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Abstract. In the beautiful article [16] Darmon proposed a program to study integral solutions
of the generalized Fermat equation Axq + Byp + Czr = 0. In the aforementioned article, Darmon
proved many steps of the program, by exhibiting models of hyperelliptic/superelliptic curves lifting
what he called “Frey representations”, Galois representations over a finite field of characteristic p.
The goal of the present article is to show how hypergeometric motives are more natural objects
to obtain the global representations constructed by Darmon, allowing to prove most steps of his
program.

1. Introduction4

The study of Diophantine’s equations is probably one of the oldest research areas in mathematics,5

which got a lot of attention after Fermat’s statement that the equation6

xn + yn = zn

does not have any non-trivial solution if n ≥ 3 (non-trivial meaning none coordinate equal to 0).7

After Wiles’ groundbreaking proof of Fermat’s statement (in [53]) a lot of attention has been given8

to the study of the so called generalized Fermat equation. Let A,B,C be non-zero pairwise coprime9

integers and let p, q, r be positive integers. The generalized Fermat equation is the affine surface10

given by the equation11

(1) Axq +Byp + Czr = 0.

A challenging problem is that of understanding its set of integral points. The name “generalized12

Fermat equation” comes from the observation that setting A = B = C = 1 and p = q = r we recover13

Fermat’s classical equation. However, Fermat’s equation determines a curve in the projective plane,14

while the generalized Fermat equation determines a surface in the affine plane, making its study15

a harder problem. Two well known conjectures regarding solutions to the generalized Fermat16

equation are the following.17

Conjecture (Beal’s conjecture). For any triple of exponents (p, q, r), with p, q, r ≥ 3, the equation18

xq + yp = zr,

has no primitive non-trivial solution.19

Recall the following definition.20

Definition. A solution (α, β, γ) of (1) is called primitive if gcd(α, β, γ) = 1.21
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Beal’s conjecture (with a one million dollars reward) is deeply related to the so called Fermat-1

Catalan conjecture.2

Conjecture (Fermat-Catalan’s conjecture). The set of triples (α, β, γ) which are primitive solu-3

tions of the equation4

xq + yp = zr,

for any triple of exponents (q, p, r) with 1
q +

1
p + 1

r < 1 is finite.5

Actually there exists a candidate for the finite list of solutions (as given in page 515 of [17]),6

based on numerical experiments. The restriction p, q, r ≥ 3 in Beal’s conjecture has to do with the7

geometry of the surface S defined by equation (1). The characteristic χ of the surface S is defined8

by9

(2) χ :=
1

q
+

1

p
+

1

r
− 1.

The case χ > 0 is similar to the case of a genus zero curve, namely it has either zero or infinitely10

many integral points (as proved by Beukers in [8]). In practice, there is a finite list of exponents11

(p, q, r) with χ > 0, allowing to study each of them individually:12

• The solutions to (1) for (q, p, r) = (2, 2, r ≥ 2), (3, 3, 2), (2, 3, 4), (2, 4, 3) were given in [8]13

using Zagier’s factorization.14

• The remaining case where χ > 1 corresponds to (q, p, r) = (2, 3, 5) studied by Thiboutot15

(and completely solved in [23]).16

Similarly, one can study the finite list of exponents (q, p, r) having characteristic 0. They corre-17

spond (up to a change of variables in equation (1)) to the triples (2, 3, 6), (2, 6, 3), (3, 3, 3), (4, 4, 2)18

and (4, 2, 4). The set of solutions for each of them is well known:19

• The case (3, 3, 3) corresponds to the Fermat cubic (hence there are no non-trivial solutions).20

• The case (2, 6, 3) has no non-trivial solution, while the case (3, 2, 6) has the unique non-21

trivial solution (−2,±3, 1) as proved by Bachet (see §6.2 of [17]).22

• The case (2, 4, 4) has no non-trivial proper solution (as proved by Leibniz) while the case23

(4, 4, 2) was proved by Fermat.24

We suggest readers interested in the subject to look at [17] (§6) for solutions to the general Fermat25

equation when χ = 0 (i.e. when one allows general coefficients in the equation).26

Understanding solutions to the generalized Fermat equation when χ < 0 is a very challenging27

open problem. A beautiful and deep result of Darmon and Granville ([17]) asserts that equation28

(1) has finitely many primitive integral points for each choice of the parameters A,B,C, p, q, r.29

However, the proof is non-effective (as it depends on Faltings’ proof of Mordell’s conjecture).30

Support for Fermat-Catalan’s conjecture: the ABC conjecture.31

The well known ABC conjecture (due to Oesterlé and Masser) implies a strong finiteness re-32

sult: there exist only finitely many triples (A,B,C) = (xq, yp, zr) satisfying A + B = C and33

gcd(A,B,C) = 1. Therefore the values of (x, y, z, p, q, r) for which a non-trivial solution exists34

belong to a finite set (see [17]). Unfortunately (as is widely believed within the mathematical35

community) the ABC conjecture is far from being proved, hence a different approach is needed.36

The modular method.37

A very powerful method to study Fermat’s equation is the so calledmodular method (as developed38

by Frey, Hellegouarch, Mazur, Ribet, Wiles, Taylor et al.) The modular method allowed to prove39

non-existence of solutions for different exponents, which can be divided into two cases (see Tables40

1, 2 and 3 of [5] for references):41

• Specific exponents, like (2, 3, n) for n = 7, 8, 9, 10, 11, 15, (3, 4, 5), (3, 5, 5),(5, 5, 7) (5, 5, 19)42

and (7, 7, 5).43
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• Families of exponents, like (2, 4, n), (2, 6, n), (2, 2n, 3), (2, 2n, 9), (3, 6, n), (n, n, 2), (n, n, 3),1

(2n, 2n, 5), (2l, 2m,n) (for l,m primes and n = 3, 5, 7, 11), (2l, 2m, 13).2

The modular method ends relating a solution of a Diophantine equation with an object (an auto-3

morphic form) belonging to a finite dimensional vector space, which (in principle) can be computed.4

It is not our goal to describe the modular method in great detail, but we content ourselves with a5

very simplified description of the steps involved:6

(I) Attach to a putative solution P = (α, β, γ) of (1) a geometric object C defined over a small7

degree number field K. The object should have the property that the reduction of its Galois8

representation modulo a well chosen prime p has a small ramification set (independent of the9

solution P ). In most well known cases (like Fermat’s last theorem) the geometric object C is10

an elliptic curve, either defined over Q or over a number field. In the remarkable article [16],11

Darmon attaches to a solution a hyperelliptic/superelliptic curve of GL2-type
1 for different12

families of exponents (see also [9]). When possible, the field K should be totally real, since13

in this case many different modularity theorems are known, and Hilbert modular forms are14

easier to compute.15

(II) Study the compatible system of Galois representations {ρC,λ : Gal(Q/K) → GL2(Zλ))}16

attached to C (coming from the action of the Galois group on its étale cohomology), for λ17

ranging over prime ideals of the “coefficient field”. The final goal of this second step is to18

prove that the family is modular, i.e. it matches the Galois representation attached to an19

automorphic form of weight k.20

(III) Prove that the reduction of the p-th member of the family (for a proper choice of the prime21

ideal p as in (1)) is absolutely irreducible, and compute its conductor n. Then a variant of22

Ribet’s lowering the level result (proved in [44] for classical modular forms, and a stronger23

version in [13] for Hilbert modular forms) implies the existence of an automorphic form F of24

level n and weight k whose residual Galois representation ρF,p is isomorphic to ρC,p.25

(IV) Compute the space of automorphic forms of level n and weight k and prove that none of26

them can be related to a solution of (1).27

Despite our naive and simplified description, each step of the program has its subtleties! Even28

when the first three steps of the program can be successfully applied (and it seems like a new Dio-29

phantine equation will be solved), it usually happens that the last step fails for one of the following30

two reasons: either the space of automorphic forms has huge dimension (hence we encounter a31

computational problem), or the existence of “trivial” (or small) solutions to our equation makes32

the elimination step (IV) to fail.33

It is sometimes possible to overcome the second failure by applying the so calledmulti-frey method34

as developed by Siksek in [14]. Basically, the idea is to construct many different objects in step (I)35

attached to the same solution, and make use of them all in the elimination step (IV). Usually the36

construction of the geometric object C in step (I) is an artisan’s work, making the modular method37

(and the multi-frey method) hard to apply in new instances.38

In the beautiful article [16], Darmon introduced the notion of Frey representations that gives a39

general framework to construct the Galois representations of step (I) as we now recall. If F is a40

field of characteristic zero, we denote by GalF the Galois group Gal(F/F ).41

Let K be a number field, let K(t) be the function field in one variable over K and let F be a42

finite field of characteristic p.43

Definition. A Frey representation is a continuous Galois representation44

ρt : GalK(t) → GL2(F),

1To our knowledge there is no application of the modular method where the geometric objects is not related to a
2-dimensional Galois representations.
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satisfying the following conditions:1

(1) The restriction of ρ to GalK(t) has trivial determinant and is irreducible.2

(2) Let ρgeom denote the projectivization of the restriction of ρ to GalK(t). Then ρ
geom is unram-3

ified outside {0, 1,∞} and it maps the inertia groups at 0, 1 and ∞ to subgroups of PSL2(F)4

of order p, q and r respectively.5

By a result of Beckmann ([3], see also [16, Lemma 1.2]) Frey’s representation ρt specialized at6

the point t0 = −Aαq

Cγr (where (α, β, γ) is a putative solution to (1)) is unramified outside the set of7

primes dividing ABCpqr (a number which only depends on the equation, not on the solution).8

The representation ρt0 should match the reduction of the representation ρC coming from the9

geometric object constructed in the first step of the modular method.10

In [16] Darmon studies for each exponents (q, p, r) all irreducible Frey representations ρt with11

inertia orders q, p, r at 0, 1,∞ respectively (the representation depends only on the exponents, not12

on a particular solution to the equation). However, Frey’s representations are not enough to prove13

non-existence of solutions, mainly because of the following two problems:14

(1) How can we compute all number fields fixed by the kernel of ρt0?15

(2) How to discard fields that are not related to solutions?16

The standard way to solve the first problem is to relate the representation to a modular one (going17

back to step (II) of the modular method). This would be automatically true if Serre’s conjectures18

are true for general number fields (or at least totally real ones). Since nowadays Serre’s conjectures19

are only proven for the rational field, we need to construct “lifts” of Frey’s representation ρt0 to20

fields of characteristic zero, and prove their modularity.21

In [16], Darmon study some particular families of exponents and constructs for each of them22

a curve C of GL2-type satisfying that the reduction of its Galois representation ρC matches ρt0 .23

Furthermore (under some suitable hypothesis) Darmon is able to prove modularity of the global24

representation ρC , fulfilling steps (I) and (II) of the modular method for them (see [9] for results25

on step (III) for exponents (q, q, p)).26

Hypergeometric motives (HGM for short) are useful while studying the general case of the gener-27

alized Fermat equation; they are a source of motives whose Galois representations are “reasonably“28

well understood. They are mentioned in Darmon’s original article and in [15] Darmon proved that29

all representations coming from hypergeometric motives defined over totally real fields are modular.30

The catch is that on doing so Darmon assumed the veracity of some very strong modularity lifting31

results which (unfortunately) are still far from being proven.32

There is a difference between our approach and Darmon’s one (that allows us to prove stronger33

results). What Darmon calls an hypergeometric abelian variety (in [15]) are varieties whose existence34

depend on results of Belyi (Theorems 1 and 2 of [4]). Belyi’s construction is not explicit, so it does35

not give any information on traces of Frobenius endomorphisms nor a description of the variety36

at primes of bad reduction of the variety. Then even when one could theoretically use Belyi37

construction to complete step (III) of the modular method, it will be of no use for the last one.38

During the last years the theory of hypergeometric motives became a very active research area.39

The rational ones have nice models (as explained in [28]) and many of their expected properties are40

known (see [46] for a nice introduction). The purpose of the present article is to explain how the41

use of rank two hypergeometric motives (as studied in [29]) can be used to fulfill steps (I), (II) and42

(IV) of the modular method, allowing to study solutions of new families of the generalized Fermat43

equation (1).44

Instead of presenting an hypergeometric motives as triples of monodromy matrices (as done by45

Darmon), we present them as pairs of rational numbers, (a, b), (c, d) following the more standard46

convention. With this description it is easy to verify that there are finitely many rational rank 247

hypergeometric motives, corresponding to rational elliptic curves. In Table 3.1 we list all rational48
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rank 2 hypergeometric motives satisfying that at least one monodromy matrix has infinite order.1

Doing reverse engineering, we can deduce for each parameter which family of exponents of (1)2

can be studied with it. This recovers most of the elliptic curves appearing in the literature while3

studying the generalized Fermat equation (see Table 1.1).4

The modular method is well suited to study solutions of (1) when the exponents lie in a line L5

(Fermat’s last theorem corresponding to the line q = p = r). If we restrict to prime exponents,6

then there are four different types of lines (up to a relabeling of the variables):7

(1) L1 : {x = y = z}, corresponding to Fermat’s last theorem of exponents (p, p, p).8

(2) L2 : {x = y, z = r}, corresponding to exponents (p, p, r).9

(3) L3 : {x = z = q}, corresponding to exponents (q, p, q).10

(4) L4 : {x = q, z = r}, corresponding to exponents (q, p, r).11

The recipe for constructing an hypergeometric motive (or its parameters) defined over a totally real12

number field K (independent of the varying parameter p) consists on finding four rational numbers13

a, b, c, d satisfying the following properties:14

• The numbers a−b, a−d, c−b and c−d are not integers (for the monodromy representation15

to be irreducible).16

• The numbers a + b and c + d are integers (for the motive to be defined over a totally real17

number field).18

• If the parameter x (respectively z) varies, then c = d (respectively a = b) and they belong19

to {1
2 , 1}. Otherwise, the denominator of c belongs to {x, 2x} (respectively {z, 2z}).20

Definition 1.1. For each one of the previous lines define the following motives:21

(1) The motive H−
1 := H((12 ,

1
2), (1, 1)|t). This motive is isomorphic to the elliptic curve with22

equation E : y2 = x(x− 1)(1− tx).23

(2) The motives defined over Q(ζr)
+:24

• H+
2 := H((1r ,−

1
r ), (1, 1)|t),25

• H−
2 := H(( 1

2r ,−
1
2r ), (1, 1)|t).26

(3) The two families of motives defined over Q(ζq)
+:27

• H+
3,s := H((1q ,−

1
q ), (

s
q ,−

s
q )|t), for s ∈ F×

q , s ̸= ±1,28

• H−
3,s := H(( 1

2q ,−
1
2q ), (

s
q ,−

s
q )|t), for s ∈ F×

q .29

(4) The two families defined over the composition of Q(ζq)
+ and Q(ζr)

+:30

• H+
4,s := H((1r ,−

1
r ), (

s
q ,−

s
q ), for s ∈ F×

q ,31

• H−
4,s := H(( 1

2r ,−
1
2r ), (

s
q ,−

s
q )|t), for s ∈ F×

q .32

The notation is chosen so it is consistent with [16]; the + motives are tame at primes dividing33

2, while the − motives are (a priory) wild. We will prove that these motives are suitable for the34

modular method. The proof’s strategy can be summarized in the following diagram: to a solution35

(α, β, γ) to (1) one attaches the hypergeometric motive H((a, b), (c, d)|t0) specialized at t0 = −Aαp

Cγr .36

Then one studies two different types of congruences37

H1 H1

  
H2 H((a, b), (c, d)|t0)oo

ff 88

H2

AA

Figure 1. Congruences
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Parameters Curve Exponents Literature
(1/2, 1/2), (1, 1) y2 = x(x− 1)(1− tx) (p, p, p) [53]
(1/3, 2/3), (1, 1) y2 + xy + t

27y = x3 (p, p, 3) [18]
(1/4, 3/4), (1, 1) y2 + xy = x3 + t

64x (p, p, 2) [18]
(1/6, 5/6), (1, 1) y2 + xy = x3 − t

432 (p, p, 3) [16]
(1/3, 2/3), (1/4, 3/4) y2 = x3 − 12tx− 16t2 (2, p, 3) [17]
(1/6, 5/6), (1/3, 2/3) y2 = x3 − 3t3x+ t4(t+ 1) (3, p, 3) [36]

Table 1.1. Table of rational rank 2 hypergeometric motives

The left congruences are used to prove properties of the residual representation (namely step (1)1

of the modular method), while the right ones are used to prove modularity (namely step (2)) via2

the standard “propagation of modularity” approach.3

There is a catch here: to propagate modularity (using some modularity lifting theorem à la4

Wiles) and to lower the level we need “large residual image” (as in step (3)). Although large5

image results are expected to hold for geometric representations, there are few instances where6

unconditional results are proven (and mostly for representations coming from elliptic curves). Even7

when some modularity results for reducible residual representations are known (as in [48] and [43]),8

an absolutely irreducible image result is needed in all lowering the level results. This is probably9

the largest missing step needed to make Darmon’s program to work in general. In some particular10

instances (for example when the HGM is related via a congruence to an elliptic curve) we can11

circumvent this issue, as will be later explained.12

We must warn the reader that some properties of hypergeometric motives are still not completely13

understood. If we specialize the parameter t at a particular value t0, ramification at the so called14

“tame” primes (primes dividing the numerator or denominator of t0(t0 − 1) but not dividing N) is15

well understood. However, the behavior at the so called “wild” primes (primes dividing N) is not.16

In order to make the modular method work, we also need a bound at the wild primes. For the17

motives h±i , such bounds can be obtained using the recent article [27] (build upon results of [2]).18

In this way, we completely fulfill the three stated steps of the modular method.19

To keep the article concise, we focus on setting the bases to accomplish the stated steps of the20

modular method rather than proving non-existence of solutions for new families of exponents. In21

the article [40] we will apply the present ideas to prove non-existence of solutions to the generalized22

Fermat equation for exponents (3, 5, p).23

The article is organized as follows: Section 2 consists of a user’s guide to hypergeometric motives.24

It contains a brief presentation of the theory (including their definition) together with their main25

properties needed in the present article. Their proofs are mostly given in [29].26

Section 3 contains the study of rational hypergeometric motives. In particular, we show how the27

complete list of rational HGM (listed in Table 3.1) appear in the literature while studying families28

of the generalized Fermat equation. Here is a summary of the results obtained in this section.29

Theorem. Table 1.1 is a complete table of all rational rank 2 hypergeometric motives with a30

monodromy matrix of infinite order (up to quadratic twists). The table includes the hypergeometric31

parameter, an equation of the corresponding elliptic curve, the exponents of the generalized Fermat32

equation where it can be used together with its appearance in the literature.33

Section 4 contains a detailed analysis of the ramification of the motives h±i given in Definition 1.134

(see Theorem 4.1). It also contains the value of the residual conductor of their attached residual35

Galois representations (Theorem 4.2) and the “finite at p” condition (Theorem 4.3). In particular,36

we prove that our hypergeometric motives satisfy all the required properties of step (1) in the37

modular method.38
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Section 5 is devoted to prove modularity of our motives. Here is a summary of the results we1

can prove:2

• the motive h+2 is modular when r | αγ (Theorem 5.3),3

• the motive h−2 is modular if r ≥ 5 (Theorem 5.4),4

• the motives h+3,s are modular if q | γ (Theorem 5.5),5

• the motives h−3,s are modular if q ≥ 5 (Theorem 5.6),6

• the motives h+4,s are modular if q | α and r | γ (Theorem 5.7),7

• the motives mod −
4,s are modular if either r ≥ 5 and q | α or q ≥ 5 and r | γ (Theorem 5.8).8

We do not expect any of the required hypothesis to be needed. There are two particular families9

where unconditional results can be proven (as done in Section 6): the family (2, p, r) and the family10

(3, r, p). More concretely11

• The motive h+4,s for the family (2, p, r) is modular for r ≥ 5 (see Theorem 6.1).12

• The motive h−4,s for the family (2, p, r) is modular if r ∤ A and r ≥ 11 (see Theorem 6.2).13

• The motive h+4,s for the family (3, p, r) is modular if r ∤ A and r ≥ 5 (see Theorem 6.3).14

• The motive h−4,s for the family (3, p, r) is modular if r ∤ A and r ≥ 11 (see Theorem 6.4).15

Section 7 studies the behavior of the motives h±i at wild primes. For an odd wild prime q, we16

prove that the conductor exponent is at most 3 when q ∤ ABC (see Corollary 7.5). At primes q17

dividing 2, we can prove that the conductor is bounded by 6 when q ∤ AC, assuming that p, q, r ≥ 518

(see Corollary 7.3). The explicit bounds obtained allow to fully apply the modular method to new19

families of generalized Fermat equations (assuming the veracity of step (3)). We are left to compute20

newforms of finitely many spaces of Hilbert modular forms, and prove that they are not related to21

solutions.22

The last section (section 8) explains how to use hypergeometric motives to perform an “elimina-23

tion” procedure due to Mazur (to our knowledge the unique systematic strategy to perform step (4)24

in the modular method approach). It is an interesting problem to decide whether other techniques25

(like the symplectic method) can be adapted to hypergeometric motives.26

We include an appendix (due to the second named author and Fernando Rodriguez Villegas)27

which proves the following result.28

Theorem. Let N be a positive integer different from 1. Then the hypergeometric motive with29

parameter ( 1
N ,−

1
N ), (1, 1) is part of the middle cohomology of an explicit hyperelliptic curve.30

As a corollary (which motivated the study and proof of the result) we deduce that the Ga-31

lois representation attached to the motive h±2 coincides with Darmon’s ones studied in [16] (see32

Corollaries A.5 and A.11). Still, we believe that the result might be of independent interest.33

Acknowledgments: We want to express our gratitude to Fernando Rodriguez Villegas for many34

helpful conversations as well as his detailed explanation of various properties satisfied by hyper-35

geometric motives. Special thanks go to David Roberts as well, for many fruitful conversations.36

At last, but not least, we want to thank Nuno Freitas and Lucas Villagra Torcomian for many37

suggestions on an earlier version of the article.38

2. User’s guide to Hypergeometric motives39

For a nice introduction to the hypergeometric motives used in this article see [46],[7],[32],[25]40

and [29]. If a is a rational number, by exp(a) we denote the root of unity e2πia.41

2.1. Hypergeometric motives and monodromy representations. The input of a (rank two)42

hypergeometric motive is a parameter consisting of two pairs (a, b), (c, d) of rational numbers (up43

to translation by integers).44
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Definition 2.1. The parameter (a, b), (c, d) is called generic if no element of the set {a − c, a −1

d, b− c, b− d} is an integer.2

From now on, we assume that all parameters are generic (the non-generic case is more subtle and3

will not be needed). The generic condition allows to consider the parameters a, b, c, d as elements4

in Q/Z. Set γ = c+ d− a− b. For a parameter (a, b), (c, d), define the following matrices:5

(3) M0 :=



(
exp(−c) 0

0 exp(−d)

)
if c− d ̸∈ Z,

exp(−c)

(
1 1

0 1

)
if c− d ∈ Z,

6

(4) M1 :=



(
1 0

0 exp(γ)

)
if γ ̸∈ Z,(

1 1

0 1

)
if γ ∈ Z,

and7

(5) M∞ =



(
exp(a) 0

0 exp(b)

)
if a− b ̸∈ Z,

exp(a)

(
1 1

0 1

)
if a− b ∈ Z.

Let N be the least common denominator of a, b, c, d.8

Theorem 2.2. Let (a, b), (c, d) be generic parameters, and let x ∈ P1 \ {0, 1,∞}. Then there is a9

monodromy representation10

ρt : π1(P1 \ {0, 1,∞}, x) → GL2(Z[ζN ]),

whose monodromy matrices at 0, 1 and ∞ are conjugate to M0, M1 and M∞ respectively.11

Proof. The result is due to Levelt, see for example [7, Theorem 3.5]. □12

For s ∈ P1, denote by Is an inertia group of GalQ(t) at s. For each prime ideal p of Q(ζN ), the13

monodromy representation extends (by continuity) to a geometric representation14

(6) ρgeomt : GalQ(t) → GL2(Z[ζN ]p),

satisfying15

(1) The representation ρgeomt is unramified outside the points {0, 1,∞}.16

(2) For s ∈ {0, 1,∞},17

ρgeomt (Is) ≃ ⟨Ms⟩.

Remark 1. More generally, one can study representations of the projective line P1 (with coefficients18

in C or in a finite field) which are unramified outside finitely many points and having fixed (up to19

conjugation) monodromy matrices. The case of three ramified points is simpler, since this case is20

“rigid” (i.e. the representation is determined by the conjugacy class of the matrices M0, M1 and21

M∞ as explained in Remark 2.10 of [29]).22
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The geometric representation is expected to match the (restriction to GalQ(t) of a) representation1

of a pure motive defined over a cyclotomic field (see [4]). In the rank two case the motive can be2

explicitly constructed: it is (up to a twist by a Hecke character) part of the new middle cohomology3

of the so called “Euler’s curve”. Explicitly, let (a, b), (c, d) be a generic parameter, and let N be4

their least common denominator. Define the quantities:5

(7) A = (d− b)N, B = (b− c)N, C = (a− d)N, D = dN,

and define Euler’s curve by6

(8) C : yN = xA(1− x)B(1− tx)CtD.

The curve C is geometrically irreducible precisely when gcd(A,B,C,N) = 1. In this case, the new7

part of the ζN -eigenspace of the first étale cohomology group of C is a motive MC defined over8

F = Q(ζN ). The hypergeometric motive H((a, b), (c, d)|t) is a twist of MC by a Jacobi motive that9

we now describe.10

2.1.1. The Jacobi motive. Let q be a prime ideal of F = Q(ζN ) not dividing N , and let Fq denote11

its residue field (so N | (q − 1)). Following [52], for x an integer prime to q, let χq(x) denote the12

N -th root of unity congruent to x(q−1)/N modulo q. Extend the definition by setting χq(x) = 0 if13

q | x. This determines a character of order N14

(9) χq : (Z[ζN ]/q)× → C×.

Let ψ be an additive character of Fq15

Definition 2.3. Let a = (a1, . . . , ar) and b = (b1, . . . , bs) be two sets of rational numbers and let16

N be their least common denominator. The Jacobi motive attached to a,b at a prime ideal q of17

K = Q(ζN ) not dividing N is the sum18

(10) J(a,b)(q) = (−1)r+s+1 g(ψ, χ
Na1
q ) · · · g(ψ, χNar

q )g(ψ, χ
N(

∑
j bj−

∑
i ai)

q )

g(ψ, χNb1
q ) · · · g(ψ, χNbs

q )
.

The value J(a,b)(q) does not depend on the choice of the additive character ψ. In [52] Weil19

proves that a Jacobi motive is a Hecke character, i.e. there exists a character χ : AQ(ζN ) → C×
20

such that for all but finitely many prime ideals q of K,21

J(a,b)(q) = χ(q).

Definition 2.4. Suppose that Euler’s curve C is irreducible. Then the hypergeometric motive22

H((a, b), (c, d)|t) is defined by23

(11) H((a, b), (c, d)|t) := MC ⊗ J((−a,−b, c, d), (c− b, d− a))−1(−1)d−b,

where (−1)d−b denotes the quadratic character of AF , whose value at a prime ideal q not dividing24

N equals ϖ(−1)(d−b)(N (q)−1), for ϖ any generator of the character group of OF /q.25

Remark 2. All hypergeometric motives considered in the present article satisfy that Euler’s curve is26

irreducible, so the previous definition applies. When Euler’s curve C is reducible, the hypergeometric27

motive is defined (see Definition 6.27 of [29]) as a twist of an irreducible Euler’s curve (with28

parameters (a− d, b− d), (c− d, 1)) by another Jacobi motive.29

It follows from its definition that H((a, b), (c, d)|t) is defined over the field F .30

Lemma 2.5. Let (a, b), (c, d) be a generic parameter.31

(1) If v2(d− b) = 0, the character (−1)d−b is trivial.32

(2) If v2(d− b) = −1, the character (−1)d−b matches the quadratic character
(
−1
q

)
.33

9



Proof. Let q denote a prime of F not dividing 2N , and let Fq denote the finite field OF /q. Then1

ϖ(−1) is 1 when −1 is a square in Fq, or equivalently2

ϖ(−1) =

{
1 if N q ≡ 1 (mod 4),

−1 if N q ≡ 3 (mod 4).

When d − b has odd denominator the character (−1)d−b is clearly trivial (since N q − 1 is even).3

When d− b has even denominator (of valuation 1), the exponent (d− b)(N q− 1) is odd precisely4

when N q ≡ 3 (mod 4), hence the result. □5

The motives h+i , for i = 1, 2, 3, 4 satisfy the first hypothesis of the lemma, while the motives h−i6

satisfy the second one.7

Remark 3. In the present article we will consider parameters satisfying the extra condition a + b8

and c+ d being integers. In this case the Jacobi motive J(−a,−b, c, d), (c− b, d− a) is just a Tate9

twist (so can be mostly be ignored).10

Theorem 2.6. The Galois representation attached to H((a, b), (c, d)|t) restricted to GalQ(t) is iso-11

morphic to ρgeomt .12

Proof. See [29, Theorem 7.13]. □13

Permuting the order of the parameters in the first or the second entries of the parameter14

give isomorphic motives, i.e. the motives H((a, b), (c, d)|t), H((b, a), (c, d)|t), H((a, b), (d, c)|t) and15

H((b, a), (d, c)|t) are all isomorphic. We will make constant use of this fact while listing hypergeo-16

metric motives.17

2.2. Field of definition. Keeping the previous notation, let (a, b), (c, d) be a generic parameter18

and let N denote their least common denominator. Let H be the group19

(12) H := {r ∈ (Z/N)× : {a, b} = {ar, br} and {c, d} = {cr, dr}},
i.e. H is the set of elements that leave the sets {a, b} and {c, d} stable under multiplication (recall20

that our parameters are elements in Q/Z). By [29, Lemma 8.1], the group H is a subgroup of21

Z/2× Z/2.22

The group H can be canonically identified with a subgroup of Gal(Q(ζN )/Q). Let K be the field23

Q(ζN )H fixed by the subgroup H. The following result is proven in [29, Theorem 8.2].24

Theorem 2.7. If a+b and c+d are integers and C is irreducible, then the motive H((a, b), (c, d)|t)25

is defined over K. In particular, for every prime ideal p of K, the geometric Galois representation26

ρgeomt extends to a representation27

(13) ρt,p : GalK(t) → GL2(Kp).

Specializations of ρt,p provide compatible families of Galois representations as will be explained28

in the next section. Although the hypothesis a+ b and c+ d being integers seems quite restrictive,29

most motives defined over totally real fields satisfy this condition.30

2.3. Specializations. For (a, b), (c, d) generic parameters and t0 a rational number, t0 ̸= 0, 1, we31

can consider the specialization of the motive H((a, b), (c, d)|t) at t0 (the values 0 and 1 correspond32

to singular values of the motive). The combinatorial nature of an hypergeometric motive allows to33

obtain a lot of information of the specialized motive, namely:34

• A description of the set of bad places: it consists of prime ideals dividing the numera-35

tor/denominator of t0 or t0 − 1 but not dividing N (the so called tame primes) together36

with prime ideals dividing N (the so called wild primes).37

• A description of inertia at tame primes.38

10



• The trace of Frobenius at good primes.1

Fix an additive character ψ on Fq. For ω ∈ F̂×
q , a character of F×

q , denote by g(ψ, ω) the Gauss2

sum3

(14) g(ψ, ω) =
∑
x∈F×

q

ω(x)ψ(x).

Let q be a prime ideal of F = Q(ζN ) and let Fq be its residual field. Let χq be the character of Fq4

defined in (9).5

Definition 2.8 (Finite hypergeometric sum). For t0 ∈ Fq, define the finite hypergeometric series6

Hq((a, b), (c, d)|t0) by7

Hq((a, b), (c, d)|t0) =
1

1− q

∑
ω∈F̂×

q

g(ψ, χ−aN
q ω)g(ψ, χcN

q ω−1)

g(ψ, χ−aN
q )g(ψ, χcN

q )

g(ψ, χ−bN
q ω)g(ψ, χdN

q ω−1)

g(ψ, χ−bN
q )g(ψ, χdN

q )
ω(t0).

8

The value Hq((a, b), (c, d)|t0) does not depend on the choice of the additive character ψ. If p is9

a prime ideal of F , denote by Ip an inertia group of GalF at p.10

Theorem 2.9. Let (a, b), (c, d) be a generic parameter satisfying that a+ b and c+ d are integers.11

Let t0 ∈ Q be a rational number and let K = Q(ζN )H . Then H((a, b), (c, d)|t0) provides a compatible12

system of irreducible Galois representations13

{ρt0,p : GalQ(ζN ) → GL2(Q(ζN )p)}p,
where p ranges over primes ideals of Q(ζN ). The family satisfies the following properties:14

(1) Let q be a prime ideal of Q(ζN ) not dividing N nor the norm of p. Let Frobq be a Frobenius15

element. Then if vq(t0(t0 − 1)) = 0, the representation ρt0,p is unramified at q and16

Tr ρt0,p(Frobq) = Hq((a, b), (c, d)|t0).
(2) If q ∤ pN and r = vq(t0) > 0, then ρt0,p(Iq) ≃ ⟨M r

0 ⟩ (up to conjugation).17

(3) If If q ∤ pN and r = vq(t0) < 0, then ρt0,p(Iq) ≃ ⟨M r
∞⟩ (up to conjugation).18

(4) If If q ∤ pN and r = vq(t0 − 1) > 0, then ρt0,p(Iq) ≃ ⟨M r
1 ⟩ (up to conjugation).19

(5) The family extends to a family {ρ̃t0,p : GalK → GL2(Kp)}, where p ranges over prime ideals20

of K.21

Proof. The first statement is proved in [29, Theorems 4.8 and 7.23]; the three statements regarding22

inertia groups are proved in [29, Appendix A] when M r
i is the identity and in general in [26]. The23

last statement is proved in [29, Corollary 8.19]. □24

Remark 4. A script written by Fernando Ridriguez Villegas to compute p-adicallyHq((a, b), (c, d)|t0)25

in terms of the p-adic Gamma function is available at the github repository26

https://github.com/frvillegas/frvmath.27

As mentioned in the introduction, the result does not provide any information at wild primes.28

There is a caveat in the statement: the motive is defined over K = FH , but the formula relating29

the trace of a Frobenius element to an hypergeometric motive is only proved over F (although it is30

expected to hold over K as well).31

Remark 5. The last result implies that even when vq(t0) is positive, the motive H((a, b), (c, d)|t0)32

might have good reduction at q (precisely when the matrix M0 has finite order dividing vq(t0)).33

In this case, one can still give a formula to compute the trace of a Frobenius endomorphism at q34

(assuming q ∤ N), as described in [29, Appendix A].35

11
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Remark 6. The normalization of the motive H((a, b), (c, d)|t0) given in [29] is useful to work with1

any rank 2 hypergeometric motive, but while working over totally real fields it might be a Tate2

twist of the expected Hilbert modular form (when the motive happens to be modular). It is the3

case that when a+ b and c+ d are integers:4

• if c, d ∈ Z (or a, b ∈ Z), then no twist is needed,5

• otherwise the motive H((a, b), (c, d)|t0)(1) has Hodge-Tate weights {0, 1}.6

We will disregard this subtlety, but the reader should keep it in mind while matching the motive7

to an automorphic form.8

There is an isomorphism of motives (whose veracity follows from a simple manipulation of the9

finite hypergeometric sum definition)10

(15) H((a, b), (c, d)|t0) ≃ H((c, d), (a, b)|t−1
0 ).

This justifies the ambiguity while choosing the order of the pairs of parameters.11

2.4. Congruences. Let p be a rational prime. For a, b rational numbers, denote by a ∼p b the12

relation defined by the condition that the denominator of a− b is a p-th power, extended naturally13

to vectors component-wise.14

Theorem 2.10. Let p be a prime number, and let (a, b), (c, d) and (a′, b′), (c′, d′) be generic pa-15

rameters. Let F be the composite of the cyclomotic fields where both motives are defined. If16

(a, b) ∼p (a′, b′) and (c, d) ∼p (c′, d′) then both motives over F are congruent modulo p, for p any17

prime ideal of their coefficient field dividing p.18

Proof. See [29, Theorem 10.3]. □19

2.5. Galois action. Keeping the previous notation, let (a, b), (c, d) be a generic rational parameter20

with common denominator N . Let t0 ∈ Q and σ ∈ GalQ with σ(ζN ) = ζjN for some j coprime with21

N . Then22

(16) H((a, b), (c, d)|t0)σ = H((ja, jb), (jc, jd)|t0).
The result follows from [29, Proposition 6.3]. This allows to chose the parameters so that (up to23

Galois conjugation) the numerator of a equals 1.24

2.6. Quadratic Twists. Let (a, b), (c, d) be generic parameters such that a + b and c + d are25

integers.26

Proposition 2.11. Under the previous hypothesis, the motive H((a + 1/2, b + 1/2), (c + 1/2, d +27

1/2)|t0) is (up to a Tate twist) a quadratic twist by
√
t0 of the motive H((a, b), (c, d)|t0).28

Proof. By Theorem 2.9 it is enough to prove the stated relation for the finite hypergeometric sums29

Hq((a, b), (c, d)|t0) and Hq((a+1/2, b+1/2), (c+1/2, d+1/2)|t0). It follows from [29, Proposition30

6.3] that31

Hq((a+ 1/2, b+ 1/2), (c+ 1/2, d+ 1/2)|t0) = ω(t0)
q−1
2 Hq((a, b), (c, d)|t0)κ,

where ω is a generator of F×
q (so ω

q−1
2 equals the quadratic character of F×

q ) and32

κ =
g(ψ, ω(a+1/2)(q−1))g(ψ, ω(b+1/2)(q−1))g(ψ, ω−(c+1/2)(q−1))g(ψ, ω−(d+1/2)(q−1))

g(ψ, ωa(q−1))g(ψ, ωb(q−1))g(ψ, ω−c(q−1))g(ψ, ω−d(q−1))
.

Since a+ b ∈ Z, ωa(q−1) = (ωb(q−1))−1. Recall that33

g(ψ, ω)g(ψ, ω−1) =

{
ω(−1)q if ω is non-trivial,

1 if ω is trivial.
12



Parameters Order at 0 Order at 1 Order at ∞ Equation
(1/2, 1/2), (1, 1) ∞ ∞ ∞ (p, p, p)
(1/3, 2/3), (1, 1) ∞ ∞ 3 (p, p, 3)
(1/4, 3/4), (1, 1) ∞ ∞ 4 (p, p, 2)
(1/6, 5/6), (1, 1) ∞ ∞ 6 (p, p, 3)

(1/3, 2/3), (1/4, 3/4) 3 ∞ 4 (2, p, 3)
(1/6, 5/6), (1/3, 2/3) 3 ∞ 6 (3, p, 3)
(1/6, 5/6), (1/2, 1/2) ∞ ∞ 6 (p, p, 3)
(1/4, 3/4), (1/2, 1/2) ∞ ∞ 4 (p, p, 2)
(1/3, 2/3), (1/2, 1/2) ∞ ∞ 3 (p, p, 3)
(1/6, 5/6), (1/4, 3/4) 4 ∞ 6 (2, p, 3)
Table 3.1. Rational HGM with a not-finite order monodromy matrix

Then if neither a, b, c, d are integers nor half integers, κ = 1. Otherwise, if two are integers or half1

integers, κ = q±1. □2

3. Rational rank 2 hypergeometric motives3

The combinatorial nature of hypergeometric motives makes it clear that there are only finitely4

many rank 2 rational ones: let N denote the least common multiple of the denominators of the5

parameter (a, b), (c, d). If the motive is rational then H (a subgroup of Z/2× Z/2) must equal the6

group Gal(Q(ζN )/Q), so N ∈ {1, 2, 3, 4, 6, 8, 12} (but it is not hard to verify that N cannot be 8).7

A small computer search gives a complete list of rational hypergeometric motives with at least one8

monodromy matrix of infinite order as given in Table 3.1. The table includes the order of inertia at9

the three ramified points and the exponents of the generalized Fermat equation it allows to study10

(each case will be studied in detail).11

Note that the seventh HGM (the one after the horizontal line) is a quadratic twist of the second12

one (obtained by adding 1/2 to all parameters), the eighth is a quadratic twist of the third one and13

so on, hence only the first six HGM give different elliptic curves (up to isomorphism). The explicit14

equation we use for the elliptic curve attached to the listed HGM were found by Cohen in [31] (see15

also [30]).16

3.1. The motive H((1/2, 1/2), (1, 1)|t): corresponds to the family of elliptic curves in Legendre17

equation18

(17) Et : y
2 = x(x− 1)(1− tx),

or equivalently the equation19

E : y2 = x(x+ 1)(x+ t).

The curve has full 2-torsion. Its invariants are20

∆(Et) = 24t2(t− 1)2, j(Et) =
28(t2 − t+ 1)3

t2(t− 1)2
.

All odd primes dividing the numerator of t(t − 1) are primes of multiplicative reduction, while21

the odd primes dividing the denominator of t have inertial type a ramified quadratic twist of a22

multiplicative reduction type (i.e. are quadratic twist of a Steinberg representation). The reduction23

type at 2 is a little more complicated to describe.24

Lemma 3.1. Let t0 ∈ Q be a rational number with t0 ̸= 0, 1. The conductor exponent s of Et0 at25

the prime 2 is given by:26
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• If v2(t0) ≥ 0, then1

s =



5 if t0 ≡ 2, 3 (mod 4),

4 if t0 ≡ 1 (mod 4),

3 if v2(t0) = 2, 3,

0 if v2(t0) = 4,

1 if v2(t0) ≥ 5.

• If v2(t0) < 0, then2

s =



6 if 2 ∤ v2(t0),
4 if 2 | v2(t0) and t0/2v2(t0) ≡ 3 (mod 4),

3 if v2(t0) = −2 and 4t0 ≡ 1 (mod 4),

0 if v2(t0) = −4 and 16t0 ≡ 1 (mod 4),

1 if 2 | v2(t0) < −4 and t0/2
v2(t0) ≡ 1 (mod 4).

Proof. Follows from applying Tate’s algorithm [49] to the different cases. □3

If (α, β, γ) is a solution to the generalized Fermat equation Axp+Byp+Czp = 0, set t0 = −Aαp

Cγp ,4

and consider the twisted curve5

E : Cγpy2 = x(x− 1)

(
1 +

Aαp

Cγp
x

)
.

The twist is needed because the monodromy matrix at ∞ equals (−1) ( 1 1
0 1 ), hence we need to6

cancel the extra −1. After a change of variables we obtain the famous Frey elliptic curve ([53])7

y2 = x(x−Aαp)(x+ Cγp).

3.2. The motive H((1/3, 2/3), (1, 1)|t): corresponds to the elliptic curve with equation8

(18) Et : y
2 + xy +

t

27
y = x3.

The point P = (0, 0) is a 3-torsion point of Et. The curve invariants are9

∆(Et) = −3−9t3(t− 1), j(Et) =
33(8t− 9)3

t3(t− 1)
.

To a putative solution (α, β, γ) of the equation Axp+Byp+Cz3 = 0 corresponds the specialization10

t0 = −Aαp

Cγ3 , giving the elliptic curve11

E : y2 − 3Cγxy +AαpC2y = x3,

with12

∆(E) = 33A3BC8α3pβp, j(E) = −39Cγ3(8Aαp + 9Cγ3)

A3Bα3pβp
.

The curve has multiplicative reduction at primes dividing A and B, and its local type at primes13

dividing C is a Principal Series given by a character of order 3. The ramification at the prime 3 can14

be obtained running Tate’s algorithm to the equation. When A = B = C = 1 the curve matches15

the one studied by Darmon and Merel in [18].16
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3.3. The motive H((1/4, 3/4), (1, 1)|t): corresponds to the elliptic curve with equation1

(19) Et : y
2 + xy = x3 +

t

64
x.

The point P = (0, 0) is a 2-torsion point of Et. Its invariants are2

(20) ∆(Et) = −212t2(t− 1), j(Et) =
26(3t− 4)3

t2(t− 1)
.

Since the monodromy matrix at the point ∞ has order 4 (instead of 2), we need to take a quadratic3

twist of the equation. To a putative solution (α, β, γ) of equation Axp+Byp+Cz2 = 0 one attaches4

the elliptic curve5

E : y2 = x3 − 2233(3Aαp + 4Cγ2)

C
x+

2433(9Aαp + 8Cγ2)γ

C
,

with invariants6

∆(E) = −212312A2Bα2pβp

C3
, j(E) =

26(3Aαp + 4Cγ2)3

A2Bα2pβp
.

Primes dividing A and B are of multiplicative reduction, while primes dividing C have inertial type7

that of a Principal series given by an order 4 character. Special care needs to be taken at primes8

dividing 2 and 3. When A = B = C = 1, the curve matches the one studied by Darmon and Merel9

in [18].10

3.4. The motive H((1/6, 5/6), (1, 1)|t): corresponds to the elliptic curve with equation11

(21) Et : y
2 + xy = x3 − t

432
.

It has invariants12

∆(Et) =
−t(t− 1)

2433
, j(Et) =

−2433

t(t− 1)
.

One again, to a putative solution (α, β, γ) of the equation Axp +Byp + Cz3 = 0, one attaches the13

elliptic curve obtained by specialization at t0 = −Aαp

Cγ3 twisted by γ, i.e.14

E : y2 = x3 − 27C4γ2x− 54(2Aαp + Cγ3)C5,

with invariants15

∆(E) = 2839ABC10αpβp, j(E) =
2433C2γ6

ABαpβp
.

Primes dividing A and B (but not dividing 6) have multiplicative reduction, while primes dividing16

C are primes with inertial type a Principal series given by an order 6 character. The reduction17

type at the primes 2 and 3 can be determined using Tate’s algorithm. This elliptic curve matches18

the hyperelliptic curve C− of [16] for q = 3.19

3.5. The motive H((1/3, 2/3), (1/4, 3/4)|t): corresponds to the elliptic curve with equation20

(22) Et : y
2 = x3 − 12tx+ 16t2,

with invariants21

∆(Et) = −21233t3(t− 1), j(Et) =
−2633

(t− 1)
.

Historically, one studies the equation Ax2 + By3 = Czp (i.e. the equation for exponents (2, 3, p))22

instead of the equation with exponents (2, p, 3). If (α, β, γ) is a putative solution to Ax2 + By3 =23
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Czp, then (α, γ, β) is a solution to Ax2 + (−C)zp + By3 = 0. Specializing (22) at t0 = −Aα2

Bβ3 and1

twisting by α gives the curve2

E : y2 = x3 + 12AB3βx+ 16A2B4α,

with invariants3

∆(E) = −21233A3B8Cγp, j(E) =
1728Bβ3

Cγp
.

This curve is the quadratic twist by
√
2B of the elliptic curve associated to the equation Ax2+By3 =4

Czp by Darmon and Granville in [17].5

3.6. The motive H((1/6, 5/6), (1/3, 2/3)|t): corresponds to the elliptic curve with equation6

(23) Et : y
2 = x3 − 3t3x+ t4(t+ 1),

with invariants7

∆(Et) = −2433t8(t− 1)2, j(Et) =
−2833t

(t− 1)2
.

Once again, instead of studying the equation Ax3 + By3 = Czp, we consider the equation Ax3 +8

(−C)zp + By3 = 0. Let (α, β, γ) be a putative solution of Ax3 + By3 = Czp. Specializing (23) at9

t0 = −Aα3

Bβ3 and twisting by β (to lower the order of the monodromy matrix from 6 to 3) we obtain10

the elliptic curve11

E : y2 = x3 + 3A3Bαβx+A4B(Bβ3 −Aα3),

with invariants12

∆(E) = −432A8B2C2γ2p, j(E) =
6912ABα3β3

C2γ2p
.

When A = B = C = 1, this curve matches the one studied by Kraus in [36] (see equation (4−3)).13

4. The generalized Fermat equation14

The goal of this section is to prove that the hypergeometric motives of Definition 1.1 are suitable15

for the modular method. Keeping the introduction’s notation, let (q, p, r) be the exponents of (1)16

lying in one of the four lines L1, . . . , L4. To give unified statements, denote by H±
i (t) the motive (or17

family of motives) attached to the line Li as given in Definition 1.1 (although they might depend18

of an extra parameter s, their conductor will not). Let K = FH denote its field of definition.19

For d an integer, let θd be the quadratic character attached to the extension Q(
√
d)/Q. By abuse20

of notation, we use the same symbol to denote the quadratic character of GalQ (from class field21

theory) and its restriction to any subgroup GalL for L a number field. Let (α, β, γ) be a primitive22

solution of the equation and set t0 := −Aαq

Cγr . To ease notation, we introduce23

(24) h+i := H+
i (t0), h−i := H−

i (t0)⊗ θγ .

Theorem 4.1. Let ℓ be a prime ideal of K. Then24

• If ℓ ∤ 2ABCpαβγ then h−1 is unramified at ℓ.25

• If ℓ ∤ ABCprαβ then h+2 is unramified at ℓ.26

• If ℓ ∤ 2ABCprαβ then h−2 is unramified at ℓ.27

• If ℓ ∤ ABCpqβ then h+3 is unramified at ℓ.28

• If ℓ ∤ 2ABCpqβ then h−3 is unramified at ℓ.29

• If ℓ ∤ ABCpqrβ then h+4 is unramified at ℓ.30

• If ℓ ∤ 2ABCpqrβ then h−4 is unramified at ℓ.31

16



Proof. Let ℓ be a prime number. If vℓ(t0(t0 − 1)) = 0 and ℓ ∤ pqr (or equivalently ℓ ∤ ABCpqrαβγ)1

then H+
i (t0) is unramified at ℓ by Theorem 2.9. The same is true for H−

i (t0) if we furthermore2

assume that ℓ ∤ 2.3

Suppose then that ℓ | α, but ℓ ∤ Apqr, so q | vℓ(t0). The parameter given in Definition 1.1 makes4

(by construction) the monodromy matrixM0 (as defined in (3)) of the motive H±
i (t0) to have order5

q if q ̸= p and order ∞ if q = p. Then the second statement of Theorem 2.9 implies that H±
i (t0) is6

unramified at primes dividing α when q ̸= p (proving the last four cases).7

When ℓ | γ the situation is similar, but the matrix M∞ has order:8

• p for the motive H+
i (t0) when r ̸= p,9

• 2p for the motive H−
i (t0) when r ̸= p,10

• ∞ when r = p.11

The same proof as before implies that the motive H+
i (t0) is unramified at primes dividing γ for12

i = 2, 3, 4. The monodromy matrix M∞ of the motive H−
i has order 2p, so the quadratic twist13

H−
i (t0) ⊗ θγ has order p (as occurs in the proof of Fermat’s last theorem). Then the motive14

H−
i (t0)⊗ θγ is also unramified at primes dividing γ for i = 2, 3, 4.15

The matrix M1 always has infinite order, so the representation is ramified at all prime ideals16

dividing β but not dividing pqr. □17

Let p be a prime ideal of K dividing p. Then the p-th residual representation attached to the18

motive h±i has the expected ramification.19

Theorem 4.2. Let ρ±p : GalK → GL2(Qp) be the p-th Galois representation attached to the motive20

h±i respectively. Let ℓ be a prime ideal of K not dividing 2ABCpqr. Then the residual representation21

ρ±p is unramified at ℓ. Furthermore, if ℓ | 2, the representation ρp+ is also unramified at ℓ.22

Proof. The last theorem implies that we only need to prove the result for primes ℓ of K dividing23

αβγ but not dividing 2ABCpqr. Suppose that ℓ | α, and consider the motive h−1 . Define the24

motive h := H((12 + 1
p ,

1
2), (1, 1)|t0) ⊗ θγ . Theorem 2.10 implies that over the field Q(ζp), the25

motives h and h−1 are congruent modulo p. Since vℓ(α) ≡ 0 (mod p), the motive h is unramified at26

ℓ (by Theorem 2.9), hence ρ−p is unramified at ℓ while restricted to GalK(ζp). Since the extension27

K(ζp)/K is unramified at ℓ, the same is true for ρ−p . The same argument proves that the residual28

representation is unramified at primes dividing β (since h has monodromy matrix of order 2p at29

1). To prove the result for primes dividing γ, one considers the motive h := H((12 ,
1
2), (

1
p , 1)|t0).30

The same proof works for all other motives h±i : consider the hypergeometric motive obtained by31

adding 1
p to one of the first two coordinates. This new motive will be unramified at primes dividing32

β and also at primes dividing α when i = 2. □33

At last, we need a similar result for primes dividing p. Assume that p ̸= 2.34

Theorem 4.3. Let p be a prime ideal of K dividing p, such that p ∤ 2ABC. Then ρ±p arises from35

a finite flat group scheme.36

Proof. The result for i = 1 follows from [47, Proposition 5] while for i = 2 it follows from [16,37

Proposition 1.15]. We focus on the case i = 4 (the novelty of the present article). If p ∤ αβγ,38

then t0 reduces modulo p to a point in P1 \ {0, 1,∞}, so the reduction of (a non-singular model39

of) Euler’s curve (8) is non-singular (and so is the quadratic twist by γ). If p | αγ a similar result40

holds by Theorem 2.9 (recall that N = qr or 2qr).41

The proof when p | β depends on the theory of Mumford curves (as in Darmon’s proof). Consider42

Euler’s curve attached to h+4,s at t0, given with equation43

C : yqr = xA(1− x)B(1− t0x)
Ct−sr

0 ,
17



for A = q − sr, B = −q − sr and C = q + rs. Let v = vp(β) and write t0 = 1 + u0, so that1

u0 = πvpũ0, for ũ0 a unit in O×
p . Consider the curve (in the variable u) with equation2

(25) C : yqr = xA(1− x)B(1− x(u+ 1))Ct−sr
0 ,

The stable model of its special fiber (see [11] and [42]) consists of two curves C1 and C2 intersecting3

at a point, given by the equations4

C1 : yqr = xA(1− x)B+Ct−rs
0 ,

and5

C2 : yqr2 = xB2 (x2 − ũ0)
Ct−rs

0 .

The second curve is obtained via the change of variables 1 − x = πvpx2 and y2 = y (noting that6

B+C = 0). Both curves have genus zero (since B+C = 0) and their intersection points are defined7

over the extension Kp(
qr
√
t0), an unramified extension of Kp, so the reduction type of Jac(C) is that8

of multiplicative reduction and C is a Mumford curve. The result follows from the fact that its9

p-torsion points are defined over the extension K[ p
√
u0] (as in the proof of Proposition 1.15 in [16]).10

The proof for h−4,s follows from a similar computation.11

The proof for h±3,s is similar, if p ∤ β, the motive has good reduction. When p | β, the semistable12

model of Euler’s curve with parameters (1q ,−
1
q ), (

s
q ,−

s
q ) is the intersection of the two genus 0 curves13

C1 : yq = xA(1− x)B+Ct−s
0 ,

and14

C2 : yq2 = xB2 (x2 − ũ0)
Ct−s

0 .

□15

Remark 7. The motive attached to the parameters (a/q,−a/q), (1, 1) gives the same motive as the16

hyperelliptic curve C+
r (α, β, γ) studied in [16], as proven in Corollary A.5.17

5. Modularity18

Let us denote by h+1 the hypergeometric motive attached to the parameters (1, 1), (1, 1). It19

is not generic, corresponding to the Eisenstein series of weight 2 (see Proposition 6.3 of [29]).20

Theorem 2.10 implies the following “congruences” (up to Galois conjugation and quadratic twists)21

h+1 ≡ h+2 (mod r), h+1 ≡ h+3 (mod q), h+4,s ≡ h+2 (mod q),

for any prime ideal r | r (respectively q | q). There is a subtlety here: the motive h+1 is defined over22

Q, the motive h+2 is defined over K = Q(ζr)
+ and they become congruent while restricted to GalF ,23

for F = Q(ζr). Since the extension F/K is cyclic, the motive h+2 is isomorphic (up to a quadratic24

twist) to h+1 restricted to GalK . Since modularity is preserved under quadratic twists, by abuse of25

notation, we will “assume” that the congruences to hold over K (the same applies to the motives26

h−i ).27

Formula (15) gives the extra isomorphism28

(26) h+4,s ≡ H
((

s

q
,−s

q

)
, (1, 1)|t−1

0

)
(mod r).

Similar congruences hold for the family h−i . General modularity lifting theorems allow (with ap-29

propriate hypothesis) to propagate modularity from one motive to another. When the residual30

representations are irreducible, no hypothesis is needed, thanks to general results of Kisin ([35]).31

When the residual representation is reducible the theory is not complete and extra hypotheses32

appear (for example the main result of [48] requires the representations to be ordinary at the con-33

gruence prime). In [43] the author proves a stronger version for abelian totally real extensions K/Q34

18



(which is our case). However, there are still some technical hypothesis in his main result that we1

now recall. Let p be the residual characteristic, then the following must hold2

(1) The prime p splits completely in K.3

(2) The global representation is either ordinary at all primes of K dividing p (Corollary 6.6.114

of [43]) or5

(3) The global representation is irreducible while restricted at the decomposition subgroup Dp6

for all primes p of K dividing p (Theorem 7.1.1 of loc. cit).7

It is not clear how to verify whether our motives satisfy one of the last two conditions. A more8

general result (including mixed cases) would imply modularity of all our motives. Still, we can9

prove some partial results for our motives.10

Lemma 5.1. Let p ≥ 5 be a prime number and let E be Legendre’s elliptic curve (17) specialized11

at any rational point t0 ∈ Q \ {0, 1}. Then the residual representation ρE,p is irreducible.12

Proof. An elliptic curve whose residual Galois representation modulo p is reducible has an isogeny13

of degree p. Since the elliptic curve has full 2-torsion, the result follows from Mazur’s work ([37])14

when the curve is semistable. In general, a curve with full 2-torsion and a degree p isogeny gives15

a curve with an isogeny of degree 4p, and there are no such rational elliptic curves when p ≥ 5 by16

Kenku’s result (see [33]). □17

Lemma 5.2. Let p ≥ 5 be a prime number, and let F = Q(ζp). Then the Galois representation18

of the residual representation of Legendre’s elliptic curve E specialized at any rational point t0 ∈19

Q \ {0, 1} restricted to GalF is irreducible.20

Proof. The previous lemma implies that the residual representation ρE,p is irreducible. By [22,21

Lemma 1.13] the restriction to GalF is reducible if and only if the restriction to GalQ(
√
p⋆) is22

reducible, where p⋆ =
(
−1
p

)
p. When the restriction is reducible, we are in what is usually called a23

bad dihedral prime. Let k be Serre’s weight of the (irreducible) representation ρE,p. If p does not24

divide the denominator of t0, the curve E has either good or multiplicative reduction at p. When25

p does divide the denominator, the same is true for the quadratic ramified twist of E (twisting26

preserves irreducibility). So we can assume (up to a quadratic twist) that k = 2 or k = p+ 1. On27

the other hand, by [22, Lemma 1.14] either p = 2k − 3 or p = 2k − 1. These conditions are not28

compatible when p ≥ 5. □29

Theorem 5.3. If r | αγ then h+2 is modular.30

Proof. The result if proven in [16, Theorem 2.9]. Let r be a prime ideal dividing r. As noticed in31

[16], the hypothesis r | αγ implies that the representation ρr is ordinary at all primes dividing r,32

hence the result follows from [48]. □33

Theorem 5.4. If r ≥ 5, the motive h−2 is modular.34

Proof. The proof follows the argument given in [16, Theorem 2.9]: let r be a prime ideal of K divid-35

ing r. Let ρ−r be the r-adic representation attached to h−2 . Its residual representation is isomorphic36

to the residual representation attached to the motive h−1 restricted to GalK (corresponding to the37

elliptic curve Et0 of (17)). By the Shimura-Taniyama conjecture (proved in [53] and [12]) Et0 is38

modular, i.e. there exists a weight 2 modular form ft0 for the group Γ0(N) (for an appropriate39

N) whose L-series matches that of Et0 . Let Ft0 be the Hilbert modular form (of parallel weight 2)40

corresponding to the base change of ft0 to K (whose existence is proven in [20]). Then the repre-41

sentation ρ−r is congruent modulo r to the Galois representation attached to Ft0 . By Lemma 5.242

the residual Galois representation ρEt0 ,r
restricted to GalK is absolutely irreducible, so by [35] h−243

is modular. □44
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Remark 8. In Darmon’s article, there is an extra requirement (that p | αβ). This was a techni-1

cal hypothesis that modularity lifting theorems had at the time (like ordinariness of the residual2

representation). These hypotheses have been removed since Darmon’s article (see section §4 of [9]).3

Theorem 5.5. If q | γ then the motive h+3,s is modular for all s.4

Proof. Follows the same argument given in the proof of Theorem 5.3 (see [16, Theorem 2.9]). □5

Theorem 5.6. If q ≥ 5, the motive h−3,s is modular for all s.6

Proof. Follows the same argument of Theorem 5.4. See also [16, Theorem 2.9]. □7

Theorem 5.7. If q | α and r | γ then h+4,s is modular.8

Proof. Let q be a prime ideal of K dividing q and let ρq denote the q-th Galois representation9

attached to the motive h+4,s. The reduction of ρq is isomorphic to the reduction of the q-th rep-10

resentation ρ̃q of the motive h+2 restricted to GalK (there is an abuse of notation here, since the11

motive H+
2 is specialized at t0 = −Aαq

Cγr ). If ρq is reducible, then the hypothesis q | α implies that the12

reduction is ordinary at all prime ideals dividing q, hence by [48] the representation ρq is modular.13

Otherwise, ρq is absolutely irreducible and by [35] it is enough to prove that h+2 (specialized at14

t0 = −Aαq

Cγr ) is modular. Let r be the prime ideal of Q(ζr)
+ dividing r. The reduction of ρ̃r is15

reducible, hence modular when r | γ by Theorem 5.3. □16

Remark 9. In the previous result we do not expect the hypothesis r | γ to be needed, as in general,17

the residual representation of ρ̃r should be irreducible (if r is large enough).18

Theorem 5.8. If either r ≥ 5 and q | α or q ≥ 5 and r | γ then h−4,s is modular.19

Proof. Let q be a prime ideal of K dividing q and let ρq be the q-th Galois representation attached20

to h−4,s. If the residual representation ρq is reducible, then it is modular by [48] (because q | α).21

Otherwise, it is congruent to h−2 restricted to GalK (specialized at t0 = −Aαq

Cγr ). The later motive is22

modular over Q(ζr)
+ by Theorem 5.4 and also over K by cyclic base change. Then h−4,s is modular23

by [35]. The proof in the second case hypothesis follows from a similar argument using (26). □24

Remark 10. As in the previous results, we do not expect the conditions q | α or r | γ to be needed as25

long as the primes are large enough (so that the residual representations are absolutely irreducible).26

6. Some special families27

Let us consider the particular families (2, p, r) and (3, p, r). In these two cases we can prove28

modularity of the involved motives for r larger than an explicit small constant. The proof depends29

on the rational cases studied in section 3.30

6.1. The family (2, p, r). We can assume that r ≥ 5, since the case (2, p, 3) has already been31

studied in the literature. Let H+
2 := H((1r ,−

1
r ), (

1
2 ,

1
2)|t), a motive defined over the totally real field32

K := Q(ζr)
+. Its monodromy matrices have order {r,∞, 2} at {0, 1,∞} respectively.33

Theorem 6.1. The motive H+
2 (t) is modular for all specialization of the parameter t.34

Proof. The motive H+
2 (t) is congruent modulo r (the unique prime ideal of K dividing r) to the35

motive H−
2 (specialized at t−1 by (15)) corresponding (as mentioned before) to Legendre’s elliptic36

curve (17). By Lemma 5.2 its residual image restricted to GalK is absolutely irreducible modulo r37

for all primes r ≥ 5. The result then follows from [35] (since Et is modular). □38
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To a putative solution (α, β, γ) of the equation1

Ax2 +Byp + Czr = 0,

one can also attach the hypergeometric motive H−
2 := H

((
1
r ,−

1
r

)
,
(
1
4 ,−

1
4

)
|t
)
. As before, let h−22

denote the specialization of H−
2 at t0 := −Aα2

Cγr , twisted by the character θα. If p denotes a prime3

ideal of K = Q(ζr)
+ dividing p, then the p-th residual representation attached to h−2 is unramified4

outside 2r.5

Theorem 6.2. Suppose that r ∤ A. If r ≥ 11 or if r = 7 and 2 | v7(B), the motive h−2 is modular.6

Proof. Let r denote the prime ideal of K dividing r. The r-th Galois representation attached to h−27

is congruent to the quadratic twist by θα of the motive H((14 ,−
1
4), (1, 1)|t

−1
0 ) of §3.3. It corresponds8

to the elliptic curve9

Et : y
2 + xy = x3 +

t

64
x.

The curve Et has a rational 2-torsion point, hence Kenku’s result ([33]) implies that the residual10

image of Et is absolutely irreducible for all primes r > 7 (for all specializations of the parameter).11

The case r = 7 is also irreducible, since the curve X0(14) has only two points corresponding to12

the j-invariants −3375 and 16581375. They correspond to the values t0 = 64
63 and t0 = − 1

63 , but13

note that 63 = 9 · 7, which is not a square if v7(AB) = v7(B) is even, hence it does not come14

from any solution of the equation Ax2 + Byp + Czr = 0 with r ≥ 2. Irreducibility of the residual15

representation restricted to GalK follows from the same argument used in Lemma 5.2: the curve16

has additive or multiplicative reduction at r. The reduction of Et−1
0

at a prime r > 3 is either good17

(if vr(t
−1
0 (t−1

0 − 1)) = 0 by (20)) or multiplicative when vr(t
−1
0 (t−1

0 − 1)) > 0. When vr(t0) > 0,18

since t−1
0 = −Cγr

Aα2 and r ∤ A, the motive h−2 has good reduction at r by Theorem 2.9. □19

Remark 11. It seems plausible that the residual image modulo 5 at points coming from solutions20

is also irreducible, but we did not study this problem in detail (this is just a speculation based21

on some numerical experiments). Although this second motive could be used to run a multi-Frey22

approach, the problem is that the conductor exponent at 2 is larger than the previous one.23

6.2. The family (3, p, r). Assume that r ≥ 5, since the case (3, 3, r) has already been studied24

in the literature. Let H+
4 := H((1r ,−

1
r ), (

1
3 ,−

1
3)|t), an hypergeometric motive also defined over25

K := Q(ζr)
+. Its monodromy matrices at the points {0, 1,∞} have order {3,∞, r} respectively.26

Let (α, β, γ) be a solution to27

Ax3 +Byp + Czr = 0,

and set t0 := −Aα3

Cγr .28

Theorem 6.3. If r ∤ A, the motive H+
4 (t0) is modular.29

Proof. Let r be a prime ideal of K dividing r. The motive H+
4 (t0) is congruent modulo r to the30

hypergeometric motive H((13 ,−
1
3), (1, 1)|t

−1
0 ) corresponding (as described in §3.2) to the elliptic31

curve with equation32

(27) Et : y
2 + xy +

t0
27
y = x3.

The point P = (0, 0) belongs to E and has order 3. By Kenku’s result [33] (based in Mazur’s result33

[37]) there are no rational elliptic curves with a cyclic isogeny of order 3p for p ≥ 11. Furthermore,34

there are finitely many curves (up to quadratic twists) with an isogeny of order 15 and 21 (see [10]35

page 79 and Table 4).36

Any curve with an isogeny of order 15 has the same j-invariant as a curve in the isogeny graph37

of curves of level 50.b (with LMFDB label 50.b1, 50.b2, 50.b3 and 50.b4), while any curve with an38

21
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isogeny of order 21 has the same j-invariant as a curve in the isogeny graph 162b, with LMFDB1

labels 162.b1, 162.b2, 162.b3 and 162.b4. It is easy to verify that j(Et) does not match any of these2

8 values for any rational value of t. In particular, the curve Et has absolutely irreducible residual3

image for q ≥ 5. Its restriction to GalK is also absolutely irreducible (by the same argument given4

in Lemma 5.2 and Theorem 6.2 under the assumption r ∤ A). The result then follows from [35]. □5

Remark 12. One can obtain a bound for the conductor exponent of H+
3 (t) at primes dividing 3 by6

studying the conductor exponent of the curve (27) as done in Lemma 3.1 for the prime 2.7

A similar result holds for the motive H−
4 (t) corresponding to the parameters

(
1
r ,−

1
r

)
,
(
1
6 ,−

1
6

)
8

(this is a quadratic twist of the motive H
((

1
2r ,−

1
2r

)
,
(
1
3 ,−

1
3

)
|t
)
as explained in §2.6).9

Theorem 6.4. Suppose that r ∤ A. Then if r ≥ 11 the motive H−
4 (t0) is modular.10

Proof. Let r be a prime ideal of K dividing r. Then for any specialization of the parameter, the11

motive H−
4 (t) is congruent modulo r to the restriction to GalK of motive H

((
1
6 ,−

1
6

)
, (1, 1)|t

)
. As12

studied in §3, the later corresponds to the elliptic curve13

Et : y
2 + xy = x3 − t

432
.

The curve Et does not have any torsion point, hence proving that its residual image modulo r14

is irreducible seems more challenging. By Mazur’s result on isogenies of prime degrees ([37]) this15

is the case if r does not belong to the set {5, 7, 11, 17, 19, 37, 43, 67, 163}. The result holds when16

r ≥ 11 because for each of these values there are finitely many j-invariants of elliptic curves with17

reducible image modulo r (see for example [10]), namely:18

• Any elliptic curve with a rational 11-isogeny either has CM, or is a quadratic twist of one of19

the curves 121.a1, 121.a2 or 121.b1, i.e. its j-invariant equals −121, −32768 or −24729001.20

Only the first j-invariant corresponds to the values t0 =
27
11 or t0 =

−16
11 , whose denominator21

is a prime number (so does not come from a solution).22

• Any elliptic curve with a rational 17-isogeny is a quadratic twist of either the curve 14450.b123

or 14450.b2 (using the LMFDB label), with j-invariants −882216989
131072 and −297756989

2 . None24

of them are j-invariants of Et for a rational value of t.25

• Any rational curves having a rational 19, 37, 43, 67 or 163 isogeny has CM. Then its j-26

invariant must be (respectively) −884736, −12288000, −884736000, −147197952000 and27

−262537412640768000. None of them belong to the family Et.28

Then modularity follows from Kisin’s result. □29

We do not know whether the last large image result holds for r = 5 or r = 7 (but it is an30

interesting problem to study).31

7. Bounds at wilds primes32

As mentioned in the introduction, it seems like a very hard problem to determine the conductor33

exponents of an hypergeometric motive at a wild prime p dividing a rational prime p. However we34

can give an explicit bound under the following assumption:35

Assumption 1. The parameters (a, b), (c, d) are generic and satisfy the following properties:36

• a+ b and c+ d are integers,37

• if p is a prime dividing N , then either vp(a) = vp(b) = −1 and vp(c) = vp(d) = 0 or38

vice-versa.39

Sometimes we will impose an extra hypothesis on the specialization t0 in order to lower the40

number of cases to consider, but the same approach applies to the general case.41
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Recall that if ρ : GalK → GL2(Kλ) is a Galois representation and q is a prime ideal whose1

residual characteristic is prime to that of λ, then the q-th valuation of the Artin conductor of ρ at2

q is computed by3

nq(ρ) = nq,tame(ρ) + nq,wild(ρ),

where nq,tame(ρ) is the codimension of the subspace fixed by the inertia group Iq while nq,wild(ρ),4

the Swan conductor, is the sum of the codimensions over higher ramification groups.5

Our bound depends on the fact that two q-adic Galois representations which are residually6

isomorphic have the same Swan conductor at any prime ideal p not dividing N q (the norm of q).7

Lemma 7.1. Under Assumption 1, if q is a prime ideal of K dividing N with residual characteristic8

q and t0 ∈ Q then there exists s ∈ F×
q such that9

nq,wild(H((a, b), (c, d)|t0)) =

nq,wild

(
H
((

s
q ,−

s
q

)
, (1, 1) |t0

))
if vq(a) = −1,

nq,wild

(
H
((

s
q ,−

s
q

)
, (1, 1) | 1t0

))
if vq(c) = −1.

10

Proof. The isomorphism (15) implies that the second case follows from the first one. Since a + b11

and c+ d are integers we can assume that b = −a and d = −c.12

Let p be a rational prime different from q such that vp(a) = −1. Then we can write a = r
p + α

β13

with vp(β) = 0 and vq(β) = 1. Let p be a prime ideal of K dividing p. By Theorem 2.10, we14

have a congruence between H((a, b), (c, d)|t0) and H((αβ ,−
α
β ), (c, d)|t0) over K(ζp) modulo a prime15

ideal of K(ζp) dividing p, so both motives have the same Swan conductor at q. Since the extension16

K(ζp)/K is unramified at q, they both have the same Swan conductor over K. Applying the same17

procedure for each rational prime dividing β different from q it follows that18

nq,wild(H((a, b), (c, d)|t0)) = nq,wild

(
H
((

s

q
,−s

q

)
, (c, d)|t0

))
.

Since the denominator of c is prime to q, a similar argument proves the result. □19

Remark 13. By (16), the motives H
((

1
q ,−

1
q

)
, (1, 1)|t0

)
and H

((
s
q ,−

s
q

)
, (1, 1)|t0

)
are Galois20

conjugate and both appear in the same superelliptic curve (which is defined over Q), so their21

conductor exponent at a prime ideal p are the same.22

The lemma implies that under Assumption 1, the Swan conductor of our motive is the same23

as the Swan conductor of the motive H
((

1
q ,−

1
q

)
, (1, 1)|t0

)
(or its specialization at t−1

0 ), which24

appears in the Jacobian of an hyperelliptic curve (as proved in Appendix A), so one can use the25

theory of cluster pictures to compute its Swan conductor at odd primes (as done in [27]).26

Computing the local type of an hyperelliptic curve at 2 is also quite challenging, but for q = 2 the27

motive is actually an elliptic curve whose conductor was computed in Lemma 3.1. This approach28

allows us to give upper bounds for the conductor exponents at odd wild primes for the motives h±229

and h±4 and at primes dividing 2 for all motives h−i .30

A prime ideal q is called wild if nq,wild(ρ) ̸= 0. In the case of 2-dimensional representations we31

have that32

(28) nq,tame(ρ) ∈

{
{1, 2} if q is wild,

{0, 1, 2} otherwise.

The wild primes of an hypergeometric motive always divides N .33

Remark 14. If q is an odd prime (i.e. q ∤ 2) then the Swan conductor of ρ at q is invariant under34

quadratic twists. This fact plays a crucial role in our computations.35
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7.1. Primes dividing 2. Let q be a prime ideal of K dividing 2.1

Theorem 7.2. Let (a, b), (c, d) be parameters satisfying Assumption 1, with v2(a) = −1. Let s be2

the valuation at q of the conductor of H((a, b), (c, d)|t0). Then:3

• If v2(t0) ≥ 0,4

s =


5 if t0 ≡ 3 (mod 4),

4 if t0 ≡ 1 (mod 4),

0, 1, 2 if v2(t0) ≥ 5.

• If v2(t0) < 0,5

s =


6 if 2 ∤ v2(t0),
4 if 2 | v2(t0) and t0/2v2(t0) ≡ 3 (mod 4),

0, 1, 2 if 2 | v2(t0) < −4 and t0/2
v2(t0) ≡ 1 (mod 4).

Proof. By the proof of Lemma 7.1, our motive is related under a finite number of congruences6

(modulo odd prime ideals) and base extensions (unramified at 2) to the motive H((12 ,
1
2)(1, 1)|t0).7

Let k be the conductor exponent at 2 of Et0 given in Lemma 3.1. If t0 ≡ 3 (mod 4), then8

k = 5. Looking at Table 1 of [19] we see that the Weil-Deligne type of Et0 is supercuspidal, and the9

extension where the curve attains good reduction has ramification degree 8. Equivalently, our local10

type corresponds to the induction from Q2(
√
−1)/Q2 of a character of conductor

√
−1

3
and order11

4 (see [38, Corollary 4.1] and [21, Theorem 2.10]). In particular, the Swan part is 3 and its tame12

part 2. By Lemma 7.1 the Swan conductor of H((a, b), (c, d)|t0) is also 3. More can be said on the13

tame conductor: since all congruences involve odd primes, and our base extensions are unramified14

at 2, the local type of the residual representations involved in the congruences is also supercuspidal,15

hence their residual tame conductor is 2, so s = 5 as claimed. The other cases follow from a similar16

argument, via the following observations:17

• If k = 4, it follows from Table 1 of [19] that the Weil-Deligne type of Et0 is either:18

(1) A twist (by the quadratic character ε−1 corresponding to Q2(
√
−1)/Q2) of the Stein-19

berg representation.20

(2) A principal series, twist by ε−1 of an unramified representation.21

(3) Supercuspidal, induced from the unramified extension Q2(
√
5)/Q2 of a character of22

conductor 22 and order 6 (which is the same as taking the twist by ε−1 of the induction23

of the character of order 3 and conductor 2 as described in Table 1 of [19]).24

(4) Exceptional supercuspidal representation, twist by ε−1 of the exceptional supercuspidal25

of conductor 23.26

In all cases, the residual tame conductor exponent is 2, hence H((a, b), (c, d)|t0) has the27

same conductor at q as Et0 .28

• If k = 1, the Swan conductor is 0, henceH((a, b), (c, d)|t0) has conductor exponent s = 0, 1, 229

at q.30

• If k = 6, the Weil-Deligne type of Et0 is either:31

(1) A quadratic twist by ε±2 (the character attached to the extension Q2(
√
±2)/Q2) of a32

Steinberg representation.33

(2) A principal series, twist by ε±2 of an unramified one.34

(3) Supercuspidal, induced from either: a character of Q2(
√
5) of conductor 23 and order35

6, a character of Q2(
√
−1) or Q2(

√
−5) of conductor 22 (of valuation 4) and order 4.36

(4) Exceptional supercuspidal.37

In all cases, the residual tame conductor exponent is 2.38

□39
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Corollary 7.3. Let q be a prime ideal of K dividing 2 and suppose 2 ∤ AC. Then, for p, q, r ≥ 5,1

nq(h
−
i ) ≤ 6 for all i.2

Proof. Recall that t0 = −Aαq

Cγr . The assumption 2 ∤ AC implies that either v2(t0) = 0, v2(t0) ≥ 53

or v2(t0) < −4. In all cases, the last theorem implies that the conductor exponent of the motive4

H((a, b), (c, d)|t0) is at most 6. The quadratic character θγ has conductor valuation at most 3 at 2,5

hence the quadratic twist h−i also has conductor exponent at most 6 at q. □6

7.2. Odd primes. Let q be an odd prime of K dividing N of residual characteristic q.7

Theorem 7.4. Let (a, b), (c, d) be parameters satisfying Assumption 1. Let s be its conductor8

exponent at q. Then9

s ≤


q+5
2 if vq(t0(t0 − 1)) = 1,

q + 2 if q ∤ vq(t0) < 0,

3 otherwise.

Proof. Recall that if C is Euler’s curve attached to the parameters (a, b), (c, d), then the motive10

H((a, b), (c, d)|t0) is defined by MC ⊗J((−a,−b, c, d), (c− b, d−a))−1(−1)d−b. When a+ b and c+d11

are integers, the Jacobi motive is at most a Tate twist (hence it does not affect the action of inertia12

groups). Under Assumption 1, Lemma 2.5 implies that the character (−1)d−b is unramified outside13

2, so the conductor of the motive matches the conductor of (a 2-dimensional part of) Euler’s curve.14

By Lemma 7.1 it is enough to understand the Swan conductor of H
((

1
q ,−

1
q

)
, (1, 1)|t±1

0

)
, whose15

Euler’s curve is isomorphic (by Theorem A.5) to an hyperelliptic curve. Its Swan conductor is given16

in [27] (see formula (36)): it is either equal to 0, or it equals 1 when vq(t0(t0 − 1)) ∈ {0, 2}, q+1
2 if17

vq(t0(t0 − 1)) = 1 and q if vq(t0) < 0 and q ∤ vq(t0). □18

Corollary 7.5. Let q be an odd prime dividing N with residual characteristic q. Let si be the19

conductor exponent of the motive h±i , for i = 2, 4. Then20

si ≤

{
3 if q ∤ ABC,
q + 2 otherwise.

8. Eliminating modular forms using HGMs21

Let us focus in the case of general exponents (q, p, r). Suppose that the first three steps of the22

modular method succeed, so we have attached to a putative primitive solution (α, β, γ) of equation23

(1) a Hilbert newform g ∈ S2(Γ0(n)) over a totally real base field K (contained in Q(ζN )), where24

the level n is only divisible by primes dividing ABCpq. The form g satisfies that it is congruent25

modulo p (a prime ideal of K dividing the exponent p) to H((a, b), (c, d)|t0) while restricted to F .26

After computing the space S2(Γ0(n)) and its newforms, we aim to discard newforms not related27

to the solution (α, β, γ) (at least for large values of the prime r). If we can discard them all then28

no solution can exist.29

Let us explain an algorithm based on an idea of Mazur, which in practice allows to discard30

most newforms when the exponent p is larger than a computable constant. Keeping the previous31

notation, let N be the least common multiple of the denominators of a, b, c, d and let F = Q(ζN ).32

Let g be any newform in S2(Γ0(n)), and denote by the same letter its base change to F . For l a33

prime ideal of F , denote by al(g) the l-th Fourier coefficient of g.34

The algorithm consists on studying solutions to (1) modulo ℓ (for ℓ a rational prime not dividing35

ABCpqr), in order to get information on the Fourier coefficient al(F ) for primes l of F dividing ℓ.36

More concretely, let37

Sℓ = {(α̃, β̃, γ̃) ∈ F3
ℓ \ {(0, 0, 0)} : Aα̃q +Bβ̃p + Cγ̃r = 0}.

25



Then any primitive solution (α, β, γ) of (1) reduces modulo ℓ to an element in Sℓ. In practice, since1

the prime p is going to be larger than ℓ, raising to the p-th power is a bijection of Fℓ, so we can2

parametrize Sℓ by elements (α̃, γ̃) ∈ F2
ℓ \ {(0, 0)}, which determine β̃ uniquely. Denote by S×

ℓ the3

subset of Sℓ made of elements where none of their entries are zero. Consider the following three4

distinct cases:5

(1) The value α̃β̃γ̃ ̸= 0 (i.e. (α̃, β̃, γ̃) ∈ S×
ℓ ).6

(2) Either α̃ = 0 or γ̃ = 0, but β̃ ̸= 0.7

(3) The number β̃ equals 0.8

In the first case, we set t0 = −Aα̃q

Cγ̃r , and compute the value Hl((a, b), (c, d)|t0) (using Defi-9

nition 2.8), whose value depends only t0 modulo l. By part (2) of Theorem 2.9 the following10

congruence holds11

(29) al(F ) ≡ Hl((a, b), (c, d)|t0) (mod p),

where p is a prime ideal dividing p in the composition of the coefficient field of g and F .12

Assumption 1: Suppose that both sides of (29) are different for all values t0 obtained from13

elements of S×
ℓ .14

Then for each element t0, the difference between the left and the right hand side of (29) is non-15

zero and p must divide (the norm) of their difference. This gives for each value of t0 a finite list of16

possibilities for p, so we can take their union and get a bound for p in case (1).17

Suppose then that we are in case (2) with α̃ = 0 (so ℓ | α). Since ℓ ∤ A, vℓ(Aαq) is divisible18

by q. The condition ℓ ∤ ABCpqr implies that ℓ is not a wild prime so part (3) of Theorem 2.919

implies that the image of inertia at l is trivial (i.e. H((a, b), (c, d)|t0) is unramified at l). Write the20

parameter t0 in the form t0 = ℓqvℓ(α)t̃0, where ℓ ∤ t̃0. Then, by [29, Theorem A.1], the trace of Frobl21

for H((a, b), (c, d)|t0) equals22

(30) − χl(−1)(d−b)(N(l)−1)J((−a,−b, c, d), (c− b, d− a))(l)−1·

·
(
χl(t̃0)

dNJ(χl(t̃0)
(d−b)N , χl(t̃0)

(b−c)N ) + χl(t̃0)(−1)(b−c)Nχl(t̃0)
cNJ(χl(t̃0)

(d−c)N , χl(t̃0)
(a−d)N )

)
,

where J(ψ, χ) is the usual Jacobi sum.23

Assumption 2: Suppose that al(g) does not match (30) for any value t̃0 ∈ F×
ℓ .24

Then once again, for each t0 of type (2) the difference between (30) and al(g) is non-zero and p25

must divide its norm.26

When γ̃ = 0 the strategy follows analogously: replacing (using [29, Theorem A.2]) (30) by27

(31) − χl(−1)(d−b)(N(l)−1)J((−a,−b, c, d), (c− b, d− a))(l)−1·

·
(
χl(t̃0)

bNJ(χl(t̃0)
(d−b)N , χl(t̃0)

(a−d)N ) + χl(t̃0)(−1)(a−d)Nχl(t̃0)
aNJ(χl(t̃0)

(a−b)N , χl(t̃0)
(b−c)N )

)
.

Case (3) (when l | β) lies in the so called “lowering the level” situation: by construction the28

hypergeometric motive has multiplicative reduction at primes dividing β (which do not divide B),29

but l does not divide n. Then the well known lowering the level condition must hold, namely30

(32) al(g) ≡ ±(N(l) + 1) (mod p).

Note that al(g) cannot be equal to ±(N(l) + 1) for ℓ large enough (as it contradicts Weil’s bound31

on the number of points of a curve over a finite field), so there are finitely many possibilities for p.32

In each case both sides of the expected congruence can be computed. If the values happen to be33

different (i.e. Assumption 1, Assumption 2 and the analogous assumption for γ̃ = 0 are true), we34

get a finite list of candidates for the prime p dividing the norm of their difference. In practice, one35

varies ℓ over a small set of primes and take the greatest common divisor of the different bounds36
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to reduce the possible values of p. This method is very powerful, and succeeds to discard most1

newforms of S2(Γ0(n)). Sometimes it is the case that no newforms (except for example some with2

complex multiplication) pass the test, proving non-existence of solutions to (1) for all primes p but3

a few small ones. However in many instances, there are a few newforms which systematically pass4

the test and other ideas are needed to discard them.5

Appendix A. Motives coming from hyperelliptic curves6

by Ariel Pacetti and Fernando Rodriguez-Villegas7

The results of the present appendix follow the ideas of [50]. Let N > 1 be an odd positive integer,8

ζN an N -th primitive root of unity and F = Q(ζN ) the cyclotomic field. For a ∈ Q, a ̸= ±2, define9

the hyperelliptic curve10

(33) C′
N : y2 = x2N + axN + 1.

The curve C′
N has two involutions, the canonical one τ : C′

N → C′
N given by τ(x, y) = (x,−y) and11

a second involution ιN : C′
N → C′

N given by ιN (x, y) =
(
1
x ,

y
xN

)
. A simple computation proves that12

both involutions commute, so the group Z/2× Z/2 is a subgroup of the automorphisms of C′
N .13

Let g(x) denote the monic polynomial whose zeros are all the numbers ξ+ ξ−1, for ξ ∈ Q \ {−1}14

satisfying ξN = −1 (which matches the minimal polynomial of −(ζN + ζ−1
N ) when N is odd). Let15

DN denote the hyperelliptic curve16

(34) DN : y2 = (x+ 2)(xg(x2 − 2) + a).

Lemma A.1. The quotient of C′
N by the involution ιN is isomorphic to DN .17

Proof. See Proposition 3 of [50]. The idea is that ξ = x+ 1
x and η = y(1+1/x)

x(N−1)/2 generate the field of18

functions fixed by the involution, and the given equation is the relation they both satisfy (setting19

y = η and x = ξ). □20

Lemma A.2. The quotient of C′
N by the involution ι ◦ τ is given by the equation21

(35) D′
N : y2 = (x− 2)(xg(x2 − 2) + a).

Proof. Mimics the previous one, noting that the field of invariant functions is now generated by the22

functions ξ = x+ 1
x and η = y(1−1/x)

x(N−1)/2 . The two variables satisfy the stated relation (setting y = η23

and x = ξ). □24

Since the quotient of C′
N by ⟨τ, ιN ⟩ has genus 0, up to isogeny25

Jac(C′
N ) ∼ Jac(DN )× Jac(D′

N ).

If d | N , there is a natural map πd : C′
N → C′

d sending (x, y) → (xN/d, y). It is easy to verify that26

the following diagram is commutative27

C′
N

πd

��

ιN // C′
N

πd

��
C′
d

ιd // C′
d

so the map πd also induces a map πd : DN → Dd. The pullback under πd of the Jacobian of Dd

is a subvariety of Jac(DN ) (belonging to its old part). Define the new part of Jac(DN ) to be a
complement to the contribution from all of its old parts. Clearly

Jac(C′
N )new ∼ Jac(DN )new × Jac(D′

N )new.

Lemma A.3. The dimension of Jac(DN )new equals ϕ(N)
2 .28

27



Proof. The polynomial g(x) has degree N−1
2 , so the right hand side of (34) has degree N + 1 and1

the genus of DN equals N−1
2 . If N is a prime number, then the result follows. Otherwise, by an2

inductive argument, we can assume that the result holds for all divisors of N , hence3

N − 1

2
= g(DN ) = dim(Jac(DN )new) +

∑
d|N

1<d<N

ϕ(d)

2
,

and the result follows from Möbius inversion formula. □4

An analogue result holds for Jac(D′
N )new. The group lµ.. N of N -th roots of unity acts on the curve5

C′
N via ζN · (x, y) = (ζNx, y) (this endomorphism is defined over F ). The action does not commute6

with ιN , but satisfies the relation7

ζN ◦ ι = ι ◦ ζ−1
N .

Then over K = Q(ζN )+, the ring Z[ζN + ζ−1
N ] acts on Jac(DN ).8

Theorem A.4. For any t0 ∈ Q, t0 ̸= 0, 1, H(( 1
N ,−

1
N ), (1, 1)|t0) is up to a quadratic twist by F/K9

part of the new part of the hyperelliptic curve DN for a = 2(1− 2t0).10

Proof. Since N is odd, the motive H(( 1
N ,−

1
N ), (1, 1)|t0) is realized in the new part of the Jacobian11

of (the desingularization of) Euler’s curve12

(36) CN : yN = x(1− x)N−1(1− t0x).

A trivial change of variables translates this equation into13

(1− x)yN = x(1− t0x).

Then the function field of Q(CN ) is a quadratic extension of Q(y). Computing the discriminant14

(with respect to the variable x) of the last equation, we get the alternate definition15

C′
N : z2 = y2N + 2(1− 2t0)y

N + 1,

matching the curve (33) (changing variables z = y, y = x) for the value a = 2(1− 2t0). The result16

follows from the previous considerations. □17

Corollary A.5. Let p be a prime number and let t0 ∈ Q \ {0, 1}. The hypergeometric motive18

H((1p ,−
1
p), (1, 1)|t0) matches the hypergeometric curve denoted by C+

p in [16].19

Remark 15. Theorem 2.9 states a precise formula for Frobenii elements of H((1p ,−
1
p), (1, 1)|t0)20

over F (not over K). Then a priori the numerical value Hq(
1
p ,−

1
p), (1, 1)|t0) of might differ from21

Darmon’s curve by the quadratic twist corresponding to the extension F/K.22

Proof. The curve C+
p matches the hypergeometric curve DN of (34). □23

The picture for N even is more interesting. In this case the curve C′
N has an extra involution24

σ : C′
N → C′

N given by σ(x, y) = (−x, y). The three involutions commute with each other, providing25

an action of the group Z/2× Z/2× Z/2 on C′
N . The following result is elementary.26

Lemma A.6. The quotient of C′
N by the involution σ is given by27

C′
N/2 : y

2 = xN + axN/2 + 1.

Lemma A.7. The quotient of C′
N by the involution σ ◦ τ is given by28

DN : y2 = x(xN + axN/2 + 1).
28



Proof. The involution σ ◦ τ send (x, y) → (−x,−y). The field of functions on C′
N fixed by it is1

generated by ξ = x2 and η = xy, which satisfy the stated relation2

η2 = ξ(ξN + aξN/2 + 1).

□3

Since τ ∈ ⟨σ ◦ τ, σ⟩, and the quotient of C′
N by τ has genus zero, the varieties Jac(C′

N/2) (of4

dimension N
2 −1) and Jac(DN ) (of dimension N

2 ), seen as subvarieties of Jac(C′
N ) under the pullback5

of the quotient map, have finite intersection. Since the sum of their dimensions match the dimension6

of Jac(C′
N ), it follows that7

(37) Jac(C′
N ) ∼ Jac(C′

N/2)× Jac(DN ).

Note that the old part of Jac(DN ) comes from divisors d satisfying that N/d is odd (the other8

divisors contribute to Jac(C′
N/2)). Explicitly, if d | N and N/d is odd, the map9

πd(x, y) = (x
N
d , x(

N
d
−1) 1

2 y),

maps the curve DN to the curve Dd.10

Lemma A.8. The new part of Jac(DN ) has dimension ϕ(N).11

Proof. Follows from an easy computation as the one done in Lemma A.3, using that the old con-12

tribution comes from divisors d satisfying that N/d is odd. □13

The action of the group of N -th roots of unity on C′
N commutes with σ ◦ τ , hence it induces an14

action on DN given explicitly by15

ζN · (x, y) = (ζ2Nx, ζNy).

In particular, the compatible systems of Galois representations attached to Jac(DN )new (viewed as16

Z[ζN ]-module) are the ones corresponding to H((1/N,−1/N), (1, 1)|t0), for a = 2− 4t0.17

In order to get a representation over the field Q[ζN +ζ−1
N ], we need to get an extra splitting of the

Jacobian. The curve DN has once again two different involutions, namely the canonical involution τ
and the involution ιN : (x, y) →

(
1
x ,

y
xN+1

)
. Both involutions commute with each other; τ commutes

with the action of the N -th roots of unity, but ι does not, they satisfy the relation

ι ◦ ζN = ζ−1
N ◦ ι.

Let g(x) denote the monic polynomial whose zeroes are all the numbers ξ+ξ−1, for ξ ∈ Q\{−1}18

satisfying ξN/2 = −1. Clearly19

deg(g(x)) =

{
(N/2− 1)/2 if 4 ∤ N,
N/4 if 4 | N.

Lemma A.9. The quotient of the curve DN by the involution ιN is given by the curve20

(38) CN : y2 = xg(x2 − 2) + a,

when N/2 is odd, and by the equation21

(39) CN : y2 = (x+ 2)(xg(x2 − 2) + a),

when N/2 is even. The Jacobian of both curves contain Z[ζN + ζ−1
N ] in their endomorphism ring.22

Proof. See [50, Proposition 3] for the first statement. The second one is clear. □23

Just for completeness, we compute the quotient of DN by the involution ι ◦ τ .24
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Lemma A.10. The quotient of the curve DN by the involution ιN ◦ τ is given by the curve1

y2 = x(x2 − 4)(g(x2 − 2) + a),

when N/2 is odd, and by the equation2

y2 = (x− 2)(xg(x2 − 2) + a),

when N/2 is even. The Jacobian of both curves contain Z[ζN + ζ−1
N ] in their endomorphism ring.3

Proof. Follows from a similar computation as the previous ones. In the first case, the functions on4

DN fixed by the involution are generated by ξ = x+ 1
x and η = y(1− 1

x2 )x
−(N/2−1)/2 while in the5

second case, they are generated by ξ = x+ 1
x and η = y(1− 1

x)x
−N/4. □6

Corollary A.11. Let p be a prime number and let t0 ∈ Q \ {0, 1}. The hypergeometric motive7

H(( 1
2p ,−

1
2p), (1, 1)|t0) matches the quadratic twist by (−1) of the hypergeometric curve denoted C−

p8

in [16].9

Proof. Lemma 2.5 implies that the motive H(( 1
2p ,−

1
2p), (1, 1)|t0) is a quadratic twist by (−1) of10

Euler’s curve. The curve C2p matches the curve C−
p of (38) with parameter a = 2− 4t0. □11
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[26] Elisa Lorenzo Garćıa and Ariel Pacetti. Galois representations of superelliptic curves ii: the new part. In prepa-11

ration, 2024.12
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