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Abstract. In this article we study the equations x4 + dy2 = zp and x2 + dy6 = zp for positive square-
free values of d. A Frey curve over Q(

√
−d) is attached to each primitive solution, which happens to be a

Q-curve. Our main result is the construction of a Hecke character χ satisfying that the Frey elliptic curve

representation twisted by χ extends to GalQ, therefore (by Serre’s conjectures) corresponds to a newform
in S2(Γ0(n), ε) for explicit values of n and ε. Following some well known results and elimination techniques

(together with some improvements) our result provides a systematic procedure to study solutions of the

above equations and allows us to prove non-existence of non-trivial primitive solutions for large values of p
of both equations for new values of d.

Introduction

Since Wiles’ proof of Fermat’s last theorem, there has been an increasing interest in solving different
Diophantine equations. An open challenging problem is to understand solutions of a generalized Fermat
type equation of the form

(1) Axp +Byq = Czr.

In [DG95] it was proven that for each triple of exponents (p, q, r) satisfying 1
p + 1

q + 1
r < 1, the set of integral

primitive solutions is finite (i.e. the surface has finitely many integral points). Recall that a solution (a, b, c)
to (1) is called primitive if the numbers {aA, bB, cC} are pairwise coprime. As explained in [DM97], there
are many instances where equation (1) posses infinitely many non-primitive solutions, one of the reason to
restrict to primitive ones.

Nowadays there exists a sort of “guideline” to study solutions of equation (1). A short version of the
procedure (more details will be given in Section 1) is the following: firstly attach to a non-trivial primitive
solution an odd, two-dimensional Galois representations with values in Fp (or in Qp) with very special
properties, for example that its conductor is only divisible by the primes dividing ABC (or its reduction
does). The next step is to prove modularity of the representation (which in the case of rational representations
follows mostly by Serre’s conjectures), i.e. prove that such representation matches that of a newforms of
“known” level and Nebentypus, independent of the solution (in many circumstances this goal is achieved
using some result like Ribet’s level lowering one). At last, one computes the particular spaces of modular
forms and use different elimination techniques (some will be explained in Section 6) aiming to prove that all
computed newforms are not related to solutions, hence solutions cannot exist.

The present article started as an attempt to study particular cases of equation (1), namely equation

(2) x4 + dy2 = zp,

and equation

(3) x2 + dy6 = zp,

for positive square-free values of d. For such equations, a solution is called trivial if one of its coordinate is
zero, for example the solutions (±1, 0, 1) are trivial solutions of both (2) and (3) for all values of p. The first
equation was studied in [Ell04] for d = 1 and in [DU09] for d = 2, 3. The articles [Ell04] and [DU09] proved
what might be called “asymptotic results”, namely the existence of a constant Nd such that all non-trivial
primitive solutions of equation (2) have exponent p ≤ Nd. Explicitly, the constants are Nd = 211, 349, 131
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for d = 1, 2, 3 respectively. The main contribution of [BEN10] was to extend the result for small values of
p, proving non-existence of non-trivial primitive solutions for exponents n ≥ 4 (not necessarily prime) when
d = 1 and the existence of a unique non-trivial primitive solution for exponents n ≥ 4 when d = 2.

Equation (3) was studied in [BC12] for d = 1 and in [Kou20] for d = 3, where non-existence of primitive
non-trivial solutions was proved for all exponents n ≥ 3 when d = 1, while there exist a unique primitive
solution for exponents n ≥ 4 when d = 3. The crucial connection between equations (2) and (3) is that
in both cases, to a putative primitive non-trivial solution (a, b, c) one attaches an elliptic curve over the
quadratic extension K = Q(

√
−d) that has the property of being a Q-curve (i.e. an elliptic curve E whose

Galois conjugates are isogenous to E), fulfilling the first step of the general strategy shortly described before.
In the case of equation (2), the representation comes from the elliptic curve (proposed in [DU09]) given by
the equation

(4) E(a,b,c) : y2 = x3 + 4ax2 + 2(a2 +
√
−db)x.

In the case of equation (3), in [BC12] and [Kou20] the authors attach to a solution (a, b, c) a Q-curve with
a 3-torsion point. Generalizing their ideas (and using the description of curves with a 3-torsion point given
by Kubert [Kub76] we attach to a solution (a, b, c) of (3) the Q-curve

(5) Ẽ(a,b,c) : y2 + 6b
√
−dxy − 4d(a+ b3

√
−d)y = x3,

where (0, 0) is its natural rational point of order 3. Part of our contribution to study solutions of (3) lies
in the fact that such an elliptic curve has a Galois representation fulfilling the requirements of the general
strategy (as will be proved in Section 2).

A key property of Q-curves is that their Galois representations can be “extended” to the whole Galois
group, providing the second result of the general strategy. More concretely, a result of Ribet [Rib04] implies
that if E/K is a Q-curve then there exists a character χ such that the twisted Galois representation ρE,p⊗χ
extends to the whole Galois group GalQ. Ribet’s result is not explicit, as it depends on trivializing a cocycle
naturally attached to the Q-curve E. In the aforementioned articles, the way the cocycle was trivialized
was using an algorithm due to Quer [Que00] which gives an ad-hoc element (via Hilbert’s 90 theorem) after
a tedious search for it. The disadvantage of such an approach is that a priori there is no control on the
ramification of the character nor a clear description of the character itself.

One of the main contributions of the present article is to provide a (computable) alternative to Ribet’s
approach. Namely, we give an explicit description of a Hecke character χ such that the Galois representation
ρE(a,b,c),p⊗χ extends to the whole Galois group GalQ (and a respective result for the representation ρẼ(a,b,c),p

).

To explain our approach, let us introduce some notation that will be used (and recalled) during the article.
If t is an integer, let ψt denote the quadratic character corresponding to the quadratic extension Q(

√
t)/Q.

Let L/Q be a Galois extension, let ρ : GalL → GL2(Qp) be a Galois representation and let τ ∈ GalQ. By τρ
we denote the Galois representation of GalL given by τρ(σ) = ρ(τστ−1).

A key property satisfied by the curve E(a,b,c) is that if τ denotes any element of GalQ not trivial on K,
then τρE(a,b,c),p ' ρE,p ⊗ ψ−2 (see Proposition 2.2). Analogously, under the same hypothesis, τρẼ(a,b,c),p

'
ρẼ(a,b,c),p

⊗ ψ−3 (see Proposition 2.3). Recall that a representation of GalK extends to GalQ if and only

if τρ ' ρ, for τ as before. Although this result is well known to experts, a proof of it will be provided in
Theorems 4.2 and 4.5, as we need control on the extension conductor. Note that if we can construct a finite

order Hecke character χt : GalK → Q× satisfying
τχt = χt · ψ−t,

for t = 2, 3, then the twisted representation ρE(a,b,c),p⊗χ2 (respectively ρẼ(a,b,c),p
⊗χ3) does extend to GalQ.

The main contribution of the present article (as developed in Section 3) is to give a general strategy to
construct the Hecke character χt. More precisely, we give a concrete explicit construction of it in the cases
t = 2 and t a prime number which is congruent to 3 modulo 4. This result might be of independent interest,
as it could be applied to other Diophantine problems involving Q-curves.

While constructing the Hecke character, we restrict to positive values of d, since one of the steps of the
construction involves verifying a compatibility condition at units of the base field. This technical problem
is in general hard to verify for real quadratic fields due to the existence of fundamental units. Nevertheless,
we are able to prove that our construction works when the fundamental unit of Q(

√
d) (for d positive) has
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norm −1. The case of general real quadratic fields (and applications to Diophantine problems) can be found
in the sequel [PV22].

By construction, the Hecke character χt is ramified only at primes ramifying in K/Q and at t. Going
back to the problem of extending the representation ρE(a,b,c),p (respectively ρẼ(a,b,c),p

), this fact allows us

to prove that the extended representation has residual image of conductor divisible only by primes dividing
6d. In particular, we construct a rational representation (whose modularity follows from Serre’s conjectures)
with small conductor, fulfilling the first two steps of the general strategy. Moreover, in Corollaries 4.3 and
4.6 we give an explicit description of the conductor and Nebentypus of such residual representations.

To apply the last steps of the general strategy, one needs a result on the image of the residual Galois
representation (needed in Ribet’s lowering the level result) and an elimination procedure. For our purpose,
the main result regarding residual images of Galois representations coming from Q-curves is due to Ellenberg
([Ell04, Theorem 3.14]), which states that if a Q-curve E over a quadratic field K happens to have a prime
of multiplicative reduction larger than 3, then for all large enough primes p (say p > NK), the residual image
is “large” (i.e. its projective image contains SL2(Fp)). Moreover, Elleberg’s article contains bounds that
allows to compute explicitly the constant NK , which depends only on the base field K and the degree of
the isogenies between E and its Galois conjugates. We included some improvements from the literature to
Ellenberg’s original result, and we wrote a PARI/GP script to compute the bound needed for the examples.

After explaining how Ellenberg’s result is important to eliminate newforms with complex multiplication,
we recall a strategy due to Mazur that we learned from [Sik12]. It is the main tool used in the present article
to discard newforms as not coming from solutions of our equation. All the previous techniques/constructions
are used to study solutions of equations (2) and (3) for the values d = 1, 2, 3, 5, 6 and 7 not studied before.
The choice of the values for d is arbitrary, since in principle our method could be applied to other values of
d, within the computational limitations of the algorithms used to construct newforms.

We succeed to prove non-existence of solutions in all cases but d = 5 and d = 7 for equation (3) (where the
existence of newforms satisfying all the required properties makes the classical approach to fail). In [GPV21]
more advanced elimination techniques are used to get partial results for these two cases as well.

The article is organized as follows: in Section 1 we give details of a general strategy due to Darmon for
studying solutions of equation (1). In Section 2 we study the main properties of the curves (4) and (5). In
particular, we prove that they are Q-curves, compute their complete field of definition, and their local type
at primes of bad reduction (getting in particular a formula for their conductor). Section 3 is devoted to the
construction of the Hecke character χt. It starts with a general idea of its construction and main properties,
while the proper construction and proofs are given in Subsection 3.1 for t = 2 and in Subsection 3.2 for t
any prime number congruent to 3 modulo 4. The proofs are a little tedious, so we suggest the reader to
avoid reading them on a first read of the article. The way to define the character χt is to first give its local
ramification (i.e. the value of the restriction of the local components to the local ring of integers) and then
extend it to the whole idèle group. Although it is not clear how the local definitions were obtained, they
are the result of many computational experiments done with a script wrote in PARI/GP ([PAR19]) for that
purpose, and a meticulous task of finding patterns on the outputs. Such experiments allowed us to give a
very clean statement; once the character definition is given, one is only left to check that it satisfies the
expected properties.

Section 4 contains a proof of the extension result. As mentioned before, although it is well known to
experts, we included its proof for two reasons: on the one hand, we could not find a clear reference to its
proof, but also because we need the explicit result on the conductor of the extended representation. The
section is split into two parts: one for the representation ρE(a,b,c),p and another one for the representation
ρẼ(a,b,c),p

. In both cases, a formula for the conductor of the residual extended representation is given.

Section 5 is devoted to study conditions to assure absolutely irreducible image of the residual represen-
tation. As explained before, the main result is due to Ellenberg. The same section contains a strategy to
be used when the curve E does not have the prime of multiplicative reduction needed to apply Ellenberg’s
result. Section 6 contains a description of Mazur’s method, the main tool used to discard newforms. It also
contains some remarks on how to handle newforms with complex multiplication, and the role of the trivial
solutions in the elimination procedure.

At last, Section 7 contains results on equation (2) for d = 5 (Theorem 7.1), d = 6 (Theorem 7.2) and d = 7
(Theorem 7.3), while Section 8 contains solutions and attempts to study primitive solutions of equation (3)

3



for d = 2, 5, 6 and 7. We do get non-existence results for d = 2 (Theorem 8.1) and for d = 6 (Theorem 8.2)
but the elimination procedure fails in the cases d = 5, 7 due to the existence of newforms (without complex
multiplication) that systematically pass Mazur’s test. In [GPV21] some partials results are presented for
both such equations.

The present article depends on different scripts that can be downloaded from the web page http://

sweet.ua.pt/apacetti/research.html. There are mainly two different scripts used. One of them (written
in PARI/GP [PAR19]) is the one used to give an explicit bound for Ellenberg’s result (as explained in the
proof of Theorem 5.2), called “Ellenberg.gp”. The second ones are used to eliminate newforms (mostly an
implementation of Mazur’s trick) in Magma ([BCP97]). There is one script for each equation (as it includes
the definition of the character χt); the scripts used for equation (2) are “Eq1d5.mg”, “Eq1d6.mg” and
“Eq1d7.mg” which depend on the file “Mazur26p.mg”. The scripts used for equation (3) are “Eq2d5.mg”,
“Eq2d6.mg” and “Eq2d7.mg”. The outputs of the scripts are available in the files “OutputsEq1.txt” and
“OutputsEq2.txt”.

Acknowledgments. We would like to thank John Cremona for many useful conversations regarding com-
puting with Bianchi modular forms, and for explaining us how to use his code to compute them.

1. General strategy

Based on Frey-Hellegouarch’s approach of relating a solution to Fermat’s equation with a “special” elliptic
curve, Darmon in [Dar00] proposed a generalization of the strategy to study a general Fermat-type equation
of the form (1). The strategy consists roughly in the following three steps:

(1) Construct a Galois representation: to a putative solution (a, b, c) of equation (1), attach an odd
residual Galois representation ρ(a,b,c) : GalK → GL2(F) that is unramified at primes not dividing ABC
and `, where F is a finite field of characteristic ` and K is a finite extension of Q depending on the
exponents (p, q, r).

(2) Prove Modularity of ρ(a,b,c): prove that ρ(a,b,c) matches the reduction of a Galois representation

attached to an automorphic representation of GL2(AK) whose level is only divisible by primes dividing
the Artin conductor of ρ(a,b,c).

(3) Reach a Contradiction: compute the space of automorphic representations of the last item, and prove
that none is related to a possible solution.

The way the representation ρ(a,b,c) is constructed in [Dar00] (that covers most possible exponents (p, q, r)

but not all) is via the specialization of a parametric family ρ(t) at the point t = Aap

Ccr . Furthermore, in
the aforementioned article, Darmon gives an equation of a curve C(a, b, c) whose natural residual Galois
representation (via the action of the Galois group GalQ on the p-torsion points of its Jacobian) gives raise
to ρ(a,b,c). In our case of interest, as mentioned in the introduction, to study solutions of (2), in [DU09] the
authors attach to a solution the elliptic curve

E(a,b,c) : y2 = x3 + 4ax2 + 2(a2 +
√
−db)x,

defined over the field K = Q(
√
−d). For studying the equation (3), we propose as a natural object attached

to a solution (a, b, c) the elliptic curve

Ẽ(a,b,c) : y2 + 6b
√
−dxy − 4d(a+ b3

√
−d)y = x3,

defined again over the quadratic field K = Q(
√
−d) (generalizing the construction in [BC12]). Note that if

d > 0, then both curves are defined over an imaginary quadratic field. For that purpose, let us explain in more
detail what the second step “prove modularity” means. There should exist an automorphic representation
Π of GL2(AK) with the following properties:

• Let O denote the ring of integers of the coefficient field of the automorphic form Π. Then for
each prime ideal λ of O, there exists a Galois representation ρΠ,λ : GalK → GL2(Oλ) such that
L(Π, s) = L(ρΠ,λ, s).

• There exists a prime λ dividing ` such that the residual representation ρΠ,λ is isomorphic to ρ(a,b,c).

The curves C(a, b, c) given in [Dar00] are all defined over Q and attain their full endomorphism ring over a
totally real field, hence the relation between automorphic representations, Hilbert modular forms and Galois

4

http://sweet.ua.pt/apacetti/research.html
http://sweet.ua.pt/apacetti/research.html


representations is well known in this case. Although our curves are defined over imaginary quadratic fields,
they are what is called a “Q-curve” (as will be explained in Section 2), which implies that their Galois
representations are related to classical weight 2 modular forms. The existence of a Bianchi modular form
whose L-series matches the one of our elliptic curve then follows from Langlands results on cyclic base change.
While solving equation (3) for d = 2 this fact will be extremely useful, as computing Bianchi modular forms
is more effective in this case (all other computations will involve classical modular forms).

2. Q-curves and properties of E(a,b,c) and Ẽ(a,b,c)

Definition 2.1. Let L be a number field and E/L an elliptic curve. The curve E is called a Q-curve if for
all σ ∈ GalQ, the curve σ(E) is isogenous to E.

The isogeny between E and σ(E) needs not be defined over L. The minimum field where the curve and
all the isogenies are defined is usually called the field of total definition. Let τ ∈ GalQ be any element whose

restriction to Q(
√
−d) is not the identity and let ψ−2 denote the quadratic character corresponding to the

quadratic extension Q(
√
−2)/Q.

Proposition 2.2. The elliptic curve E(a,b,c) is a Q-curve which is totally defined over the field Q(
√
−d,
√
−2).

Furthermore, τ(E(a,b,c)) is isogenous to the quadratic twist E(a,b,c) ⊗ ψ−2.

Proof. This result is explained in [DU09]. Let τ be a non-trivial generator of Gal(Q(
√
−d)/Q). The point

(0, 0) has order two, and (as explained in [Sil09, Example 4.5]) the quotient has equation

y2 = x3 − 8ax2 + 8(a2 −
√
−db)x.

An easy change of variables proves that it equals the quadratic twist by −2 of τ(E(a,b,c)). In particular, the

curve and the isogenies are all defined over the field Q(
√
−d,
√
−2) as claimed. �

Let ψ−3 denote the quadratic character corresponding to the quadratic extension Q(
√
−3)/Q.

Proposition 2.3. The elliptic curve Ẽ(a,b,c) is a Q-curve which is totally defined over the field Q(
√
−d,
√
−3).

Furthermore, τ(Ẽ(a,b,c)) is isogenous to the quadratic twist Ẽ(a,b,c) ⊗ ψ−3.

Proof. As explained in [Kub76, Table 1], all elliptic curves having a 3-torsion point have a minimal model
of the form:

E : y2 + a1xy + a3y = x3,

where P = (0, 0) is a point of order 3. Its 3-isogenous curve (obtained as the quotient of the curve by the
order 3 group generated by P ) has equation

y2 + a1xy + a3y = x3 − 5a1a3x− a3
1a3 − 7a2

3.

Our curve Ẽ(a,b,c) corresponds to the values a1 = 6b
√
−d, a3 = −4d(a + b3

√
−d). The previous formula

implies that the quotient Ẽ(a,b,c) by 〈(0, 0)〉 has equation

(6) y2 + 6b
√
−dxy − 4d(a+ b3

√
−d)y = x3+

(−120b4d2 + 120abd
√
−d)x+ 976b6d3 − 1088ab3d2

√
−d− 112a2d2.

On the other hand, if τ generates the Galois group Gal(Q(
√
−d)/Q), clearly τ(Ẽ(a,b,c)) = Ẽ(a,−b,c). The

quadratic twist of Ẽ(a,−b,c) by
√
−3 (which can be computed for example using [PAR19]) corresponds to the

equation

(7) y2 + 6b
√
−dxy + 12d(−a+ b3

√
−d)y = x3 + 36b2dx2+

(144abd
√
−d+ 144b4d2)x+ 288ab3d2

√
−d+ 144b6d3 − 144a2d2.

Via the usual change of variables (making a1 = a3 = a2 = 0) it is easy to check that both (7) and (6)
translate to the curve

y2 = x3 + (108abd
√
−d− 135b4d2)x− 756ab3d2

√
−d+ 594b6d3 − 108a2d2.
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In particular, τ(Ẽ(a,b,c)) is isogenous to the quadratic twist of Ẽ(a,b,c) by
√
−3. Hence Ẽ(a,b,c) is a Q-curve

and its complete field of definition equals Q(
√
−d,
√
−3) as claimed. �

Let K = Q(
√
−d) and OK its ring of integers. The following trivial result will be useful later.

Lemma 2.4. Let (a, b, c) be a primitive solution of either equation (2) or equation (3) with p > 3. Then

• gcd(ac, d) = 1.
• If d ≡ 1, 3, 5 (mod 8) only one of {a, b} is even and the other one is odd.
• If 2 does not split in K (i.e. d 6≡ 7 (mod 8)), then c is odd.
• If 3 does not split in K (i.e. d 6≡ 2 (mod 3)), then c is not divisible by 3.

2.1. Properties of E(a,b,c). Recall the defining equation:

E(a,b,c) : y2 = x3 + 4ax2 + 2(a2 + b
√
−d)x.

Its discriminant equals ∆(E(a,b,c)) = 512(a2+b
√
−d)cp and its j-invariant equals j(E(a,b,c)) = 64(5a2−3b

√
−d)3

cp(a2+b
√
−d)

.

Lemma 2.5. Suppose that q is an odd rational prime ramified at K/Q and let q denote the (unique) prime
ideal in OK dividing q. Then q - ∆(E(a,b,c)).

Proof. Since q is ramified, q |
√
−d, and since (a, b, c) is a primitive solution, q - a. Then q - cp(a2+

√
−db). �

Lemma 2.6. Let q be an odd prime ideal of OK such that q | ∆(E(a,b,c)). Then E(a,b,c) has multiplicative
reduction at q.

Proof. By Lemma 2.5 we know that primes dividing ∆(E(a,b,c)) are not ramified in K/Q; in particular, if q
is an odd prime dividing ∆(E(a,b,c)), q - 4a, hence clearly the reduction of (4) modulo q is multiplicative. �

Lemma 2.7. Let q be an odd prime ideal of OK . Then vq(∆(E(a,b,c))) ≡ 0 (mod p).

Proof. From the discriminant formula, clearly vq(∆(E(a,b,c))) = pvq(c) + vq(a2 + b
√
−d). If q | gcd(a2 +√

−db, a2 −
√
−db) then q | 2 (because (a, b, c) is primitive), hence the equality cp = a4 + db2 = (a2 +√

−db)(a2 −
√
−db) implies that

vq(a2 +
√
−db) =

{
0 if q - (a2 +

√
−db),

vq(cp) otherwise.

�

The last two results are the ones needed for removing the primes dividing c from the conductor of the
residual representation (via a theorem of Ribet). Let N(E(a,b,c)) denote the conductor of E(a,b,c). Assume
that p ≥ 11 to avoid extra computations when 2 splits in K.

Lemma 2.8. Let p2 be a prime ideal of OK dividing 2.

(1) If 2 is inert in K then E(a,b,c) has reduction type III at 2, with v2(N(E(a,b,c))) = 8.
(2) If 2 ramifies in K then E(a,b,c) has reduction type I∗2 or I∗4 at p2, with vp2

(N(E(a,b,c))) ∈ {10, 12}.
(3) If (2) = p2p2 then either E(a,b,c) has reduction type III at both primes, with vp2(N(E(a,b,c))) =

vp2
(N(E(a,b,c))) = 8, or E(a,b,c) is a twist of a curve with multiplicative reduction, so the primes can

be chosen so that vp2
(N(E(a,b,c))) = 6 and vp2

(N(E(a,b,c))) ∈ {1, 4}.

Proof. The proof is a straight application of Tate’s algorithm ([Tat75]). The invariants of E(a,b,c) are: a6 = 0,

b2 = 16a, b6 = 0 and b8 = −4(a2 +
√
−db)2.

(1) The hypothesis implies that d ≡ 3 (mod 8) and 2 is prime in OK . Notice that, by Lemma 2.4,
2 - a2 +

√
−db hence v2(∆(E(a,b,c))) = 9. Since: 2 | b2, 22 | a6, 23 - b8, the curve has reduction type

I̊II and v2(N(E(a,b,c))) = v2(∆(E(a,b,c)))− 1 = 8.
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(2) Let p2 be the unique prime in OK dividing 2 and let π be a local uniformizer. By Lemma 2.4,
p2 - (a2 +

√
−db), hence vp2(∆(E(a,b,c))) = 18. To easy notation, consider the curve

(8) y2 = x3 + 4αx2 + 2βx,

where p2 - β. Clearly p2 | b2, p2
2 | a6, p3

2 | b8 and p3
2 | b6. Following Tate’s notation, let an,m = an

πm .

The polynomial P = x3 + a2,1x
2 + a4,2x + a6,3 has a double root at x = 1, hence we make the

translation x→ x+ π in (8), to get the new equation

(9) y2 = x3 + (4α+ 3π)x2 + (8πα+ 3π2 + 2β)x+ 4π2α+ π3 + 2βπ.

Write ãi for the new coefficients. If either d is even (so we can take π =
√
−d) and b is odd, or d is

odd (so π = 1 +
√
−d) and b is even (hence a is odd), vp2

(π2 + 2β) = 3 hence vp2
(ã6) = 4 and the

polynomial Y 2 + ã3,2Y − ã6,4 has a double non-zero root. Although we need to make a translation
(to take the double root to zero), such procedure will not change ã4,3, which has valuation 3, so the
type equals I∗2 and vp2(N(E(a,b,c))) = vp2(∆(E(a,b,c)))− 6 = 12.

Suppose that d is even and b is even. If d
2 ≡ 1 (mod 4) then vp2

(ã6) ≥ 6 and vp2
(ã4) = 4, so we

do not need to make any translation and the type is I∗4 and vp2
(N(E(a,b,c))) = 18− 8 = 10. If d

2 ≡ 3

(mod 4) then vp2
(ã6) = 4 and vp2

(ã4) ≥ 5 hence the polynomial Y 2 + ã3,2Y − ã6,4 has a non-zero
double root, and after sending the root to 0, we get that the new a4 has valuation 4, so the same
computation works.

At last, if d ≡ 1 (mod 4) and b is odd, vp2
(ã6) ≥ 5 and vp2

(ã4) = 4, hence again the type is I∗4
and vp2

(N(E(a,b,c))) = 18− 8 = 10.
(3) Let p2 be a prime dividing 2. Consider the different cases:

• If either a or b is even (hence the other one is odd) then vp2
(a2+

√
−db) = 0 and vp2(∆(E(a,b,c))) =

9 (for both primes). Clearly vp2
(b2) ≥ 4 and vp2

(b8) = 2 hence the reduction type is III and
vp2(N(E(a,b,c))) = 9− 1 = 8 (at both primes).

• If both a, b are odd, we can assume that vp2
(a2 +

√
−db) > 1 while vp2

(a2 +
√
−db) = 1 (since

a2+
√
−db

2 is an integer, and vp2
(a2 +

√
−db) = vp2(a2 −

√
−db) = vp2(a2 +

√
−db − 2

√
−db)).

Furthermore, our assumption p ≥ 11 implies that vp2(a2 +
√
−db) ≥ 11, so vp2(j(E(a,b,c))) < 0.

In particular E(a,b,c) has potentially multiplicative reduction. The equation is not minimal at
p2; under a change of variables, it equals

y2 = x3 + ax2 +
(a2 +

√
−db)

25
x,

which already has multiplicative reduction. Hence its conductor equals p2 or p4
2. To compute

the type at p2, the hypothesis also implies that vp2
(j(E(a,b,c))) < 0 so the curve has potentially

multiplicative reduction, but it equals a quadratic twist (by the character of conductor 8) of a

curve with multiplicative reduction, hence its conductor equals p6
2.

�

The following technical Lemma is needed only to compute the conductor of the extended Galois repre-
sentation when d ≡ 1 (mod 8), so we recommend the reader to skip it on a first reading.

Lemma 2.9. Suppose that d ≡ 1 (mod 8) and b is odd. Let p2 the prime dividing 2, π = 1 +
√
−d and ε be

any unit. Then, at p2, the elliptic curve E(a,b,c) twisted by επ with equation

επy2 = x3 + 4ax2 + 2(a2 +
√
−db)x,

has conductor exponent 8 if b ≡ 1 (mod 4) and 6 if b ≡ 3 (mod 4).

Proof. The proof also follows Tate’s algorithm. The effect of twisting our elliptic curve in equation (9) is
that the coefficient ai becomes ai(πε)

−i, hence the discriminant valuation decreases by 6 and the coefficients
ai decrease their valuation by i. Then if b ≡ 1 (mod 4), the valuations are vp2(ã2) = 0, vp2(ã4) ≥ 4 while

vp2
(ã6) = 2 (because π2

2 + b
√
−d is divisible by π but not by π3). Following Step 6 of Tate’s algorithm, we

make the change of variables y → y+x+π and the new even coefficients become ã2−1, ã4−2π and ã6−π2,
with valuations 2, 3 and 3 respectively, so the reduction type is I∗0 and the conductor equals 18− 6− 4 = 8.
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On the other hand, if b ≡ 3 (mod 4) then vp2
(ã2) = 0, vp2

(ã4) = 2 (because 2 | 3π2

2 + b
√
−d but π3 does

not) while vp2
(ã6) ≥ 4. Following Tate’s algorithm, apply the change of variables y → y+x to get coefficients

α1 = 2, α2 = ã2 − 1, α3 = 0, α4 = ã4 and α6 = ã6 with vp2(α2) = 2, vp2(α4) = 2 and vp2(α6) ≥ 4. Since the
reduction of the polynomial t3 + α2

π t
2 + α4

π2 t+ α6

π3 has a double root and one simple one, the reduction type

is I∗n. Making the change of variables x→ x+ π the new a4 equals 3π2 + 2
π2 β + 3, which has valuation 3 at

p2, so the type is I∗2 and the conductor valuation equals 18− 6− 6 = 6 as claimed. �

All primitive trivial solutions correspond to very special curves.

Lemma 2.10. The trivial solution (0, 0, 0) gives rise to a singular curve. All other trivial primitive solutions
of (2) are the following:

• The solution (1, 0, 1), corresponding to the curve with lmfdb label 256-a2 and complex multiplication
by Z[

√
−2].

• The solution (−1, 0, 1), corresponding to the curve with lmfdb label 256-d2 and complex multiplication
by Z[

√
−2].

• The solution (0,±1, 1) (when d = 1), corresponding to the curve with lmfdb label 256-c2 and complex
multiplication by Z[

√
−1].

Proof. The solution (0, 0, 0) clearly gives a singular curve. Any other trivial solution must have b = 0 or
a = 0. In the first case, the primitive hypothesis implies that the solution equals (±1, 0, 1). If a = 0, and
q is a prime dividing d, it must divide c but since the solution is primitive, q cannot divide b. This implies
that no such prime can exist, and the later is a solution precisely d = 1, with trivial solution (0,±1, 1). �

Remark 1. The conductor of the curve E(±1,0,1) over K has valuation 8 at primes dividing 2 when 2 is
unramified in K/Q, valuation 10 when 2 | d and valuation 12 when 2 ramifies in K/Q but 2 - d (equivalently
when d ≡ 1 (mod 4)).

2.2. Properties of Ẽ(a,b,c). Recall once again the defining equation

Ẽ(a,b,c) : y2 + 6b
√
−dxy − 4d(a+ b3

√
−d)y = x3.

Its discriminant equals ∆(Ẽ(a,b,c)) = −2833d4cp(a + b3
√
−d)2; note that the discriminant is divisible by d

(unlike the previous case). Its j-invariant is j(Ẽ(a,b,c)) = 2433b3
√
−d(4a−5b3

√
−d)3

cp(a+b3
√
−d)2

.

Lemma 2.11. Let q be a prime ideal of OK such that q | ∆(Ẽ(a,b,c)) and q - 6d. Then Ẽ(a,b,c) has
multiplicative reduction at q.

Proof. Mimics the proof of Lemma 2.6. �

Lemma 2.12. Let q be a prime of OK such that q - 6d. Then vq(∆(Ẽ(a,b,c))) ≡ 0 (mod p).

Proof. Mimics the proof of Lemma 2.7. �

One important difference between equation (2) and equation (3) is that we will not be able to remove
(via a lowering the level result) the ramified odd primes from the conductor of the residual representation.

Lemma 2.13. Suppose that q is an odd rational prime ramified at K/Q and let q denote the (unique) prime

ideal in OK dividing q. Then vq(∆(Ẽ(a,b,c))) = 8 + 3vq(3).

Proof. Since q is ramified, q |
√
−d, and since (a, b, c) is a primitive solution, q - a. Then, using that

q - cp(a+ b3
√
−d) and that vq(d) = 2 the result follows. �

Remark 2. The curve Ẽ(a,b,c) has bad additive reduction at all odd primes different from 3 ramifying in

K/Q. However, over the extension K( 6
√
−d) it attains good reduction (via the usual change of coordinates

(x, y) → ( 3
√

(−d)2x, dy)). If q | d is such an odd prime, let q = 〈q,
√
−d〉 denote the ideal in K dividing

it. If q ≡ 1 (mod 3), the extension Kq( 6
√
−d)/Kq is an abelian extension, hence the local type of the

Weil-Deligne representation at q is that of a principal series (given by an order 3 character), while if q ≡ 2
(mod 3) the curve attains good reduction over a non-abelian extension, hence its local type matches that
of a supercuspidal representation (obtained inducing an order 3 character from the quadratic unramified
extension Kq(ζ3)/Kq).
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Let N(Ẽ(a,b,c)) denote the conductor of Ẽ(a,b,c) and suppose that p > 3.

Lemma 2.14. Let p2 be a prime ideal of OK dividing 2. Then:

(1) If 2 is inert in K then Ẽ(a,b,c) has reduction type IV∗ at 2, with v2(N(Ẽ(a,b,c))) = 2.

(2) If 2 is split in K then Ẽ(a,b,c) has reduction type IV∗ or In at p2, with vp2
(N(Ẽ(a,b,c))) = 1, 2 at both

primes above 2.

(3) If 2 ramified in K but 2 - d then Ẽ(a,b,c) has reduction type IV at p2, with vp2(N(Ẽ(a,b,c))) = 2.

(4) If 2 | d then Ẽ(a,b,c) has good reduction at p2.

Proof. Consider each case separately:

(1) If 2 is inert then 2 - c, by Lemma 2.4. Clearly 2 | b2, 4 | a6 and 8 | b8, but since 2 - (a+ b3
√
−d), the

polynomial y2 + a3
4 y− a6 has distinct roots, so Step 8 of Tate’s algorithm implies the reduction is of

type IV∗ and the conductor equals v2(∆(Ẽ(a,b,c)))− 6 = 2.
(2) Suppose that 2 splits and let p2 be a prime dividing 2. The primitive hypothesis implies that either

one of a, b is even and the other is odd or both are odd. In the first case, vp2(a1) ≥ 1 and vp2(a3) = 2
hence we are again in Step 8 of Tate’s algorithm (type IV∗), therefore the conductor exponent is 2.
On the other hand, if both a and b are odd, the model is not minimal, as vp2

(a1) = 1 and vp(a3) ≥ 3;

its minimal model has ã1 a unit (hence b̃2 a unit) and the curve has type In. In particular, its
conductor exponent equals 1.

(3) Suppose 2 ramifies but 2 - d and let π be a local uniformizer. The hypothesis (a, b, c) primitive
implies that vπ(a+ b3

√
−d) = 0 (i.e. one of a or b is even but not both). The model is not minimal;

the change of variables y → π3y, x → π2x gives a minimal model with valuations vπ(ã1) ≥ 1 and

vπ(ã3) = 1. In particular, vπ(b̃6) = 2 so we are in Step 5 of Tate’s algorithm which implies that the

reduction has type IV and its conductor equals vπ(∆(Ẽ(a,b,c)))− 2 = 2.

(4) If 2 | d then 2 - a (as the solution is primitive), so the change of variables x→ 22x, y → 23y gives a
non-singular curve.

�

At last, we need information on primes dividing 3.

Lemma 2.15. Let p3 be a prime ideal of OK dividing 3.

(1) If 3 is inert in K then Ẽ(a,b,c) has reduction type II or III at 3, with v3(N(Ẽ(a,b,c))) ∈ {2, 3}.
(2) If 3 = p3p3 inK then Ẽ(a,b,c) has reduction type II or III at p3, with vp3(N(Ẽ(a,b,c))) = vp3

(N(Ẽ(a,b,c))) ∈
{2, 3}, or the primes can be chosen so that vp3

(N(Ẽ(a,b,c))) = 2 and vp3
(N(Ẽ(a,b,c))) = 1.

(3) If 3 ramifies in K then Ẽ(a,b,c) has reduction type IV∗ at p3, with vp3
(N(Ẽ(a,b,c))) = 8.

Proof. Let’s consider the different cases:

(1) If 3 is inert, the primitive hypothesis implies that c is not divisible by 3 and v3(a3) = 0 hence the
singular point is not at the origin but it goes to the origin under the translation (x, y)→ (x−a6

3, y+a3)
(we are using that in the residue field raising to the eight power is the constant map). Let a1 and

a3 denote the corresponding coefficients of Ẽ(a,b,c) (to easy notation). Then the model becomes

(10) y2 + a1xy + (3a3 − a1a
6
3)y = x3 − 3a6

3x
2 − a1a3x+ (a1a

7
3 − a18

3 − 2a2
3).

Let ãi denote such coefficients. If 3 | b then v3(a1) ≥ 2 so v3(ã6) = 1 hence we are in Step 3 of
Tate’s algorithm, hence the curve has type II and the conductor exponent is 3. If 3 - b, v3(a1) = 1.
If 9 - a1a

7
3 − a18

3 − 2a2
3 we are again in case II (with exponent 3). Otherwise the following equality

holds:
a1

3
≡ a3

3

(
a16

3 + 2

3

)
(mod 3).

The coefficient b̃2 equals −4a2
1a

18
3 + 6a1a

13
3 + 12a24

3 −3a8
3. Using the above equation a simple compu-

tation shows its valuation at 3 equals 2 hence the reduction type is III and the conductor exponent
equals 2.
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(2) If 3 splits in K, let p3 be a prime dividing it. If 3 | a then 3 - b hence vp3(a1) = 1 and vp3(a3) = 0.
This situation matches the previous case and a similar computation proves that the type is II or III
and the exponent valuation 3 or 2 at both p3 and p3. If 3 | b then 3 - a, hence vp3

(a1) ≥ 2 and
vp3

(a3) = 0; as in the previous case this corresponds to type II with conductor exponent 3.

Suppose then that 3 - ab. Then one of the primes (say p3) divides a + b3
√
−d while the other

does not. Since cp = (a + b3
√
−d)(a − b3

√
−d) the assumption p ≥ 5 implies that (without loss of

generality) vp3
(a + b3

√
−d) > 3 so p3 divides the denominator of the j-invariant. Furthermore, the

model is not minimal, and under the usual change of variables (sending (x, y)→ (32x, 33y) we get a
curve with multiplicative reduction, hence the discriminant exponent equals 1. At the prime p3 the
curve is a quadratic twist (by the character of conductor 3) of a curve with multiplicative reduction,
hence the statement.

(3) If 3 ramifies in K then 3 | d and the primitive hypothesis implies that 3 - a. Let p denote the prime
ideal dividing 3 in K. Then vp3

(a1) ≥ 2 and vp3
(a3) = 2 hence we are in Step 8 of Tate’s algorithm,

the reduction type is IV∗ and the conductor exponent equals 14− 6 = 8.

�

Remark 3. If 3 is inert in K/Q and the curve has type III reduction (the case of conductor valuation 2),

the change of variables (x, y) → ( 4
√

3x,
√

3y) in equation (10) gives a curve with good reduction. Since the
fourth roots of unity are in K3, the local type of the Weil-Deligne representation is that of a principal series
(whose inertia is given by an order 4 character).

Lemma 2.16. Suppose that q is a rational prime ramified at K/Q such that q - 6 and let q denote the

(unique) prime ideal in OK dividing q. Then Ẽ(a,b,c) has reduction type IV∗ at q and vq(N(Ẽ(a,b,c))) = 2.

Proof. Since (a, b, c) is a primitive solution, then q - a so vq(a3) = 2 and vq(b6) = 4. Also, vq(b2) ≥ 2 which
implies that we are in Step 8 of Tate’s algorithm so the result follows from Lemma 2.13. �

Once again, all trivial solutions correspond to special curves.

Lemma 2.17. The trivial solution (0, 0, 0) gives rise to a singular curve. All other trivial primitive solutions
of (3) are the following:

• The solution (0,±1, 1) (when d = 1), corresponding to the elliptic curve with lmfdb label 2.0.4.1-324.1-a3
and complex multiplication by Z[

√
−1].

• The solution (±1, 0, 1), corresponding to a cubic twists by 3
√
d of the elliptic curve with lmfdb la-

bel 108-a2. Such a twist has complex multiplication by Z
[

1+
√
−3

2

]
.

Proof. The solution (0, 0, 0) clearly gives a singular curve. The other trivial primitive solutions must be
of the form (±1, 0, 1) or (0,±1, 1). The later case can only occur when d = 1 (since d is assumed to be
square-free) giving the first equation. The solution (±1, 0, 1) corresponds to the elliptic curve

Ẽ(±1,0,1) : y2 ± 4dy = x3.

When d = 1, it corresponds to the elliptic curve with lmfdb label 108-a2, which has complex multiplication

by Z
[

1+
√
−3

2

]
. The fact that the cubic roots of unity act on the curve allows to define cubic twists of the

curve, and the general case is precisely the cubic twist by 3
√
d of the case d = 1. �

Remark 4. The trivial solution (±1, 0, 1) corresponds to an elliptic curve over K with complex multiplication
whose conductor has valuation:

• 2 for all odd primes q dividing d but not 3,
• 2 if p2 | 2 and 2 - d,
• 0 if p2 | 2 and 2 | d,
• 3 if p3 | 3 and 3 - d,
• 8 if p3 | 3 and 3 | d.
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3. Construction of the Hecke character

For a number field L, let IL denote its idèle group and Cl(L) denote its class group. Class field theory
relates finite characters of GalL with finite characters of the idèle group IL. We will make constant use of
this relation, and will denote by the same letter both incarnations of the same object (and hope there is no
confusion on doing that).

Let τ ∈ GalQ and χ : IL → Q× be a finite order Hecke character. Denote by τχ the Hecke character given
on an element α ∈ IL by

τχ(α) = χ(τ(α)).

Via class field theory, the character τχ corresponds to the character on GalL given by τχ(σ) = χ(τστ−1).
In general, if ρ : GalL → GLn(Qp) is a Galois representation, and τ ∈ GalQ, we denote by τρ the Galois
representation whose value at σ ∈ GalL equals τρ(σ) = ρ(τστ−1).

For K a quadratic extension of Q, a representation ρ : GalK → GL2(Qp) extends to a 2-dimensional
representation of GalQ if and only if τρ ' ρ, where τ ∈ GalQ is any element whose restriction to GalK is not
the identity (although this result is well known for experts, a proof will be given in Theorem 4.2).

Let t be an integer, and let ψt denote the character of GalQ corresponding to the quadratic extension

Q(
√
t)/Q. Proposition 2.2 implies that for any prime p, τρE(a,b,c),p is isomorphic to ρE(a,b,c),p ⊗ ψ−2, while

Proposition 2.3 implies that for any prime p, τρẼ(a,b,c),p
is isomorphic to ρẼ(a,b,c),p

⊗ ψ−3. If we construct

a Hecke character χt : GalK → Q× satisfying that τχt = χt · ψ−t (as characters of GalK) then the twisted
representations ρE(a,b,c),p ⊗ χ2 (respectively ρẼ(a,b,c),p

⊗ χ3) is isomorphic to τ (ρE(a,b,c),p ⊗ χ2) (respectively

to τ (ρẼ(a,b,c),p
⊗ χ3)) and so as explained in the introduction (see also Theorems 4.2 and 4.5) it does extend

to a two dimensional representations of GalQ. Furthermore, an explicit description of χ and of its conductor
allows to give a formula for the level and Nebentypus of the extended rational representation. This leads to
the following problem.

Problem 1: Let ψt be the quadratic character of GalQ corresponding to the extension Q(
√
t)/Q. Find a

Hecke character χt of GalK such that τχt = χt · ψ−t.
Our main result is to give a solution the previous problem for t = 2 (corresponding to equation (2))

and for t a prime number congruent to 3 modulo 4 (corresponding to equation (3)). To explain how our
construction works, consider the natural short exact sequence

(11) 0 // L× · (
∏

q O
×
q × (L⊗ R)×) // IL

Id // Cl(L) // 0.

We start defining the Hecke character χt at elements of the first term of the short exact sequence and then
extend it to elements of IL that map via Id to representatives of the class group. Let us make one important
remark, as the picture might be a little misleading: our character χt will not be trivial at units (the first
term of the sequence), hence it will not be a character of the whole class group! (it will be a character of a
suitable ray class group though).

Recall that Hecke characters are trivial at elements of L×, hence we are only left to define our character
on local units (which determines the ramification behavior of the abelian extension cut out by the kernel of
the character χt). Note that (

∏
q O
×
q × (L⊗R)×) ∩ L× = O×L , hence there is a compatibility condition that

always needs to be checked:

Compatibility condition: the product of the local components evaluated at a unit equals 1, i.e.

(12)
∏
v

χt,v(ε) = 1

for all ε ∈ O×L . Verifying this property is what makes construction of Hecke characters quite hard in general.

In our case, the field L is the imaginary quadratic field K, so its set of units is well known. Our character
χt will be ramified at most at the odd primes ramifying in K/Q (with conductor exponent one), at primes
dividing 2 and at primes dividing t.

Let N : IK → IQ be the norm map. The way we verify the compatibility condition of our defined character
(and other properties it satisfies) is via the construction of an auxiliary rational Hecke character εt (that will
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end up being the Nebentypus of the extended representation) unramified outside 2td with the following key
properties relating εt to χt:

(1) The local character χt,p satisfies that τχt,p = χt,p · ((ψ−t)p ◦N).
(2) Let p be an odd prime ramified in K/Q, and let p the unique prime of OK dividing it. Then under

the field isomorphism OK/p→ Z/p, the local character χt,p equals εt,pδp, where δp is the quadratic
character of (Z/p)×.

(3) An extra condition at primes dividing 2 so that a compatibility conditions on units holds (a condition
similar to (12) for the units of K).

(4) For all σ ∈ GalK , χt(σ)2 = εt(σ) (or in terms of idèles, χ2
t = εt ◦N).

Let us explain the role of each property we imposed. The first condition is needed for χt to locally solve
the problem. The second condition will play a crucial role while proving the compatibility condition (via
quadratic reciprocity). It is a local version of the last one.

Lemma 3.1. Let p - t be an odd rational prime and p a prime of OK dividing it. Then the second condition
implies that the fourth condition holds locally, namely χ2

t,p = εt,p ◦N.

Proof. For primes p - 2td, both characters are trivial, hence the statement trivially holds. For odd primes p
(of norm p) such that p - t and p | d, recall that the restriction of εt,p to GalKp

equals (as Hecke characters)
εt,p ◦ N, where N : Kp → Qp is the norm map. Since p ramifies in K/Q the local norm map (modulo p) is
given by x 7→ x2, so we get the equality

χ2
t,p(x) = ε2

t,p(x) = εt,p(x
2) = εt,p ◦N(x).

�

The third condition is needed to prove the compatibility condition. The first three conditions will be
enough to define the character χt at elements of the first term of (11). The last condition will be used to
extend the character to idèles that are representatives of the class group of K.

The general strategy to prove existence of the characters εt and χt with the above properties, is to split
the set of odd primes {p : p ramifies in K/Q} into four sets. More concretely, for t = 2 they will be divided
depending on their congruence modulo 8, while for t an odd prime, they will be divided depending on whether
p is a square modulo t or not and on whether p is a square modulo 4 or not. Then for primes p in each set
we give an explicit definition of the local character εt,p and χt,p satisfying the previous four properties. The
description (and proof) depends on whether t = 2 or t is an odd prime congruent to 3 modulo 4, so each
case will be considered in a different section. To ease notation, in each subsection the subscript t will be
removed.

3.1. The case t = 2. Let K = Q(
√
−d) with d a positive square-free integer. Split the odd prime divisors

of d into four different sets, namely:

Qi = {p prime : p | d, p ≡ i (mod 8)},

for i = 1, 3, 5, 7.

The character ε: Define an even character ε : IQ → Q× ramified at the set of primes of Q3 ∪ Q5 and
sometimes in {2}, with local component εp given by:

• For primes p ∈ Q1 ∪Q7, the character εp : Z×p → Q× is trivial.

• For primes p ∈ Q3, the character εp = δp, the quadratic character defined by δp(n) =
(
n
p

)
.

• For p ∈ Q5, let εp be a character of order 4 and conductor p.
• The character ε∞ (the archimidean component) is trivial.

Before defining the character at the prime 2, let us introduce some notation. Let ψ−1, ψ2, ψ−2 be the
characters of Z corresponding to the quadratic extensions Q(

√
−1), Q(

√
2) and Q(

√
−2) respectively and let

δ−1, δ2, δ−2 be their local component at the prime 2 (see Table 3.1 for their values).

• Define ε2 = δ#Q3+#Q5

−1 .
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Char 1 3 5 7

δ−1 1 −1 1 −1
δ−2 1 1 −1 −1
δ2 1 −1 −1 1

Table 3.1.

By construction, the character ε satisfies the compatibility condition, namely∏
p

εp(−1)ε∞(−1) =
∏

p∈Q3∪Q5

εp(−1)ε2(−1) = (−1)#Q3+#Q5ε2(−1) = 1.

This gives a well defined Hecke character ε of IQ corresponding to a totally real field L whose degree equals
1 if Q3 = Q5 = ∅, 2 if Q3 6= Q5 = ∅ and 4 otherwise. By class field theory, ε gets identified with a character

ε : GQ → Q×. Let Nε denote its conductor, given by Nε = 2e
∏
p∈Q3∪Q5

p, where e = 0 if #Q3 + #Q5 even
and 2 otherwise.

Remark 5. The possible values for #Q3, #Q5 and #Q7 depending on the congruence of d modulo 8 are
given on Table 3.2. Note in particular that when d is odd, the definition of ε2 depends only on the value of
d (mod 8) and not on the parity of #Q3 and #Q5.

d #Q3 #Q5 #Q7 d #Q3 #Q5 #Q7

1 0 0 0 5 0 1 0
1 1 1 1 0 1

3 0 1 1 7 0 0 1
1 0 0 1 1 0

2 0 0 0 6 0 0 1
0 1 0 0 1 1
1 0 1 1 0 0
1 1 1 1 1 0

Table 3.2.

Theorem 3.2. There exists a Hecke character χ : GalK → Q× such that:

(1) χ2(σ) = ε(σ) for all σ ∈ GalK ,
(2) χ is unramified at primes not dividing 2

∏
p∈Q1∪Q5∪Q7

p,

(3) If τ ∈ GalQ is not the identity on K, τχ = χ · ψ−2 as characters of GalK .

Proof. Recall that for each ramified prime p in K there is a natural group isomorphism (Op/p)× ' (Z/p)×
(where Op denotes the completion of OK at p). By an abuse of notation, we will also denote by δp or εp
the character of (Op/p)× obtained under the previous isomorphism. Following the strategy described above,

define χp : O×p → Q× by:

• If p is an odd (i.e. p - 2) unramified prime, χp is the trivial character.
• If p is an odd ramified prime,

(13) χp = εpδp.

• The archimidean component of χ is trivial.

Its local definition at places dividing 2 is more involved. Suppose that 2 does not split in K, and let p2 denote
the unique ideal dividing 2. The character χp2 has conductor dividing 23; the group structure of (Op2/2

n)×

and its generators are given in Table 3.3. The generators are ordered so that the order of the generator i
matches the i-th factor of the group structure, while the elements norms are modulo 8. Define χp2

on the
set of generators as follows:

• If d ≡ 1 (mod 16), χp2
(
√
−d) = 1, χp2

(1 + 2
√
−d) = 1, χp2

(5) = −1.

• If d ≡ 9 (mod 16), χp2(
√
−d) = −1, χp2(1 + 2

√
−d) = 1, χp2(5) = −1.
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d n Structure Generators Norms

1 3 Z/4× Z/4× Z/2 {
√
−d, 1 + 2

√
−d, 5} {1, 5, 1}

3 3 Z/3× Z/4× Z/2× Z/2 {ζ3,
√
−d, 3 + 2

√
−d,−1} {1, 3, 5, 1}

5 3 Z/4× Z/4× Z/2 {
√
−d, 1 + 2

√
−d,−1} {5, 5, 1}

even 2 Z/4× Z/2 {1 +
√
−d,−1} {3, 1}

Table 3.3.

• If d ≡ 3 (mod 8), χp2(ζ3) = 1, χp2(
√
−d) = i, χp2(3 + 2

√
−d) = 1, χp2(−1) = 1.

• If d ≡ 5 (mod 16), χp2
(
√
−d) = 1, χp2

(1 + 2
√
−d) = 1, χp2

(−1) = −1.

• If d ≡ 13 (mod 16), χp2
(
√
−d) = −1, χp2

(1 + 2
√
−d) = 1, χp2

(−1) = −1.

• If d ≡ 2 (mod 8) and #Q3 + #Q5 is even, χp2(1 +
√
−d) = 1, χp2

(−1) = 1.

• If d ≡ 2 (mod 8) and #Q3 + #Q5 is odd, χp2
(1 +

√
−d) = i, χp2

(−1) = −1.

• If d ≡ 6 (mod 8) and #Q3 + #Q5 is even, χp2(1 +
√
−d) = 1, χp2(−1) = −1.

• If d ≡ 6 (mod 8) and #Q3 + #Q5 is odd, χp2
(1 +

√
−d) = i, χp2

(−1) = 1.

At last,

• If d ≡ 7 (mod 8), the prime 2 splits as 2 = p2p2. Let χp2
:= δ−2 and χp2

:= 1 (trivial) or take
χp2

:= δ2 and χp2
:= δ−1.

To make the proofs consistent, we denote χ2 =
∏

p2|2 χp2
.

Define χ on K× ·(
∏

q O
×
q ×C×) to be trivial at elements of K× and as the product of the local components

at elements of the second factor. Let us start proving that even when we do not know that that our character
χ satisfies the compatibility condition, nor have extended it to the whole idèle group, it satisfies the three
properties of the Theorem at elements of K× · (

∏
q O
×
q × C×).

(1) We need to verify that the equality

χ2 = ε ◦N
holds for all elements of K× · (

∏
q O
×
q × C×). The statement is clear for elements of K× (as both

terms are trivial) and at C× for the same reason, so we are left to verify it for each local component.
The proof for odd prime ideals p is the following: if p is unramified in K/Q, then the result is clear
(as all characters are trivial), while at ramified primes, it follows from (13) together with Lemma 3.1.

At last, it is easy to verify that χ2
2 = ε2 ◦N using the character values in Table 3.1, the parity of

Table 3.2 and the norm of the generators given in Table 3.3.
(2) From the definition of ε and χ it is clear that the ramification hypothesis is fulfilled.
(3) From its definition it is clear that for all odd primes τχp = χp, so the third condition is also locally

fulfilled. The reason it holds for primes p2 dividing 2 is that τχp2
· χp2

= χp2
◦ N, hence τχp2

=

χ−1
p2
·(χp2

◦N). An easy case by case computation on the generators shows that τχp2
= χp2

·(δ−2◦N).

An important property of our character at 2 is that its restriction to the 2-adic integers always satisfies

(14) χ2|Z×
2

= δ
v2(d)+1
2 δ#Q5+#Q7

−1 .

Compatibility: the subgroup of units in K is generated by roots of unity of order 2, 6 and 4 (for Q(
√
−1)).

Since our characters have order a power of 2, the compatibility relation at roots of order 3 (if K has one) is
trivial. If K = Q(

√
−1), all sets Qi for i = 1, 3, 5, 7 are empty and the compatibility at

√
−1 follows from

the fact that χ2(
√
−1) = 1 in such case.

Let us make the following abuse of notation: for p a prime ideal of OK let us denote by p ∈ Qi the fact
that p ∩ Z is in such set. Then compatibility at −1 follows from

(15) χ(−1) =
∏
p

χp(−1) =
∏

p∈Q1∪Q5∪Q7

χp(−1)χ2(−1) = (−1)#Q5+#Q7δ−1(−1)#Q5+#Q7 = 1.

Extension: As explained before, to extend χ to the whole idèle group IK , it is enough to define it on
idèles whose image via Id (in (11)) generate the class group of K. For that purpose, consider the p-primary
decomposition (Z/p1)r1 × (Z/ph)rh of the class group Cl(K), and let {r1, · · · , rh} be prime ideals of K
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generating each part (we can and do assume they are not ramified in K/Q). Since ri is not principal, it
must split in K/Q, so if ri = N(ri), then the element ai in IK with trivial infinite component and finite
components:

(ai)p =

{
ri if p = ri,

1 otherwise.

is a preimage of ri under Id. The value χ(ai) cannot be arbitrary. For example, suppose that ri has odd
order in the class group, so there exists an ideal t such that t2 lies in the same class as ri. In particular, if bi
denotes an idèle in the preimage of t by Id, there must exist α ∈ K×, u ∈

∏
q O
×
q ×C× such that ai = αub2i .

Since we want χ to be a character, it must hold that

(16) χ(ai) = χ(u)χ(b2i ) = χ(u)χ(bi)
2 = χ(u)ε(N(bi)),

so there is a unique possible value for χ(ai).
Since Cl(K) is a finite abelian group, and χ is multiplicative, we only need to understand how to define

χ for ideal classes ri whose order is a power of 2, so let us suppose that this is the case. Let

(17) χ(ai) =
√
ε(N(ai))

(it does not really matter which square root one takes). Then we just extend χ multiplicatively to the whole
idèle group. Recall that we already proved that χ2 and ε ◦ N coincide on K× · (

∏
q O
×
q × C×) so with this

definition they coincide on the whole idèle group IK .
There is a caveat here: it is not clear at all why the multiplicative function that we defined is well defined!

Once again, a power of the idèle ai lies in K× · (
∏

q O
×
q × C×) hence we need to prove that our definition

really extends the previous one. To avoid confusions, for the time being let χ̃ denote the function whose
value at the idèles ai is given by (17) and (16) and χ the character on K× · (

∏
q O
×
q ×C×) defined before; if

the idèle ai corresponds to an ideal of order s in the class group, the consistency relation translates into the
equality χ̃(ai)

s = χ(asi ). It is enough to prove it in the following two cases:

• The ideal ri has odd order s in the class group. Then as explained before, there exists bi ∈ IK , α ∈ K×
and u ∈

∏
q O
×
q × C× such that ai = αub2i . Note that Id(bsi ) is also a principal ideal, hence bsi lies in

K× · (
∏

q O
×
q × C×). Then by (16) and the fact that χ2 = ε ◦N on K× · (

∏
q O
×
q × C×), we get that

χ̃(ai)
s = χ(u)sε(N(bi))

s = χ(u)sε(N(bsi )) = χ(u)sχ2(bsi ) = χ(usb2si ) = χ(asi ).

• The ideal ri has order a power of 2, say 2s and is not a square (since it generates the class group). By
definition we want to prove the equality

χ(a2s

i ) = χ̃(ai)
2s

= ε(N(ai))
2s−1

= ε(N(a2s−1

i )).

Let bi = a2s−1

i , an idèle whose square satisfies that Id(b2i ) is principal. It is enough to prove that for any
such idèle, the following equality holds:

(18) χ(b2i ) = ε(N(bi)).

It is well known that the two torsion subgroup of the class group is generated by the prime ideals q = 〈q,
√
−d〉,

where q is an odd prime dividing d, and also the prime p2 = 〈2, 1 +
√
−d〉 when d ≡ 1 (mod 4). Let q be an

odd prime dividing d and let bq be the idèle of K defined by

(bq)p =

{
1 if p 6= q,√
−d if p = q.

Then Id(bq) = q. Similarly, if d ≡ 1 (mod 4), let b2 be the idèle define by

(b2)p =

{
1 if p 6= p2,

1 +
√
−d if p = p2.

Claim: it is enough to prove (18) for the elements bq.

Suppose that equality (18) holds for them. Let b be an idèle satisfying that Id(b)2 is principal. Then

Id(b) =
∏
q|2d

Id(bq)
εq ,
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for some εq ∈ {0, 1}, so there exists α ∈ K×, and u ∈
∏

q O
×
q × C× such that b = αu

∏
q|2d b

εq
q . By the

multiplicative property of the character χ,

χ(b2) = χ(u)2
∏
q|2d

χ(b2q)
εq = ε(N(u))

∏
q|2d

ε(N(bq))
εq = ε(N(b)).

Let q be an odd prime dividing d. To prove (18) for the elements bq, we compute both sides of the equality
and prove that they coincide. Note that b2q = qcq, where q ∈ K× and cq = b2q/q has the property that it is a
unit at all finite places. Then

(19) χ(b2q) = χq

(
−d
q

)
χ2

(
1

q

) ∏
p∈Q1∪Q5∪Q7

χp

(
1

q

)
,

where the product runs over primes p 6= q. On the other hand, the right hand side of (18) equals

(20) ε(N(bq)) = εq(d) = εq(d/q)ε2(q)−1
∏

p∈Q3∪Q5

εp(q)
−1,

where the product runs over primes different from q. Recall that for each ramified prime, under the isomor-
phism (OK/p)× ' (Z/p)×, we have the equality χp = εpδp. In particular, both sides evaluate the same at
elements of Z×p . Using such a relation in (19) for all odd ramified primes and gathering together the terms
involving ε gives

(21) χ(b2q) = χ−1
2 (q)εq

(
−d
q

) ∏
p∈Q1∪Q3∪Q5∪Q7

p6=q

ε−1
p (q) · δq

(
−d
q

) ∏
p∈Q1∪Q3∪Q5∪Q7

p 6=q

δp(q) =

= εq(d)
(
χ−1

2 (q)εq(−1)ε2(q)δq(2)v2(d)
)
·

δq(2)v2(d)δq

(
−d
q

) ∏
p∈Q1∪Q3∪Q5∪Q7

p 6=q

δp(q)

 .

Our goal is to prove that the product of all the factors of the last expression except the first one is 1 for the
result to hold. When q ≡ 1 (mod 4), quadratic reciprocity implies that δq(p) = δp(q) and δq(−1) = 1, so
the last factor (between round brackets) in (21) equals 1. On the other hand, for q ≡ 3 (mod 4) quadratic
reciprocity implies that δq(p) = δp(q)δp(−1). Note that q is one of the elements in Q3∪Q7, so the last factor
in (21) equals (−1)#Q3+#Q7 . In both cases, the last factor equals δ−1(q)#Q3+#Q7 .

Regarding the second factor, quadratic reciprocity again implies that δq(2) = δ2(q) (recall the definition

of δ2 from Table 3.1). By definition ε2 = δ#Q3+#Q5

−1 and on elements of Z×2 , χ2 = δ
v2(d)+1
2 δ#Q5+#Q7

−1 (see
(14)) then the right hand side of (21) equals

εq(d)δ2(q)εq(−1)δ−1(q)2#Q3+2#Q5+2#Q7 = εq(d)δ2(q)εq(−1).

Then we are led to prove that εq(−1)δ2(q) = 1, which follows from the definitions, since:

• If q ≡ ±1 (mod 8), εq(−1) = 1 = δ2(q).
• If q ≡ ±3 (mod 8), εq(−1) = −1 = δ2(q).

Suppose now that d ≡ 1 (mod 4), when we also need to check the compatibility for b2. A similar
computation as the previous one gives that:

ε2(1 + d) = ε2

(
1 + d

2

)
·

∏
p∈Q3∪Q5

εp(2)−1,

while

χ(b2i ) = χ2

(
(1 +

√
−d)2

2

)
·

∏
p∈Q3∪Q5

εp(2)−1 ·
∏

p∈Q1∪Q3∪Q5∪Q7

δp(2).

By quadratic reciprocity,
∏
p∈Q1∪Q3∪Q5∪Q7

δp(2) = (−1)#Q3+#Q5 , so the statement follows from the follow-

ing easy to verify (from its definitions) facts:

• If d ≡ 1 (mod 8), then ε2

(
1+d

2

)
= 1, χ2

(
(1+
√
−d)2

2

)
= 1 and #Q3 + #Q5 is even.
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• If d ≡ 5 (mod 16), then ε2

(
1+d

2

)
= −1, χ2

(
(1+
√
−d)2

2

)
= 1 and #Q3 + #Q5 is odd.

• If d ≡ 13 (mod 16), then ε2

(
1+d

2

)
= 1, χ2

(
(1+
√
−d)2

2

)
= −1 and #Q3 + #Q5 is odd.

Now that we defined the character χ on the whole idèle group and proved that it is well defined, we only
need to verify that our extension also satisfies

τχ = χ · (ψ−2 ◦N)

for all elements of IK . Since we already proved this is the case for elements of K× · (
∏

q O
×
q × C×), it is

enough to prove it for the idèles ai (as defined before) with local finite components

(ai)p =

{
ri if p = ri,

1 otherwise.

Note that τ(ai) is the idèle of K with value ri at ri and 1 at the other places. Then

(22) τχ(ai) = χ(τ(ai)) = χ(ai)
−1χ(aiτ(ai)) = χ(ai)

−1χ

(
aiτ(ai)

ri

)
,

where 1
ri

denotes the image by K× ↪→ IK . Note that aiτ(ai)
ri

is a unit at all places, so

(23) χ

(
aiτ(ai)

ri

)
= χ2(ri)

−1
∏

p∈Q1∪Q5∪Q7

χp(ri)
−1.

By the product formula,

(24) 1 = ε(ri) = εri(ri)ε2(ri)
∏

p∈Q3∪Q5

εp(ri).

Since εri(ri) = ε(N(ai)) = χ2(ai), multiplying (23) and (24) and using that χp(ri) = εp(ri)δp(ri) we get that

(25) χ

(
aiτ(ai)

ri

)
= χ2(ai)χ2(ri)

−1ε2(ri)
∏

p∈Q1∪Q3∪Q5∪Q7

δp(ri).

Recall that ri splits in K, hence
(
−d
ri

)
= 1 and quadratic reciprocity implies that

1 =

(
2

ri

)v2(d)(−1

ri

)#Q3+#Q7+1 ∏
p∈Q1∪Q3∪Q5∪Q7

δp(ri).

In particular, the right hand side of (22) equals

χ(ai)χ2(ri)
−1ε2(ri)δ2(ri)

v2(d)δ−1(ri)
#Q3+#Q7+1 = χ(ai) ·

(
δ2(ri)δ−1(ri)

#Q5+#Q7ε2(ri)δ−1(ri)
#Q3+#Q7+1

)
.

A similar (but easier) computation shows that ψ−2(N(ai)) = δ−2(ri), so the result follows from the equality

δ2(ri)ε2(ri)δ−1(ri)
#Q3+#Q5+1 = δ2(ri)δ−1(ri) = δ−2(ri).

�

Remark 6. The precise conductor f of χp2
has valuation:

v(f) =


5 if d ≡ 1 (mod 8),

3 if d ≡ 3, 5, 6 (mod 8),

3 if d ≡ 2 (mod 8) and 2 - #Q3 + #Q5,

0 if d ≡ 2 (mod 8) and 2 | #Q3 + #Q5.

When d ≡ 7 (mod 8) it is either 0, 2, 3 depending on its choice.

Although we constructed one Hecke character satisfying that
τχ = χ · ψ−2,

it is a natural problem to understand all such possible finite order Hecke characters. Note that if χ is such
a character, and ν is a character of GalQ, then χ · ν also satisfies the same condition.
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Theorem 3.3. Let χ1 and χ2 be finite order Hecke characters such that τχi = χi · ψ−2 for i = 1, 2. Then

there exists a rational character ν : GalQ → Q× such that χ2 = χ1 · ν.

Proof. Let ν̃ denote the quotient χ1

χ2
, a character on IK . The hypothesis τχi = χi · ψ−2 implies that τ ν̃ = ν̃.

Let I1K be the kernel of the norm map N : IK → IQ.

Claim: the character ν̃ is trivial on I1K .

To prove the claim, let v be a place of Q which does not split in K, and let w be the place of K dividing
it. In particular Kw/Qv is a Galois quadratic extension. If k ∈ Kw has norm one, Hilbert’s theorem 90
implies that there exists t ∈ Kw such that k = t

σ(t) for σ ∈ Gal(Kw/Qv) non-trivial. The hypothesis τ ν̃ = ν̃

then implies that ν̃(k) = 1. If the place v happens to split, let w1, w2 be the two places of K above it and
let (k1, k2) ∈ Kw1

×Kw2
be an element of norm one, i.e. k1 · k2 = 1. The hypothesis τ ν̃ = ν̃ implies that

ν̃w1
= ν̃w2

, so ν̃w1
(k1)ν̃w2

(k2) = ν̃w1
(k1 · k2) = 1 as claimed.

Then the character ν̃ gives a well defined character on N(IK), a subgroup of IQ and we can extend it to
Q×N(IK) by making it trivial at elements of Q×. Recall that Q×N(IK) has finite index in IQ so let ν be
any extension of ν̃ to the whole idèle group IQ. Then by construction ν̃ coincides with ν ◦ N on IK , so in
particular χ1 = χ2 · (ν ◦N). �

It is also natural to study whether our construction can be extended to negative values of d, i.e. to real
quadratic fields. The problem now is that we need some control on the fundamental unit. In this case, we
have a partial answer.

Theorem 3.4. Suppose that K = Q(
√
d) is a real quadratic field, whose fundamental unit has norm −1.

Then the same statement of Theorem 3.2 holds.

Proof. To use the previous results, write d = −(−d) (so d < 0 in the above notations/definitions) and make
precisely the same local definitions for both ε and χ at finite places. There are two important facts to
consider: while proving (15), we get an extra −1 factor coming from the fact that we changed d↔ −d. This
forces us to add ramification at one of the archimedean places (we will latter specify which one).

Let ε be a fundamental unit (fixed). The proof works mutatis mutandis once we checked the compatibility

of χ at ε. Our assuming ε of norm −1, implies that Q3 = Q7 = ∅, the reason being that if ε = a + b
√
d,

with 2a, 2b ∈ Z, the condition a2 − db2 = −1 implies that −1 is a square modulo all odd primes dividing d.
Furthermore, for all such primes, the reduction of ε has order 4, so that χp(ε) = ±1 if p ∈ Q1 and a primitive
fourth root of unity if p ∈ Q5. We claim that χ2(ε)

∏
p∈Q5

χp(ε) = ±1 (and therefore χ2(ε)
∏
p∈Q1∪Q5

χp(ε) =

±1).

• If d ≡ 1 (mod 8) then #Q5 is even and χ2 is quadratic, hence the statement.
• If d ≡ 5 (mod 8) (the case d = 3 in Table 3.3) #Q5 is odd, 2 is inert, χ2 has order 4 and evaluated

at any element of order 4 gives a primitive fourth root of unity.
• If d ≡ 2 (mod 8) and #Q5 is even, χ2 has order 2, while if #Q5 is odd, χ2 has order 4 and ε has

order 8 (which follows from Table 3.3, as its norm equals −1) so χ2(ε) is a fourth root of unity.

Then if the product χ2(ε)
∏
p∈Q1∪Q5

χp(ε) = 1, define χ to be trivial at the archimedean component where
ε is negative and the sign character at the other, while if the product equals −1, take the opposite choice.
Since N(ε) = −1, the compatibility is satisfied and the same proof of Theorem 3.2 applies. �

For general real quadratic fields we run some numerical experiments (a couple of hundreds) and in all
cases, a character of the expected conductor is found. The result will be explained (and proved) in a sequel
(see [PV22]).

3.2. The case t ≡ 3 (mod 4). Let K = Q(
√
−d) with d > 0 (square-free). The method is very similar to

the previous case. Define the following sets:

• Q++ = {p | d, p - 2t, p ≡ � (mod 4), p ≡ � (mod t)}.
• Q+− = {p | d, p - 2t, p ≡ � (mod 4), p 6≡ � (mod t)}.
• Q−+ = {p | d, p - 2t, p 6≡ � (mod 4), p ≡ � (mod t)}.
• Q−− = {p | d, p - 2t, p 6≡ � (mod 4), p 6≡ � (mod t)}.

We have the following elementary result (that will clarify later computations).
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Lemma 3.5. Suppose that t is unramified in K. Then the prime t splits in K precisely when the following
equality holds:

(−1)#Q+−+#Q−−δt(2)v2(d) = −1.

Similarly, it is inert when (−1)#Q+−+#Q−−δt(2)v2(d) = 1.

Proof. Follows easily from the well known fact that t splits in Q(
√
−d) if and only if −d is a square modulo

t. �

The character ε: Define an even character ε : IQ → Q× ramified at the primes in Q++, Q−+, Q+− and
eventually at 2 and t. Its local components εp are defined as follows:

• For primes p ∈ Q++ ∪Q−+, the character εp : Z×p → Q× is quadratic, i.e, εp = δp.

• For primes p ∈ Q+−, the character εp : Z×p → Q× is any character of order 2v2(p−1).

• For p = t define εt =

{
δ

#Q+−+#Q−−+vt(d)+v2(d)+1
t if t ≡ 3 (mod 8),

δ
#Q+−+#Q−−+vt(d)+1
t if t ≡ 7 (mod 8).

• For p = 2 define ε2 =

{
δ

#Q−++#Q−−+vt(d)+v2(d)+1
−1 if t ≡ 3 (mod 8),

δ
#Q−++#Q−−+vt(d)+1
−1 if t ≡ 7 (mod 8).

• At all other primes, εp is trivial.
• The character ε∞ (the archimidean component) is trivial.

By Lemma 3.5, εt is trivial if t splits in K and equals δt if t is inert in K. A similar result for ε2 is the
following.

Lemma 3.6. The previous defined character ε2 satisfies that

ε2 =

{
1 if d ≡ 3 (mod 4),

δ−1 if d ≡ 1 (mod 4).

Proof. Since 2 - d, the prime 2 is ramified in K if and only if −d ≡ 3 (mod 4). Recall that the prime t is not
an element of Q±±, so the prime divisors of d congruent to 3 modulo 4 are precisely the ones in Q−+ ∪Q−−
and possibly t. Then the prime 2 is ramified in K precisely when #Q−+ + #Q−− + vt(d) is even. Since
2 - d, ε2 equals δ−1 when 2 is ramified and 1 when it is unramified, as claimed. �

With the above definitions, and using that ε2(−1)εt(−1) = (−1)#Q+−+#Q−+ , it is not hard to verify that∏
p

εp(−1)ε∞(−1) = (−1)#Q−++#Q+−ε2(−1)εt(−1) = 1.

The main result of the present section is the following.

Theorem 3.7. There exists a Hecke character χ : GalK → Q× such that:

(1) χ2(σ) = ε(σ) for all σ ∈ GalK ,
(2) χ is unramified at primes not dividing 2t

∏
p∈Q+−∪Q−−

p,

(3) If τ ∈ GalQ is not the identity on K, τχ = χ · ψ−t as characters of GalK .

Proof. Following the strategy described at the beginning of the section, define χp : O×p → Q× by:

• If p is an odd (i.e. p - 2) unramified prime, χp is the trivial character.
• If p ∈ Q±± and p | p,

(26) χp = εpδp.

• At primes t dividing t, define the character χt by
– If t ramifies in K, χt = εt.
– If t splits in K, say t = tt, let χt = δt and χt = 1.
– If t is inert in K, χt is an order 4 character (hence its restriction to F×t is trivial).

We will denote in all cases χt =
∏

t|t χt.

• At a prime p2 dividing 2, define the character χp2 as follows:
– If 2 is not ramified in K/Q, it is trivial.
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– If 2 ramifies in K/Q but 2 - d, then define χp2 as:

∗ if t ≡ 3 (mod 8), the character of conductor 2 sending
√
−d to −1.

∗ if t ≡ 7 (mod 8), the trivial character.
– If 2 | d then χp2

is the character of conductor p5
2 whose value at the generators 5, −1 and

1 +
√
−d equals: χp2(5) = −1, χp2(−1) = δ2(t) and

∗ If d ≡ 2 (mod 8), χp2(1 +
√
−d) =

{
1 if t ≡ 3 (mod 8),√
−1 if t ≡ 7 (mod 8).

∗ If d ≡ 6 (mod 8), χp2
(1 +

√
−d) =

{√
−1 if t ≡ 3 (mod 8),

−1 if t ≡ 7 (mod 8).

Abusing notation, we will write χ2 = χp2
.

• The archimidean component of χ is trivial.

Let us recall some properties of the local characters just defined (which motivate their definition) that will
play a crucial role.

(P1) The product εtχt on elements of Z×t equals

εtχt =

{
δt if t - d,
1 if t | d.

(P2) If d ≡ 1 (mod 4) then χ2(
√
−d) = δt(2).

(P3) If 2 | d, then χ2
2(1 +

√
−d) = χ2(1 + d).

(P4) If 2 | d then χ2|Z×
2

= δ−2 if t ≡ 3 (mod 8) and χ2|Z×
2

= δ2 if t ≡ 7 (mod 8).

(P5) In all cases χ2(−1) = δ2(t)v2(d) and χ2(t) = 1.

As in the previous case, define χ on K× · (
∏

q O
×
q × C×) to be trivial at elements of K× and as the

product of the local component at elements of the second factor. We claim that χ satisfies the expected
three properties.

(1) We need to verify that the equality

χ2 = ε ◦N

holds for all elements of K× · (
∏

q O
×
q ×C×). As before, it is enough to prove it componentwise, and

the result for all primes not dividing 2t follows from (26) together with Lemma 3.1.
For primes dividing t, the case t split and t ramified follows from the fact that both χ2

t and εt ◦N
are trivial. In the inert case, it is enough to check the condition at a generator g of F×t2 : χ2

t (g) = −1

(as χt has order 4), and εt(N(g)) = −1 because N(g) generates F×t .
If 2 - d, the statement is also clear as χ2

2 is trivial and ε2 is trivial if 2 is unramified (by Lemma 3.6)
and δ−1 when 2 is ramified. But the norm map in the ramified case only takes the values {0, 1, 2}
modulo 4, hence δ−1 ◦N is trivial as well. At last, if 2 | d, both χ2

2 and ε2 ◦N are trivial at elements
of Z×2 and agree at 1 +

√
−d by (P3).

(2) The ramification statement is clear from the definition.
(3) For odd primes p not dividing t the local character (ψ−t)p ◦ N is trivial while τχp = χp, hence the

statement. For primes dividing 2, since (ψ−t)2 ◦ N is also trivial, we need to verify that τχ2 = χ2

(remember the notation χ2 = χp2 , where p2 is any prime dividing 2). This follows easily from its

definition when 2 - d. When 2 | d, we only need to verify the property at the element 1 +
√
−d, but

τχ2(1 +
√
−d) = χ2(1−

√
−d) = χ2(1 +

√
−d)−1χ2(1 + d) = χ2(1 +

√
d) by (P3).

Let t be a prime dividing t. If t ramifies in K, (ψ−t)t ◦ N is trivial while τχt = χt, hence the
statement. If t splits, without loss of generality we can assume that χt matches (ψ−t)t ◦ N and χt

is trivial, so the result holds. At last, suppose that t is inert in K. Let g be a generator of F×t2 ;

then τχt(g)χt(g) = χt(N(g)) = 1 (since χt is trivial on elements of F×t ) so τχt = χ−1
t . On the other

hand, δt(N(g)) = −1 because N(g) is a generator of F×t , hence (since χt(g) is a fourth root of unity)
τχt(g) = χt(g)−1 = −χt(g) = χt(g) · ψ−t(N(g)) as claimed.
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Compatibility: since all characters have order a power of 2, the compatibility relation at roots of unity of
order 3 (if K happens to have one) is trivial. The only case when K contains roots of unity of order 4 is for
K = Q(

√
−1). In such a case, all sets Q±,± are empty. By definition:

(1) χ2(
√
−1) = −1 if t ≡ 3 (mod 8) and 1 if t ≡ 7 (mod 8).

(2) χt is an order 4 character (since t is inert in Q(
√
−1)) whose restriction to F×t is trivial.

Since t ≡ 3 (mod 4), −1 is not a square in Ft, hence
√
−1 is an element of F×t2 so χt(

√
−1) ∈ {±1}. Let

g be a generator of Ft2 , and let
√
−1 = ge. Recall that the minimum power of g in F×t is t + 1, hence if

t ≡ 3 (mod 8), e has valuation one at 2 so χt(
√
−1) = −1, while if t ≡ 7 (mod 8), 4 | e and χt(

√
−1) = 1 as

needed.

For all other fields (abusing a little notation) we have

χ(−1) =
∏

p∈Q+−∪Q−−

χp(−1)χ2(−1)χt(−1) = (−1)#Q+−+#Q−−χ2(−1)χt(−1).

Recall from property (P5) that χ2(−1) = δt(2)v2(d). Consider the different cases:

• If t is unramified in K, quadratic reciprocity (Lemma 3.5) implies that t splits in K (respectively
is inert in K) if and only if (−1)#Q+−+#Q−−δt(2)v2(d) = −1 (respectively 1). In the first case
χt(−1) = −1 while in the second it equals 1. In both cases, (−1)#Q+−+#Q−−χ2(−1)χt(−1) = 1 as
expected.

• If t ramifies in K, by definition χt = εt, its value at −1 equals

εt(−1) = (−1)#Q+−+#Q−−δt(2)v2(d).

Extension: we extend our character χ to idèles whose image generates the class group Cl(K) exactly as in
the previous case, namely via (16) for ideals of odd order in the class group and via (17) for those whose
order is a power of 2. Then we are led to prove that if for each odd prime number q dividing d (and also for
q = 2 if d ≡ 1 (mod 4)), bq denotes the idèle

(bq)p =

{
1 if p 6= q,√
−d if p = q.

then

(27) χ(b2q) = ε(N(bi)).

Once again, we compute both sides of the equation to verify that they do match. Start supposing that q 6= t,
then the left hand side equals

(28) χ(b2q) = χq

(
−d
q

)
χ2

(
1

q

)
χt

(
1

q

) ∏
p∈Q±±

χp

(
1

q

)
,

where the product is over primes which do not divide q. On the other hand, the right hand side equals

(29) ε(N(bq)) = ε(d) = εq(d/q)ε2(q)−1εt(q)
∏

p∈Q±±

εp(q)
−1,

where the product runs over primes different from q. Recall that for all ramified primes different from t,
χp = εpδp. In particular, both sides evaluate the same at elements of Z×p . Using such a relation in (28) for
all odd ramified primes different from t we get

(30) χ(b2q) = χ2(q)−1χt(q)
−1εq

(
−d
q

) ∏
p∈Q±±
p 6=q

εp(q)
−1 · δq

(
−d
q

) ∏
p∈Q±±
p 6=q

δp(q) =

= εq(d)
(
χ2(q)−1χt(q)

−1εq(−1)ε2(q)εt(q)
−1δq(2)v2(d)δq(t)

vt(d)
)
·

δq(2)v2(d)δq(t)
vt(d)δq

(
−d
q

) ∏
p∈Q±±
p 6=q

δp(q)

 .
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Our goal is to prove that the product of all the factors except the first one is 1 for the result to hold. By
quadratic reciprocity, if p, q are odd primes, then

δp(q)δq(p) =

{
1 if p ∈ Q+±,

δ−1(q) if p ∈ Q−±.

Then the last term of (30) equals δ−1(q)#Q−++#Q−− . Regarding the middle factor, we claim that the
following equality holds (note that it does not involve the factor εq(−1)):

(31)
(
χ2(q)−1χt(q)

−1ε2(q)εt(q)δq(2)v2(d)δq(t)
vt(d)

)
δ−1(q)#Q−++#Q−− = δq(t).

Since all the above values belong to {±1} we can remove the inverses. By property (P1), χt(q)εt(q) =
δt(q)

1+vt(d), so quadratic reciprocity implies that χt(q)εt(q)δq(t)
vt(d) = δq(t)δ−1(q)1+vt(d), and the claim is

equivalent to the equality (
χ2(q)ε2(q)δq(2)v2(d)

)
δ−1(q)#Q−++#Q−−+1+vt(d) = 1.

The last term equals ε2(q) when t ≡ 7 (mod 8) and it equals ε2(q)δ−1(q)v2(d) when t ≡ 3 (mod 8). But
recall that χ2 on elements of Z×2 is trivial when 2 - d and when 2 | d, it equals δ−2 if t ≡ 3 (mod 8) and δ2
if t ≡ 7 (mod 8) by property (P4). Then the claim follows from the observation that δq(2) = δ2(q).

To finish the compatibility proof when q 6= t, we need to verify that δq(t)εq(−1) = 1, an equality that
follows from the definitions (that are collected in Table 3.4).

q (mod 4) q (mod t) εq(−1) δq(t) q (mod 4) q (mod t) εq(−1) δq(t)

1 � 1 1 3 � −1 −1
1 6� −1 −1 3 6� 1 1

Table 3.4.

If q = t (so in particular t | d) the computation is similar, replacing q by t in (28) and in (29) but omitting
the factor with subscript t. Note that in this case property (P1) states that χtεt = 1 so the analogue of (30)
becomes

(32) χ(b2t ) = χ2(t)εt

(
−d
t

) ∏
p∈Q±±

εp(q)
−1 ·

∏
p∈Q±±

δp(q) = εt(d) (χ2(t)εt(−1)ε2(t)) ·

 ∏
p∈Q±±

δp(t)

 .

Quadratic reciprocity implies that δp(t) = 1 if p ∈ Q++ ∪ Q−− and −1 if p ∈ Q+− ∪ Q−+. Then the last
factor equals (−1)#Q+−+#Q−+ = εt(−1)ε2(t) (since δt(−1) = −1 and δ−1(t) = −1) and the validity of (32)
follows from the fact that χ2(t) = 1 (by property (P5)).

At last, when d ≡ 1 (mod 4) we also need to prove the same result for the idèle b2 whose local component
equals 1 +

√
−d at the place p2 and 1 at all other places. Then

(33) ε2(1 + d) = ε2

(
1 + d

2

)
·
∏

p∈Q±±

εp(2)−1 · εt(2)−1,

while

(34) χ(b2i ) = χ2

(
(1 +

√
−d)2

2

) ∏
p∈Q±±

εp(2)−1δp(2) · χt(2)−1.

Then we are led to prove that

ε2

(
1 + d

2

)
εt(2)−1 = χ2

(
(1 +

√
−d)2

2

) ∏
p∈Q±±

δp(2) · χt(2)−1.
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Recall by Property (P1) that εt(2)χt(2) = δt(2)1+vt(d). Also, the equality (1+
√
−d)2

2 = 1−d
2 +

√
−d implies

that χ2

(
(1+
√
−d)2

2

)
= χ2(

√
−d) = δt(2) (by definition), so

εt(2)χt(2)−1χ2

(
(1 +

√
−d)2

2

)
= δt(2)vt(d).

Regarding the other terms:

• If d ≡ 1 (mod 8) then ε2

(
1+d

2

)
= 1 and

∏
p∈Q±±

δp(2)δt(2)vt(d) = 1, hence the statement.

• If d ≡ 5 (mod 8) then ε2

(
1+d

2

)
= −1 and

∏
p∈Q±±

δp(2)δt(2)vt(d) = −1, hence the statement.

Now that we have a well defined character on the whole idèle group IK , we need to verify that the condition

τχ = χ · (ψ−t ◦N)

holds for the extension. Once again, it is enough to check the property at the idèles ai in IK with trivial
infinite component and finite components:

(ai)p =

{
ri if p = ri,

1 otherwise.

where the unramified prime ideals {ri} generate the class group and where ri is the norm of ri. The same
computation of (22), (23) and (24) makes equation (25) becomes

τχ(ai) = χ(ai)
−1χ

(
aiτ(ai)

ri

)
= χ(ai)χ2(ri)

−1χt(ri)
−1ε2(ri)εt(ri)

∏
p∈Q±±

δp(ri).

The fact that ri splits in K implies that
(
−d
ri

)
= 1 so quadratic reciprocity gives

1 =

(
2

ri

)v2(d)(
t

ri

)vt(d)(−1

ri

)#Q−++#Q−−+1 ∏
p∈Q±±

δp(ri).

Since ψ−t(N(ai)) = δt(ri), we are left to verify that

χ2(ri)
−1χt(ri)

−1ε2(ri)εt(ri)δri(2)v2(d)δri(t)
vt(d)δ−1(ri)

#Q−++#Q−−+1 = δt(ri),

which follows directly from (31) . �

Theorem 3.3 and its proof translates mutatis mutandis to the case t ≡ 3 (mod 4) studied in this section,
so in particular χ is unique up to a character of GalQ.

Remark 7. The precise conductor f of χp2 has valuation:

v(f) =


0 if d ≡ 3 (mod 4),

2 if d ≡ 1 (mod 4) and t ≡ 3 (mod 8),

0 if d ≡ 1 (mod 4) and t ≡ 7 (mod 8),

5 if 2 | d.

4. Extension and lowering the level

Recall that by Proposition 2.2 (respectively Proposition 2.3) the Galois conjugate of the elliptic curve

E(a,b,c) (respectively Ẽ(a,b,c)) is isogenous to its quadratic twist by ψ−2 (respectively to its quadratic twist
by ψ−3). In particular if χ denotes the character constructed in Theorem 3.2 (respectively Theorem 3.7)
then the twisted representation ρE(a,b,c),p⊗χ (respectively ρẼ(a,b,c),p

⊗χ) is invariant under the action of the

Galois group Gal(K/Q) so it should extend to a 2-dimensional Galois representation of GalQ. In this section
we will prove that this is indeed the case and furthermore, compute the determinant and conductor of the
extension. Let us state an important result on induced representations.
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Theorem 4.1. Let E/F be a finite extension of local fields, and let ρ be an n-dimensional representation of

WE. Then the conductor of the induced representation IndWF

WE
equals

(35) v(cond(IndWF

WE
ρ)) = nδ(E/F ) + f(E/F )v(cond(ρ)),

where δ(E/F ) denotes the valuation of the different of the extension and f(E/F ) the inertial degree.

Proof. See for example [Ser68], page 105 (after Proposition 4). �

4.1. The case ρE(a,b,c),p. Let ε be the real character constructed in Section 3.1 and let S(E(a,b,c)) be the

set of odd primes of bad reduction of E(a,b,c) (where the curve has multiplicative reduction by Lemma 2.6).
Abusing notation, we will say that a rational prime q ∈ S(E(a,b,c)) if there exists a prime element of S(E(a,b,c))
dividing q.

Theorem 4.2. Suppose that K/Q is imaginary quadratic. Then the twisted representation ρE(a,b,c),p ⊗ χ
extends to a 2-dimensional representation of GalQ attached to a newform of weight 2, Nebentypus ε and level
N given by

N = 2e ·
∏

q∈S(E(a,b,c))

q ·
∏
q∈Q3

q ·
∏

q∈Q1∪Q5∪Q7

q2.

The value of e is one of:

e =



1, 8 if 2 splits,

8 if 2 is inert,

7, 8 if d ≡ 5 (mod 8),

5, 8 if d ≡ 1 (mod 8),

8, 9 if 2 | d.
Furthermore, the coefficient field is a quadratic extension of Q(χ).

Proof. As mentioned before, the existence of the extension was proved by Ribet in ([Rib04]). We give an
alternative proof based on Galois representations (which is well known to experts) to get control on the level
and conductor. If the elliptic curve E(a,b,c) has complex multiplication, then its j-invariant is a real number
in K, hence rational. This implies that the curve is a quadratic twist of a rational elliptic curve, hence the
existence of the extension is automatic. Assume then that E(a,b,c) does not have complex multiplication.

To ease notation, let ρ denote ρE(a,b,c),p ⊗ χ. Its conductor divides lcm{N(E(a,b,c)), cond(χ)2} and its

Nebentypus matches ε restricted to GalK (by the first claim of Theorem 3.2). Let τ be as in Theorem 3.2
(i.e. an element of GalQ whose restriction to Gal(K/Q) is non-trivial) and suppose furthermore that it
corresponds to complex conjugation (although this is not really necessary). It is enough to define the
extension of ρ at τ and check the Nebentypus statement on it.

Recall that τρ denotes the Galois representation defined on σ by τρ(σ) = ρ(τστ−1). By the third property
of χ, ρ and τρ are isomorphic (as they have the same trace at Frobenius elements). In particular, there exists
A ∈ GL2(Qp) such that τρ = AρA−1. Furthermore, since ρ is irreducible (because E(a,b,c) does not have
complex multiplication), Schur’s lemma implies that the matrix A is unique up to a scalar. Since τ has order

2, the equality ρ(σ) = τ2

ρ(σ) = A2ρ(σ)A−2 implies that A2 = λ (a scalar matrix).
Suppose that there exists an extension ρ̃ : GalQ → GL2(Qp). Then for σ ∈ GalK , ρ̃(τστ−1) =

ρ̃(τ)ρ̃(σ)ρ̃(τ)−1 = ρ̃(τ)ρ(σ)ρ̃(τ)−1 and the uniqueness of the matrix A implies that there exists a constant µ
such that ρ̃(τ) = µA. Since ρ̃2(τ) = ρ(τ2) = 1, µ2 = 1

λ .

This suggests that we should define ρ̃(τ) = 1√
λ
A and it is easy to verify that this definition indeed gives

an extension (the other choice of a square root gives the second possible extension; they differ by the twist
by the character attached to the quadratic extension K/Q). To determine the determinant of the extended
representation ρ̃, note that det(ρ) = εχcyc (where χcyc denotes the cyclotomic p-adic character) as a character
of GalK , hence it is enough to check that they coincide in an element of GalQ which is not in GalK (like τ).
By Ribet’s result, we know that any extension is odd, i.e. det(ρ̃)(τ) = −1. But also ε(τ)χcyc(τ) = −1 (since
ε is even) hence det(ρ̃) = εχcyc.

Modularity of the representation ρ̃ follows from Serre’s conjectures ([KW09] and [KW10]), so we know
it is attached to a modular form of weight 2 and Nebentypus ε; we need to compute the conductor of ρ̃ to
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finish the proof. Let q be an odd prime unramified in K/Q. Then χ is unramified at q, so the conductor
valuation of ρE(a,b,c),p ⊗ χ equals one for primes in S(E(a,b,c)) and zero for the other ones. The validity of
the second factor in the formula for N then follows from the fact that the conductor of a representation does
not change while restricting it to the absolute Galois group of an unramified extension.

Let q be an odd prime ramifying in K/Q and q be the rational prime it divides (which does not equal p).

The local induced representation Ind
GalQq

GalKq
(ρE(a,b,c),p|GalKq

⊗ χq) = ρ̃|GalKq
⊕ (ρ̃|GalKq

⊗ µKq
), where µKq

is

the quadratic character of the local the extension Kq/Qq. Now we apply Theorem 4.1. By construction χq

is unramified for q ∈ Q3 and of conductor q for q ∈ Q1 ∪Q5 ∪Q7, hence the right hand side of (35) equals 2
for primes in Q3 and 4 for primes in Q1 ∪Q5 ∪Q7. Note that both ρ̃ and ρ̃⊗ µ have the same Nebentypus,
hence they both must ramify at primes in Q3 with conductor exponent 1. Since µ has conductor exponent
1 at q, twisting ρ̃ by µ cannot vary the conductor exponent from 1 to 3 (or from 0 to 4), hence at primes in
Q1 ∪Q5 ∪Q7 both ρ̃ and ρ̃⊗ µ have conductor exponent 2 as claimed.

The value of e equals the value of the conductor exponent of ρE(a,b,c),p when 2 is unramified; this gives

the inert case result. Furthermore, in the split case (say 2 = p2p2) we can chose the local character χp2 so
that the twist of E(a,b,c) by χp2

has split multiplicative reduction of conductor p2 to get the statement.
If 2 ramifies in K/Q we use again formula (35). Note that if d 6≡ 1 (mod 8) then the value of the conductor

of ρE(a,b,c),p at p2 is larger than twice the value of the conductor of χ at p2 (see Remark 6) so the formula
follows easily from Lemma 2.8 noting that once again the conductor at 2 of ρ̃ matches that of ρ̃⊗ µ. When
d ≡ 1 (mod 8), the local character χp2

corresponds to a tame extension (generated by the square root of

1 +
√
−d times a unit), so Lemma 2.9 implies that the twisted representation has conductor valuation 8

(when b ≡ 1 (mod 4)) or 6 (when b ≡ 3 (mod 4)) when b is odd and 12 when b is even. Since we can assume
(changing b by −b) that b ≡ 3 (mod 4) the result follows. �

Remark 8. The coefficient field can be computed as follows: if p is a prime inert in K/Q then Tr(ρ̃(Frobp))
2 =

ap(E(a,b,c))χ(Frobp) + 2ε(Frobp)p, so it is enough to perform such computation for one inert prime of K/Q.

Remark 9. If K is real quadratic the same proof gives an extension, but we cannot distinguish whether the
Nebentypus equals ε or εµK . Our proof deeply used the fact that by Ribet’s result, the extension is odd, but
we do not get any information for real quadratic fields K, as complex conjugation is an element of GalK . In
the forthcoming article ([PV22]) a completely different approach will be presented to solve this issue.

Let ρ̃p denote the extension of ρE(a,b,c),p ⊗ χ, a modular representation of GalQ.

Corollary 4.3. Suppose that p - 2d and suppose that the residual Galois representation ρ̃p is absolutely
irreducible. Then there exists a newform g ∈ S2(Γ0(n), ε), where

n = 2e ·
∏
q∈Q3

q ·
∏

q∈Q1∪Q5∪Q7

q2,

for e as in Theorem 4.2, such that ρE(a,b,c),p ≡ ρg,K,p ⊗ χ−1 (mod p), where ρg,K,p is the restriction of the

representation ρg,p to the Galois group GalK and p is a prime ideal of Q dividing p.

Proof. Let q be a prime ideal of OK dividing N(E(a,b,c)) but not dividing p. By Lemma 2.7 and by the well
known Hellegouarch’s result the residual representation ρE(a,b,c),p is unramified at q. Since χ is unramified at

q, the same holds for ρE(a,b,c),p ⊗ χ, and since K/Q is unramified at q, the image of inertia of ρ̃p matches that

of ρE(a,b,c),p. In particular, ρ̃p is unramified at all primes not dividing 2dp. The finite hypothesis (to remove

p also from the level) at p for primes p dividing p follows from the same argument given in [Ell04] (page
783) under our assumption that p does not ramify in K/Q. Our absolutely irreducible assumption implies
that we are in the hypothesis of Ribet’s lowering the level result (see [Rib90]) so there exists an eigenform
g ∈ S2(Γ0(n), ε) with n only divisible by ramified primes and probably by the prime two which is congruent
to our representation ρ̃p modulo p for some prime ideal p dividing p. �

It is important to remark that the level, weight and Nebentypus of the newform g does not depend neither
on the particular solution (a, b, c) nor on the prime p.

Proposition 4.4. The extension of the trivial solutions (±1, 0, 1) corresponds to forms g± with complex
multiplication in the space S2(Γ0(n), ε) where n = 28 ·

∏
q∈Q3

q ·
∏
q∈Q1∪Q5∪Q7

q2.
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Proof. By Lemma 2.10 and Remark 1 the conductor exponent of the elliptic curve with complex multiplica-
tion attached to the trivial solution (±1, 0, 1) equals 8 when 2 does not ramify in K/Q, it equals 12 if d ≡ 1
(mod 4) and 10 if 2 | 10. In all cases, formula (35) implies that the extension has exponent valuation 8 at
2. �

4.2. The case ρẼ(a,b,c),p
. As in the previous section, let ε be the real character constructed in Section 3.2

and let S(Ẽ(a,b,c)) be the set of odd primes different from 3 of bad reduction of Ẽ(a,b,c). Abusing notation,

if q is a rational prime, by q ∈ S(Ẽ(a,b,c)) we will mean that there exists a prime ideal of OK dividing q in

the set S(Ẽ(a,b,c)).
Before stating the result, let us make some remarks regarding the conductor of the twisted representation

ρẼ(a,b,c),p
⊗ χ. Let q be an odd prime ramifying in K/Q not dividing 3. The curve Ẽ(a,b,c) has additive

reduction at all such primes and its local type (by Remark 2) is that of a principal series (given by a
character whose inertial part has order 3) or a supercuspidal representation. Since the inertial part of χq

has order a power of two, it cannot cancel the inertial contribution of ρẼ(a,b,c),p
, hence the conductor of the

twisted representation at q has still valuation 2.

At primes dividing 2, the conductor valuation of N(Ẽ(a,b,c)) never matches the square of the conductor
of χp2 (see Lemma 2.14 and Remark 7) hence the twisted representation has conductor the least common
multiple of both quantities. At primes dividing 3 there is a situation where the twisted representation has
smaller conductor than the elliptic curve. It happens precisely when 3 is inert in K/Q and Ẽ(a,b,c) has
conductor valuation 2. In such case, the local type of the Weil-Deligne representation is that of a principal
series whose inertia is given by an order 4 character (by Remark 3). Then twisting by χ3 (also a character of
order 4 while restricted to the inertia subgroup) cancels one of the characters and the twisted representation
has conductor valuation 1.

Theorem 4.5. Suppose that K/Q is imaginary quadratic. Then the twisted representation ρẼ,p⊗χ descends
to a 2-dimensional representation of GalQ attached to a newform g of weight 2, Nebentypus ε and level N
given by

N = 2a · 3b ·
∏

q∈S(Ẽ(a,b,c))

q ·
∏

q∈Q±±

q2.

The value of a is one of:

a =


2 if 2 is inert,

1, 2 if 2 splits,

4 if 2 ramifies but 2 - d,
8 if 2 | d.

and the value of b is one of

b =


2, 3 if 3 is split,

1, 3 if 3 is inert,

5 if 3 ramifies.

Furthermore, the coefficient field is some quadratic extension of Q(χ).

Proof. The extension existence result and its Nebentypus description is proven exactly in the same way as
in Theorem 4.2. The conductor result is clear for all odd unramified primes, since the curve has semistable
reduction (by Lemma 2.11) and χ is unramified at such primes.

If q | q is an odd ramified prime ideal not dividing 3, Lemma 2.16 implies that vq(ρẼ(a,b,c),p
) = 2. The same

holds for ρẼ(a,b,c),p
⊗χ (as explained before). Then the conductor formula of the induced representation (35)

implies that the four dimensional representation has conductor valuation 4 at such primes, so the extended
representation has conductor valuation 2.

At the prime 2 the character χ2 is unramified when 2 is unramified in K/Q, hence the twisted repre-

sentation (and its extension) has the same conductor as Ẽ(a,b,c). If d ≡ 1 (mod 4) then χ2 has conductor
2, so the twisted representation has conductor valuation 4 and its induction conductor valuation 8, so ρ̃p
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has conductor valuation 4 at the prime 2. When 2 | d, χ2 has conductor 5, so the twisted representation
valuation 10, the induced one 16 and ρ̃p has conductor valuation 8 as claimed.

At last we need to prove the exponent for the prime 3. If 3 ramifies in K/Q, vp3
(N(Ẽ(a,b,c))) = 8

(by Lemma 2.15) and the character has conductor valuation at most 1, so the induced representation has
valuation 10 and ρ̃p has valuation 5. If 3 splits, the twisted representation has conductor exponent 2 or 3
(so does ρ̃p), while in the inert case, as explained before, the twisted representation has conductor valuation
1 or 3. �

Let ρ̃p denote the extension of ρẼ(a,b,c),p
⊗ χ.

Corollary 4.6. Suppose that p - 6d and suppose that the residual Galois representation ρ̃p is absolutely
irreducible. Then there exists a newform g ∈ S2(Γ0(n), ε), where

n = 2a · 3b ·
∏

q∈Q±±

q2,

for a and b as in Theorem 4.5 such that ρẼ(a,b,c),p
≡ ρg,K,p ⊗χ−1 (mod p), where ρg,K,p is the restriction of

the representation ρg,p to the Galois group GalK and p is a prime ideal of Q dividing p.

Proof. Mimics the one of Corollary 4.3. �

We can give a precise formula for the level of the form attached to the trivial solution (±1, 0, 1).

Proposition 4.7. The extension of the trivial solutions (±1, 0, 1) correspond to forms g± with complex
multiplication in the space S2(Γ0(n), ε) where n = 2a · 3b ·

∏
q∈Q±±

q2, with

a =


2 if d ≡ 3 (mod 4),

4 if d ≡ 1 (mod 4),

8 if 2 | d.

and with

b =

{
3 if 3 - d,
5 if 3 | d.

Proof. Follows the same proof of Theorem 4.5 with the precise formula for the conductor exponent of Ẽ(±1,0,1)

given in Remark 4. �

5. Irreducibility of the residual representations of ρE(a,b,c),p and of ρẼ(a,b,c),p

To use Ribet’s level lowering result we need to assure that the residual representation ρ̃p is absolutely
irreducible. Ellenberg’s result on the image of Galois representations attached to Q-curves ([Ell04]) is very
useful for this purpose as it not only provides irreducibility but also implies large image of the residual
representation (i.e. SL2(Fp) is contained in the image of the residual projective representation). This plays a
crucial role while trying to discard forms with complex multiplication (a major problem that will be addressed
later). Ellenberg’s theorem holds under the hypothesis that there exists of a prime q, not dividing 6, where
the Q-curve has multiplicative reduction. Recall from Lemma 2.6 (respectively Lemma 2.11) that E(a,b,c)

(respectively Ẽ(a,b,c)) has multiplicative reduction at all primes q larger than 2 (respectively 3) dividing c.
Then we are led to distinguish between two different cases: namely when c is supported only at the primes

{2, 3} (i.e. 2 and 3 are the unique primes in its factorization) where Ellenberg’s result does not apply, and
when c is divisible by a prime larger than 3.

When c is only supported at {2, 3}, the value of the level N belongs to a finite list, hence we can compute
all such spaces and try to discard their forms for not being related to putative solutions. This is precisely
the strategy we follow while studying equation (3). However, the prime 3 does not play any special role
while studying solutions of (2), hence if (a, b, c) is a non-trivial primitive solution of it, and 3 | c, then we
are in the hypothesis of Ribet’s lowering the level result. A crucial hypothesis in Ribet’s theorem is that the
residual image is absolutely irreducible, hence we need a different approach to achieve such a goal.
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5.1. The case c supported in {2, 3}. The results of the present subsection will only be applied while
studying solutions of equation (2). Suppose that the unique possible primes dividing c are 2 and 3. Recall
that c being divisible by 2 (respectively by 3) implies that d ≡ 7 (mod 8) (respectively d ≡ 2 (mod 3)) by
Lemma 2.4.

Theorem 5.1. There exists an explicit bound NK such that if p > NK and (a, b, c) is a primitive solution
of (2) where c is only supported in {2, 3}, then the representation ρE(a,b,c),p has absolutely irreducible image.

Proof. The proof mimics the one presented in [DU09] (case (ii)). Suppose that c = 2α3β so the curve E(a,b,c)

has conductor 2a · 3b, where a ≤ 12, b ≤ 1 (by Lemma 2.8). Let ε3 = 1 if 3 | c and 0 otherwise. Then
N(ρ̃) = 2s3ε3 ·

∏
q∈Q3

q ·
∏
q∈Q1∪Q5∪Q7

q2, where s ≤ 9 by Theorem 4.2. Suppose that the residual image of
ρ̃p is reducible, i.e.

(36) ρ̃p
s.s ' ν ⊕ εν−1χcyc,

where as before χcyc denotes the p-adic cyclotomic character. In particular, since the conductor of the re-
duced representation divides the conductor of ρ̃, cond(ν) | N(ρ̃). Let ` be a prime number such that ` ≡ 1
(mod lcm(4d, cond(ν))). In particular, ` splits in K/Q, say ` = ll. Then on the one hand Tr(ρ̃p(Frob`)) =
al(E(a,b,c))χ(l) is an integer (as the form has an inner twist) and by Hasse’s bound it satisfies that |al(E(a,b,c))| ≤
2
√
`. On the other hand, (36) and our assumption on ` implies that Tr(ρ̃p

s.s
(Frob`)) = `+ 1. In particular,

p | `+ 1− al(E(a,b,c))χ(l) (which is non-zero), which cannot occur if p > 2
√
`+ `+ 1. �

Remark 10. The constant NK depends on the first prime congruent to 1 modulo lcm(4d,N(ρ̃)). We can
improve the bound for the conductor of ν in the previous theorem. From (36) it follows that actually
cond(ν) · cond(ν−1ε) | N(ρ̃). If 3 | c then ε is unramified at 3, and ρ̃ has conductor exponent one at 3, then
3 - cond(ν). For odd ramified primes q, since the conductor of ε is square-free, vq(cond(ν)) ≤ 1. Then if

d̃ = d
2v2(d) (i.e. the prime to 2 part of d) actually cond(ν) | 24 · d̃, so we can replace the least common multiple

by 16d̃.
Regarding the least minimum prime number ` congruent to 1 modulo 16d̃, according to Dirichlet’s theorem,

1/ϕ(16d̃)-th of the primes are congruent to 1 modulo 16d̃, but giving a precise bound on the first such prime
is very ineffective for computational purposes.

5.2. The case c not supported in {2, 3}. Assume on the contrary that there exists an odd prime q
dividing c and not dividing 3 (so in particular q - d). Then we are in the hypothesis of Ellenberg’s big image
result ([Ell04, Theorem 3.14]).

Theorem 5.2 (Ellenberg). Given d a positive integer, suppose that E/Q(
√
−d) is a Q-curve with square-free

degree which has multiplicative reduction at an odd prime q not dividing 3. Then, there exists an integer Nd
such that the projective image of the residual representation of ρE,p is surjective for all primes p > Nd not
dividing the degree of E. Furthermore, some explicit values of Nd are the following: N1 = 149, N2 = 257,
N3 = 7, N5 = 547, N6 = 599 and N7 = 283.

Proof. This result was proved in [Ell04], where a method to bound Nd was given. The explicit value of Nd
was given in: [BEN10] for d = 1 and d = 2 and in [DU09] for all values of d whose field conductor is at most
8 (with an improvement via a finite computation given in [Kou20] for d = 3).

Let N be any positive integer, and χ the character corresponding to K/Q (of conductor f). Let F be a
Petersson-orthogonal basis for S2(Γ0(N)). Define

(am, Lχ)N =
∑
f∈F

am(f)L(f ⊗ χ, 1).

If M | N , define (am, Lχ)MN as the contribution from the old forms of level M . Then one of the main results
of Ellenberg in [Ell04] is that if for some prime p the value

(37) (a1, Lχ)p−new
p2 = (a1, Lχ)p2 − p(p2 − 1)−1(a1 − p−1χ(p)ap, Lχ)p
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is non-zero, the residual image for the prime p is large. Also in the aforementioned article, lower bounds for
(a1, Lχ)p−new

p2 are presented, where the main contribution comes from the first term. In [Ell05] (Theorem 1)

the following formula is proven

(am, Lχ)p2 = 4πχ(m)e−2πm/σNlog(N) − E(3) + E3 − E2 − E1 + (am, B(σN log(N))),

where σ is taken to be q2

2π and N = p2. Theorem 1 of [Ell05] provides the following bounds (note that the
first bound is not the one given in Ellenberg’s article due to a mistake, whose errata is given in Appendix
A):

• |(am, B(σN log(N)))| ≤ 2(4πζ2(3/2)+1)(400/399)3exp(2π)q2m3/2N−1/2d(N)N−2πσ/q2 , where d(N)
denote the number of divisors of N .

• |E1| ≤ (16/3)π3m3/2σ log(N) exp(−N/2πmσ log(N)).
• |E3| ≤ (8/3)ζ(3/2)2π3σm3/2N−1/2 log(N)d(N) exp(−N/2πmσ log(N)).
• |E(3)| ≤ 16π3m

∑
c>0,N |c min{ 2

πφ(q)c−1 log(c), 1
6σN log(N)m1/2c−3/2d(c)}, where φ is Euler’s func-

tion.

Also the following bounds hold:

• If the field discriminant is even, then by Proposition 10 of [BEN10]

|E2| ≤ 64qφ(q)π5m2

(
ζ(2)

6
/N2 +

1

π

(
ζ(3)log

(
eN

2

))
− ζ ′(3)N−3

)
+ 32π5ζ(7/2)2m5/2d(N)N−7/2

(
(
N2

4π2m
+ 1)(1− θ)−1 + (1− θ)−2

)
exp(− N

2πσm log(N)
)

+
512

3
ζ(11/2)2π7m7/2d(N)N−11/2(1− θ2)−3,

where x = σN log(N) and θ = exp(−2π/x). Otherwise, by [Ell05, Theorem 1],

|E2| ≤
8

9
π5ζ(7/2)2m5/2σ2N−3/2 log2(N).

• By Lemma 3.13 of [Ell04], for t = 1 or t = p,

(amt, Lχ)p ≤ 2
√

3m1/2d(m)(1− exp(−2π/q
√
p))−1(4π + 16ζ2(3/2)π2p−3/2).

We wrote a script in PARI/GP to compute the bound for (a1, Lχ)p−new
p2 using the previous bounds. The

function depends on a parameter M which is used to compute the bound for E(3). Its role is to take the first
function of the minimum for all values of c up to MN and the second one for the rest of them. We want
to stress that the cited bounds for d = 1, 2, 3 depend on Ellenberg’s bound, so a priori need to be modified
to include the correct bound for |(am, B(σN log(N)))|. The correct value for the constants is proved by our
script:

? EllenbergBound(151,4,151^2*100)

% 1 = 0.032478298538855530962882830523012352630

? EllenbergBound(263,8,263^2*100)

% 2 = 0.35180253548860681202421271666168865921

? EllenbergBound(137,3,137^2*8)

%3 = 0.50962796001438044105163988097030964546

? EllenbergBound(557,20,557^2*800)

% 4 = 0.81702204481558975015304511481500451044

? EllenbergBound(601,24,601^2*1000)

% 5 = 0.0099309579165597373659756354149970187577
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? EllenbergBound(293,7,293^2*20)

% 6 = 0.47805180308864650586682498409454832948

Since the output is positive, we can take N1 = 149, N2 = 257, N3 = 131, N5 = 547, N6 = 599 and N7 = 283.
With our bound for N3, the proof given in [Kou20] to reduce the bound N3 to 7 (via a finite computation)
holds. �

Remark 11. In [BEN10] a better bound for N1 and N2 was obtained via a delicate improvement of [Ell05].
The proof relies on the bound for |(am, B(σN log(N)))|. It is quite plausible that the same result holds, but
we did not verify how the new bound affects their computations.

6. Strategies to discard newforms

We need to prove that the newforms in the space S2(Γ0(n), ε) obtained from Corollary 4.3, while studying
equation (2), and Corollary 4.6, while studying equation (3), are not related to non-trivial primitive solutions.
To discard newforms we will mostly use a strategy due to Mazur (which in practice works better for forms
without complex multiplication).

Proposition 6.1 (Mazur’s trick). Let (a, b, c) be a non-trivial primitive solution, and g ∈ S2(Γ0(n), ε) be
such that ρE(a,b,c),p ⊗ χ ' ρg,K,p. Let q be a rational prime with q - pn. Let q be a prime of OK dividing q
and define

B(q, g; a, b) =


N(aq(E(a,b,c))χ(q)− aq(g)) if q - c and q splits in K,

N(aq(g)2 − aq(E(a,b,c))χ(q)− 2qε(q)) if q - c and q is inert in K,

N(ε−1(q)(q + 1)2 − aq(g)2) if q | c.
Then p | B(q, g; a, b).

Proof. If h is a rational newform in S2(Γ0(n), ε) and K is a quadratic field, recall the well known formula
for the Fourier coefficients of the modular form H obtained as the automorphic base change of h to K: if
q = qq (is split) then aq(H) = aq(h), while if q is inert in K then aq(H) = aq(g)2 − 2qε(q).

Taking h = g gives the first two statements. The last one corresponds to “Ribet’s lowering the level”
condition. The proof of this fact (well known to experts) mimics the one given in [BC12, Lemma 24]. �

The way we apply the last proposition is as follows: take an odd prime q not dividing d, and define

C(q, g) =
∏

(a,b)∈F2
q

B(q, g; a, b),

where the product is over non-zero elements satisfying equation (2) modulo q. Then the prime p must divide
all the values C(q, g), so we compute a couple of them and compute their gcd obtaining in some cases a
bound for p. However, it happens sometimes that the value C(q, g) is always zero, in which case we cannot
discard the newform g for any prime p. A similar strategy holds while studying solutions of (3), using the

curve Ẽ(a,b,c).

Recall that the trivial solutions (±1, 0, 1) correspond to newforms g± with complex multiplication. Since
they are solutions for all values of p, Proposition 6.1 implies that p | C(q, g±) for all primes p, so C(q, g±) = 0.
In particular, a safe check of any implementation of Mazur’s trick should fail to discard such forms with
complex multiplication.

Modular forms with complex multiplication however have the property that the image of their Galois
representations are not as large as expected (their image lies in the normalizer of a Cartan group, since they
are the induction of a one dimensional representation from an index two subgroup of GalQ). In particular,
if we can prove that given a non-trivial primitive solution (a, b, c) there exists a prime q > 3 dividing c then
Ellenberg’s large image result (Theorem 5.2) implies that our representation ρ̃p has surjective projective
image for p large enough, hence cannot be congruent to a newform with complex multiplication and we have
good chances to prove non-existence of non-trivial primitive solutions.

Problem 2: how can we discard newforms with complex multiplication when c is supported at {2, 3}?
This is a very delicate problem, and at the time, we do not know of a general answer to it. However, for

the examples of the present article some naive ideas are enough to get results.
30



By Lemma 2.4, if d 6≡ 7 (mod 8) then c cannot be even. If d ≡ 7 (mod 8) then either 2 | ab, in which
case c is odd, or 2 - ab, in which case c is even. Recall that when d ≡ 7 (mod 8), there are two possible
conductor exponent values at the prime 2 (depending on the parity of ab). Then in the space corresponding
to solutions where ab is even (where our trivial solution lies), we know that c is odd, so we have good
chances that it is divisible by a prime larger than 3 (as c cannot be 1) and we can discard the newforms with
complex multiplication as they are not related to non-trivial primitive solutions by Ellenberg’s result. In the
other space, there is a priori no reason for Mazur’s trick to fail. This is precisely the case when we study
equation (2) for d = 7. The same phenomena occurs while studying non-trivial primitive solutions (a, b, c)
of equation (3) with c divisible by 3.

For this strategy to work completely while studying equation (2), we need to rule out the possibility of
c being a power of 3 (so in particular d ≡ 2 (mod 3)). Suppose then that (a, b, c) is a non-trivial primitive
solution of (2) with c divisible by 3. Then the modular form f (attached to the extension of ρE(a,b,c),p ⊗ χ
by Theorem 4.2) has level divisible by 3 and is congruent to a form g whose level is not. In particular, we
are in the “lowering the level” hypothesis at 3, hence

(38) N(ε−1(3)(3 + 1)2 − a3(g)2) ≡ 0 (mod p).

In practice, this gives a bound for the possible exponents p where a solution supported at {3} can exist.

7. Solutions of equation x4 + dy2 = zp for small values of d

In the present section we study solutions of (2) for square-free values of d up to ten. For that purpose
we follow the general strategy described in Section 1. The algorithms used for the following examples are
available at the web page http://sweet.ua.pt/apacetti/research.html as well as the outputs of the
computations (in a file labeled “OutputsEq1.txt”).

7.0.1. The equation x4 + dy2 = zp, for d = 1, 2, 3. For d = 1, 2 the equation was completely solved in
[BEN10], where the authors proved that there are no non-trivial primitive solutions for p > 2. For d = 3,
in [DU09, Theorem 3] it was proved the non existence of non-trivial primitive solutions for p > 131. The
bound 131 comes from Ellemberg’s bound (see Lemma 8 of loc.cit), but applying [Kou20, Proposition 5.4]
it can be lowered to 7, proving non existence of non-trivial primitive solutions for p > 17.

7.0.2. The equation x4 + 5y2 = zp. This equation was not considered before, and our method gives the
following result.

Theorem 7.1. Let p > 499 be a prime number. Then there are no non-trivial primitive solutions of the
equation

x4 + 5y2 = zp.

Proof. Theorem 4.2 implies that ε is a character of order 4 and conductor 4 · 5 while χ has order 8. Let
(a, b, c) be a non-trivial primitive solution. Since d 6≡ 7 (mod 8), c cannot be even, so either c is a power of 3,
or it is divisible by a prime larger than 3. In the later case, Theorem 5.2 implies that Nd = 499 so if p > 499
the image is large (in particular absolutely irreducible). If c is a power of three, we can use Theorem 5.1
(and Remark 10) with the prime ` = 241 giving the bound NK = 273. In particular, if p > 499 we are in
the lowering the level hypothesis, hence by Corollary 4.3 there exists a newform g in S2(Γ0(27 · 52), ε) or in
S2(Γ0(28 · 52), ε). whose Galois representation is congruent modulo p to E(a,b,c) ⊗ χ.

• The space S2(Γ0(27 · 52), ε) has 12 Galois conjugacy classes (of newforms), none of them with complex
multiplication. Using Mazur’s trick for primes 3 ≤ q ≤ 30 different from 5 and every g in the space we
conclude that p ∈ {2, 7, 13}.
• The space S2(Γ0(28 ·52), ε) has 55 Galois conjugacy classes, 24 of them with complex multiplication (one of
them corresponding to the trivial solution by Proposition 4.4). Applying Mazur’s trick for primes 3 ≤ q ≤ 20
different from 5 to forms without complex multiplication we conclude that p ∈ {2, 3, 5, 7, 11}. If c is divisible
by a prime larger than 3 then Ellenberg’s result implies that our form cannot be congruent to a newform with
complex multiplication. If c is a power of 3, then the forms with complex multiplication should satisfy the
raising the level hypothesis, i.e. that p | N(16ε−1(3)−a3(g)2). This implies that p ∈ {2, 3, 5, 29, 101, 139}. �
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Here is how our script works: in Magma just load the file “Eq1d5.mg” to get the previous statements.

> load "Eq1d5.mg";

Loading "Eq1d5.mg"

Loading "Mazur42p.mg"

Forms in Space 2^7*5^2:

Forms with CM:

[]

Primes obtained via Mazur’s trick for non-CM forms:

{@ 2 @}

{@ 2 @}

{@ 2 @}

{@ 2 @}

{@ 2, 7 @}

{@ 2, 7 @}

{@ 2, 7 @}

{@ 2, 7 @}

{@ 13 @}

{@ 13 @}

{@ 13 @}

{@ 13 @}

Forms in Space 2^8*5^2:

Forms with CM:

[ 1, 2, 3, 4, 5, 6, 7, 8, 13, 14, 17, 18, 21, 22, 23, 24, 29, 30, 31, 32, 33,

34, 44, 45 ]

Primes obtained via Mazur’s trick for non-CM forms:

{@ 11, 2, 7 @}

{@ 11, 2, 7 @}

{@ 11, 2, 7 @}

{@ 11, 2, 7 @}

{@ 2, 7 @}

{@ 2, 7 @}

{@ 2, 7 @}

{@ 2, 7 @}

{@ 7 @}

{@ 7 @}

{@ 7 @}

{@ 7 @}

{@ 3 @}

{@ 3 @}

{@ 2, 3 @}

{@ 2, 3 @}

{@ 3, 7 @}

{@ 3, 7 @}

{@ @}

{@ @}

{@ 2, 3, 5, 7 @}

{@ 2 @}

{@ 2 @}

{@ 2 @}

{@ 2 @}

{@ 3 @}

{@ 3 @}

{@ 3 @}

{@ 3 @}

{@ 2, 5 @}

{@ 2, 5 @}

Primes obtained via Mazur’s trick for CM forms:

{@ 2 @}

{@ 2 @}

{@ 2 @}

{@ 2 @}

{@ 2 @}

{@ 2 @}
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{@ 2 @}

{@ 2 @}

{@ 2, 3 @}

{@ 2, 3 @}

{@ 2, 3 @}

{@ 2, 3 @}

{@ 2, 5 @}

{@ 2, 5 @}

{@ 2 @}

{@ 2 @}

{@ 3, 139 @}

{@ 3, 139 @}

{@ 3, 139 @}

{@ 3, 139 @}

{@ 2, 29 @}

{@ 2, 29 @}

{@ 5, 101 @}

{@ 5, 101 @}

7.0.3. The equation x4 + 6y2 = zp. In this case we can prove the following result.

Theorem 7.2. Let p > 563 be a prime number. Then there are no non-trivial primitive solutions of the
equation

x4 + 6y2 = zp.

Proof. Note that since 6 | d, the c-value of a non-trivial primitive solution (a, b, c) cannot be supported in
{2, 3}, so in this case we always get large image for p > 563 (by Theorem 5.2). Theorem 4.2 implies that ε
is a character of conductor 4 · 3 and order 2 whereas χ has order 4. Corollary 4.3 implies the existence of a
newform g attached to a non-trivial primitive solution (a, b, c) lying in one of S2(Γ0(28·3), ε) or S2(Γ0(29·3), ε)
congruent modulo p to ρE(a,b,c),p ⊗ χ.

• The space S2(Γ0(28 · 3), ε) has 10 Galois conjugacy classes. Six of them have complex multiplication (one
of them corresponding to the trivial solution by Proposition 4.4). Running Mazur’s trick for q = 5 and q = 7
for each non-CM form we conclude that p ∈ {2, 7}.
• The space S2(Γ0(29 · 3), ε) has 13 Galois conjugacy classes, three of them with complex multiplication.
Applying Mazur’s trick for primes 5 ≤ q ≤ 20 to each non-CM form we conclude that p ∈ {2, 5, 7}. �

Remark 12. If Ellenberg’s constant in Theorem 5.2 could be improved to 11 (as we expect), the previous
result would hold for p > 11 as well.

7.0.4. The equation x4 + 7y2 = zp. Our method allows to prove the following result.

Theorem 7.3. Let p > 349 be a prime number. Then there are no non-trivial primitive solutions of the
equation

x4 + 7y2 = zp.

Proof. Let (a, b, c) be a non-trivial primitive solution. Since 7 ≡ 1 (mod 3) we deduce that c cannot be
divisible by 3, but it could be a power of 2, so to get absolutely irreducible image we need to use Theorem 5.1.
Remark 10 implies we can use Theorem 5.1 with ` = 113 getting absolutely irreducible image for all primes
p ≥ 127. If c is divisible by a prime larger than 3 then the image is large for all primes p > 349 (by
Theorem 5.2).

Theorem 4.2 implies that ε is trivial while the character χ is the quadratic even character of conductor
7 · 8. Corollary 4.3 implies the existence of a newform g in S2(Γ0(2 · 72)) or S2(Γ0(28 · 72)) congruent to
ρE(a,b,c),p ⊗ χ modulo p.

Let us give two different ways to discard the forms in the first space. If g ∈ S2(Γ0(2·72)) is a newform (can-
didate for a primitive solution) its base change to K gives a Bianchi modular form whose twist by χ−1 must

correspond to a Bianchi modular form of level ( 1+
√
−7

2 )6 ·( 1−
√
−7

2 ). Such space can easily be computed (using
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Cremona’s algorithm [Cre84], available at https://github.com/JohnCremona/bianchi-progs/releases/
tag/v20200713) the result being also available at the lmfdb ([LMF22]). There are two forms whose level

has norm 128, given by 2.0.7.1-128.4 and 2.0.7.1-128.5, whose level equals (1+
√
−7

2 )3( 1−
√
−7

2 )4 and its Galois
conjugate, so none comes from a primitive solution of our equation.

• The space S2(Γ0(2 ·72)) has 2 Galois conjugacy classes, one of them has rational coefficients (corresponding
to an elliptic curve) and the other with coefficients in the quadratic extension corresponding to the polynomial
x2 − 2x− 7. None of them have complex multiplication. Mazur’s trick for primes 3 ≤ q ≤ 50 different from
7 discards the rational form if p is not in {2, 7, 17}. The second form cannot be discarded using Mazur’s
trick. Since it does not appear in the space of Bianchi modular forms, its local type at 7 must not be the
correct one (so the twist by χ−1 of its base change to K is ramified at

√
−7). Actually, Magma can compute

such local type, giving that the local component is indeed supercuspidal, induced from an order 8 character
of the unramified quadratic extension of Q7. Such local type does not match the one of our elliptic curve
(induced from an order 4 character of the same extension), hence they cannot be congruent.

• The space S2(Γ0(28 · 72)) has 98 Galois conjugacy classes, 17 of them with rational coefficients and 30
forms with complex multiplication (one of them corresponding to the trivial solution by Proposition 4.4).
Mazur’s trick (for primes 3 ≤ q ≤ 20 different from 7) allows us to eliminate the for forms without complex
multiplication when p is not in the set {2, 3, 5, 7, 11, 17, 23, 27, 31}. �

8. Solutions of equation x2 + dy6 = zp for small values of d

As in the last section, we apply the general strategy to study solutions of the equation x4 + dy2 = zp

for square-free values of d up to ten. To avoid false expectations, we want to point out that our approach
does not provide any result for d = 5, 7, and we will explain what goes wrong in these particular cases (see
[GPV21] for partial solutions). The outputs can be founded in “OutputsEq2.txt”.

8.0.1. The equation x2 + y6 = zp. This case was considered in [BC12].

8.0.2. The equation x2 + 2y6 = zp. This case is very interesting, as working with Bianchi modular forms is
enough to get the following result.

Theorem 8.1. Let p > 5 be a prime number. Then there are no non-trivial primitive solutions of the
equation

x2 + 2y6 = zp.

Proof. Following the notation of Section 3.2, the sets Q±,± are all empty; ε is the trivial character (i.e. the
form g does not have Nebentypus) while the character χ corresponds to the quadratic character δ3 at one of
the primes dividing 3 in Q(

√
−2) and does not ramify at any other prime. This is a very interesting example,

as the curve Ẽ(a,b,c) has always good reduction at 2 and the 3-part of the conductor equals 3(1 +
√
−2),

3(1−
√
−2), 9 or 27. In particular, it is more efficient to work with Bianchi modular forms than with rational

ones (to avoid high powers of 2 in the level). The newform g attached to a primitive solution satisfies that
its base extension to K and its twist by χ−1 (which equals χ as it is quadratic) gets only bad reduction at
primes dividing 3. Computing the respective spaces (using Cremona’s algorithm, although such spaces are
also available at [LMF22]) it turns out that there are no Bianchi modular forms at any level but 33.

Let (a, b, c) be a non-trivial primitive solution. If c is divisible by 3, then the proof of Lemma 2.15 implies
that our curve has conductor exponent 2 at one prime dividing 3 and 1 at the other. However the space of
Bianchi modular forms of such a level is the zero space, hence 3 cannot divide c and c must be divisible by
a prime larger than 3, so we are in the hypothesis of Ellenberg’s large image result.

The space of Bianchi modular forms of weight 2 and level 33 contains three newforms corresponding
to the elliptic curves 2.0.8.1-729.4-a1, 2.0.8.1-729.4-b1 and 2.0.8.1-729.4-c1. The second curve has complex
multiplication and is the base change of a rational elliptic curve (it corresponds to the trivial solution, and

cannot be congruent to Ẽ(a,b,c) if p > 5 by Theorem 5.2). The other two ones (complex conjugate of each
other) satisfy that a5 = −1. It is easy to compute for each possible value of (a, b) modulo 5 the value of

a5(Ẽ(a,b,c)) and verify it belongs to the set {2,−7,−10} hence both elliptic curves cannot be congruent to
an elliptic curve coming from a non-trivial primitive solution if p > 5. �
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8.0.3. The equation x2 + 3y6 = zp. This case was considered in [Kou20].

8.0.4. The equation x2 + 5y6 = zp. Following our general strategy, the only non-empty set is Q+− = {5} so
the character ε has conductor 4 · 5, and its local component at 5 has order 4. In particular χ has order 8.
Corollary 4.6 implies that we need to compute the spaces S2(Γ0(24 · 32 · 52), ε) and S2(Γ0(24 · 33 · 52), ε). By
Remark 8 the coefficient field of ρ̃ is a degree eight extension of Q.

• The space S2(Γ0(24 · 32 · 52), ε) has 15 conjugacy classes, three of them with coefficient field Q(
√
−1),

another three of them with coefficient field a quadratic extension of it, and the last nine newforms with
coefficient field a degree 4 extension of Q(

√
−1) (so of degree eight over Q). There are seven forms with

complex multiplication. Mazur’s trick allows to discard all newforms whose coefficient field does not have
the right degree and some extra ones, but there are four newforms without complex multiplication which
pass systematically Mazur’s test, so we cannot reach a contradiction in this particular case.

• The space S2(Γ0(24 · 33 · 52), ε) has 24 conjugacy classes, six of them with complex multiplication (one of
them corresponding to the trivial solution by Proposition 4.7). Once again, some newforms without complex
multiplication pass systematically Mazur’s test.

Some partial results can still be obtained using more advanced elimination techniques (see [GPV21]).

8.0.5. The equation x2 + 6y6 = zp. In this case we can prove the following result.

Theorem 8.2. Let p > 563 be a prime number. Then there are no non-trivial primitive solutions of the
equation

x2 + 6y6 = zp.

Proof. Let (a, b, c) be a non-trivial primitive solution. Since d is divisible by 6, c is prime to 6 so in particular
c is divisible by a prime larger than 3 and we are in the hypothesis of Ellenberg’s large image result. In
particular, Theorem 5.2 implies that the residual image is absolutely irreducible for all primes p > N6 = 563.

Since d is only divisible by the primes 2 and 3, all sets Q±,± are empty, so the character ε equals
the quadratic character of conductor 12. Theorem 4.5 implies the existence of a quadratic character χ of
conductor 3 · 〈2,

√
−6〉5 and Corollary 4.6 implies that we need to compute the space S2(Γ0(28 · 35), ε). Such

space has dimension 1152 and splits into 58 Galois conjugacy classes of newforms, eight of them having
complex multiplication so Ellenberg’s result implies that we can discard them. We discard the remaining
newforms as follows:
• We run Mazur’s trick for primes 5 ≤ q ≤ 13 for the first (in Magma’s order) 43 newforms without complex
multiplication and it follows that p ∈ {2, 3, 5, 11, 7, 37}.
• The last 7 newforms have a large coefficient field (of degrees 48, 72 and 144) and for some unclear reason
Magma is unable to compute norms of elements in such large fields. To overcome this problem, we used Magma

to compute the coefficients a5 and a11 of each of these forms and apply Mazur’s trick in PARI/GP for q = 5, 11
by hand (where the norms are computed within a few seconds). It follows that p ∈ {2, 11, 13}.

�

Remark 13. If Ellenberg’s constant in Theorem 5.2 could be improved to 11 (as we expect), the previous
result would hold for p > 37. It is probably the case that the result can even be improved to p > 17 via adding
extra primes q into Mazur’s test, but we did not pursue this objective because all involved computations are
very time consuming (due to the fact that the coefficient fields have huge dimension).

8.0.6. The equation x2 + 7y6 = zp. The set Q−+ = {7} while all other ones are empty. The character ε has
order 2 and conductor 21, while χ has order 4. Let (a, b, c) be a non-trivial primitive solution. Corollary 4.6
implies the existence of a newform in one of the spaces S2(Γ0(2t · 3s · 72), ε), for t = 1, 2 and s = 1, 3.

Note that the level valuation at 2 equals 1 when c is even and 2 when c is odd, by Lemma 2.14. In
particular, Ellenberg’s large image result applies to all newforms in S2(Γ0(22 · 3s · 72), ε) (so we can discard
the newforms with complex multiplication in such spaces).

• The space S2(Γ0(2 · 3 · 72), ε) has 2 Galois conjugacy classes of newforms, but Mazur’s trick only allows us
to discard the second one (in Magma’s order).
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• The space S2(Γ0(22 · 3 · 72), ε) has 4 Galois conjugacy classes, one of them with complex multiplication
(which can be discarded). Applying Mazur’s trick with primes 1 ≤ q ≤ 20 to the forms without complex
multiplication we can discard the three newforms if p does not belong to the set {2, 3, 7}.
• The space S2(Γ0(2 · 33 · 72), ε) has 6 Galois conjugacy classes but only three of them can be proved to be
not related to primitive solutions using Mazur’s trick. We cannot discard the remaining three ones.

• The space S2(Γ0(22 ·33 ·72), ε) has 7 Galois conjugacy classes, three of them having complex multiplication
(one coming from the trivial solution by Proposition 4.7). All forms having complex multiplication can be
discarded using Ellenberg’s large image result. Applying Mazur’s trick for primes 1 ≤ q ≤ 20 we can discard
the remaining ones if p > 7.

Still, some partial results can also be obtained for this particular equation using more advances elimination
techniques (see [GPV21]).

Appendix A. Errata to [Ell05] (by Franco Golfieri, Ariel Pacetti and Lucas Villagra
Torcomian)

This is an errata for the article [Ell05]. As pointed out by John Duncan, the proof of Lemma 4 missed
an extra 2π (obtained from the equality of Lemma 3). The correct statement is the following.

Lemma 4. We have the bound

|(am, an)− 4π
√
mnδmn| ≤ 16π3ζ2(3/2)(m,n)1/2mnN−3/2d(N).

This is the precise statement proven in Ellenberg’s Lemma 4. In page 4, when the Lemma is used, the
bound for |an(g)| has to be modified by adding and extra 2π factor.

In page 5, to compute the bound of |(am, B(x)|, one needs to add the extra factor 2π to the constant c
(and the first result holds the same). The middle bound then reads

cM(2π)−2 + 4πmM−1 = 4πζ2(3/2)q2m3/2N−1/2d(N) + 4πmq−2N−1.

Note that the last term is easily bounded by q2m3/2N−1/2d(N) (as implied in Ellenberg’s article), giving
the bound

cM(2π)−2 + 4πmM−1 ≤ (4πζ2(3/2) + 1)m3/2q2N−1/2d(N).

The next line in Ellenberg’s article has the wrong inequalities (but the needed ones), namely

1− exp(−2πx/M) = 1− exp(−2πσ logN/q2) ≥ 1− 400−2πσ/q2 ≥ 399/400.

However, one needs to bound the inverse of the left expression (to the third power), so the final bound is
correct (or a missing inverse must be included in Ellenberg’s article). Then Proposition 5 reads.

Proposition 5. Suppose N ≥ 400 and σ ≥ q2/2π. Then

|(am, B(σN logN)| ≤ 2(4πζ2(3/2) + 1)(400/399)3 exp(2π)q2m3/2N−1/2d(N)N−2πσ/q2 .

The previous bound was used in [Ell04] to prove Proposition 4.6. Playing a little bit with how the
sum given in [Ell05, Theorem 1] to bound E(3) is split, on can still prove that the statement is correct;
furthermore, one can replace the value 211 by 151. For that purpose, one can use the script described in
Section 5.2 to check that splitting the sum at the value c = 1512 · 100 gives the value

? EllenbergBound(151,4,151^2*100)

%1 = 0.032478298538855530962882830523012352630

Since the value is positive, the result follows.
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