pB(g—1)) (mod [) as claimed. [

)

Some explicit examples of lowering/raising the level using congruences between hypergeometric
motives were given at the introduction.

APPENDIX A. STABLE MODELS AND FROBENIUS’ TRACE

The goal of the present appendix is to give a formula for the trace of a Frobenius element Frob,
when the motive has good reduction at p but the equation used to define Euler’s curve is singular at
p. There are three different cases, depending on whether the specialization zy reduces to 0, 1 or co
modulo p. More concretely, let (a,b), (¢, d) be generic rational parameters and let N be their least
common denominator. Let F' = Q((x) and let p be a prime ideal of F' not dividing N. Consider
the following three cases:

(1) The monodromy matrix My has finite order rg, vy(20) is positive and divisible by 7.

(2) The monodromy matrix M; has finite order r1, vp(20 — 1) is positive and divisible by 7.

(3) The monodromy matrix My has finite order ro, vy(20) is negative and divisible by 7.
The following three theorems describe the value of the trace of Frob, in each case (assuming an
extra technical condition that holds in most instances).

Theorem A.1. Let (a,b),(c,d) be rational generic parameters and let N be their least common
denominator. Let zg € Q. Suppose that condition (1) is satisfied. Write zy = p(20) 2 Suppose
that the following two extra hypotheses hold:

ged(N,(d—=b)N,(b—c)N)=1, and gcd(N,(d—c)N,(a—d)N)=1.
Then the trace of Froby acting on H((a,b), (c,d)|z0) equals
(105)  — xp(=1)“POP D I((—a, =b, ¢, d), (¢ = b,d — a))(p) "
(@™ 06N X ™) + 2 (— 1IN (@) N T 06N )

where J(x1,x2) denotes the usual Jacobi sum.

Proof. The proof follows the arguments on [22] (see also [8], [19] and [37]). Let A = (d — b)N,
B=(b—-c¢)N,C=(a—d)N and D = dN. Then Euler’s curve is defined by the equation

(106) C:yN =221 —2)B(1 — 20)CprIP 2P

The order of Mj is lem{den(c), den(d)}, hence the hypothesis of being in case (1) implies that both
vp(20)c and vy(20)d are integers. The change of variables y — yp~U»(20) is defined over F. The
new model reduces modulo p to the curve

Cr:yN =21 —2)B4P.
The first extra hypothesis implies that C; is irreducible. Since the parameters are generic, N 1 A

and N { B. Furthermore, N { A+ B = N(d — ¢) because the matrix My has finite order. Then

Lemma 7.12 implies that dim(Jac(C;)"*"V) = @ > 0, so Cy is a component of the stable model of
C (see [8] for more details).
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To find another component, consider the change of variables x — xp~v*(20)  which transforms
(106) into
prvp(zo)(AJrB D) _ .%‘A(pvp(ZO) _ .%‘)B(]_ _ Zyox)CiOD
From its definition, A + B — D = —cN so after the change of variables y — yp?(%0)¢ we get an
equation whose reduction modulo p equals

Co:y™ = (-1)PaTB(1 - 52)9 %"
The second extra hypothesis implies that Cs is irreducible. The genericity condition on the param-
eters implies that Nt C, Nt A+ B and N{ A+ B+ C = N(a — ¢) so Lemma 7.12 implies that
dim(Jac(Co)"%) = @, so Cy is another component of the stable reduction of C. Then the Galois

representation of the decomposition group at p acting on H, elt’CN (CA, Q) is the direct sum of the
contribution from C; and that from Cy (both being abelian varieties with complex multiplication

by Z[CN]).-
To compute the trace of Frob, acting on C; (respectively Cz), let x, be as in (24). Then we can

apply Theorem 7.22 to C; to get that the trace of Frob, acting on H, elt’gN (CAl, Qy) equals

=3 xp@t 1= 2)P4P) = —xp(20) P T 06 xD)-
z€lf,
The same computation for Cy gives that the trace of Froby, on the (new part of its) étale cohomology
equals
—xp(—1) Xp(ZO)D A BJ( A+B»X§)
The result follows from the definition of A, B,C and D together with the relation between the
hypergeometric motive and Euler’s curve given in (61). O

Similar results hold in the other two cases.

Theorem A.2. Let (a,b),(c,d) be rational generic parameters and let N be their least common
denominator. Let zo € Q. Suppose that condition (2) is satisfied. Let v = vy(29 — 1) and write
zo = 14+ p¥Zy. Suppose that the following two extra hypotheses hold:

gcd(N,(d—=b)N,(a+b—c—d)N)=1, and gcd(N,(b—c)N,(a—d)N)=1.
Then the trace of Froby acting on H((a,b), (¢, d)|z0) equals

(107) - XP(_l)(dib)(Npil) J((_a7 _b7 &) d)? (C - b, d— a))(p)il'
(J(X;(ad b)N 7>q(3a+b—c7d)N) n Xp(_1)(afd)NXp(270)(a7b)NJ(X¥(deb)N’Xl(aafd)N)) '

Proof. The reduction modulo p of (106) gives the curve
Cr oy =241 — 2)BHC,

From their definition, B+ C = (a+b— ¢ —d)N, hence the curve C; is irreducible by the first extra
hypothesis. Since M; has finite order, a + b — ¢ — d is not an integer, so B 4+ C is not divisible by
N. The genericity hypothesis on the parameters implies that N { A and N { A+ B + C. Then

Lemma 7.12 implies that the new part of the Jacobian of C; has dimension d’( ),
Set ' = (1 — z)p~, so that 1 — 2oz = p”(2’ — 2y + pZp2’) and (1 —l‘) = p¥a’. Then (106)
becomes
p—v(B-‘,-C)yN _ (1 pvl,l)A IB( — o+ +va~013/)CZ[C)l-
Since condition (2) is satisfied, v(a + b — ¢ — d) is an integer, then the change of variables y —
ypUlatb—c=d) gives a model whose reduction modulo p equals
.CI}B( )C

Tr — ZN() ZN()d.
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The second extra hypothesis implies that Cs is irreducible. The genericity condition on the param-
eters implies that N { B and N { C (it was proved before that N { B + C'). Lemma 7.12 implies

that the new part of the Jacobian of Co has dimension @ Then the Galois representation giving

the action of the decomposition group at p on the new part of H elt’CN (5, Q) equals the sum of the
contribution from C; plus the contribution from Cy. Theorem 7.22 applied to both C; and Cy proves
the statement. O

Theorem A.3. Let (a,b),(c,d) be rational generic parameters and let N be their least common
denominator. Let zo € Q. Suppose that condition (3) is satisfied. Write zy = pr(20) 2 Suppose
that the following two extra hypotheses hold:

ged(N, (a —b)N,(b—c)N) =1, and ged(N,(d—0b)N,(a—d)N)=1.
Then the trace of Froby acting on H((a,b), (¢, d)|z0) equals

(108)  — xp(—1) 4NV J((—qa, b, ¢, d), (c — b,d — a))(p) -

<w(z~0)bNJ(w(d7b)N7w(afd)N) +w(_1)(afd)Nw(Z~O)aNJ(w(a7b)N7w(bfc)N)> )

Proof. The proof is similar to the previous ones. Condition (3) implies that both avy(29) and
buy(z0) are integers. From the equality zg = p?(20) Z, and a little manipulation we get that (106)
defines the same curve as

p G (CHD) N — A ) B(pmve(=0) _ 24)C 5P,

Since C' 4+ D = aN the change of variables y — yp®*(%0) gives a model with reduction
Criy™ = (—1)%MC(1 — )P HOP.

The first extra hypothesis implies that C; is irreducible. Since M, has finite order, N(a — b) & Z

hence N { A + C. The genericity condition implies that N + B and that N t A+ B 4+ C. Then

Lemma 7.12 implies that the new part of the Jacobian of C; has dimension @ Replacing in

(106) = by pU(0)z and a little manipulation gives the equation
pfvp(zo)(DfA)yN — :L“A(l o pfvp(zo)x)B(l o 5033)0501)

Since D — A = —bN, the change of variables y — yp”(*0) gives a model whose reduction modulo
p equals

Co:ylY = acA(l — 27056)027013
The second extra hypothesis implies that Co is irreducible. Lemma 7.12 implies that the new part

of the Jacobian of Cs has dimension @ Then the Galois representation giving the action of the

decomposition group at p on the new part of H Elt’CN (CA, Q) equals the sum of the contribution from

C1 plus the contribution from Co. Theorem 7.22 applied to both C; and Cs proves the statement. [
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