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Fermat’s equation

Fermat’s Last Theorem
The equation xn + yn = zn does not have primitive non-trivial solutions
for n ≥ 3.

The cases n = 3, 4 were done by Euler and Fermat respectively.
It is enough to prove it for primes p ≥ 5 and for primitive solutions,
i.e. solutions (a, b, c) with gcd(a, b, c) = 1.

(a, b, c) non-trivial primitive solution to xp + yp = zp for p ≥ 5ww�
Ea,b : y2 = x(x− ap)(x + bp)ww�

This curve cannot exist
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Elliptic Curves

Ea,b : y2 = x(x− ap)(x + bp)

In general:
E : y2 = f(x) := x3 + ax2 + bx + c

∆(E) := 24 · disc(f) = 24 ·
∏
i<j

(xi − xj)2.

Theorem
(Mordell) E(Q) has a structure of finitely generated abelian group.

If p is an odd prime, then

Ep := y2 = x3 + ax2 + bx + c.

It is an elliptic curve over Fp if and only if p ∤ ∆(E).

N(E) =
∏

p|∆E

pfp .
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Elliptic Curves

We define the ap coefficient of E by ap(E) = p + 1−#E(Fp).

E[n] = {P ∈ E(Q̄) : [n]P = O}.

Gal(Q̄/Q) acts on E[n] ∼= (Z/nZ)2. Then it defines a continuous
representation

ρ̄E,n : Gal(Q̄/Q)→ GL2(Z/nZ).

Also, Gal(Q̄/Q) acts on Taℓ(E) = ĺım←−
n

{E[ℓn]}. Then it defines a

continuous representation

ρE,n : Gal(Q̄/Q)→ GL2(Zℓ) ⊂ GL2(Qℓ).

When p ∤ ℓN , then

ap(E) = Tr(ρ̄E,ℓ(Frobp)).

for p ⊂ Z a prime ideal over p.
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Modular Forms

We define the Hecke subgroup of level N as

Γ0(N) =
®Ç

a b

c d

å
∈ SL2(Z)

∣∣∣∣
Ç

a b

c d

å
≡
Ç
∗ ∗
0 ∗

å
mod N

´
Let denote H = {τ ∈ C : Im(τ) > 0}.

A function f : H → C is said to be a weight 2 modular form of level N

if the following conditions are satisfied:

f is holomorphic on H,

f(γτ) = (cτ + d)2f(τ) for all γ =
Ç

a b

c d

å
∈ Γ0(N) and τ ∈ H,

f is holomorphic at the cusps.

(cτ + d)−2f(βτ) =
∞∑

n=−∞
c(β)

n qn
N with qN = e

2πiz
N .

The last conditions means that cβ
n = 0 for all n < 0, for the cusps β(∞).
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Modular Forms

We say that a modular form is cuspidal if cβ
0 = 0 for the cusps. We

denote the space of weight 2 cuspidal forms of level N by S2(Γ0(N)).
If f ∈ S2(Γ0(N)) then

f(z) =
∞∑

n=1
an(f)qn

N with qN = e
2πiz

N .

If M |N then Γ0(N) ⊂ Γ0(M). A cuspidal form is new if it does not
come from lower levels.

We say that an elliptic curve E is modular if there exists a cuspidal
newform f ∈ S2(Γ0(NE))) such that ap(E) = ap(f) for all prime p.

Theorem (Wiles, Taylor-Wiles)
The semiestable rational elliptic curves are modular

The curve Ea,b is one of these curves, and hence we have a cuspidal form
fa,b ∈ S2(Γ0(Na,b)).
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Conclusion

∆(Ea,b) = 16(abc)2p.

N(Ea,b) =
∏

q|abc

q.

Obstacle: N(Ea,b) depends on a and b so we cannot study specifically
the space S2(Γ0(Na,b)).

Theorem (Mazur-Ribet)
There exists a cuspidal form f ∈ S2(Γ0(2)) such that

aℓ(Ea,b) ≡ aℓ(f) (mód p), for all ℓ ̸= 2, p.

However, S2(Γ0(2)) = {0}, so we get a contradiction.
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Generalised Fermat’s equations

Axp + Byq = Czr (1)

Darmon & Granville (1986): If
1
p

+ 1
q

+ 1
r

< 1,

then equation (1) has finitely many primitive non-trivial solutions.

ABC conjecture: The equation (1) has finetely many solutions even if we
allow the parameters to vary. In particular, if we fix A, B, C, p, q and vary
r.

Expected result: Prove the non-existance of primitive solutions (a, b, c) to
the equation:

x2 + dy6 = zp

for p greater enough. It was first studied by Benntet and Chen for d = 1,
by Koutsianas for d = 3 and later by Pacetti and Villagra for d = 2 and 6.
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Modularity Method

1. Construction of the curve From a putative solution (a, b, c) we
construct a curve E(a,b,c) such that ∆(E(a,b,c)) = c ·Dp, where c

depends on the equation and D on the solution. Furthermore, we
want that the primes p that divide D are of multiplicative reduction.

2. Modularity of the curve: To relate to our curve a cuspidal form of
level the same as the conductor of the curve.

3. Lower the level: To determine a cuspidal form of a lower level that
does not deppend on the solution

4. Discard the possible modular forms to arrive to a contradiction.
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General strategy

1. Construction of the curve: To a putative non-trivial primitive solution
(a, b, c) of x2 + dy6 = zp we associate the following curve defined
over K := Q(

√
−d)

Ea,b/K : y2 + 6b
√
−dxy − 4d(a + b3√−d)y = x3,

∆(E(a,b)) = −2833d4cp(a + b3√−d)2.

If q|q is a prime ideal in OK such that q ∤ 6d, then E(a,b) has
multiplicative reduction at q and p|vq(∆(E(a,b))).

2. Modularity of the curve: E(a,b) turns out to be a Q-curve defined
over Q(

√
−d,
√
−2). Then by a result of Ribet, there exists a

character χ such that ρE,p ⊗ χ : Gal(K/K)→ GL2(Qp) extends to
Gal(Q/Q) and hence it is modular.
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General strategy

Pacetti and Villagra construted a character χ unramified outside 2 such
that ρE,p ⊗ χ extends to Gal(Q/Q). Then there exists a cuspidal form

g ∈ S2(Γ0(Nd,a,b), ε) such that ρEa,b,p ≡ ρg,K,p ⊗ χ−1 (mod p).

3. Lower the level: There exists a bound Nd such that if p > Nd then
ρE,p has absolutely irreducible residual image. Then applying Ribet
lowering the level result, there exists g ∈ S2(nd, ε) with nd|Nd,a,b

such that f ≡ g (mod p).
4. Discard the possible modular forms: We need to discard the forms in

S2(nd, ε)
Mazur’s trick
Symplectic Method
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Mazur’s Trick

Let g ∈ S2(Γ0(nd), ε) and ℓ ̸= p such that ℓ does not ramify in
K = Q(

√
−d). Let l|ℓ and

B(ℓ, g) =


N

(
aℓ(E(a,b))χ(ℓ)− aℓ(g)

)
if ℓ ∤ c and ℓ splits in K,

N
(
aℓ(g)− aℓ(E(a,b))χ(ℓ)− 2ℓε(ℓ)

)
if ℓ ∤ c and ℓ is inert K,

N
(
ε−1(ℓ)(ℓ + 1)2 − aℓ(g)2) if ℓ|c.

Then p|B(ℓ, g). Therefore if

p > gcd
(a,b)∈F2

ℓ

B(ℓ, g)

we can discard g.

Obstacles:

It might happen that B(ℓ, g) = 0.
If N is big (N > 106), then it is inefficient to calculate aℓ(g).
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x2 + 13y6 = zp

In the case d = 13, we arrive, after lowering the level, that the spaces to
analyze are

S2(Γ0(24 · 3 · 132, ε) and S2(Γ0(24 · 33 · 132, ε).

The space S2(Γ0(24 · 3 · 132, ε) has 29 conjugacy classes of newforms,
7 of them with complex multiplication. For p > 1527 we can discard
the CM modular forms. To discard the non-CM modular forms we
apply the Mazur’s trick and we can discard them for p > 13.
DiscardPlace(13,eps,Chi,new,1,5,40);
Cannot discard the form with parameter: 1
{ 0 }

DiscardPlace(13,eps,Chi,new,6,5,40);
{ 2, 13 }
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x2 + 13y6 = zp

The space S2(Γ0(24 · 33 · 132, ε) has 68 conjugacy classes of
newforms, 14 of them with complex multiplication. For p > 1527 we
can discard the CM modular forms. To discard the non-CM modular
forms we apply the Mazur’s trick and we can discard them for p > 29.

Theorem
Let p > 1627 be a prime number. Then there are no non-trivial primitive
solutions of the equation

x2 + 13y6 = zp
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Symplectic Method

Let p be prime, E/Q and E′/Q such that E[p] ∼= E′[p] (as
Gal(Q/Q)-modules) and ϕ : E[p]→ E′[p] an isomorphism. Then there
exists d(ϕ) ∈ F×

p such that:

eE′,p(ϕ(P ), ϕ(Q)) = eE,p(P, Q)d(ϕ) for all P, Q ∈ E[p]

We say that ϕ is a symplectic isomorphism if
Ä

d(ϕ)
p

ä
= 1 and an

anti-symplectic isomorphism if
Ä

d(ϕ)
p

ä
= −1.

We say that (E, E′, p) is of symplectic type or anti-symplectic type if
all the Gal(Q/Q)-modules isomorphisms between E[p] and E′[p] are
symplectic or antisymplectic isomorphism respectively.
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Symplectic Method

Given a triple (E, E′, p), How can we determine its symplectic type?

Theorem
(Krauss-Freitas) Let ℓ ̸= p be primes with p ≥ 3. Let E and E′ be
elliptic curves over Qℓ with multiplicative reduction. Suppose that
E[p] ≃ E′[p] as Gal(Qℓ/Qℓ)-modules. Assume further that p ∤ vℓ(∆(E)).
Then p ∤ vℓ(∆(E′)). Furthermore, E[p] and E′[p] are symplectic
isomorphic ⇔

Ä
vℓ(∆(E))/vℓ(∆(E′))

p

ä
= 1.

Moreover, E[p] and E′[p] are not both symplectically and
anti-symplectically isomorphic.
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Case d = 11

x2 + 11y6 = zp

We need to discard the spaces S2(Γ0(22 · 32 · 112)) and
S2(Γ0(22 · 33 · 112)).

For the space S2(Γ0(22 · 33 · 112)), which correspond to solutions
(a, b, c) such that 3|ab, we are able to discard all modular forms using
Mazur’s Trick.
For the space S2(Γ0(22 · 32 · 112)) we are able to discard all modular
forms using Mazur’s Trick but f15 and f20. The last one we are able
to discard it using a ramification argument.
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f15 ⇝ Af15 = E15 × E15

where E15/Q(
√
−11) is given by:

E15 : y2 = x3+1 +
√
−11

2 x2+1907
√
−11− 1615

2 x−19479
√
−11−31012

This curve has discriminant ∆(E15) = 39 · (
√
−11)8 · 220.

Remark
Assuming that f15 is the modular form associated it to Ea,b, we obtain
that EA,B [p] ∼= E15[p], as Gal(K/K)-modules.
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Discarding f15

We apply the symplectic theorem with ℓ = 11, p11 = (
√
−11),

K = Q(
√
−11)p11 , to the curves EA,B and we obtain that they are

symplectically isomorphic since vp11(∆EA,B
) = vp11(∆E15) = 8.

We look now at ℓ = 3, p3 = < 1−
√

−11
2 > and K = Q(

√
−11)p3 . Note

that Q(
√
−11)p3

∼= Q3, then we can use the rational version of the
symplectic theorem. Then, since vp3(∆EA,B

) = 3p− 9 and
vp3(∆E15) = 9, we obtain that they are symplectically isomorphic if
and only if

Ä
−1
p

ä
= 1 if and only if p ≡ 1 (mód 4)
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Conclusion

Theorem
The equation x2 + 11y6 = zp has no non-trivial primitive solution if
p > 409 and either one of the following conditions is satisfied:

Either x or y is divisible by 3,
The prime p ≡ 3 (mód 4).
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Case d = 2

Theorem
(Pacetti - Villagra) Let p > 257 be a prime number. Then there are no
non-trivial primitive solutions of the equation

x2 + 2y6 = zp.

Question: Can we lower this bound?

In order to use Ribet’s lowering the level result we need to prove that ρ̄E,p

is irreducible.
Proposition
ρ̄E,p is irreducible for p ≥ 5.

Then using the Ribet’s theorem we need to analyze the spaces
S2(Γ0(28 · 32)) and S2(Γ0(28 · 33)). Using Mazur’s trick we are able to
discard all non-CM forms for p > 3.
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Case d = 2

Question: How can we eliminate the CM-forms?

If f ∈ S2(Γ0(28 · 32)) is a CM-form, then f comes from the trivial
solution, i.e. Af

∼= E(±1,0,1), which is a curve that has CM by Z
î

1+
√

−3
2

ó
.

PIm(ρE±,p) ⊂ Normalizer of a Cartan Subgroup

If p ≡ 1 (mod 3),
Im(ρE±,p) ⊂ Normalizer of a split Cartan subgroup
If p ≡ 2 (mod 3),
Im(ρE±,p) ⊂ Normalizer of a non-split Cartan subgroup

Proposition
If p ≥ 5 then the projective image of ρE(a,b),p is not contained in the
normalizer of a split Cartan subgroup of PGL2(Fp).
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Case d = 2

Proposition

Let p ≥ 5 be a prime and suppose there exist either

a p-new form in S2(Γ0(3p2)) with wpf = f and w3f = −f ; or
a p-newform in S2(Γ0(p2)) with wpf = f

such that L(f ⊗ χ−8, 1) ̸= 0, where χ−8 is the Dirichlet character
associated to Q(

√
−2). Then the mod p projective image of the Galois

representation attached to a non-trivial solution of A2 + 2B6 = Cp does
not have image contained in the normalizer of a non-split Cartan
Subgroup.

However, for p = 5 this does not work.
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Thank you
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