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ABSTRACT. Let f and g be two different newforms without complex multiplication having
the same coefficient field. The main result of the present article proves that a congruence
between the Galois representations attached to f and to g for a large prime p implies
an isomorphism between the endomorphism algebras of the abelian varieties Ay and A,
attached to f and g by the Eichler-Shimura construction. This implies important relations
between their building blocks. A non-trivial application of our result is that for all prime
numbers d congruent to 3 modulo 8 satisfying that the class number of Q(v/—d) is prime to
3, the equation x* + dy? = 2P has no non-trivial primitive solutions when p is large enough.
We prove a similar result for the equation z2 + dy® = 2P.

INTRODUCTION

Let f € S(I't(N)) and g € So(I';(IV)) be two newforms satisfying the following two
conditions:

(1) The coefficient field Ky of f matches the coefficient field K|, of g.
(2) There exists a large prime p such that the Galois representations py, and p,, are
isomorphic.
By Eichler-Shimura’s construction, there exist abelian varieties Ay and A, defined over Q of
dimension [K : Q] attached to each of the eigenforms with the property that

L(Af7$> = H L<U(f>75>7

o€Hom(Ky,C)
and a similar relation for g. Let L/Q be a finite extension.
Question 1: is there a relation between End;(Af) ® Q and End;(4,) ® Q7

One of the main results of the present article (Theorem 1.2) is a positive answer to the
question when the forms f and g do not have complex multiplication. The ideas used to
prove such a result could be used to prove a similar result for modular forms with complex
multiplication; however, because of the applications we have in mind, in the present article
we restrict to the case of modular forms without complex multiplication.

The proof is based on results of Ribet on the splitting of a modular GLo-type abelian
variety A; over a number field L (as developed in [14, 15, 16]). In such articles, the author
constructs endomorphisms of Ay in terms of properties of Fourier coefficients of the form f.
Then to provide an answer to Question 1 it is enough to relate the Fourier coefficients of f
to those of g. A key fact here is that a congruence between two newforms for a large prime
p gives equality of their first Fourier coefficients.
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By a result of Hecke, if two modular forms f and g satisfy that a,,(f) = a,(g) for sufficiently
many values of n, then they must coincide. Applying these two facts in a clever way allows
us to give an isomorphism between the algebra of endomorphisms of Ay and that of A,.
Furthermore, our results states that End;(Af) ® Q is isomorphic to Endj(A,) ® Q not just
as Q-algebras, but also as Gal(L/Q)-modules. This in particular implies that the splitting
(up to isogeny) of the abelian variety A; matches that of A, over any field extension L/Q.

Here is a very interesting application of our main result to the study of Diophantine
equations (the original motivation for this article) following the modular approach. Consider
the equation

(1) vt 4 dy? = 2P,

for a fixed positive integer d. A solution (a,b,c) of a Fermat-type equation such as (1) is
called primitive if ged(a,b,c) = 1, and is also said to be trivial if abc = 0. To a putative
primitive solution (a,b,c) one attaches an elliptic curve E(, ) defined over the imaginary

quadratic field K := Q(+/—d) given by the equation
(2) Elape 1 y° = 2° +4daz® + 2(a® + vV —db)z.

The curve (44, turns out to be a Q-curve hence in particular (by a result of Ribet in [17]),
there exist a character sz such that the twisted representation

P = PE o @ % Galg — GLy(Q,)

extends to a representation p of the whole absolute Galois group Galgp. By Serre’s conjectures
and some Taylor-Wiles result, p is modular, i.e. there exist a modular form f € Sy(N,¢)
and a prime p in the coefficient field K dividing p such that p ~ py,. By Eichler-Shimura,
f has associated an abelian variety A; of dimension [K; : Q).

The curve E(,p,) has multiplicative reduction at all odd primes dividing ¢ (since the
solution is primitive, if a prime divides ¢, it cannot divide d), so by a result of Hellegouarch
together with Ribet’s lowering the level result, there exists a newform g of level N (only
divisible by primes dividing 2d) congruent to f modulo p. Then one is led to compute
the space SQ(N ,€) and prove that no newform can be related to a non-trivial primitive
solution of (1). By an idea due to Mazur, one can discard all forms g whose coefficient field
K, does not match that of f, which justifies our hypothesis in Question 1. However, the
newforms g whose coefficient field K; matches Ky in general pass this elimination procedure.
There is a plausible situation that might appear (because K is an imaginary quadratic field)
which is that the building block of A, might have dimension two (i.e. is related to a “fake
elliptic curve”, namely an abelian surface with quaternionic multiplication). While studying
Fermat’s original equation over number fields, the way to discard this unpleasant situation is
to use the existence of a prime of potentially multiplicative reduction (see for example [3]),
which unfortunately we do not have.

Note that the abelian variety A; has a 1-dimensional building block, namely the elliptic
curve Eq ). Suppose once again that the newform g does not have complex multiplication.

Question 2: Is it true that the newform g also has a building block E, of dimension 17 If
so, what is the minimum field of definition of the building block?

The answer to this second question is also positive when p is large enough (see Theo-

rem 2.4), and we will furthermore prove that the building block E, can be defined over the
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quadratic field K (see Theorem 2.4). A non-trivial consequence is that actually there exists
a building block E, defined over K such that the residual Galois representations pg,
and pg, , are isomorphic (see Theorem 2.11).

For proving non-existence of non-trivial primitive solutions of (1), we are led to prove
that there are no elliptic curves with the same properties as £, defined over K. The key
property that F, satisfies is that it has conductor supported on primes dividing 2 and it has
a K-rational point of order 2. Some quite recent results on Diophantine equations depend
on results of non-existence of elliptic curves over number fields whose conductor is supported
at a unique prime (see for example [7]). Here is an instance of such a result that we prove
in the present article.

Theorem 3.1. Let d # 3 be a prime number such that d =3 (mod 8), and 3 does not divide
the class number of K = Q(v/—d). Then the only elliptic curves defined over K having a
K -rational point of order 2 and conductor supported at 2 are those that are base change of

Q.
As a Corollary we can prove the following asymptotic result.

Theorem 3.4. Let d be a prime number congruent to 3 modulo 8 and such that the class
number of Q(/—d) is not divisible by 3. Then there are no non-trivial primitive solutions
of the equation

ot dy? = 2P,
for p large enough.

A similar approach works while studying the Diophantine equation

(3) v+ dy® = 2P,
To a putative solution (a, b, ¢) one can attach the elliptic curve
(4) E(a,b,c) Ly + 60V —day — 4d(a + bV —d)y = 2°,

over the quadratic field K = Q(v/—d). The curve E(a,b,c) is again a Q-curve with a K-
rational point of order 3 (namely the point (0,0)). Such equation was also studied in [11].
Once again, there is a character s such that the twisted representation p Braner ® » extends
to an odd representation of Galg. The main difference with equation (1) is that the elliptic
curve E(a,b@ has bad additive reduction at all primes of K dividing d (extra care must be
taken at primes dividing 6, see [11, Lemmas 2.13, 2.14 and 2.15]), while the curve Eqp)

had only bad reduction at primes dividing 2. We will prove the following result.

Theorem 3.5. Let d be a prime number congruent to 19 modulo 24 and such that the class
number of Q(\/—_d) 15 not divisible by 3. Then there are no non-trivial primitive solutions
of the equation

o2+ dy = 2P,
for p large enough.

The article is organized as follows: the first section recalls the definition and main proper-
ties of inner twists as developed by Ribet in [14]. It also contains the proof of Theorem 1.2
providing an answer to the first posed question. In Section 2 we apply the theory of inner

twists to the abelian variety Ay attached to the (non-quadratic twist of the) elliptic curve
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E4p,) coming from a putative solution (a,b,c) of (1). In particular, we compute explicitly
the group of inner twists of Ay and use this information to answer the second aforemen-
tioned question (and its consequences). The last section is devoted to prove Theorem 3.1 on
non-existence of elliptic curves over K with a 2-torsion point and bad reduction only at the
prime 2. It also contains the proof of Theorem 3.4 and of Theorem 3.5. The code used to
prove Theorem 3.5 is available at https://github.com/lucasvillagra/Asymptotic-results.

Acknowledgments. AP was partially supported by the Portuguese Foundation for Science
and Technology (FCT) within project UIDB/04106/2020 (CIDMA) and by FonCyT BID-
PICT 2018-02073. LVT was supported by a CONICET grant and FGM was supported by
an FCT grant.

1. INNER TWISTS

As mentioned in the introduction, due to the applications we have in mind, during this
article we will restrict to modular forms without complex multiplication. Recall the following
definition of [14].

Definition. Let f be a newform without complex multiplication, and let Ky = Q(a,(f))
denote its coefficient field. The group of inner twists of f is defined as

(5) T'y:={y € Homg(Ky,C): 3 x, a Dirichlet character with
Y(ap(f)) = x~(p)a,(f) for almost all p}.

By assumption f does not have complex multiplication, so given 7 there exists a unique
character x,. For this reason, we denote the elements of I'y by pairs (7, x).

Ezample. If f is a newform in Sy(N,¢), and the Nebentypus € is not trivial, then the co-
efficient field K; is a CM extension of Q, and the pair (c,e™'), where ¢ denotes complex
conjugation, is an element of I'y (see [14, Example 3.7]).

Let us recall some properties of the group I';.

e For v € I'y, v(Ky) C Ky (by [14, Proposition 3.2]). In particular, I' is a subset of
AU_t@ (K f) .
e The set Iy is in fact an abelian group (by [14, Proposition 3.3]).

By End’(A;) := End(A;) ® Q we denote the algebra of endomorphisms defined over the
algebraic closure of Q. If L is an extension of K, we denote by End) (4;) the endomorphisms
defined over L. One of the main results of [14] is that the endomorphism algebra End®(A;)
can be computed in terms of the inner twists of f. More concretely, in the proof of [14,
Theorem 5.1], Ribet constructs for each inner twist (7, x) an endomorphism (denoted by 7,
in [14]) via the following formula

(6) = S X Mu)oau,

u (mod )

where r is the conductor of y, x(u) is viewed as an element of the endomorphism algebra of
Ay, and o, is the endomorphism given by slashing by the matrix ((1) ?)
As explained in Ribet’s article, if x has conductor r, then the endomorphism 7, is defined

over the field of r-th roots of unity (because the map o, /, is defined over such a field). The
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following result is well known to experts, but we did not find a proper reference for its proof.
Identify y with a character of Gal(Q(¢.)/Q) and let @ be the field fixed by the kernel of .

Lemma 1.1. The endomorphism n, is defined over Q~.

Proof. We know that 7, is defined at least over Q(¢,) (the field of r-th roots of unity). Let
o € Gal(Q(¢,)/Q), say o(¢,) = ¢/, so the endomorphism o (av/;) = ®yr. Then

0-(777) = Z X_l(u) © 0<au/r) - X(l) Z X_l(U) O Oty /p-

u  (mod 7) v (mod r)

The result follows from the fact that y(i) = 1 if and only if o restricted to Q" is the
identity. O

Theorem 1.2. Let f € Sy(I'1(N)) and g € So(I'1(N)) be newforms without complex multi-
plication, such that:

(1) The coefficient field Ky of f equals the coefficient field K, of g.
(2) There exists a large prime p such that the Galois representations py, and pg, are
isomorphic.

Let Ay and A, be the abelian varieties attached to f and g by the Eichler-Shimura con-
struction. Then for any field extension LK the Q-algebras End}(Af) and Endj(A,) are
isomorphic. Moreover, if L/K is Galois, then the algebras are isomorphic as Gal(L/K)-
modules as well.

Proof. By Ribet’s result, the endomorphisms of the abelian variety Ay over Q is the algebra
generated by the endomorphisms 7., where v € I'y, and by Lemma 1.1 the endomorphism
attached to the pair (v, ) is defined over the field Q*. If we prove that the sets T’ 5 and
I'y are the same, then the stated isomorphism sends the endomorphism 7, of A; to the
endomorphism 7, of A,, which is clearly Galois equivariant. The key point to prove that
the inner twists groups are the same is the fact that the group I'y is defined in terms of a
property of Fourier coefficients.

Let (v,x) € I'y and let’s prove that it also belongs to I';. By definition, for almost all
primes gq,

Y(aq(f)) = x(q)aq(f)-

The second hypothesis then implies that there exists a prime ideal p in O; (the ring of
integers of Ky) such that for all primes ¢ (but finitely many),

(7) 7(a4(9)) = x(@)ag(g)  (mod p).

By the Ramanujan-Petersson conjecture (see [4]), for all embeddings o : Ky — C, |o(a,(g))] <
2,/q. Then, if p is large enough (with respect to ¢), the congruence (7) implies that both
numbers are in fact equal, i.e. taking p large enough, v(a,(9)) = x(q)a,(g) for all small
primes q.

It was already known to Hecke (see [9], p. 811, Satz 1 and Satz 2) that two modular
forms whose first coefficients coincide (up to an explicit bound B depending on the level and
the weight) must be equal. In particular, the forms v(g) and g ® x (the twist of g by the
character ) are the same, so v € I'; as claimed. The other containment follows by replacing

f with g and vice-versa. O
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Remark 1. Note that the prime p in the previous result depends on both N and N, since we
need to use Hecke’s bound twice. However, the same proof gives that if we fix N, then there
exists a bound B (depending only on N) such that End} (A;) € End}(A4,) if p is larger than
B. We will make use of this fact later.

2. DECOMPOSING THE ABELIAN VARIETY ATTACHED TO F(gp.)

Let (a, b, c) be a non-trivial primitive solution of (1) for d # 1 and let E(, ) be the elliptic
curve over K = Q(v/—d) defined in (2).

Lemma 2.1. The curve Ey,) does not have complex multiplication if p > 2.

Proof. Since K is an imaginary quadratic field, if E(,;.) has complex multiplication, then

its j-invariant must be a rational number (in particular, a real one).

64(5a2 —3bv/—d)3
cP(a2+bv/—d)

non-trivial solution, a and b are non-zero, so j is a real number if and only if

jeP = 8000a* — 8640db?
jeP = —14400a" + 1728db>.

The j-invariant of the elliptic curve E(, ) equals j = . Since (a,b,c) is a

Subtracting them gives the relation
175a* = 81db?,

hence % = ﬂ:%«/d/?. Since d is square-free, and both a,b are integers, d = 7 and (a,b) =

(£3,+5). Since ¢ = a* + db* = 256 = 2® we get that p = 2 and ¢ = +16. O

As explained in the introduction, there exists a finite order Hecke character s (whose
description is given in [11]) of K such that the twisted representation pg,,  » ® s extends

to a representation p : Galp — GLa(Q,). Let f € So(IV, €) be the newform attached to such
a representation (see [11] for a description of the Nebentypus €) and Ay be the GLo-type
abelian variety constructed via the Eichler-Shimura map. Over Q the variety A ¢ 1s isogenous
to a product of simple abelian varieties, Ay ~ By X --- x B,. Each variety B; is called a
building block of A;. In the particular case of abelian varieties coming from newforms, all
building blocks are isogenous to each other, so in particular Ay ~ B" (see [13]).

In our particular case, the building block of Ay is clearly the elliptic curve E(,; ) defined
over the quadratic field K.

Lemma 2.2. Letr = [K;: Q]. Then the endomorphism algebra End’(A;) is isomorphic to
M, (Q).

Proof. Follows from the fact that the building block of Ay is the elliptic curve F(,4.), of
dimension 1 and which does not have complex multiplication. 0

Remark 2. Since the center of End’(A;) is the field of rational numbers Q, Ribet’s result
([14, Theorem 5.1]) implies that the field generated by the numbers a,(f)?*(p)~! for p not
dividing the level of f is the rational one. Let’s just verify that this is indeed the case
(because a similar computation will be needed later).

A key property of the character s« and ¢ is that as characters of the respective idele group,

they satisfy the relation »? = ¢ o N. Consider the following two cases:
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e If the prime p splits, say p = pp, then the previous relation translates into s(p)? =

g(p). Then

ap(f)’e(p) ™ = (ap(E)(p)"e(p) " = ap(E)” € Q.
e If the prime p is inert, s(p)? = e(p?
and a,(E) we get that

ap(f)e(p) ™" = ap(E)sx(p)e(p) ™" + 2p = £a,(E) — 2p € Q.

The elliptic curve E(, ) has discriminant A(E(qp,)) = 512(a* + bv/—d)c?, which is a p-th
power outside 2. In particular, if ¢ | ¢, then the curve E(, ;) has multiplicative reduction at
the primes dividing ¢ (in K'), and the residual representation pg_,  is unramified at (the
primes dividing) ¢ by a result due to Hellegouarch.

There exists an explicit bound Ny such that the residual Galois representation pg 7 is
absolutely irreducible for all primes p > N (see [11, Theorem 5.1] and [6, Proposition 3.2]).
Then by Ribet’s lowering the level result, there exists a newform g € SQ(N ,€), where N is a
positive integer only divisible by 2 and by the primes dividing d, such that ps, ~ p,,. Note
in particular that the value of N is independent of the solution (a, b, ¢) we started with.

Assume from now on that the newform ¢ does not have complex multiplication. Let A,
be the abelian variety attached to the newform g by Eichler-Shimura’s construction. An
immediate consequence of Theorem 1.2 is the following result.

) = &(p)?. Then using the relation between a,(f)

Proposition 2.3. Suppose that Ky = K,. Then there exists B (depending only on ]\7) such
that if p > B, End’(A,) ~ End’(A;). In particular, the building block of the abelian variety
Ay has dimension 1.

Proof. Theorem 1.2 and Remark 1 imply that End”(A;) € End’(A4,) (over Q), so M,.(Q) C
End’(4,) , where r = [K; : Q] = dim(4,). Since the form g does not have complex

multiplication, the previous inclusion is actually an equality. In particular, the building
block of A, has dimension 1. O

It is a natural problem to determine the minimal field of definition (if it exists) of a building
block of A, and whether it matches that of Ay (namely K).

Theorem 2.4. There exists a 1-dimensional building block E, for A, defined over the qua-
dratic field K.

Proof. Let E, denote any building block of A, (which is 1-dimensional by the last proposi-
tion). Recall that E; is a Q-curve, i.e. the curve E, is defined over a Galois number field
L satisfying that for all 0 € Gal(L/Q), the curve o(E,) is isogenous to E,. Let y, denote
such an isogeny. Abusing notation (as in Ribet’s article [14]) we can attach to £, a map
c: Galg x Galg — Q* given by

(8) c(0,7) = pg 0 7 (pir) © pi 7,

which is an element of End’(FE,) ~ Q*. The map c is actually a cocycle (by [14] (5.7)).
In particular, its class is an element of H*(Galg, Q*), whose order is at most 2 (see [14,
Remark 5.8] and [16, Proposition 3.2]). Then by [12, Proposition 5.2] the building block £,

is isogenous (over Q) to a building block defined over a field F if and only if [¢] lies in the

kernel of the restriction map Res: H*(Galg, Q%) — H*(Galp, Q).
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By a result of Ribet ([16, Corollary 4.5]) the curve E, does have a minimum field of
definition. Furthermore, it can be explicitly described (as done in the proof of [16, Theorem
3.3]): consider the natural isomorphism

Q= {1} x Q*/{1},

where now the second factor is a free group that can be identified with the group of positive
rational numbers Q7. This induces an isomorphism

H(Galg, Q*)[2] ~ H(Galg, Q%)[2] x H2(Galg, {£1}).

The short exact sequence

1 i > @i Qi/(QJi)Q —1,

induces an isomorphism of the cohomology groups H*(Galg, Q%)[2] ~ Hom(Galg, Q7 /(QX)?).
Our cocycle class [¢] then decomposes as a product (following Ribet’s notation) (¢, c4.), where
¢ € H*(Galg, Q})[2] and c; € H*(Galg, {£1}). The minimum field of definition K, for a
building block equals the fixed field of .

There is a second way to define the cocycle [c] in terms of the Q-algebra End’(4,) (see [12,
Chapter 1]). Let K, as before, denote the coefficient field of g (which also equals End?Q(Ag))

and let 1) € End’(4,). If o € Galg, it acts on the set End’(A,). Let us denote by 7% the
action of ¢ on an endomorphism . Skolem-Noether’s theorem implies the existence of an
clement a(0) € K such that 71 = a(0) o o o) ~" for every ¥ € End’(4,). We can then
define a second cocycle

c(o,7) = a(o)a(r)a(or)

Then by [12, Theorem 4.6], both definitions coincide. But by Proposition 2.3, the Q-algebras
End’(A;) and End’(A,) are isomorphic as Galg-modules, hence with this second definition
it is clear that the cocycle attached to Ay matches the one attached to A,, and in particular
the minimum field of definition of both building blocks coincide. U

Remark 3. Even when the building block E, is defined over K, it is not true (in general) that
if L/K is a field extension where the abelian variety A, has a 1-dimensional building block
E, then E is isogenous to £, (this will become clear while proving Theorem 2.11). Here is
an example (that will be explained in detail while proving such theorem): let L = K - Q.
Then there exists an elliptic curve £ defined over L (actually £ = E(, ) ® ) such that the
abelian variety Ay is isogenous over L to E” (where r = dim(Ay)). However, the building
block E' is not defined over K and is not isomorphic (nor isogenous) to E, over L (although
they clearly are isomorphic over Q).

A natural question (whose answer will be needed later) is the following:

Question 3: Suppose that L is a number field, and suppose that an abelian variety A is
isogeny over L to E" for some building block E. When is F the base change of a variety (up
to isogeny) that is defined over a smaller field K?

Note that if E is defined over K, then the cocycle ¢ attached to E in the proof of the
last theorem is trivial while restricted to Galg (not just cohomologically trivial). In [17,
Theorem 8.2], Ribet proves that the converse is also true, i.e. he proves that if the cocycle
c is trivial on Galg then there exists an abelian variety E defined over K such that E is

isogenous to F over L.
8



To relate the Galois representation of £, to that of our original elliptic curve Eq ), we
need some understanding on the coefficient field K.

Lemma 2.5. Following the previous notation, let M be the order of the character ». Then
Q(Cm) C Ky, where (y denotes a primitive M-th root of unity.

Proof. The set of unramified primes p of K with inertial degree 1 over Q have density one,
so by Chebotarev’s density theorem, there exists a set S of primes with inertial degree 1 of
positive density (in the set of all primes of K') such that s(p) is a primitive M-th root of
unity for all prime ideals p € S. Our assumption that the curve F(, ) does not have complex
multiplication implies that for some prime p € S, the value a,(E) # 0. In particular, for
such a prime (of norm p), it holds that

ap(f) = #(p)ap(Eape);

is non-zero. The result follows from the fact that »(p) is a primitive M-th root of unity. O

Let K~ denote the ‘abelian extension of K fixed by the kernel of the character s : Galg —
C* and similarly let Q" be the field fixed by the kernel of the character ¢.

Lemma 2.6. With the previous notations, K - Q < K~ with index 2. Moreover, we have
the following field diagram.

=1

K

2

AN
N

Proof. Follows from the fact that as a Galois character, &|gal, = > O

Proposition 2.7. Let M be the order of the character . Then the coefficient field Ky is
either:

(1) The field Q(Cyr), or
(2) A quadratic extension of Q(Car)-

Moreover, Ky = Q(Cur,ap(f)), where p is any prime inert in K/Q, not dividing the level of
f, for which a,(f) # 0.

Proof. By Lemma 2.5, Q(¢y) € Ky. If p is a rational prime which is split in K, say p = pp,
then

(9) ap(f) = ap(E(a,b,c))%(p) € Q(CM)
On the other hand, if p is an inert prime, we have the formula
(10) ap(f)z = ap(Eap,0))2(p) + 2pe(p).
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Recall that 52 = o N, so »(p) = +&(p). Thus a,(f)* € Q(3¢), the field obtained by adding
to Q the values of ». Formula (10) also implies that for a fixed inert prime p, the extension
L = Q(¢ar)(ap(f)) has degree at most two over Q(Cpr), and clearly L C K.

Let ¢ be a rational prime, and let A be a prime in L dividing it and let [ = A N Q(Cyy).
In the usual basis, the twisted representation pg, , ¢ ® 3 takes values in GL2(Q(Car)). To
extend it to a representation p of Galg it is enough to define it on an element o € Galg
which is not in Galg, for example a Frobenius element Frob,,.

To ease notation, let ¢t = a,(f) = Tr(p(Frob,)) and s = pe(p) = det(p(Frob,)). Assume
that a,(f) =t # 0. The matrices pg,,, «(Frob2)s¢(Frob2) and (7 2*,) are diagonalizable,
have the same trace and the same determinant, hence there exists a matrix W € GLy(L))
such that

W(PE@,b,C),é(FrobZ)%(Frobf?))Wfl _ (—s st ) .

t t2—s
Conjugating the representation PE (g0t ® 2 by W, we can assume, without loss of generality,
that this twisted representation takes values in GLg(L)) and that

-85 —st
(11) pEm’b,c)7@(F1"Obz2))%<Fl”Ob§) = ( f e s) :

We claim that then (since t = a,(f) # 0)
~ 0 —s
p(Frob,) = (1 ; ) :

The reason is that if A is any 2 x 2 matrix with different eigenvalues, and B is another 2 x 2
matrix satisfying that

A*=DB? Tr(A)="Ti(B) #0,
then A = B (which follows from an elementary computation, assuming that A is diagonal).
This implies that the representation g can be chosen to take values in GLy(Ly). In particular,
for any prime ¢, Tr(p(Frob,)) = a,(f) € Ly for all primes A € L, hence a,(f) € L for all
primes g so Ky C L. 0

Remark 4. The first case of the last result can occur. For example, let E be a rational elliptic
curve attached to a rational modular form f, and let » be any quadratic character of K
which does not come from Q. Let F := E ® s be the twist of E by s. Then coefficient field
of E equals Ky = Q, which is the trivial extension of Q((z) = Q.

An important fact of the character s (and also of ¢) is that by construction it has order
a power of two (although this is not explicitly stated in [11], it follows from its construction
given in the proof of Theorem 3.2).

Lemma 2.8. Suppose that Q((y) € Ky. Then the extension K;/Q is an abelian Galois
extension. Furthermore, the field Ky is the compositum of a quadratic extension of Q with

Q(Cnmr)-

Proof. As proved in the last proposition, the quadratic extension K;/Q((s) is obtained by
taking the square root of the coefficient a,(f) for an inert prime p satisfying that a,(f) # 0.
Recall that if p is an inert prime, then »*(p) = e(p?), so »#(p) = +e(p). Replacing this
equality in (10), we get that

(12) a,(f)* = 5(p)<:tl%p(E(a,b,c)) + 2p).



The order of ¢ is a power of two which equals the degree of the extension [Q° : Q]. Since the
character ¢ is even, its fixed field is a totally real number field, so Q NK = Q. In particular,
[@ : Q] =[K-Q : K], which by Lemma 2.6 is a proper divisor of M, the order of s. Since
M is also a power of two, £(p) is a square in Q(Car), hence Ky = Q(Car) [/ (£ap(Eape) + 21
as claimed. O

The last lemma implies that if Q(Cy) € K, then the Galois group Gal(K/Q) is isomor-
phic to Z/2 x (Z/M)*. An interesting phenomena in our situation is that all elements of
such Galois group correspond to an inner twist.

Theorem 2.9. Let M be the order of the character s and let dx denote the quadratic
Dirichlet character giving the extension K/Q. Write Ky = Q(Cy) - F, where F/Q is at
most a quadratic extension, as in the previous lemma. Then all inner twists of Ay are the
following:
o If 0; € Gal(K;/Q) satisfies that o;(Cy) = ¢}, and o; acts trivially on F, then
(07,e9=Y/2) s an inner twist.
e If 0; € Gal(K;/Q) satisfies that o;(Car) = ¢y and o does not act trivially on F,
then (0;,0e¥=1/2) is an inner twist.

Proof. Let p be a rational prime not dividing the level of f. If p splits in K/Q, then
ap(f) = %(p)aP(E(a,b,c))> 50
(13)  05(ap(f)) = 5 (P)ap(Eape) = 5~ (0) e(p)ap(Eap)) = eV~ 2(0)ap(f),

where the last equality comes from the fact that >~ (p) = (5¢3(p))U~Y/2, because j is odd.
On the other hand, if p is inert in K, it is enough to study the case when a,(f) # 0. By (12)

a,(f)* = e(p)(£ap(Eap.0) + 2p),

where ¢(p) is a square in Q(Cr), say e(p) = (3. To ease notation, let n = %a,(Eqpe) + 2p-
Then a,(f) = (3;/n (for the right choice of the square root), so applying o; we get

r —1r 75(v/71) —1)2%5 (/1)
(14) i(an(f)) = Croi (V) = ap(f)Chr NG p(f)e(p) NG
If O'j(\/ﬁ) = /1 (ie. o; acts trivially on F), then equations (13) and (14) imply that
(0;,£971/2) is an inner twist, while if 0;(,/7) = —/7 (i.e. o; does not act trivially on F),
then both equations imply that (o, dxe¥~Y/2) is an inner twist. O
As an immediate application, using Lemma 1.1, we get the following result.
Corollary 2.10. All the endomorphisms of Ay are defined over the field K - Q.

Theorem 2.11. In the previous notation, and under the assumption that Ky = K, and that
p 1s large enough, there exists a building block E, defined over the quadratic field K such that

pE(a,b,c)vp = pEgvp'

Proof. Since all endomorphisms of A; are defined over L := K - Q (by Corollary 2.10),
End) (A,) contains M,(Q) by Theorem 1.2 and Remark 1, where r = dim(A). Then, over
L both varieties are isgenous to r-copies of an elliptic curve. Let us explain in more detail

the situation for A;. Over Q, E(4.¢) is a building block, but it is not a factor of its splitting
11



over L. The reason is that by construction, the Galois representation of Ay restricted to
Galg is isomorphic either to the direct sum

M2
(15) IOAf7P|Ga1K = @ PE(ap,c):p & %21‘—1,

i=1
or to twice such a sum (depending on whether Q((as) equals Ky or not). The key point is
that s restricted to Galy, is a quadratic character (by Lemma 2.6), so while restricted to
Galy, the representation is isomorphic to r-copies of pg, , ., » ® ». In particular, the variety
Ay over L is isogenous to (E(qpe) ® 2)". The problem is that the elliptic curve Eqpq) ® s is
not defined over K. For that purpose, we look at the variety Ay over K”, and it is true that
over such a field, Ay is isogenous to (E(,p,))" (the base change of a curve defined over K).
In particular, the cocycle ¢ attached to E,y,) over K~ is trivial while restricted to Gal.

By Theorem 2.4 (and Remark 3), there exists a building block E, of A, defined over K

such that A, is isogenous (over F”) to E;. In particular, the residual Galois representations
PEap.op a0d pg,, are isomorphic while restricted to Galg=.

The extension K /K is abelian, and the characters of Gal(K /K are precisely powers of
». Since Ej is defined over K, we have that

M
(16) IdGas, (pm, plaae.) = @D po,p ® 5
=1

Since the curve E(, ) is also defined over K, a similar splitting holds for Indgzg (p Elase) plcal,)-

Then
M M
S i
@ PEgp & ¥ = @ PE(a ey & % -
i=1 i=1

Note that since pg 7, is absolutely irreducible, the same must hold for pg, ;. In particular,
PE 4 p.0p Must be a summand of the left-hand side, i.e.

~ —
pE(a,b,c)vp - pEgvp ® n ’

for some exponent i. Taking determinants on both sides, it follows that either 32 = 1, or 32
is a quadratic character. Note that since p is odd, and 3¢ has order a power of two, s and
7 have the same order, so either s is trivial, or it is a quadratic character. If s = 1 then
the result follows, while if 5’ # 1, then the elliptic curve E, ® 5" is another building block
defined over K satisfying the required property. O

3. APPLICATIONS

3.1. The Diophantine equation z* + dy? = zP. Let us start with a general result on
non-existence of elliptic curves over quadratic fields with a 2-torsion point.

Theorem 3.1. Let d be a positive integer larger than 3 such that the field K = Q(v/—d)
satisfies the following properties:
o The prime 2 is inert in K/Q (i.e. d =3 (mod 8)),

e The class number of K is prime to 6.
12



Then the only elliptic curves defined over K = Q(v/—d) having a K -rational point of order
2 and conductor supported at the prime ideal 2 are those that are base change of Q.

Proof. Let E/K be an elliptic curve satisfying the hypothesis. Since K does not have (in
general) trivial class group, there is no reason for the curve E to have a global minimal
model. However, it always has what is called a “semi-global” minimal model, i.e. a model
which is minimal at all primes dividing the conductor of the curve, but is not minimal at
at most one extra prime p (which we assume is odd), and the discriminant valuation at p
equals 12. Our assumption that E has only bad reduction at the prime ideal (2) implies that
A(FE) = 27p'2. In particular, p'? is a principal ideal. Our assumption that the class number
of K is prime to 6 then implies that p is principal, hence FE does have a global minimal model
Since E/K has a K-rational point of order 2, we can take a model (which might not be
minimal at 2 but is minimal at all other prime ideals) given by an equation of the form

E:y? = 2% + az? + bz,

where a,b € Z[%jd]. Minimality at all odd primes implies in particular that its discrimi-

nant A(E) = 2%b?(a® — 4b) is a power of the prime ideal 2, i.e. A(E) = (2)", for some r > 0.

The hypothesis K # Q(1/—3) implies that the only roots of unity in K are +1. Then

(17) b2 (a® — 4b) = £2"74

Since K is a Dedekind domain, it has unique factorization in prime ideals, so in particular
b=4+2",

for some ¢ > 0, and in particular b € Z (and since A(F) is an algebraic integer, 2t +4 < r).

Substituting in (17) we get that

(18) a? =42 £ 22 c 7,

Suppose that a = %’7, with a1, ay € Z (and a; = ay (mod 2)). Since a? is a rational

number, ajas; = 0. If ap = 0 then both a, b are rational numbers and hence E is a rational

elliptic curve as claimed.

Suppose then that as # 0 and a; = 0, i.e, a = asv/—d for some integer ay. Write asy in the
form

ag = 256,
where s > 0 and 2 1 a. Substituting in (18) we obtain the equation

—ddQ — i27‘—4—2t—28 :l: 2t+2—25’

where the exponents are non-negative integers and at least one of them must be zero (as the
left-hand side is odd). The left-hand side is a negative integer which is congruent to 5 mod
8. All solutions of the equation +1 4+ 2™ =5 (mod 8) are

Note that in both cases, the non-zero exponent is at most 2, so d is at most 3, which

contradicts our assumption d > 3. O
13



Remark 5. The result is not true over Q(+/—3), since for example the curve 2.0.3.1-4096.1-al
has conductor 2%, a 2-torsion point, but is not defined over the rationals (nor is isogenous to
a rational elliptic curve). It is however a Q-curve.

Remark 6. The last result is similar to [7, Theorem 1], in the case ¢ = 2, although in such
an article the authors impose to the curve the condition that it has multiplicative reduction
at ¢ (while our curve has additive reduction). In particular the condition on the class group
being odd is the natural one (which matches theirs). The method of proof is completely
different though.

Remark 7. The hypothesis on the class group being odd is equivalent to d being a prime
number (under the assumption d = 3 (mod 8)). This was already discovered by Gauss (see
for example [2, §6]). The Cohen-Lenstra heuristics ([1, (C2)] and also page 58 of such an
article) imply that the number of imaginary quadratic fields of prime discriminant, where 2
is inert, and whose class group is not divisible by 3, should have density 56.013% (so there
should be many of them).

Lemma 3.2. Let Ey and Es be two elliptic curves over a number field K. Let q be a prime
of K of good reduction for Ey. Let p > max{N(q) +1+2y/N(q),4N(q)} be a prime number
such that pp, p ~ PEyp. Then Ey also has good reduction at q and aq(Ey) = aq(Es).

Proof. The proof is similar to that of [8, Theorem 1.4]. Since p > 3, the curve F; must
have either good or multiplicative reduction at q (by [8, Remark 6]). If the reduction is
multiplicative, we are in a “lowering the level” case, hence

(19) aq(E) = £(N(@) + 1) (mod p).

But Hasse’s bound implies that |aq(E;)| < 24/N(q). Since the difference of the right and
the left-hand side of (19) is non-zero, then p must be smaller than their difference, which

contradicts the hypothesis p > 14 2,/N(q) + N(q).
Once we know that both curves have good reduction at q, we get the congruence

aq(Eh) = aq(E>)  (mod p).

If both numbers are different, p must divide their difference, which by Hasse’s bound is at
most 4 N(q), giving the result. O

Lemma 3.3. Let (a,b,c) a primitive solution of (1), where p is large enough so that pg,,, J»

is absolutely irreducible. Let q an odd prime, then there ezists a bound B (depending only
on d) such that if p > B then q{ c.

Proof. 1f q | ¢ then the curve E(, ) has multiplicative reduction at ¢, but it does not divide
the conductor of the residual representation pg_,, . In particular, the form f has level
divisible by ¢, but the form ¢ does not, i.e. we are in what is called the “lowering the level
case”. In particular,

(20) p | NEeTH@) (g + 1) — aq(9)*).

Note that ¢ depends only on d and there are finitely many possibilities for the value a,(g)
(since the form g is a newform in the space Sy(N, ) which does not depend on (a, b, c)), so
it is enough to prove that the right-hand side of (20) is non-zero for any newform g. But by
the Ramanujan-Petersson conjecture, |a,(g)|* < 4¢ < (¢ + 1)?, so the difference cannot be

Zero. [l
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Theorem 3.4. Let d be a prime number congruent to 3 modulo 8 and such that the class
number of Q(v/—d) is not divisible by 3. Then there are no non-trivial primitive solutions
of the equation

ot dy? = 2P,
for p large enough.

Proof. The case d = 3 was proven in [5], so we can restrict to values d > 3. Let (a, b, c) be a
non-trivial primitive solution and consider the elliptic curve

Eape : y2 = 2% + dax® + 2((12 +v/—db)z,

as in the introduction. The assumption (a, b, ¢) being non-trivial and primitive implies that
El(ap,) does not have complex multiplication (by Lemma 2.1).

The discriminant of E(,,) equals 512(a® + bv/—d)cP, which is a perfect p-power except at
the prime 2. Furthermore, all odd primes dividing the conductor of F(, ) are of multiplica-
tive reduction, so the residual representation pg _, - is unramified outside 2.

The elliptic curve E, . is a Q-curve, hence there exists a Hecke character s (unramified
outside primes dividing 2d) such that the twisted representation PE (a0 p @ > extends to a
representation p of the whole Galois group Galg. By Serre’s conjecture together with an
appropriate Taylor-Wiles result, the representation p is modular, i.e. there exists a modular
form f € Sy(NV,¢) such that ps, >~ p. The level N depends on (a, b, c), but the conductor
of the Nebetypus ¢ is supported only at primes dividing 2d by construction of the Hecke
character s (see [11, Theorem 4.2]).

By [11, Theorem 5.1] and [6], there exists a bound B; (depending only on K') such that if
p > By the residual representation pg_ -, is absolutely irreducible. In particular, for such
primes p we are in the hypothesis of Ribet’s lowering the level result. Then there exists a
newform g € Sy(N,¢) such that the residual representation of p,, is isomorphic to that of
p, where N is only divisible by primes dividing 2d. Furthermore, by Lemma 3.3, we can
assume that ¢ is not divisible by 3. Looking at (1) modulo 8 it follows that ¢ is not divisible
by 2 either, hence it is divisible by some prime number ¢ larger than 3. By Ellenberg’s large
image result ([6, Theorem 3.14]) the projective residual image of pg, , , , is surjective, so it
cannot be congruent to a modular form with complex multiplication. In particular, the form
g does not have complex multiplication either so we can apply our previous results.

Let g be any newform in the space SQ(N ,€) without complex multiplication and suppose
that it is related to a solution (a, b, c) of (1). Let gB° denote its base change to K. Let £ be
an odd prime not dividing 2d and define

Sy ={(a,b,&) e F3\ {(0,0,0)} : a*+ db* = &}.

In practice, since p will be a larger prime (compared to ¢), raising to the p-th power is a
bijection of F,. For each point (a,b,¢) € Sy, consider the curve E ;. over Fy. Let [ be a
prime of K dividing ¢. Then, either:

(1) The curve E; ;. is non-singular, in which case if (a,b,c) is an integral solution

reducing to (@, b, ¢), we must have that a(Eape) = ai(E;5) and furthermore

%([)@[(E(a,é,a)) = al(gBC) (mod p),

or
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(2) The curve E(, ) has bad reduction at [ in which case we are in the lowering the level
hypothesis, and

ar(g) = e 1(0)(¢+1) (mod p).
Given (@,b,¢) € Sy, let B({, g;a,b, &) be given by

i N(a(Eap,e)) () — acg)) if £4 ¢ and ¢ splits in K,
B(,g;a,b,¢) = < N(ag(9)* — ar(Eape)>(0) — 20e(0)) if £4¢ and £ is inert in K,
NEH O+ 1)? — ar(9)?) if | ec.

If (a, b, ¢) belongs to case (2), then clearly p | B(¢, g;a, b, ¢). If (a, b, ¢) belongs to case (1),
the well known formula for the Fourier coefficients of ¢B° in terms of those of ¢, imply that

o(9)  (mod p) if ¢ splits,
o(9)* — 20e(¢) (mod p) if £ is inert.

In all cases, it holds that

(21) pl I Bgabe,

(&7B>E)€SZ

As previously explained, the Ramanujan-Petersson conjecture implies that the third row
value in the definition of B(/, g;a,b, ¢) is never zero. If the coefficient field K, does not
match the coefficient field Ky, then there exists some prime ¢ for which the first or the
second row (depending on whether ¢ is split or inert) is non-zero, so the right-hand side of
(21) is non-zero, giving finitely many possibilities for the value of the prime p (this is an idea
of Mazur). Then to finish the proof we are left to discard the newforms g whose coefficient
field K, matches the coefficient field K¢ of f.

By Theorem 2.11, if p is large enough, there exists an elliptic curve £, defined over K,

whose conductor divides N such that PEyp = PEqyop- A priori, the curve E; has bad

reduction at primes dividing N (i.e. at primes dividing 2d), but the curve E(,; ) has good
reduction at all odd primes dividing d, so in particular the same must be true for the curve
E, if p > 3 (see [8, Proposition 1.1] and also Remark 7).

The residual representation pg, > has image lying in S5. Under the isomorphism GLy(IFs) ~
S3, the elements of order 1 or 2 are precisely the ones of trace 0, while the ones of order 3
have trace 1. In particular, the image of the residual representation (is isomorphic to one
that) lies in the Borel subgroup (i.e. the curve E, has a K-rational point of order 2) if and
only if the trace of any Frobenius element is even if and only if the image does not have
elements of order 3. Let T" denote the fixed field of the kernel of pg, >, so the extension
T/K is unramified outside 2 (by the Ner6n-Ogg-Shafarevich criterion) and is of degree at
most 6. A well known result of Hermite and Minkowski states that there are finitely many
field extensions of a given degree and bounded discriminant. In particular, our field T is
one of a finite list, say {T},...,T,} of at most degree 6 extensions of K unramified outside
{2}. Suppose that [T; : K] is divisible by 3 for some index i. Then an explicit version of
Chebotarev’s density theorem (see for example [20] and the references therein) proves the
existence of a bound B and a prime q € O (the ring of integers of K) of norm at most B

such that Froby has order 3 in Gal(7;/K). In particular, if [T" : K] is divisible by 3, there
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exists a prime whose norm is bounded by B (independently of the original solution (a, b, ¢))
such that

aq(Ey) = Tr(pg, 2(Frobg)) =1  (mod 2).

But Lemma 3.2 implies that if p is large enough (where the bound depends on the norm of
the prime g, which is bounded by B) then E, ) has good reduction at q and furthermore
aq(Eg) = aq(E(ap,))- Recall that .y has a 2-torsion point, so aq(Ep,)) is even, giving a
contradiction. Then T'/K has degree 1 or 2 and the residual representation pg, ; has image
in a Borel subgroup, so the curve E, also has a K-rational 2-torsion point.

Theorem 3.1 then implies that the elliptic curve Ey is in fact defined over Q, so in particular
aq(Ey) = ag(E,) for all primes ¢ splitting in K/Q, a property that the curve E(,, ) does not
satisfy, giving a contradiction. O

3.2. The Diophantine equation 22 + dy® = 2.

Theorem 3.5. Let d be a prime number congruent to 19 modulo 24 and such that the class
number of Q(v/—d) is prime to 6. Then there are no non-trivial primitive solutions of the
equation

2?4+ dyb = 2P,
for p large enough.

Proof. The proof mimics that of Theorem 3.4, in particular all results of Section 2 hold for
E(a,b,c), with the following important observation:

(1) The curve E(a,b@) does not have complex multiplication if p > 3 by [8, Lemma 3.2].

(2) The curve E(mb’c) has additive reduction at the prime v/—d, and acquires good reduction
over the extension K (v/—d) (see [11, Remark 2]). In particular, if F, denotes the elliptic
curve defined over K that is obtained after applying the lowering the level result to E(a,b,c)
(whose existence is warranted by Theorem 2.11), it also acquires good reduction over the
extension K (v/—d), hence its minimal discriminant valuation at the prime v/—d must be
even.

(3) The curve E(a,b@ has a K-rational 3-torsion point, so we would like to know that the

same is true for Eg. Since the curve E(a,b,c) has a point of order 3, for all prime ideals p of good
reduction, ay(E(p,) is divisible by 3. Using Lemma 3.2 we know that a,(E(ase) = ap(Ey)

for all small prime ideals q. In particular, aq(Eg) = 0 (mod 3) for all small prime ideals,
hence by the so called “Sturm” bound (see for example Corollary 9.20 of [19]), the congruence
holds for all prime ideals of good reduction. Then by [10, Theorem 2] there exists a curve
E’" over K which is isogenous to Eg over K which has a rational point.

Under our hypothesis (d = 19 (mod 24)), the primes 2 and 3 are inert in K/Q. The
hypothesis on the class number of K being odd implies in particular that d is a prime
number. Then there must exists an elliptic curve E’ defined over K with the following

properties:
e The conductor of E’ is supported at the prime ideals dividing 6d.
e If the model E’ is minimal at the prime ideal (v/—d), then the discriminant A(E’) of

a E' has even valuation at (v —d).

e The curve E’ has a K-rational 3-torsion point.
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Take a semi-global minimal model for £’ which is minimal at all primes except one extra
prime ideal p which does not divide 6d. After a translation (a transformation which preserves
the discriminant of the equation) we can assume that the rational 3-torsion point is the origin
(0,0). The fact that (0,0) is now an inflection point of the cubic implies that the tangent
line is of the form y = ax for some integral element «, so the change of variables ¢y = y — aux,
' = x (which preserves the discriminant) sends the tangent line to the line y/ = 0. In
particular, we can (and do) assume that our semi-global minimal model is of the form

E':y’ + arwy + agy = 27,
[%jd] In particular,
A(E') = a3(a3 — 27a3) = 2"39(v/ —d)*p'2.
The even exponent at (v/—d) comes from the fact that the model is minimal at (v/—d) and
the second condition. In particular, the ideal p'? is a principal ideal, so under our assumption
on the class number of K being prime to 6, p is principal and hence E’ does have a global

minimal model (of the same form). In particular, since the only roots of unity in K are +1,
for the minimal model it holds that

(22) A(E') = a3(aj — 27az) = £2"39d°.

If (v/—d) does not divide the ged of the two middle factors (as elements of K), a3 must be a
rational number. Then af is also a rational number and hence a; is rational. On the other
hand, if (v/—d) divides the gcd of the two middle factors, then the minimality condition of
the model £’ implies that v(,/—3 (a3) < 2, so it is either 1 or 2. If it happens to be 2, then
ag is once again a rational number, and the same proof as before implies that a; is rational
as well.

Suppose then that az = v/—d- 3 for some 3 not divisible by (v/—d), and that a; = v/—d-«
for some algebraic integer . Then the valuation at (v/—d) of the middle term in (22) is 4,
hence s = 2 and we get the equation

(23) B(da® + 278) = £2734.

Once again, o and 8 must be integers. Recall that by Ogg’s formula, because the primes 2
and 3 are unramified at K/Q, r < 16 and ¢ < 13 (see [18] Theorem 10.4, Theorem 11.1 and
Table 4.1 in page 365). Then we can run over all possible exponents on the right-hand side
within this bound, and verify for which values, we get a divisor 3 such that +2737/3% — 273
is a prime times a perfect cube. Furthermore, we discard the solutions for which the curve
E'" does not have additive reduction at both primes 2 and 3 (since the curve Eq4,) has this

property). We get only four non-rational candidates, all of them defined over the quadratic
field K = Q(v/—547), corresponding to the values

(e, B) € {(—6,2),(—12,16), (6, —2),(12,—16)}.
Clearly there are only two non-isomorphic pairs (the map (z,y) — (x, —y) gives an isomor-
phism between a pair (a1,a3) and a pair (—aq, —ag)). It is easy to verify that for the two
isomorphism classes of curves, the quotient by the 3-torsion point is a rational elliptic curve,
hence the curve E’ is isogenous to a base change, which (as in Theorem 3.4) contradicts the

fact that E(mb,c) is a Q-curve (not isogenous to a rational one, since (a, b, ¢) is non-trivial).
U

where a1, a3 € Z
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