10
11

12
13
14
15
16
17

18

19

20

21

HYPERGEOMETRIC MOTIVES AND THE GENERALIZED FERMAT
EQUATION

FRANCO GOLFIERI MADRIAGA AND ARIEL PACETTI

with an Appendiz by Ariel Pacetti and Fernando Rodriguez Villegas

ABSTRACT. In the beautiful article [16] Darmon proposed a program to study integral solutions
of the generalized Fermat equation Az? + By? + Cz" = 0. In the aforementioned article, Darmon
proved many steps of the program, by exhibiting models of hyperelliptic/superelliptic curves lifting
what he called “Frey representations”, Galois representations over a finite field of characteristic p.
The goal of the present article is to show how hypergeometric motives are more natural objects
to obtain the global representations constructed by Darmon, allowing to prove most steps of his
program.

1. INTRODUCTION

The study of Diophantine’s equations is probably one of the oldest research areas in mathematics,
which got a lot of attention after Fermat’s statement that the equation
does not have any non-trivial solution if n > 3 (non-trivial meaning none coordinate equal to 0).
After Wiles’ groundbreaking proof of Fermat’s statement (in [53]) a lot of attention has been given
to the study of the so called generalized Fermat equation. Let A, B, C be non-zero pairwise coprime
integers and let p,q,r be positive integers. The generalized Fermat equation is the affine surface
given by the equation

(1) Ax?+ By + Cz" = 0.

A challenging problem is that of understanding its set of integral points. The name “generalized
Fermat equation” comes from the observation that setting A = B = C' = 1 and p = g = r we recover
Fermat’s classical equation. However, Fermat’s equation determines a curve in the projective plane,
while the generalized Fermat equation determines a surface in the affine plane, making its study
a harder problem. Two well known conjectures regarding solutions to the generalized Fermat
equation are the following.

Conjecture (Beal’s conjecture). For any triple of exponents (p,q,r), with p,q,r > 3, the equation
4 +yP =2",
has no primitive non-trivial solution.
Recall the following definition.
Definition. A solution («a, 3,v) of (1) is called primitive if ged(a, B,7y) = 1.
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Beal’s conjecture (with a one million dollars reward) is deeply related to the so called Fermat-
Catalan conjecture.

Conjecture (Fermat-Catalan’s conjecture). The set of triples («, B,7) which are primitive solu-
tions of the equation
2?4+ yP =27,

for any triple of exponents (q,p,r) with % + ]% + % < 1 is finite.

Actually there exists a candidate for the finite list of solutions (as given in page 515 of [17]),
based on numerical experiments. The restriction p, ¢, > 3 in Beal’s conjecture has to do with the
geometry of the surface S defined by equation (1). The characteristic x of the surface S is defined
by

1 1 1
(2) xX=-+-+--—-1
q p T
The case x > 0 is similar to the case of a genus zero curve, namely it has either zero or infinitely
many integral points (as proved by Beukers in [8]). In practice, there is a finite list of exponents
(p,q,r) with x > 0, allowing to study each of them individually:
e The solutions to (1) for (¢,p,r) = (2,2,r > 2),(3,3,2),(2,3,4),(2,4,3) were given in [§]
using Zagier’s factorization.
e The remaining case where x > 1 corresponds to (¢,p,7) = (2,3,5) studied by Thiboutot
(and completely solved in [23]).

Similarly, one can study the finite list of exponents (g, p, ) having characteristic 0. They corre-
spond (up to a change of variables in equation (1)) to the triples (2,3, 6), (2,6, 3), (3,3,3), (4,4,2)
and (4,2,4). The set of solutions for each of them is well known:

e The case (3,3, 3) corresponds to the Fermat cubic (hence there are no non-trivial solutions).

e The case (2,6,3) has no non-trivial solution, while the case (3,2,6) has the unique non-
trivial solution (—2,+3,1) as proved by Bachet (see §6.2 of [17]).

e The case (2,4,4) has no non-trivial proper solution (as proved by Leibniz) while the case
(4,4, 2) was proved by Fermat.

We suggest readers interested in the subject to look at [17] (§6) for solutions to the general Fermat
equation when x = 0 (i.e. when one allows general coefficients in the equation).

Understanding solutions to the generalized Fermat equation when x < 0 is a very challenging
open problem. A beautiful and deep result of Darmon and Granville ([17]) asserts that equation
(1) has finitely many primitive integral points for each choice of the parameters A, B,C,p,q,r.
However, the proof is non-effective (as it depends on Faltings’ proof of Mordell’s conjecture).

Support for Fermat-Catalan’s conjecture: the ABC conjecture.

The well known ABC conjecture (due to Oesterlé and Masser) implies a strong finiteness re-
sult: there exist only finitely many triples (A, B,C) = (z4,yP,2") satisfying A + B = C and
ged(A, B,C) = 1. Therefore the values of (x,y, z,p,q,r) for which a non-trivial solution exists
belong to a finite set (see [17]). Unfortunately (as is widely believed within the mathematical
community) the ABC conjecture is far from being proved, hence a different approach is needed.

The modular method.

A very powerful method to study Fermat’s equation is the so called modular method (as developed
by Frey, Hellegouarch, Mazur, Ribet, Wiles, Taylor et al.) The modular method allowed to prove
non-existence of solutions for different exponents, which can be divided into two cases (see Tables
1, 2 and 3 of [5] for references):

e Specific exponents, like (2,3,n) for n = 7,8,9,10,11, 15, (3,4,5), (3,5,5),(5,5,7) (5,5,19)
and (7,7,5).
2
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e Families of exponents, like (2,4,n), (2,6,n), (2,2n,3), (2,2n,9), (3,6,n), (n,n,2), (n,n,3),
(2n,2n,5), (21,2m,n) (for I,m primes and n = 3,5,7,11), (2[,2m, 13).
The modular method ends relating a solution of a Diophantine equation with an object (an auto-
morphic form) belonging to a finite dimensional vector space, which (in principle) can be computed.
It is not our goal to describe the modular method in great detail, but we content ourselves with a
very simplified description of the steps involved:

(I) Attach to a putative solution P = (a, 3,7) of (1) a geometric object C defined over a small
degree number field K. The object should have the property that the reduction of its Galois
representation modulo a well chosen prime p has a small ramification set (independent of the
solution P). In most well known cases (like Fermat’s last theorem) the geometric object C is
an elliptic curve, either defined over QQ or over a number field. In the remarkable article [16],
Darmon attaches to a solution a hyperelliptic/superelliptic curve of GLo-type' for different
families of exponents (see also [9]). When possible, the field K should be totally real, since
in this case many different modularity theorems are known, and Hilbert modular forms are
easier to compute.

(II) Study the compatible system of Galois representations {pc ) : Gal(Q/K) — GLa(Z)))}
attached to C (coming from the action of the Galois group on its étale cohomology), for A
ranging over prime ideals of the “coefficient field”. The final goal of this second step is to
prove that the family is modular, i.e. it matches the Galois representation attached to an
automorphic form of weight k.

(ITT) Prove that the reduction of the p-th member of the family (for a proper choice of the prime
ideal p as in (1)) is absolutely irreducible, and compute its conductor n. Then a variant of
Ribet’s lowering the level result (proved in [44] for classical modular forms, and a stronger
version in [13] for Hilbert modular forms) implies the existence of an automorphic form F of
level n and weight k whose residual Galois representation pr) is isomorphic to pc .

(IV) Compute the space of automorphic forms of level n and weight k£ and prove that none of
them can be related to a solution of (1).

Despite our naive and simplified description, each step of the program has its subtleties! Even
when the first three steps of the program can be successfully applied (and it seems like a new Dio-
phantine equation will be solved), it usually happens that the last step fails for one of the following
two reasons: either the space of automorphic forms has huge dimension (hence we encounter a
computational problem), or the existence of “trivial” (or small) solutions to our equation makes
the elimination step (IV) to fail.

It is sometimes possible to overcome the second failure by applying the so called multi-frey method
as developed by Siksek in [14]. Basically, the idea is to construct many different objects in step (I)
attached to the same solution, and make use of them all in the elimination step (IV). Usually the
construction of the geometric object C in step (I) is an artisan’s work, making the modular method
(and the multi-frey method) hard to apply in new instances.

In the beautiful article [16], Darmon introduced the notion of Frey representations that gives a
general framework to construct the Galois representations of step (I) as we now recall. If F' is a
field of characteristic zero, we denote by Galr the Galois group Gal(F/F).

Let K be a number field, let K (¢) be the function field in one variable over K and let F be a
finite field of characteristic p.

Definition. A Frey representation is a continuous Galois representation
Pt : GalK(t) — GLQ(]F),
1To our knowledge there is no application of the modular method where the geometric objects is not related to a

2-dimensional Galois representations.
3
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satisfying the following conditions:
(1) The restriction of p to Galf(t) has trivial determinant and is irreducible.
(2) Let p9«°™ denote the projectivization of the restriction of p to Galf(t). Then p9¢°™ is unram-

ified outside {0,1,00} and it maps the inertia groups at 0,1 and oo to subgroups of PSLa(IF)
of order p, q and r respectively.

By a result of Beckmann ([3], see also [16, Lemma 1.2]) Frey’s representation p; specialized at
the point tg = —éﬁﬁ (where (a, 3,7) is a putative solution to (1)) is unramified outside the set of
primes dividing ABCpgqr (a number which only depends on the equation, not on the solution).

The representation p;, should match the reduction of the representation pc coming from the
geometric object constructed in the first step of the modular method.

In [16] Darmon studies for each exponents (q,p,r) all irreducible Frey representations p; with
inertia orders ¢, p,r at 0,1, co respectively (the representation depends only on the exponents, not
on a particular solution to the equation). However, Frey’s representations are not enough to prove

non-existence of solutions, mainly because of the following two problems:

(1) How can we compute all number fields fixed by the kernel of py,?
(2) How to discard fields that are not related to solutions?

The standard way to solve the first problem is to relate the representation to a modular one (going
back to step (II) of the modular method). This would be automatically true if Serre’s conjectures
are true for general number fields (or at least totally real ones). Since nowadays Serre’s conjectures
are only proven for the rational field, we need to construct “lifts” of Frey’s representation p¢, to
fields of characteristic zero, and prove their modularity.

In [16], Darmon study some particular families of exponents and constructs for each of them
a curve C of GLg-type satisfying that the reduction of its Galois representation pc matches py,.
Furthermore (under some suitable hypothesis) Darmon is able to prove modularity of the global
representation pec, fulfilling steps (I) and (II) of the modular method for them (see [9] for results
on step (III) for exponents (¢, q,p)).

Hypergeometric motives (HGM for short) are useful while studying the general case of the gener-
alized Fermat equation; they are a source of motives whose Galois representations are “reasonably “
well understood. They are mentioned in Darmon’s original article and in [15] Darmon proved that
all representations coming from hypergeometric motives defined over totally real fields are modular.
The catch is that on doing so Darmon assumed the veracity of some very strong modularity lifting
results which (unfortunately) are still far from being proven.

There is a difference between our approach and Darmon’s one (that allows us to prove stronger
results). What Darmon calls an hypergeometric abelian variety (in [15]) are varieties whose existence
depend on results of Belyi (Theorems 1 and 2 of [4]). Belyi’s construction is not explicit, so it does
not give any information on traces of Frobenius endomorphisms nor a description of the variety
at primes of bad reduction of the variety. Then even when one could theoretically use Belyi
construction to complete step (III) of the modular method, it will be of no use for the last one.

During the last years the theory of hypergeometric motives became a very active research area.
The rational ones have nice models (as explained in [28]) and many of their expected properties are
known (see [46] for a nice introduction). The purpose of the present article is to explain how the
use of rank two hypergeometric motives (as studied in [29]) can be used to fulfill steps (I), (II) and
(IV) of the modular method, allowing to study solutions of new families of the generalized Fermat
equation (1).

Instead of presenting an hypergeometric motives as triples of monodromy matrices (as done by
Darmon), we present them as pairs of rational numbers, (a,b), (¢, d) following the more standard
convention. With this description it is easy to verify that there are finitely many rational rank 2
hypergeometric motives, corresponding to rational elliptic curves. In Table 3.1 we list all rational
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rank 2 hypergeometric motives satisfying that at least one monodromy matrix has infinite order.
Doing reverse engineering, we can deduce for each parameter which family of exponents of (1)
can be studied with it. This recovers most of the elliptic curves appearing in the literature while
studying the generalized Fermat equation (see Table 1.1).

The modular method is well suited to study solutions of (1) when the exponents lie in a line L
(Fermat’s last theorem corresponding to the line ¢ = p = r). If we restrict to prime exponents,
then there are four different types of lines (up to a relabeling of the variables):

(1) Ly : {x =y = z}, corresponding to Fermat’s last theorem of exponents (p, p, p).
(2) Lo : {x =y,z =r}, corresponding to exponents (p,p, ).

(3) Ls : {x = z = ¢}, corresponding to exponents (g, p, q).

(4) Ly : {x = q,z = r}, corresponding to exponents (g, p, ).

The recipe for constructing an hypergeometric motive (or its parameters) defined over a totally real
number field K (independent of the varying parameter p) consists on finding four rational numbers
a, b, c, d satisfying the following properties:

e The numbers a —b, a —d, c—b and ¢—d are not integers (for the monodromy representation
to be irreducible).
e The numbers a + b and ¢ + d are integers (for the motive to be defined over a totally real
number field).
e If the parameter x (respectively z) varies, then ¢ = d (respectively a = b) and they belong
1,1}, Otherwise, the denominator of ¢ belongs to {z, 2z} (respectively {z,2z}).

Definition 1.1. For each one of the previous lines define the following motives:

(1) The motive ’Hl = H((3,3), (1,1)|t). This motive is isomorphic to the elliptic curve with
equation E : y* = z(z — 1)(1 — tx).
(2) The motives defined over Q(¢, )"
o 5= (LD, (L D),
o Hy = H((L, - L), (1L 1)),
(3) The two families of motives defined over Q({y)™
o H; = H((f _5) (2, =2)t), for s € Fy, s # £1,
o Hy, = ’H((zlq, 21q) (f —f)lt) for s e IFqX.
(4) The two families defined over the composition of Q(¢y)" and Q(¢)™
o H4s =H((L,-1), (q,— ), for s € T,

® 7-14,5 = H((grv 217,) )‘t) fO?" S € F;

The notation is chosen so it is consistent with [16]; the + motives are tame at primes dividing
2, while the — motives are (a priory) wild. We will prove that these motives are suitable for the
modular method. The proof’s strategy can be summarized in the following diagram: to a solution
(v, B,7) to (1) one attaches the hypergeometric motive H((a,b), (¢, d)|to) specialized at tg = — égf

Then one studies two different types of congruences

\/\/

Cd|t0

FiGUure 1. Congruences
5
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Parameters Curve FExponents | Literature
(1/271/2)7(171) y2 ZJE(ZC— 1)(1 —t:E) (papap) [53]
(1/3,2/3),(1,1) | y* +ay+ 5y = 2* (p,p,3) [18]
(1/473/4)7(171) y2 +xy = z? + 6%%‘% (papv 2) [18]
(1/6,5/6),(1,1) | y* +xy =2°— 55 (p,p,3) [16]

(1/3,2/3),(1/4,3/4) | y* = 2® — 12tz — 16t* (2,p,3) [17]
(1/6,5/6),(1/3,2/3) | y* =a® =3t + t*(t +1) | (3,p,3) [36]

TABLE 1.1. Table of rational rank 2 hypergeometric motives

The left congruences are used to prove properties of the residual representation (namely step (1)
of the modular method), while the right ones are used to prove modularity (namely step (2)) via
the standard “propagation of modularity” approach.

There is a catch here: to propagate modularity (using some modularity lifting theorem a la
Wiles) and to lower the level we need “large residual image” (as in step (3)). Although large
image results are expected to hold for geometric representations, there are few instances where
unconditional results are proven (and mostly for representations coming from elliptic curves). Even
when some modularity results for reducible residual representations are known (as in [48] and [43]),
an absolutely irreducible image result is needed in all lowering the level results. This is probably
the largest missing step needed to make Darmon’s program to work in general. In some particular
instances (for example when the HGM is related via a congruence to an elliptic curve) we can
circumvent this issue, as will be later explained.

We must warn the reader that some properties of hypergeometric motives are still not completely
understood. If we specialize the parameter t at a particular value tg, ramification at the so called
“tame” primes (primes dividing the numerator or denominator of ¢y(ty — 1) but not dividing N) is
well understood. However, the behavior at the so called “wild” primes (primes dividing N) is not.

In order to make the modular method work, we also need a bound at the wild primes. For the
motives b, such bounds can be obtained using the recent article [27] (build upon results of [2]).
In this way, we completely fulfill the three stated steps of the modular method.

To keep the article concise, we focus on setting the bases to accomplish the stated steps of the
modular method rather than proving non-existence of solutions for new families of exponents. In
the article [40] we will apply the present ideas to prove non-existence of solutions to the generalized
Fermat equation for exponents (3,5, p).

The article is organized as follows: Section 2 consists of a user’s guide to hypergeometric motives.
It contains a brief presentation of the theory (including their definition) together with their main
properties needed in the present article. Their proofs are mostly given in [29].

Section 3 contains the study of rational hypergeometric motives. In particular, we show how the
complete list of rational HGM (listed in Table 3.1) appear in the literature while studying families
of the generalized Fermat equation. Here is a summary of the results obtained in this section.

Theorem. Table 1.1 is a complete table of all rational rank 2 hypergeometric motives with a
monodromy matriz of infinite order (up to quadratic twists). The table includes the hypergeometric
parameter, an equation of the corresponding elliptic curve, the exponents of the generalized Fermat
equation where it can be used together with its appearance in the literature.

Section 4 contains a detailed analysis of the ramification of the motives bf given in Definition 1.1
(see Theorem 4.1). It also contains the value of the residual conductor of their attached residual
Galois representations (Theorem 4.2) and the “finite at p” condition (Theorem 4.3). In particular,
we prove that our hypergeometric motives satisfy all the required properties of step (1) in the
modular method.
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Section 5 is devoted to prove modularity of our motives. Here is a summary of the results we
can prove:

e the motive b5 is modular when r | ary (Theorem 5.3),
e the motive b5 is modular if r > 5 (Theorem 5.4),
e the motives b;s are modular if ¢ | 7 (Theorem 5.5),

e the motives b3, are modular if ¢ > 5 (Theorem 5.6),
e the motives hI . are modular if ¢ | @ and r | v (Theorem 5.7),
e the motives mod ; ; are modular if either 7 > 5 and ¢ | awor ¢ > 5 and r | 7 (Theorem 5.8).

We do not expect any of the required hypothesis to be needed. There are two particular families
where unconditional results can be proven (as done in Section 6): the family (2, p,r) and the family
(3,7,p). More concretely

e The motive bj{’s for the family (2, p,r) is modular for > 5 (see Theorem 6.1).

e The motive b, . for the family (2,p,r) is modular if 7{ A and r > 11 (see Theorem 6.2).
e The motive F)IS for the family (3, p,r) is modular if r 1 A and r > 5 (see Theorem 6.3).
e The motive b, ; for the family (3,p,r) is modular if r { A and r > 11 (see Theorem 6.4).

Section 7 studies the behavior of the motives bfﬁ at wild primes. For an odd wild prime q, we
prove that the conductor exponent is at most 3 when q 1 ABC (see Corollary 7.5). At primes ¢
dividing 2, we can prove that the conductor is bounded by 6 when q { AC, assuming that p,q,r > 5
(see Corollary 7.3). The explicit bounds obtained allow to fully apply the modular method to new
families of generalized Fermat equations (assuming the veracity of step (3)). We are left to compute
newforms of finitely many spaces of Hilbert modular forms, and prove that they are not related to
solutions.

The last section (section 8) explains how to use hypergeometric motives to perform an “elimina-
tion” procedure due to Mazur (to our knowledge the unique systematic strategy to perform step (4)
in the modular method approach). It is an interesting problem to decide whether other techniques
(like the symplectic method) can be adapted to hypergeometric motives.

We include an appendix (due to the second named author and Fernando Rodriguez Villegas)
which proves the following result.

Theorem. Let N be a positive integer different from 1. Then the hypergeometric motive with
1 1 . . . Lo
parameter (57, —7 ), (1,1) is part of the middle cohomology of an explicit hyperelliptic curve.

As a corollary (which motivated the study and proof of the result) we deduce that the Ga-
lois representation attached to the motive h;t coincides with Darmon’s ones studied in [16] (see
Corollaries A.5 and A.11). Still, we believe that the result might be of independent interest.

Acknowledgments: We want to express our gratitude to Fernando Rodriguez Villegas for many
helpful conversations as well as his detailed explanation of various properties satisfied by hyper-
geometric motives. Special thanks go to David Roberts as well, for many fruitful conversations.
At last, but not least, we want to thank Nuno Freitas and Lucas Villagra Torcomian for many
suggestions on an earlier version of the article.

2. USER’S GUIDE TO HYPERGEOMETRIC MOTIVES

For a mnice introduction to the hypergeometric motives used in this article see [46],[7],[32],[25]
and [29]. If a is a rational number, by exp(a) we denote the root of unity >,

2.1. Hypergeometric motives and monodromy representations. The input of a (rank two)
hypergeometric motive is a parameter consisting of two pairs (a, b), (c,d) of rational numbers (up
to translation by integers).
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Definition 2.1. The parameter (a,b), (c,d) is called generic if no element of the set {a — c¢,a —
d,b—c,b—d} is an integer.

From now on, we assume that all parameters are generic (the non-generic case is more subtle and
will not be needed). The generic condition allows to consider the parameters a, b, ¢, d as elements
in Q/Z. Set v = c+d —a—b. For a parameter (a,b), (c,d), define the following matrices:

exp(=¢) 0 ife—dgzZ
0 exp(—d) ’
(3) MO = 11
exp(—c) (0 1) ifc—deZ,
) oo )> ity ¢ 2.
exp(y
(4) M1 = 11
if 7
SR
and

expla) 0 ifa—bgZ
Mo — ( 0 exp(b)) ¢ # L,

() =
11 .
exp(a) (O 1> ifa—belZ.

Let IV be the least common denominator of a,b, ¢, d.

Theorem 2.2. Let (a,b), (c,d) be generic parameters, and let x € P*\ {0,1,00}. Then there is a
monodromy representation

pr = T (P {0, 1,00}, 2) = GLa(Z[CN]),
whose monodromy matrices at 0, 1 and oo are conjugate to My, My and My, respectively.

Proof. The result is due to Levelt, see for example [7, Theorem 3.5]. ]

For s € P!, denote by I, an inertia group of Gal@(t) at s. For each prime ideal p of Q((x), the
monodromy representation extends (by continuity) to a geometric representation

satisfying

(1) The representation p{®™ is unramified outside the points {0, 1, c0}.
(2) For s € {0,1,00},

P (Ls) == (M).

Remark 1. More generally, one can study representations of the projective line P! (with coefficients
in C or in a finite field) which are unramified outside finitely many points and having fixed (up to
conjugation) monodromy matrices. The case of three ramified points is simpler, since this case is
“rigid” (i.e. the representation is determined by the conjugacy class of the matrices My, M7 and
M as explained in Remark 2.10 of [29]).
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The geometric representation is expected to match the (restriction to Gal@(t) of a) representation
of a pure motive defined over a cyclotomic field (see [4]). In the rank two case the motive can be
explicitly constructed: it is (up to a twist by a Hecke character) part of the new middle cohomology
of the so called “Euler’s curve”. Explicitly, let (a,b), (¢,d) be a generic parameter, and let N be
their least common denominator. Define the quantities:

(7) A= (d—Db)N, B=(b—c¢)N, C = (a—d)N, D =dN,
and define Euler’s curve by
(8) C:yN =211 —2)P(1 — tx)“tP.

The curve C is geometrically irreducible precisely when ged(A, B,C, N) = 1. In this case, the new
part of the (y-eigenspace of the first étale cohomology group of C is a motive M¢ defined over
F = Q(¢n). The hypergeometric motive H((a,b), (¢, d)|t) is a twist of M¢ by a Jacobi motive that
we now describe.

2.1.1. The Jacobi motive. Let q be a prime ideal of F' = Q({x) not dividing N, and let F, denote
its residue field (so N | (¢ — 1)). Following [52], for = an integer prime to ¢, let x4(z) denote the
N-th root of unity congruent to 2(4=Y/N modulo q. Extend the definition by setting Xq(z) = 0 if
q | . This determines a character of order NV

(9) Xq t (Z[CN]/a)* — €.
Let 9 be an additive character of F,

Definition 2.3. Let a = (a1,...,a,) and b = (by,...,bs) be two sets of rational numbers and let
N be their least common denominator. The Jacobi motive attached to a,b at a prime ideal q of
K = Q({n) not dividing N is the sum

a . N(
o1 9 XY g, X )9 (¥, Xq

9@ xg™) g xg™)

The value J(a,b)(q) does not depend on the choice of the additive character ¥. In [52] Weil
proves that a Jacobi motive is a Hecke character, i.e. there exists a character x : Ag,) — C*
such that for all but finitely many prime ideals q of K,

J(a,b)(q) = x(a)-

Definition 2.4. Suppose that FEuler’s curve C is irreducible. Then the hypergeometric motive
H((a,b), (c,d)|t) is defined by

(11) H((a,b), (c,d)|t) :=Me @ I((—a,—=b,c,d),(c —b,d— a))*l(—l)d*b7

where (—1)d_b denotes the quadratic character of Ap, whose value at a prime ideal q not dividing
N equals w(—l)(d_b)(N(q)_l), for @ any generator of the character group of Op/q.

Zj bi=>_; ai))

(10) J(a,b)(q) = (=1)

Remark 2. All hypergeometric motives considered in the present article satisfy that Euler’s curve is
irreducible, so the previous definition applies. When Euler’s curve C is reducible, the hypergeometric
motive is defined (see Definition 6.27 of [29]) as a twist of an irreducible Euler’s curve (with
parameters (a — d,b—d),(c —d, 1)) by another Jacobi motive.

It follows from its definition that H((a,b), (¢,d)|t) is defined over the field F.
Lemma 2.5. Let (a,b), (c,d) be a generic parameter.
(1) If va(d — b) = 0, the character (—1)*=° is trivial.
(2) If va(d — b) = —1, the character (—1)%~° matches the quadratic character (_Tl)
9
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Proof. Let q denote a prime of F' not dividing 2N, and let F; denote the finite field Op/q. Then
w(—1) is 1 when —1 is a square in [y, or equivalently

(—1) 1 ifNg=1 (mod 4),
w(—1) =
-1 ifNg=3 (mod4).

When d — b has odd denominator the character (—1)%=% is clearly trivial (since Nq — 1 is even).
When d — b has even denominator (of valuation 1), the exponent (d — b)(Nq — 1) is odd precisely
when Nq = 3 (mod 4), hence the result. U

The motives b;“, for i = 1,2, 3,4 satisfy the first hypothesis of the lemma, while the motives b,
satisfy the second one.

Remark 3. In the present article we will consider parameters satisfying the extra condition a + b
and ¢ + d being integers. In this case the Jacobi motive J(—a, —b, ¢, d), (¢ — b,d — a) is just a Tate
twist (so can be mostly be ignored).

Theorem 2.6. The Galois representation attached to H((a,b), (c,d)|t) restricted to Galg, is iso-

morphic to pJ«™.

Proof. See [29, Theorem 7.13]. O

Permuting the order of the parameters in the first or the second entries of the parameter
give isomorphic motives, i.e. the motives H((a,b), (¢, d)|t), H((b,a), (¢, d)|t), H((a,b),(d,c)|t) and
H((b,a),(d,c)|t) are all isomorphic. We will make constant use of this fact while listing hypergeo-
metric motives.

2.2. Field of definition. Keeping the previous notation, let (a,b), (c,d) be a generic parameter
and let N denote their least common denominator. Let H be the group

(12) H:={re(Z/N)* : {a,b} = {ar,br} and {c,d} = {cr,dr}},

i.e. H is the set of elements that leave the sets {a, b} and {c,d} stable under multiplication (recall
that our parameters are elements in Q/Z). By [29, Lemma 8.1], the group H is a subgroup of
7]2 X Z]2.

The group H can be canonically identified with a subgroup of Gal(Q({x)/Q). Let K be the field
Q(¢n)H fixed by the subgroup H. The following result is proven in [29, Theorem 8.2].

Theorem 2.7. Ifa+b and c+d are integers and C is irreducible, then the motive H((a,b), (c, d)|t)
is defined over K. In particular, for every prime ideal p of K, the geometric Galois representation

pi«™ extends to a representation

(13) Pty - GalK(t) — GLQ(KP)

Specializations of p;, provide compatible families of Galois representations as will be explained
in the next section. Although the hypothesis a + b and ¢ + d being integers seems quite restrictive,
most motives defined over totally real fields satisfy this condition.

2.3. Specializations. For (a,b), (¢,d) generic parameters and ¢y a rational number, ty # 0,1, we
can consider the specialization of the motive H((a,b), (¢, d)|t) at ¢y (the values 0 and 1 correspond
to singular values of the motive). The combinatorial nature of an hypergeometric motive allows to
obtain a lot of information of the specialized motive, namely:

o A description of the set of bad places: it consists of prime ideals dividing the numera-
tor/denominator of ty or tg — 1 but not dividing N (the so called tame primes) together
with prime ideals dividing N (the so called wild primes).

o A description of inertia at tame primes.

10



10

11
12
13

14

15
16

17
18
19
20
21

22
23
24

25
26

27

28
29
30
31

32
33
34
35

e The trace of Frobenius at good primes.

—

Fix an additive character ¢ on F,. For w € Fy, a character of 7, denote by g(1,w) the Gauss
sum
(14) g(,w) = Y w(z)p(z).
z€Fy

Let q be a prime ideal of F' = Q((x) and let F, be its residual field. Let x4 be the character of F,
defined in (9).

Definition 2.8 (Finite hypergeometric sum). For ty € F,, define the finite hypergeometric series
Hq((a7 b)v (C7 d)‘tO) by

1 9(¥, xg N w)g(v, xg¥w) g, xg "N w)g (¥ xgVw )
D (oD =175 2 M gog) gtwoagend®)

welfy

The value Hq((a,b), (c,d)|to) does not depend on the choice of the additive character +. If p is
a prime ideal of F', denote by I, an inertia group of Galg at p.

Theorem 2.9. Let (a,b), (¢,d) be a generic parameter satisfying that a +b and ¢+ d are integers.
Let tg € Q be a rational number and let K = Q({n)™. Then H((a,b), (c,d)|ty) provides a compatible
system of irreducible Galois representations

{Ptop : Galg(cy) = GL2(Q(¢N)p) }os

where p ranges over primes ideals of Q(Cn). The family satisfies the following properties:

(1) Let q be a prime ideal of Q({n) not dividing N nor the norm of p. Let Frobg be a Frobenius
element. Then if vq(to(to — 1)) = 0, the representation py,p is unramified at q and

Tr py, p(Frobg) = Hy((a,b), (¢, d)|to).

(2) If q{ pN and r = vq(to) > 0, then py p(lq) ~ (Mg) (up to conjugation).

(3) If If 1 pN and r = vq(to) < 0, then py,p(Iy) ~ (ML) (up to conjugation).

(4) If If gt pN and r = vy(to — 1) > 0, then pyy p(lq) ~ (M]) (up to conjugation).

(5) The family extends to a family {py,p : Galx — GLo(K,)}, where p ranges over prime ideals
of K.

Proof. The first statement is proved in [29, Theorems 4.8 and 7.23]; the three statements regarding
inertia groups are proved in [29, Appendix A] when M is the identity and in general in [26]. The
last statement is proved in [29, Corollary 8.19]. 0

Remark 4. A script written by Fernando Ridriguez Villegas to compute p-adically Hq((a, b), (¢, d)|to)
in terms of the p-adic Gamma function is available at the github repository

https://github.com/frvillegas/frvmath.

As mentioned in the introduction, the result does not provide any information at wild primes.
There is a caveat in the statement: the motive is defined over K = FH_ but the formula relating
the trace of a Frobenius element to an hypergeometric motive is only proved over F' (although it is
expected to hold over K as well).

Remark 5. The last result implies that even when v4(to) is positive, the motive H((a,b), (¢, d)|to)
might have good reduction at q (precisely when the matrix My has finite order dividing vq(to)).
In this case, one can still give a formula to compute the trace of a Frobenius endomorphism at g
(assuming q t V), as described in [29, Appendix A].

11
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Remark 6. The normalization of the motive H((a,b), (¢,d)|to) given in [29] is useful to work with
any rank 2 hypergeometric motive, but while working over totally real fields it might be a Tate
twist of the expected Hilbert modular form (when the motive happens to be modular). It is the
case that when a + b and ¢ + d are integers:

e if c,d € Z (or a,b € Z), then no twist is needed,

e otherwise the motive H((a,b), (¢,d)|tp)(1) has Hodge-Tate weights {0, 1}.
We will disregard this subtlety, but the reader should keep it in mind while matching the motive
to an automorphic form.

There is an isomorphism of motives (whose veracity follows from a simple manipulation of the
finite hypergeometric sum definition)

(15) H((a,b), (c,d)|to) =~ H((c,d), (a,b)|ts ).
This justifies the ambiguity while choosing the order of the pairs of parameters.

2.4. Congruences. Let p be a rational prime. For a,b rational numbers, denote by a ~, b the
relation defined by the condition that the denominator of ¢ — b is a p-th power, extended naturally
to vectors component-wise.

Theorem 2.10. Let p be a prime number, and let (a,b),(c,d) and (a’,b),(c,d") be generic pa-
rameters. Let F be the composite of the cyclomotic fields where both motives are defined. If
(a,b) ~p (a, V) and (c,d) ~, (c/,d") then both motives over F are congruent modulo p, for p any
prime ideal of their coefficient field dividing p.

Proof. See [29, Theorem 10.3]. O

2.5. Galois action. Keeping the previous notation, let (a,b), (¢, d) be a generic rational parameter

with common denominator N. Let ¢y € Q and o € Galg with o({n) = C]jv for some j coprime with
N. Then

(16) H((CL, b)’ (Ca d)|t0)g = /H((javjb)7 (]Ca]d”t(])
The result follows from [29, Proposition 6.3]. This allows to chose the parameters so that (up to

Galois conjugation) the numerator of a equals 1.

2.6. Quadratic Twists. Let (a,b),(c,d) be generic parameters such that a + b and ¢ + d are
integers.

Proposition 2.11. Under the previous hypothesis, the motive H((a + 1/2,b+1/2),(c 4+ 1/2,d +
1/2)|to) is (up to a Tate twist) a quadratic twist by \/ty of the motive H((a,b), (¢, d)|to).

Proof. By Theorem 2.9 it is enough to prove the stated relation for the finite hypergeometric sums
Hy((a,b), (c,d)|ty) and Hy((a +1/2,04+1/2),(c+1/2,d+1/2)|ty). It follows from [29, Proposition
6.3] that

Hy((a+1/2,0+1/2),(c+1/2,d+1/2)]ty) = w(to)%Hq((a, b), (¢, d)|to)k,

where w is a generator of F (so W' equals the quadratic character of ;) and

g(1, W@t/ D@D) g (1 OFL/2(a=1)) (4, (/D@D g (3, (= (dH1/2)(a-1))
" (0, w TV g (1, wha=)g(h, w=ea=1)g(3), w=da=1) '
Since a + b € Z, w41 = (wP@=1)=1  Recall that
w(—=1)g if w is non-trivial,

1 if w is trivial.
12
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Parameters Order at 0 | Order at 1 | Order at oo | Equation
(1/2a1/2)7(171) o0 0 o0 (p’p’p)
(1/3a2/3)7(171) o0 0 3 (p’p’g)
(1/4a3/4)7(1?1) o0 o0 4 (p’p’2)
(1/6,5/6), (1,1) 00 0 6 (p,p,3)

(1/3,2/3),(1/4,3/4) 3 00 4 (2,p,3)
(1/6,5/6),(1/3,2/3) 3 00 6 (3,p,3)
(1/6,5/6),(1/2,1/2) 00 00 6 (p,p,3)
(1/4,3/4),(1/2,1/2) 00 00 4 (p,p,2)
(1/3,2/3),(1/2,1/2) 00 00 3 (p,p,3)
(1/6,5/6),(1/4,3/4) 4 00 6 (2,p,3)

TABLE 3.1. Rational HGM with a not-finite order monodromy matrix

Then if neither a, b, ¢, d are integers nor half integers, x = 1. Otherwise, if two are integers or half
integers, k = g*l. ]

3. RATIONAL RANK 2 HYPERGEOMETRIC MOTIVES

The combinatorial nature of hypergeometric motives makes it clear that there are only finitely
many rank 2 rational ones: let N denote the least common multiple of the denominators of the
parameter (a,b), (¢, d). If the motive is rational then H (a subgroup of Z/2 x Z/2) must equal the
group Gal(Q({n)/Q), so N € {1,2,3,4,6,8,12} (but it is not hard to verify that N cannot be 8).
A small computer search gives a complete list of rational hypergeometric motives with at least one
monodromy matrix of infinite order as given in Table 3.1. The table includes the order of inertia at
the three ramified points and the exponents of the generalized Fermat equation it allows to study
(each case will be studied in detail).

Note that the seventh HGM (the one after the horizontal line) is a quadratic twist of the second
one (obtained by adding 1/2 to all parameters), the eighth is a quadratic twist of the third one and
so on, hence only the first six HGM give different elliptic curves (up to isomorphism). The explicit
equation we use for the elliptic curve attached to the listed HGM were found by Cohen in [31] (see
also [30]).

3.1. The motive #((1/2,1/2),(1,1)|t): corresponds to the family of elliptic curves in Legendre
equation

(17) Ey:y? = a(x —1)(1 — tx),
or equivalently the equation
E:y?=z(z+1)(z+1).
The curve has full 2-torsion. Its invariants are
28(t2 —t +1)3
2(t — 1)2
All odd primes dividing the numerator of ¢(t — 1) are primes of multiplicative reduction, while
the odd primes dividing the denominator of ¢t have inertial type a ramified quadratic twist of a

multiplicative reduction type (i.e. are quadratic twist of a Steinberg representation). The reduction
type at 2 is a little more complicated to describe.

A(E;) = 2%%(t — 1), J(Ey) =

Lemma 3.1. Let ty € Q be a rational number with to # 0,1. The conductor exponent s of Ey, at
the prime 2 is given by:
13
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o Ifuy(tyg) >0, then

ifto=2,3 (mod 4),
ifto=1 (mod 4),
Zf U2(t0) = 27 3>

Zf UQ(tO = 47

V)
I
— O w kot

o Ifva(tg) <0, then

¢

if 2 1 va(to),

if 2| va(to) and to/22(0) =3 (mod 4),

if va(to) = =2 and 4tg =1 (mod 4),

if va(to) = —4 and 16tp =1 (mod 4),

if 2 | va(to) < —4 and t/2"2%0) =1 (mod 4).

Va)
Il
— O w ok o

Proof. Follows from applying Tate’s algorithm [49] to the different cases. O

_ AaP
nyp ’

If (a, 3,7y) is a solution to the generalized Fermat equation AzP 4+ ByP + CzP = 0, set tg =
and consider the twisted curve

AaP
. 2 _ — -
E:CHPy* =z(x —1) <1 + C'ypx) .

The twist is needed because the monodromy matrix at oo equals (—1)(}1), hence we need to
cancel the extra —1. After a change of variables we obtain the famous Frey elliptic curve ([53])

y? = x(x — AaP)(x + CHP).
3.2. The motive #((1/3,2/3),(1,1)|t): corresponds to the elliptic curve with equation

t
(18) Et:yg—l—:):y—f—ﬁy:x?’.

The point P = (0,0) is a 3-torsion point of F;. The curve invariants are

33(8¢ — 9)3

A(B) =37t -1),  j(B)= BE-1)

To a putative solution («, 3,7) of the equation AxP + ByP +C2z3 = 0 corresponds the specialization
to = —‘é—ig, giving the elliptic curve

E :y? — 3Cyxy + AaPC?y = 23,

with
39Cy3(8Aa® + 9C?)
B A3Ba?r3p
The curve has multiplicative reduction at primes dividing A and B, and its local type at primes
dividing C' is a Principal Series given by a character of order 3. The ramification at the prime 3 can

be obtained running Tate’s algorithm to the equation. When A = B = C' = 1 the curve matches
the one studied by Darmon and Merel in [18].

A(E) = 33A3BC®a*pP,  j(E) =

14
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3.3. The motive #((1/4,3/4),(1,1)|t): corresponds to the elliptic curve with equation

t
1 By 1y =2° + —u.
(19) iyt oy =a° + Yk
The point P = (0,0) is a 2-torsion point of F;. Its invariants are
26(3t —4)3
20 A(Ey) = —2282(t — 1), (EB) = —————.

Since the monodromy matrix at the point co has order 4 (instead of 2), we need to take a quadratic
twist of the equation. To a putative solution («, 3,7) of equation AzP + ByP +Cz? = 0 one attaches
the elliptic curve

2233(3AaP 4+ 4C~2 2433(9AaP + 8C~2
By a® - (34aP +4C%) | 2°3°(9AcP + v)v’
C C
with invariants
212312 A2 Bo2r P , 26(3AaP + 4C~?)3
A(E) = - BaTF ) = LA 407
C A?2Ba?rgp

Primes dividing A and B are of multiplicative reduction, while primes dividing C have inertial type
that of a Principal series given by an order 4 character. Special care needs to be taken at primes
dividing 2 and 3. When A = B = C' = 1, the curve matches the one studied by Darmon and Merel
in [18].

3.4. The motive #((1/6,5/6),(1,1)|t): corresponds to the elliptic curve with equation

t
21 E, 192 =t -
(21) iy tay == 13

It has invariants .
—t(t—1) , —2433
_ E) = .

One again, to a putative solution («, 3,7) of the equation AzP + By? + C2z* = 0, one attaches the
elliptic curve obtained by specialization at tg = —é—‘;g twisted by v, i.e.

E:y? = 2% - 210%%x — 54(2A0” + C~*)CP,

with invariants

243302,}/6
~ ABoPfgr’
Primes dividing A and B (but not dividing 6) have multiplicative reduction, while primes dividing
C' are primes with inertial type a Principal series given by an order 6 character. The reduction
type at the primes 2 and 3 can be determined using Tate’s algorithm. This elliptic curve matches
the hyperelliptic curve C~ of [16] for ¢ = 3.

A(E) = 2839ABCaPpP,  j(E)

3.5. The motive #((1/3,2/3),(1/4,3/4)|t): corresponds to the elliptic curve with equation
(22) E; :y? = 2 — 12tx + 1612,

with invariants

_9633

t-1)

Historically, one studies the equation Az? + By = CzP (i.e. the equation for exponents (2,3, p)
instead of the equation with exponents (2,p,3). If (a, 8,7) is a putative solution to Ax? + By3 =
15

A(E) = =2233%83(t - 1),  j§(F) =
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CzP, then (a7, ) is a solution to Az? 4+ (—C)zP + By3 = 0. Specializing (22) at ¢y = —g—%‘i and

twisting by « gives the curve
E:y? = 2® 4+ 12AB3Bz + 16 A2 B,
with invariants
_ 1728Bp3
=
This curve is the quadratic twist by v/2B of the elliptic curve associated to the equation Az?+ By> =
CzP by Darmon and Granville in [17].

A(FE) = —2123343B8CP, J(E)

3.6. The motive #((1/6,5/6),(1/3,2/3)|t): corresponds to the elliptic curve with equation

(23) Ep:y? =23 - 3t3c +t4(t + 1),

with invariants

—2833¢

(t—1)%

Once again, instead of studying the equation Az> + By® = C2zP, we consider the equation Az> +
(—C)zP 4 By? = 0. Let (a, 3,7) be a putative solution of Az3 + By3 = C2P. Specializing (23) at
to = —g—gﬁ and twisting by £ (to lower the order of the monodromy matrix from 6 to 3) we obtain
the elliptic curve

A(E;) = 2333 (t — 1), J(Ey) =

E:y? =%+ 34°Bafa + A*B(BS® — Ad®),

with invariants

12ABa333
A(B) = —432A8B2C2%  j(E) = W

When A = B = C = 1, this curve matches the one studied by Kraus in [36] (see equation (4—3)).

4. THE GENERALIZED FERMAT EQUATION

The goal of this section is to prove that the hypergeometric motives of Definition 1.1 are suitable
for the modular method. Keeping the introduction’s notation, let (g, p,r) be the exponents of (1)
lying in one of the four lines Ly, ..., Ly. To give unified statements, denote by H:"(¢) the motive (or
family of motives) attached to the line L; as given in Definition 1.1 (although they might depend
of an extra parameter s, their conductor will not). Let K = F* denote its field of definition.

For d an integer, let §; be the quadratic character attached to the extension Q(v/d)/Q. By abuse
of notation, we use the same symbol to denote the quadratic character of Galg (from class field
theory) and its restriction to any subgroup Galy, for L a number field. Let («, 5,7) be a primitive

solution of the equation and set tg := —é@f. To ease notation, we introduce

(24) b =M (to), h; :==H; (to) ® 0,.

Theorem 4.1. Let £ be a prime ideal of K. Then

If ¢+ 2ABCpafry then by is unramified at L.
If ¢t { ABCpraf then h; s unramified at £.
If £ 1 2ABCpraf then by is unramified at £.
If £+ ABCpgqB then b3 is unramified at £.
If 1 2ABCpqp then b3 is unramified at (.
If 0 { ABCpqrp then f)j{ is unramified at £.

If 01 2ABCpqrp then b, is unramified at (.
16
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Proof. Let ¢ be a prime number. If vy(to(to — 1)) = 0 and £ { pgr (or equivalently ¢ { ABCpqra~)
then H; (to) is unramified at ¢ by Theorem 2.9. The same is true for H; (to) if we furthermore
assume that £ 1 2.

Suppose then that ¢ | «, but €1 Apgr, so q | ve(to). The parameter given in Definition 1.1 makes
(by construction) the monodromy matrix My (as defined in (3)) of the motive H: (o) to have order
q if ¢ # p and order o if ¢ = p. Then the second statement of Theorem 2.9 implies that Hii(to) is
unramified at primes dividing o when g # p (proving the last four cases).

When ¢ | v the situation is similar, but the matrix My, has order:

e p for the motive H; (ty) when r # p,

e 2p for the motive H; (to) when r # p,

e 0o when r = p.
The same proof as before implies that the motive Hf(to) is unramified at primes dividing ~ for
i = 2,3,4. The monodromy matrix My, of the motive H; has order 2p, so the quadratic twist
H,; (to) ® 6y has order p (as occurs in the proof of Fermat’s last theorem). Then the motive
H; (to) ® 6, is also unramified at primes dividing v for i = 2, 3,4.

The matrix M; always has infinite order, so the representation is ramified at all prime ideals
dividing 8 but not dividing pqr. O

Let p be a prime ideal of K dividing p. Then the p-th residual representation attached to the
motive hfﬁ has the expected ramification.

Theorem 4.2. Let ppi : Galg — GL2(Qy) be the p-th Galois representation attached to the motive
E)Zi respectively. Let £ be a prime ideal of K not dividing 2ABCpqr. Then the residual representation

E is unramified at £. Furthermore, if £ | 2, the representation p,+ is also unramified at £.

Proof. The last theorem implies that we only need to prove the result for primes £ of K dividing
afy but not dividing 2ABCpgr. Suppose that ¢ | «, and consider the motive h;. Define the

motive h = H((3 + %,%), (1,1)[to) ® 6. Theorem 2.10 implies that over the field Q((p), the

motives h and h; are congruent modulo p. Since vy(a) =0 (mod p), the motive b is unramified at
¢ (by Theorem 2.9), hence p, is unramified at ¢ while restricted to Galg/(c,). Since the extension

K ((p)/K is unramified at £, the same is true for p,. The same argument proves that the residual
representation is unramified at primes dividing 8 (since h has monodromy matrix of order 2p at
1). To prove the result for primes dividing 7, one considers the motive b := H((%, %), (%, 1)[to).
The same proof works for all other motives f)li: consider the hypergeometric motive obtained by
adding £ to one of the first two coordinates. This new motive will be unramified at primes dividing

6 and also at primes dividing « when i = 2. ]
At last, we need a similar result for primes dividing p. Assume that p # 2.

Theorem 4.3. Let p be a prime ideal of K dividing p, such that p 1 2ABC. Then E arises from
a finite flat group scheme.

Proof. The result for ¢ = 1 follows from [47, Proposition 5] while for i = 2 it follows from [16,
Proposition 1.15]. We focus on the case i = 4 (the novelty of the present article). If p 1 af7,
then to reduces modulo p to a point in P!\ {0,1,00}, so the reduction of (a non-singular model
of) Euler’s curve (8) is non-singular (and so is the quadratic twist by 7). If p | ay a similar result
holds by Theorem 2.9 (recall that N = gr or 2qr).

The proof when p | 5 depends on the theory of Mumford curves (as in Darmon’s proof). Consider
Euler’s curve attached to hI s at tp, given with equation

C:ytm =2 (1 —2)B(1 — tox)“ty",
17
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for A=qg—sr, B= —q—srand C =q+rs. Let v = v,(8) and write ty = 1 + g, so that
ug = Py, for ug a unit in (‘)px. Consider the curve (in the variable u) with equation

(25) Ciy" =at(1-2)P(1 — a(u+1) 1",

The stable model of its special fiber (see [11] and [42]) consists of two curves C; and Ca intersecting
at a point, given by the equations

Cl . yCIr — :L‘A(l . aj)B+Ct0_r5,

and
Co: yd = al (20 —up) Tty

The second curve is obtained via the change of variables 1 — x = 7"Px9 and y2 = y (noting that
B+C =0). Both curves have genus zero (since B+C = 0) and their intersection points are defined
over the extension K,( 4/%o), an unramified extension of K, so the reduction type of Jac(C) is that
of multiplicative reduction and C is a Mumford curve. The result follows from the fact that its
p-torsion points are defined over the extension K[¢/up] (as in the proof of Proposition 1.15 in [16]).
The proof for b ; follows from a similar computation.

The proof for b;ﬁs is similar, if p 1 8, the motive has good reduction. When p | 3, the semistable

model of Euler’s curve with parameters (%, —%), (2, —g) is the intersection of the two genus 0 curves

Cp iyl =241 —x)BC%, >,
and
Co:yd = :):g(:rg — %)Otas.
OJ

Remark 7. The motive attached to the parameters (a/q, —a/q), (1,1) gives the same motive as the
hyperelliptic curve C;f («, 3,7) studied in [16], as proven in Corollary A.5.

5. MODULARITY

Let us denote by h{ the hypergeometric motive attached to the parameters (1,1),(1,1). It
is not generic, corresponding to the Eisenstein series of weight 2 (see Proposition 6.3 of [29]).
Theorem 2.10 implies the following “congruences” (up to Galois conjugation and quadratic twists)

b =b3 (modv), b =bf (modq),  bi,=by (modq),

for any prime ideal v | 7 (respectively q | g). There is a subtlety here: the motive b is defined over
Q, the motive h; is defined over K = Q((,)* and they become congruent while restricted to Galg,
for F = Q((,). Since the extension F/K is cyclic, the motive b; is isomorphic (up to a quadratic
twist) to f);r restricted to Galg. Since modularity is preserved under quadratic twists, by abuse of
notation, we will “assume” that the congruences to hold over K (the same applies to the motives
bi )

Formula (15) gives the extra isomorphism

(26) hi,=H ((2 —Z> (1, 1)t51> (mod 7).

Similar congruences hold for the family h; . General modularity lifting theorems allow (with ap-

propriate hypothesis) to propagate modularity from one motive to another. When the residual

representations are irreducible, no hypothesis is needed, thanks to general results of Kisin ([35]).

When the residual representation is reducible the theory is not complete and extra hypotheses

appear (for example the main result of [48] requires the representations to be ordinary at the con-

gruence prime). In [43] the author proves a stronger version for abelian totally real extensions K/Q
18
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(which is our case). However, there are still some technical hypothesis in his main result that we
now recall. Let p be the residual characteristic, then the following must hold
(1) The prime p splits completely in K.
(2) The global representation is either ordinary at all primes of K dividing p (Corollary 6.6.11
of [43]) or
(3) The global representation is irreducible while restricted at the decomposition subgroup D,
for all primes p of K dividing p (Theorem 7.1.1 of loc. cit).

It is not clear how to verify whether our motives satisfy one of the last two conditions. A more
general result (including mixed cases) would imply modularity of all our motives. Still, we can
prove some partial results for our motives.

Lemma 5.1. Let p > 5 be a prime number and let E be Legendre’s elliptic curve (17) specialized
at any rational point ty € Q \ {0,1}. Then the residual representation pg, is irreducible.

Proof. An elliptic curve whose residual Galois representation modulo p is reducible has an isogeny
of degree p. Since the elliptic curve has full 2-torsion, the result follows from Mazur’s work ([37])
when the curve is semistable. In general, a curve with full 2-torsion and a degree p isogeny gives
a curve with an isogeny of degree 4p, and there are no such rational elliptic curves when p > 5 by
Kenku'’s result (see [33]). O

Lemma 5.2. Let p > 5 be a prime number, and let F' = Q((p). Then the Galois representation
of the residual representation of Legendre’s elliptic curve E specialized at any rational point ty €
Q\ {0,1} restricted to Galp is irreducible.

Proof. The previous lemma implies that the residual representation pg, is irreducible. By [22,
Lemma 1.13] the restriction to Galp is reducible if and only if the restriction to Galg(, ) is

reducible, where p* = (_71) p. When the restriction is reducible, we are in what is usually called a

bad dihedral prime. Let k be Serre’s weight of the (irreducible) representation pg . If p does not
divide the denominator of ¢y, the curve E has either good or multiplicative reduction at p. When
p does divide the denominator, the same is true for the quadratic ramified twist of E (twisting
preserves irreducibility). So we can assume (up to a quadratic twist) that k =2 or k =p+ 1. On
the other hand, by [22, Lemma 1.14] either p = 2k — 3 or p = 2k — 1. These conditions are not
compatible when p > 5. g

Theorem 5.3. If r | ay then b is modular.

Proof. The result if proven in [16, Theorem 2.9]. Let t be a prime ideal dividing r. As noticed in
[16], the hypothesis r | ary implies that the representation p, is ordinary at all primes dividing r,
hence the result follows from [48]. O

Theorem 5.4. If r > 5, the motive b, is modular.

Proof. The proof follows the argument given in [16, Theorem 2.9]: let t be a prime ideal of K divid-
ing r. Let p. be the t-adic representation attached to b, . Its residual representation is isomorphic
to the residual representation attached to the motive h; restricted to Galg (corresponding to the
elliptic curve Ey, of (17)). By the Shimura-Taniyama conjecture (proved in [53] and [12]) E, is
modular, i.e. there exists a weight 2 modular form f;, for the group I'o(N) (for an appropriate
N) whose L-series matches that of E;,. Let Fy, be the Hilbert modular form (of parallel weight 2)
corresponding to the base change of fi, to K (whose existence is proven in [20]). Then the repre-
sentation p; is congruent modulo v to the Galois representation attached to Fj,. By Lemma 5.2
the residual Galois representation pg, . restricted to Galg is absolutely irreducible, so by (35] by

is modular. 0
19
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Remark 8. In Darmon’s article, there is an extra requirement (that p | a/). This was a techni-
cal hypothesis that modularity lifting theorems had at the time (like ordinariness of the residual
representation). These hypotheses have been removed since Darmon’s article (see section §4 of [9]).

Theorem 5.5. If q | v then the motive h;:s is modular for all s.

Proof. Follows the same argument given in the proof of Theorem 5.3 (see [16, Theorem 2.9]). O
Theorem 5.6. If ¢ > 5, the motive b3 , is modular for all s.

Proof. Follows the same argument of Theorem 5.4. See also [16, Theorem 2.9]. O
Theorem 5.7. If ¢ | « and r | 7y then []ZS is modular.

Proof. Let q be a prime ideal of K dividing ¢ and let p; denote the g-th Galois representation
attached to the motive hIS. The reduction of pq is isomorphic to the reduction of the g-th rep-

resentation pg of the motive f)éF restricted to Galg (there is an abuse of notation here, since the
Aad

motive 7—[; is specialized at tg = — O ). If pq is reducible, then the hypothesis ¢ | o implies that the
reduction is ordinary at all prime ideals dividing ¢, hence by [48] the representation pq is modular.
Otherwise, pq is absolutely irreducible and by [35] it is enough to prove that h (specialized at

to = —‘é%f) is modular. Let v be the prime ideal of Q(¢.)* dividing r. The reduction of p; is

reducible, hence modular when r | 4 by Theorem 5.3. O

Remark 9. In the previous result we do not expect the hypothesis r | v to be needed, as in general,
the residual representation of p, should be irreducible (if r is large enough).

Theorem 5.8. If either r > 5 and q | a or ¢ > 5 and r | y then by is modular.

Proof. Let q be a prime ideal of K dividing ¢ and let py be the g-th Galois representation attached

to by, If the residual representation pq is reducible, then it is modular by [48] (because ¢ | ).

Otherwise, it is congruent to b restricted to Galx (specialized at ty = —é?‘yz ). The later motive is

modular over Q(¢)* by Theorem 5.4 and also over K by cyclic base change. Then b4 is modular
by [35]. The proof in the second case hypothesis follows from a similar argument using (26). O

Remark 10. As in the previous results, we do not expect the conditions ¢ | a or 7 |  to be needed as
long as the primes are large enough (so that the residual representations are absolutely irreducible).

6. SOME SPECIAL FAMILIES

Let us consider the particular families (2,p,r) and (3,p,7). In these two cases we can prove
modularity of the involved motives for r larger than an explicit small constant. The proof depends
on the rational cases studied in section 3.

6.1. The family (2,p,r). We can assume that r > 5, since the case (2,p,3) has already been
studied in the literature. Let H3 := H((2,—1), (3, 3)[t), a motive defined over the totally real field
K :=Q(¢,)". Its monodromy matrices have order {r, 00,2} at {0,1, 00} respectively.

Theorem 6.1. The motive H;(t) is modular for all specialization of the parameter t.

Proof. The motive Hj (t) is congruent modulo t (the unique prime ideal of K dividing 7) to the

motive H, (specialized at t~! by (15)) corresponding (as mentioned before) to Legendre’s elliptic

curve (17). By Lemma 5.2 its residual image restricted to Galg is absolutely irreducible modulo r

for all primes r > 5. The result then follows from [35] (since E; is modular). O
20
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To a putative solution («, 3,7) of the equation
Az’ + ByP +C2" =0,
one can also attach the hypergeometric motive H, = H ((%, —%) , (%, —i) |t) As before, let b,
denote the specialization of H, at tg := —é‘;‘i, twisted by the character ,. If p denotes a prime
ideal of K = Q(¢,)" dividing p, then the p-th residual representation attached to b is unramified
outside 2r.

Theorem 6.2. Suppose that r{ A. If r > 11 or if r =7 and 2 | v7(B), the motive b, is modular.

Proof. Let t denote the prime ideal of K dividing r. The t-th Galois representation attached to b,
is congruent to the quadratic twist by 6, of the motive H((%, —i), (1,1)[tg") of §3.3. Tt corresponds
to the elliptic curve

t
Et:y2+a:y:1:3+6—4:c.

The curve E; has a rational 2-torsion point, hence Kenku’s result ([33]) implies that the residual
image of F is absolutely irreducible for all primes r > 7 (for all specializations of the parameter).
The case r = 7 is also irreducible, since the curve Xy(14) has only two points corresponding to
the j-invariants —3375 and 16581375. They correspond to the values g = % and tg = —%, but
note that 63 = 9.7, which is not a square if v7(AB) = v7(B) is even, hence it does not come
from any solution of the equation Az? 4+ ByP 4+ Cz" = 0 with r > 2. Irreducibility of the residual
representation restricted to Galg follows from the same argument used in Lemma 5.2: the curve
has additive or multiplicative reduction at r. The reduction of Etal at a prime r > 3 is either good

(if v, (t; ' (ty* — 1)) = 0 by (20)) or multiplicative when v, (t;'(t;* — 1)) > 0. When v,(ty) > 0,

since tal = —% and r { A, the motive h; has good reduction at r by Theorem 2.9. (|

Remark 11. It seems plausible that the residual image modulo 5 at points coming from solutions
is also irreducible, but we did not study this problem in detail (this is just a speculation based
on some numerical experiments). Although this second motive could be used to run a multi-Frey
approach, the problem is that the conductor exponent at 2 is larger than the previous one.

6.2. The family (3,p,r). Assume that r > 5, since the case (3,3,r) has already been studied
in the literature. Let H; := H((2,—1),(3,—3)[t), an hypergeometric motive also defined over
K := Q(¢)T. Its monodromy matrices at the points {0, 1,00} have order {3, 00,7} respectively.
Let (a, 8,7) be a solution to

Az® + ByP + C2" =0,
and set tg := —’é—‘;‘f.
Theorem 6.3. If r { A, the motive H] (to) is modular.

Proof. Let t be a prime ideal of K dividing r. The motive H; (¢9) is congruent modulo t to the
hypergeometric motive H((%, —3), (1, D]ty") corresponding (as described in §3.2) to the elliptic
curve with equation

(27) E, :yQ—l—:Uy—l—;—(;y::z:g.
The point P = (0,0) belongs to F and has order 3. By Kenku’s result [33] (based in Mazur’s result
[37]) there are no rational elliptic curves with a cyclic isogeny of order 3p for p > 11. Furthermore,
there are finitely many curves (up to quadratic twists) with an isogeny of order 15 and 21 (see [10]
page 79 and Table 4).

Any curve with an isogeny of order 15 has the same j-invariant as a curve in the isogeny graph
of curves of level 50.b (with LMFDB label 50.b1, 50.b2, 50.b3 and 50.b4), while any curve with an

21
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isogeny of order 21 has the same j-invariant as a curve in the isogeny graph 162b, with LMFDB
labels 162.b1, 162.b2, 162.b3 and 162.b4. It is easy to verify that j(E;) does not match any of these
8 values for any rational value of t. In particular, the curve E; has absolutely irreducible residual
image for ¢ > 5. Its restriction to Galg is also absolutely irreducible (by the same argument given
in Lemma 5.2 and Theorem 6.2 under the assumption r { A). The result then follows from [35]. O

Remark 12. One can obtain a bound for the conductor exponent of ’ng (t) at primes dividing 3 by
studying the conductor exponent of the curve (27) as done in Lemma 3.1 for the prime 2.

A similar result holds for the motive #H, () corresponding to the parameters (%, —%) , (%, —%)

(this is a quadratic twist of the motive H ((5, —5-), (3, —3) |t) as explained in §2.6).

Theorem 6.4. Suppose that vt A. Then if r > 11 the motive H, (to) is modular.

Proof. Let ¢t be a prime ideal of K dividing r. Then for any specialization of the parameter, the
motive H; (¢) is congruent modulo t to the restriction to Galx of motive H (%, —¢),(1,1)[t). As
studied in §3, the later corresponds to the elliptic curve

2 _ .3t

Eo:y"+zy==x 139

The curve F; does not have any torsion point, hence proving that its residual image modulo r
is irreducible seems more challenging. By Mazur’s result on isogenies of prime degrees ([37]) this
is the case if r does not belong to the set {5,7,11,17,19,37,43,67,163}. The result holds when
r > 11 because for each of these values there are finitely many j-invariants of elliptic curves with

reducible image modulo r (see for example [10]), namely:

e Any elliptic curve with a rational 11-isogeny either has CM, or is a quadratic twist of one of
the curves 121.al, 121.a2 or 121.b1, i.e. its j-invariant equals —121, —32768 or —24729001.
Only the first j-invariant corresponds to the values tg = % or tg = _1—116, whose denominator
is a prime number (so does not come from a solution).

e Any elliptic curve with a rational 17-isogeny is a quadratic twist of either the curve 14450.b1
or 14450.b2 (using the LMFDB label), with j-invariants —% and —w. None
of them are j-invariants of E} for a rational value of ¢.

e Any rational curves having a rational 19, 37, 43, 67 or 163 isogeny has CM. Then its j-
invariant must be (respectively) —884736, —12288000, —884736000, —147197952000 and
—262537412640768000. None of them belong to the family FEj.

Then modularity follows from Kisin’s result. O

We do not know whether the last large image result holds for » = 5 or r = 7 (but it is an
interesting problem to study).

7. BOUNDS AT WILDS PRIMES

As mentioned in the introduction, it seems like a very hard problem to determine the conductor
exponents of an hypergeometric motive at a wild prime p dividing a rational prime p. However we
can give an explicit bound under the following assumption:

Assumption 1. The parameters (a,b), (c,d) are generic and satisfy the following properties:

e a+b and c+d are integers,
e if p is a prime dividing N, then either vy(a) = vp(b) = —1 and vy(c) = vy(d) = 0 or
Vice-versa.

Sometimes we will impose an extra hypothesis on the specialization ty in order to lower the
number of cases to consider, but the same approach applies to the general case.
22
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Recall that if p : Galg — GLo(K)) is a Galois representation and q is a prime ideal whose
residual characteristic is prime to that of A, then the g-th valuation of the Artin conductor of p at
q is computed by

Ny (p) = nq,tame(p) + nq,wild(p))
where 1 tame(p) is the codimension of the subspace fixed by the inertia group Iq while ngiq(p),
the Swan conductor, is the sum of the codimensions over higher ramification groups.

Our bound depends on the fact that two g-adic Galois representations which are residually
isomorphic have the same Swan conductor at any prime ideal p not dividing N ¢ (the norm of q).

Lemma 7.1. Under Assumption 1, if q is a prime ideal of K dividing N with residual characteristic
q and to € Q then there exists s € Fj such that

L Dt)) if vgla) = 1,
(LDIE)) ifvle) = 1.

Ngwitd (H ({2, —32
nq,wild(H((avb)v (C, d)|t0)) = ;1 z
nq,wild H q q

Proof. The isomorphism (15) implies that the second case follows from the first one. Since a + b
and c + d are integers we can assume that b = —a and d = —c.

Let p be a rational prime different from ¢ such that v,(a) = —1. Then we can write a = % + %
with v,(8) = 0 and vy(8) = 1. Let p be a prime ideal of K dividing p. By Theorem 2.10, we
have a congruence between H((a,b), (¢, d)[to) and H((3,—%), (¢, d)[to) over K(¢p) modulo a prime
ideal of K () dividing p, so both motives have the same Swan conductor at ¢. Since the extension
K(¢p)/K is unramified at q, they both have the same Swan conductor over K. Applying the same
procedure for each rational prime dividing S different from ¢ it follows that

s s
Mt (H((0,0) ¢ o) = s (#( (2,2 ) (el )
Since the denominator of ¢ is prime to ¢, a similar argument proves the result. ]

Remark 13. By (16), the motives H ((l,—l) ,(1,1)\t0) and H ((é,—§> (1,1)\1&0) are Galois

' q q’ q)’
conjugate and both appear in the same superelliptic curve (which is defined over Q), so their

conductor exponent at a prime ideal p are the same.

The lemma implies that under Assumption 1, the Swan conductor of our motive is the same

as the Swan conductor of the motive H ((%, —%) , (1, 1)\2&0) (or its specialization at ¢;'), which
appears in the Jacobian of an hyperelliptic curve (as proved in Appendix A), so one can use the
theory of cluster pictures to compute its Swan conductor at odd primes (as done in [27]).

Computing the local type of an hyperelliptic curve at 2 is also quite challenging, but for ¢ = 2 the
motive is actually an elliptic curve whose conductor was computed in Lemma 3.1. This approach
allows us to give upper bounds for the conductor exponents at odd wild primes for the motives P)Qi
and f)ff and at primes dividing 2 for all motives b, .

A prime ideal q is called wild if ngi4(p) # 0. In the case of 2-dimensional representations we
have that

28) e ol € {{1,2} if q is wild,
q,tame

{0,1,2}  otherwise.
The wild primes of an hypergeometric motive always divides N.

Remark 14. If q is an odd prime (i.e. q 1 2) then the Swan conductor of p at q is invariant under
quadratic twists. This fact plays a crucial role in our computations.
23
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7.1. Primes dividing 2. Let q be a prime ideal of K dividing 2.

Theorem 7.2. Let (a,b),(c,d) be parameters satisfying Assumption 1, with ve(a) = —1. Let s be
the valuation at q of the conductor of H((a,b), (¢,d)|to). Then:

o vag(t()) > 0,
5 ifto=3 (mod 4),
s=144 ifto=1 (mod 4),
0,1,2  if va(to) > 5.
o Ifua(ty) <O,

6 if 21 va(to),
s=144 if 2| va(to) and to/220) =3 (mod 4),
0,1,2  if 2| va(to) < —4 and to/2"2%) =1 (mod 4).

Proof. By the proof of Lemma 7.1, our motive is related under a finite number of congruences
(modulo odd prime ideals) and base extensions (unramified at 2) to the motive H((3,3)(1,1)[to).

Let k be the conductor exponent at 2 of E;, given in Lemma 3.1. If {5 = 3 (mod 4), then
k = 5. Looking at Table 1 of [19] we see that the Weil-Deligne type of Ey, is supercuspidal, and the
extension where the curve attains good reduction has ramification degree 8. Equivalently, our local
type corresponds to the induction from Q2(v/—1)/Q2 of a character of conductor \/—713 and order
4 (see [38, Corollary 4.1] and [21, Theorem 2.10]). In particular, the Swan part is 3 and its tame
part 2. By Lemma 7.1 the Swan conductor of H((a,b), (¢, d)|to) is also 3. More can be said on the
tame conductor: since all congruences involve odd primes, and our base extensions are unramified
at 2, the local type of the residual representations involved in the congruences is also supercuspidal,
hence their residual tame conductor is 2, so s = 5 as claimed. The other cases follow from a similar
argument, via the following observations:

o If k =4, it follows from Table 1 of [19] that the Weil-Deligne type of Ey, is either:
(1) A twist (by the quadratic character e_; corresponding to Q2(v/—1)/Q2) of the Stein-
berg representation.
(2) A principal series, twist by e_; of an unramified representation.
(3) Supercuspidal, induced from the unramified extension Q2(v/5)/Q2 of a character of
conductor 22 and order 6 (which is the same as taking the twist by £_1 of the induction
of the character of order 3 and conductor 2 as described in Table 1 of [19]).
(4) Exceptional supercuspidal representation, twist by e_; of the exceptional supercuspidal
of conductor 23.
In all cases, the residual tame conductor exponent is 2, hence #H((a,b), (c,d)|tg) has the
same conductor at q as Fy,.
e If k£ = 1, the Swan conductor is 0, hence H((a, b), (¢, d)|tp) has conductor exponent s = 0, 1,2
at g.
o If £ = 6, the Weil-Deligne type of E}, is either:
(1) A quadratic twist by e1o (the character attached to the extension Qg(v/%£2)/Q2) of a
Steinberg representation.
(2) A principal series, twist by €19 of an unramified one.
(3) Supercuspidal, induced from either: a character of Q2(v/5) of conductor 23 and order
6, a character of Qo(v/—1) or Q2(v/=5) of conductor 22 (of valuation 4) and order 4.
(4) Exceptional supercuspidal.
In all cases, the residual tame conductor exponent is 2.
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Corollary 7.3. Let q be a prime ideal of K dividing 2 and suppose 2t AC. Then, for p,q,r > 5,
ng(h;) <6 for alli.

Proof. Recall that tg = —’é%z. The assumption 2  AC implies that either va(tg) = 0, va(to) > 5
or va(tp) < —4. In all cases, the last theorem implies that the conductor exponent of the motive
H((a,b), (c,d)|to) is at most 6. The quadratic character 6, has conductor valuation at most 3 at 2,

hence the quadratic twist h;” also has conductor exponent at most 6 at g. ]
7.2. Odd primes. Let q be an odd prime of K dividing N of residual characteristic q.

Theorem 7.4. Let (a,b),(c,d) be parameters satisfying Assumption 1. Let s be its conductor
exponent at q. Then

G5 ifvgtolto—1)) = 1,
s<{q+2 ifqtulte) <0,
3 otherwise.

Proof. Recall that if C is Euler’s curve attached to the parameters (a,b), (¢,d), then the motive
H((a,b), (c,d)|to) is defined by Mc @ J((—a, —b, ¢, d), (c—b,d—a)) "' (=1)4"". When a+b and c+d
are integers, the Jacobi motive is at most a Tate twist (hence it does not affect the action of inertia
groups). Under Assumption 1, Lemma 2.5 implies that the character (—1)4~? is unramified outside
2, so the conductor of the motive matches the conductor of (a 2-dimensional part of) Euler’s curve.

By Lemma 7.1 it is enough to understand the Swan conductor of H ((%, —%) , (1, 1)|t§1>, whose

Euler’s curve is isomorphic (by Theorem A.5) to an hyperelliptic curve. Its Swan conductor is given
in [27] (see formula (36)): it is either equal to 0, or it equals 1 when vy(to(to — 1)) € {0,2}, ﬂzl if
vq(to(to — 1)) =1 and q if vy(to) < 0 and g { ve(to). O

Corollary 7.5. Let q be an odd prime dividing N with residual characteristic q. Let s; be the
conductor exponent of the motive bl:-t, fori=24. Then

o < 3 if 91 ABC,
" lq+2 otherwise.

8. ELIMINATING MODULAR FORMS USING HGMSs

Let us focus in the case of general exponents (q,p,r). Suppose that the first three steps of the
modular method succeed, so we have attached to a putative primitive solution («, £, ) of equation
(1) a Hilbert newform g € S3(T'g(n)) over a totally real base field K (contained in Q(({y)), where
the level n is only divisible by primes dividing ABCpq. The form g satisfies that it is congruent
modulo p (a prime ideal of K dividing the exponent p) to H((a,b), (c, d)|to) while restricted to F.

After computing the space S2(I'g(n)) and its newforms, we aim to discard newforms not related
to the solution («, 3,7) (at least for large values of the prime r). If we can discard them all then
no solution can exist.

Let us explain an algorithm based on an idea of Mazur, which in practice allows to discard
most newforms when the exponent p is larger than a computable constant. Keeping the previous
notation, let N be the least common multiple of the denominators of a,b,c,d and let FF = Q((y).
Let g be any newform in S3(I'g(n)), and denote by the same letter its base change to F. For [ a
prime ideal of F', denote by a;(g) the [-th Fourier coefficient of g.

The algorithm consists on studying solutions to (1) modulo ¢ (for ¢ a rational prime not dividing
ABC'pqr), in order to get information on the Fourier coefficient a((F’) for primes [ of F' dividing .
More concretely, let

Se={(a,8.7) € F{\{(0,0,0)} : Aa?+ BGP + O3 = 0}.
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Then any primitive solution («, /3,7) of (1) reduces modulo ¢ to an element in Sy. In practice, since
the prime p is going to be larger than ¢, raising to the p-th power is a bijection of Fy, so we can
parametrize S¢ by elements (&,%) € F2 \ {(0,0)}, which determine 3 uniquely. Denote by S, the
subset of Sy made of elements where none of their entries are zero. Consider the following three
distinct cases:

(1) The value a3y # 0 (i.e. (& B,7) € S)°).

(2) Either & =0 or 4 =0, but 3 # 0.

(3) The number 3 equals 0.

In the first case, we set tg = —%, and compute the value Hi((a,b), (c,d)|tg) (using Defi-
nition 2.8), whose value depends only t; modulo [. By part (2) of Theorem 2.9 the following
congruence holds
(29) a[(F) = H[(((I, b)7 (Cv d)|t0) (mOd p),
where p is a prime ideal dividing p in the composition of the coefficient field of g and F.
Assumption 1: Suppose that both sides of (29) are different for all values ty obtained from
elements of S°.

Then for each element ¢¢, the difference between the left and the right hand side of (29) is non-
zero and p must divide (the norm) of their difference. This gives for each value of ¢y a finite list of
possibilities for p, so we can take their union and get a bound for p in case (1).

Suppose then that we are in case (2) with @ = 0 (so £ | «). Since £ { A, ve(Aa?) is divisible
by g. The condition ¢ { ABCpgr implies that ¢ is not a wild prime so part (3) of Theorem 2.9
implies that the image of inertia at [ is trivial (i.e. H((a,b), (c,d)|to) is unramified at ). Write the
parameter t( in the form tq = £9°¢(®¢y, where £ { tg. Then, by [29, Theorem A.1], the trace of Froby
for H((a,b), (c,d)|to) equals

(30) — (-1 ONODF((—a,~b,c,d), (c — b,d — a)) ()
(@)™ T 0aE) 4N () *IN) 4 xilo) (=) N xald) N T (alE0) N (o) D) )

where J(v, x) is the usual Jacobi sum.
Assumption 2: Suppose that a;(g) does not match (30) for any value tg € F/.

Then once again, for each ¢y of type (2) the difference between (30) and a((g) is non-zero and p
must divide its norm.

When 4 = 0 the strategy follows analogously: replacing (using [29, Theorem A.2]) (30) by

(31) - X[(_1)(d_b)(N([)_1)J((_a7 _bv ¢, d)v (C - bv d— a))([)_l'
: (x[(tb)bNJ(x[(tB)(d*b)N, Xt(t0) ™ DN) + xi(to) (1) DN x(f0)*N T (xu(to) OV, Xr(fo)(b’c)N)> :

Case (3) (when [ | B) lies in the so called “lowering the level” situation: by construction the
hypergeometric motive has multiplicative reduction at primes dividing 8 (which do not divide B),
but [ does not divide n. Then the well known lowering the level condition must hold, namely

(32) a(g) = +(N(1) + 1) (mod p).

Note that a((g) cannot be equal to £(N(I) + 1) for ¢ large enough (as it contradicts Weil’s bound

on the number of points of a curve over a finite field), so there are finitely many possibilities for p.

In each case both sides of the expected congruence can be computed. If the values happen to be

different (i.e. Assumption 1, Assumption 2 and the analogous assumption for 4 = 0 are true), we

get a finite list of candidates for the prime p dividing the norm of their difference. In practice, one

varies £ over a small set of primes and take the greatest common divisor of the different bounds
26



o A W N =

10

11
12
13
14
15
16

17

18
19
20

21

22
23
24

25

26
27

28

to reduce the possible values of p. This method is very powerful, and succeeds to discard most
newforms of S3(T'o(n)). Sometimes it is the case that no newforms (except for example some with
complex multiplication) pass the test, proving non-existence of solutions to (1) for all primes p but
a few small ones. However in many instances, there are a few newforms which systematically pass
the test and other ideas are needed to discard them.

APPENDIX A. MOTIVES COMING FROM HYPERELLIPTIC CURVES

by Ariel Pacetti and Fernando Rodriguez-Villegas

The results of the present appendix follow the ideas of [50]. Let N > 1 be an odd positive integer,
(n an N-th primitive root of unity and F' = Q({x) the cyclotomic field. For a € Q, a # £2, define

the hyperelliptic curve

(33) Chv vt =2 +az + 1.

The curve C)y has two involutions, the canonical one 7 : Cyy — Cly given by 7(z,y) = (z, —y) and

a second involution ¢y : Cfy — Cly given by tn(z,y) = (%, xi]\,) A simple computation proves that

both involutions commute, so the group Z/2 x Z/2 is a subgroup of the automorphisms of Cl.
Let g(x) denote the monic polynomial whose zeros are all the numbers & +¢71, for € € Q\ {1}

satisfying ¢V = —1 (which matches the minimal polynomial of —(Cy + C&l) when N is odd). Let

Dy denote the hyperelliptic curve
(34) Dy :y° = (z +2)(zg(2® — 2) + a).

Lemma A.1. The quotient of Cl by the involution vy is isomorphic to Dy .

Proof. See Proposition 3 of [50]. The idea is that £ = = + i and n = y(i+1/z) generate the field of

r(N—1)/2

functions fixed by the involution, and the given equation is the relation they both satisfy (setting
y=nand x =¢). O
Lemma A.2. The quotient of Cy by the involution o T is given by the equation

(35) Nyt = (2= 2)(zg(2® — 2) + a).

Proof. Mimics the previous one, noting that the field of invariant functions is now generated by the
functions { =z + 1 and n = Z((}Vj{fg The two variables satisfy the stated relation (setting y = 7
and x = §). O

Since the quotient of Cy by (7, tn) has genus 0, up to isogeny
Jac(Cly) ~ Jac(Dy) x Jac(Dly).
If d | N, there is a natural map mq : Cjy — C, sending (z,y) — (N4 y). Tt is easy to verify that
the following diagram is commutative

/ LN /
CN CN

”l iﬂd

td
Cqo—=C4
so the map 7y also induces a map ny : Dy — Dy. The pullback under 7z of the Jacobian of Dy

is a subvariety of Jac(Dy) (belonging to its old part). Define the new part of Jac(Dy) to be a
complement to the contribution from all of its old parts. Clearly
Jac(CN)™Y ~ Jac(Dy)"™" x Jac(Dy)™".
Lemma A.3. The dimension of Jac(Dn)™" equals @
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Proof. The polynomial g(z) has degree %, so the right hand side of (34) has degree N + 1 and
the genus of Dy equals % If N is a prime number, then the result follows. Otherwise, by an

inductive argument, we can assume that the result holds for all divisors of IV, hence

% = g(Dy) = dim(Jac(Dy)"") + Z ¢(2d)’
1<d(‘iﬁN

and the result follows from Mobius inversion formula. OJ

An analogue result holds for Jac(D/)"*". The group puy of N-th roots of unity acts on the curve
Cly via (v - (z,y) = ({(Nz,y) (this endomorphism is defined over F'). The action does not commute
with ¢, but satisfies the relation

(vor=1o(y".
Then over K = Q(¢y)¥, the ring Z[(x + ('] acts on Jac(Dy).

Theorem A.4. For any tg € Q, to # 0,1, H((+, —%), (1,1)[t0) is up to a quadratic twist by F/K
part of the new part of the hyperelliptic curve Dy for a = 2(1 — 2t).

Proof. Since N is odd, the motive H((%, —%), (1, 1)|to) is realized in the new part of the Jacobian
of (the desingularization of) Euler’s curve

(36) Cn:yYN =z(1 — )V 711 — tox).
A trivial change of variables translates this equation into
(1—2)yN = z(1 - tox).

Then the function field of Q(Cy) is a quadratic extension of Q(y). Computing the discriminant
(with respect to the variable x) of the last equation, we get the alternate definition

Ch: 22 =y +2(1 - 2t0)yN +1,

matching the curve (33) (changing variables z = y, y = z) for the value a = 2(1 — 2¢p). The result
follows from the previous considerations. O

Corollary A.5. Let p be a prime number and let to € Q\ {0,1}. The hypergeometric motive
7-[((%, —%), (1,1)[to) matches the hypergeometric curve denoted by Cf in [16].

Remark 15. Theorem 2.9 states a precise formula for Frobenii elements of ’H((%,—%), (1,1)|to)
over F' (not over K). Then a priori the numerical value Hq(%, —%), (1,1)|to) of might differ from

Darmon’s curve by the quadratic twist corresponding to the extension F'/K.

Proof. The curve C’I‘f matches the hypergeometric curve Dy of (34). O

The picture for N even is more interesting. In this case the curve Cj has an extra involution
o :Cy — Cy given by o(x,y) = (—z,y). The three involutions commute with each other, providing
an action of the group Z/2 x Z/2 x Z/2 on C},. The following result is elementary.

Lemma A.6. The quotient of Cl by the involution o is given by
C;V/2 sy =N+ azV? 4+ 1.
Lemma A.7. The quotient of Cy by the involution o o T is given by

Dy :y? = z(z 4 az/? +1).
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Proof. The involution ¢ o 7 send (z,y) — (—,—y). The field of functions on Cj fixed by it is
generated by ¢ = 2% and 7 = zy, which satisfy the stated relation
=N +ag™? 1 1),
O

Since 7 € (0 o 7,0), and the quotient of C§, by 7 has genus zero, the varieties Jac(C}V/Q) (of

dimension § —1) and Jac(Dy) (of dimension &), seen as subvarieties of Jac(Cy) under the pullback
of the quotient map, have finite intersection. Since the sum of their dimensions match the dimension
of Jac(Cly), it follows that

(37) Jac(Cly) ~ Jac(C;V/z) x Jac(Dy).
Note that the old part of Jac(Dy) comes from divisors d satisfying that N/d is odd (the other
divisors contribute to Jac(Cly /2)). Explicitly, if d | N and N/d is odd, the map

N_q

ma(e,y) = (27, 2ld3y),
maps the curve Dy to the curve Dy.
Lemma A.8. The new part of Jac(Dy) has dimension ¢p(N).

Proof. Follows from an easy computation as the one done in Lemma A.3, using that the old con-
tribution comes from divisors d satisfying that N/d is odd. O

The action of the group of N-th roots of unity on Cj, commutes with o o 7, hence it induces an
action on Dy given explicitly by

In particular, the compatible systems of Galois representations attached to Jac(Dy )"V (viewed as
Z[{n]-module) are the ones corresponding to H((1/N,—1/N), (1,1)[ty), for a = 2 — 4ty.
In order to get a representation over the field Q[{x —i—(&l], we need to get an extra splitting of the

Jacobian. The curve Dy has once again two different involutions, namely the canonical involution 7

and the involution ¢y : (z,y) — (%, IN%) Both involutions commute with each other; 7 commutes

with the action of the N-th roots of unity, but ¢ does not, they satisfy the relation
voln =(ylow

Let g() denote the monic polynomial whose zeroes are all the numbers £ +¢71, for € € Q\ {1}
satisfying ¢V/2 = —1. Clearly

deg(g(z)) = {(N/2 —1)/2 if4tN,

N/4 if 4| N.

Lemma A.9. The quotient of the curve Dy by the involution vy is given by the curve

(38) Cn :y? =xg(2® —2) +a,
when N/2 is odd, and by the equation
(39) Cn % = (24 2)(zg(z? — 2) +a),

when N/2 is even. The Jacobian of both curves contain Z[(n + (;,1] in their endomorphism ring.
Proof. See [50, Proposition 3| for the first statement. The second one is clear. O

Just for completeness, we compute the quotient of Dy by the involution ¢ o 7.
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Lemma A.10. The quotient of the curve Dy by the involution vy o T is given by the curve
y* = a(a? —4)(g(a® - 2) + a),
when N/2 is odd, and by the equation
v’ = (x—2)(zg(z" - 2) +a),
when N/2 is even. The Jacobian of both curves contain Z[(n + CK,I] in their endomorphism ring.

Proof. Follows from a similar computation as the previous ones. In the first case, the functions on
Dy fixed by the involution are generated by ¢ =z + 1 and n = y(1 — ;12)x7(N/271)/2 while in the
second case, they are generated by £ = = + % and n = y(1 — L)z=N/4, O

T

Corollary A.11. Let p be a prime number and let to € Q\ {0,1}. The hypergeometric motive
H((2 —%), (1,1)[to) matches the quadratic twist by (—1) of the hypergeometric curve denoted C;

%7
in [16].
Proof. Lemma 2.5 implies that the motive H((%, —%), (1,1)|to) is a quadratic twist by (—1) of
Euler’s curve. The curve Cz, matches the curve C of (38) with parameter a = 2 — 4t,. u
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