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Preface

This text is a very concise modern introduction to the science of net-
works, based on lectures which I gave at several universities to students
and non-specialists. My aim is to introduce a reader without serious
background in mathematics or physics to the world of networks.

The term ‘complex networks’ is young. It came to use in the late 1990s
when researchers from very distinct sciences—computer scientists, biol-
ogists, sociologists, physicists, and mathematicians—started to inten-
sively study diverse real-world networks and their models. This notion
refers to networks with more complex architectures than, say, a uni-
formly random graph with given numbers of nodes and links. Usually,
in these complex architectures, hubs—strongly connected nodes—play
a pivotal role. In this sense, the great majority of real-world networks
are complex.

The field of complex networks is currently a very hot and attractive
research area. The reader may ask: why all the fuss around networks in
fundamental sciences like physics? I prefer the question: why are net-
works so interesting? The answer is not only the tremendous importance
of the Internet and cellular networks. The point is that the geometry
and structural organization of these and many other networks are very
different from those of other well-studied objects—lattices. Networks
and their function cannot be understood based on theories developed
for finite-dimensional lattices, and a new vision is needed.

On the other hand, random networks are objects of statistical me-
chanics. So the course is essentially based on the standard apparatus of
classical statistical physics. There are already several excellent popular
science books and serious reference volumes on complex networks, in-
cluding books on particular types of networks. The introductory lectures
for beginners fill the existing gap between these two kinds of literature.
The intended audience is mostly undergraduate and postgraduate stu-
dents in physics and other natural science disciplines. There is some risk
that inevitable oversimplification will only create an illusion of under-
standing. I believe however that this illusion is not too dangerous and
may even be stimulating. Moreover, I suggest that the strict selection of
material and discussion of recent results and fresh ideas will make this
thin book useful, even for many specialists in networks. The reader who
needs more detailed information and rigorous derivations can afterwards
refer to more difficult reference books and original papers.

I am deeply indebted to my friends and colleagues in Portugal for
their encouragement and advice, first and foremost to Anna Rozhnova,
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First steps towards
networks

A network (or a graph) is a set of nodes connected by links.! In princi-
ple, any system with coupled elements can be represented as a network,
so that our world is full of networks. Specific networks—regular and
disordered lattices—were main objects of study in physics and other
natural sciences up to the end of the 20th century. It is already clear,
however, that most natural and artificial networks, from the Internet
to biological and social nets, by no means resemble lattices. The path
to understanding these networks began in St Petersburg in 1735 with a
mathematical problem formulated on a very small graph.

1.1 Euler’s graph

This small undirected graph (Fig. 1.1) with multiple links was considered
by legendary Swiss born mathematician Leonhard Euler (1707-1783).
Young Euler was invited to St Petersburg in 1727 and worked there
until his death, with a 25-year break (1741-1766) in Berlin. In 1735
Euler made what is now regarded as the birth point of graph theory:
he solved the Konigsberg bridge problem. The structure of all possible
paths within Konigsberg in Euler’s time is represented in the form of a
graph in Fig. 1.1. The nodes of the graph are separate land masses in old
Konigsberg, and its links are the bridges between these pieces of land.
Could a pedestrian walk around Konigsberg, crossing each bridge only
once? In other words, is it possible to walk this graph passing through
each link only once? Euler proved that such a walk is impossible.?

In graph theory the total number of connections of a node is called
degree (it is sometimes called connectivity in physics). Consequently,
Euler’s graph has three nodes of degree 3 and one of degree 5. According
to another definition, a simple graph does not have multiple links and
loops of length 1. Otherwise, the graph is a multi-graph. Thus Euler’s
graph is a multi-graph. Degree is a local characteristic. Any description
of the structure of an entire network or of its parts is essentially based
on two notions: a path and a loop. A path is an alternating sequence
of adjacent nodes and links with no repeated nodes. A cycle (in graph
theory) or a loop (in physics) is a closed path where only the start and
end nodes coincide. Note that it is the presence of loops in Euler’s graph
that makes the Konigsberg bridge problem fascinating and profound.

1.1 Euler’s graph

1.2 Examples of graphs
1.3 Shortest path length
1.4 Lattices and fractals
1.5 Milgram’s experiment
1.6 Directed networks

1.7 What are random
networks?

Bk W W N

1.8 Degree distribution
1.9 Clustering
1.10

® N4 & o

Adjacency matrix

L The terms ‘vertices’ and ‘edges’ are
more standard in graph theory.

2 Much later, in 1873, Carl Hierholzer
proved that a walk of this kind exists if
and only if every node in a graph has
an even number of links.

Fig. 1.1 Euler’s graph for the
Konigsberg bridge problem. The undi-
rected links of this graph are seven
bridges of old Konigsberg connect-
ing four separate land masses—nodes:
Kneiphof island and the banks of the
Pregel river. As Euler proved in 1735,
there is no walk on this graph that
passes through each link only once.



2 First steps towards networks

Fig. 1.2 (a) Fully connected or com-
plete graph. (b) Star. (c) Comb graph.
(d) Brush. (e) Petersen graph which is
the (3, 5) cage graph, where 3 is the de-
gree of its nodes and 5 is the length of
the shortest cycle. (f) The simplest hy-
pergraph: three nodes interconnected
by a single hyperedge.

@ (b)

Fig. 1.3 (a) 3-regular Cayley tree. (b)
Bethe lattice. Notice the absence of a
border.

Fig. 1.4 A bipartite graph (a) and one
of its one-mode projections (b).

-

@ (b) © (d) C) ()

Graphs without loops—trees—are usually more simple to analyse. For
example, a one-dimensional chain is a tree. The numbers of nodes N
(which we call the ‘network size’) and links L of a tree satisfy a simple
relation L = N — 1.

1.2 Examples of graphs

A few simple graphs are shown in Fig. 1.2. A complete graph, Fig. 1.2
(a), which is widely used in exactly solvable models in physics, has all
nodes interconnected. In a star graph (which is the most compact tree),
Fig. 1.2 (b), the maximum separation between nodes is 2. Combs and
brushes, containing numerous chains, are shown in Figs. 1.2 (b) and (c),
respectively. Due to the chains, random walks on these graphs essentially
differ from those on lattices. The next example—the Petersen graph in
Fig. 1.2 (e)—is one of the so-called cage graphs. These graphs are reg-
ular in the sense that each node in the graph has the same number of
connections. A (g, g)-cage is a graph with the minimum possible number
of nodes for a given node degree ¢ and a given length g of the short-
est cycle. In synchronized systems the cage graph architectures provide
optimal synchronization. The notion of a graph can be generalized. In
one of the direct generalizations—hypergraphs—generalized links (‘hy-
peredges’) connect triples, quadruples, etc. of nodes, see Fig. 1.2 (f).
The next two important regular graphs, a Cayley tree and a Bethe
lattice, shown in Fig. 1.3, will be extensively discussed in these lectures.
These are very different networks. A Cayley tree has a boundary, which
contains a finite fraction of all nodes—dead ends—and a centre (a root).
A Bethe lattice is obtained from an infinite Cayley tree by formal exclu-
sion of dead ends. As a result, all nodes in a Bethe lattice are equivalent,
so there is neither a boundary nor a centre. To get rid of boundaries,
physicists often treat these graphs as containing infinite loops.
Collaboration and many other networks may have not one but two
types of nodes. For example a network of scientific coauthorships con-
tains nodes—authors and nodes—papers. Each scientific paper in this
graph is linked to all of its authors. As a result we have a bipartite
graph, shown in Fig. 1.4. These networks are actually hypergraphs,
where a ‘node—paper’ together with its connections plays the role of a
‘hyperedge’. A one-mode projection of a bipartite graph, explained in
Fig. 1.4, is less informative. Many empirical maps of networks are only
one-mode projections of as yet unexplored real multi-partite networks.



1.3 Shortest path length

A distance £;; between two nodes ¢ and j in a network is the length of the
shortest path between them through the network. Two characteristics
describe the separation between nodes in an entire network: the mean
internode distance in the network and its diameter. The mean internode
distance £ (also mean geodesic distance) is the average of £;; over all those
pairs of nodes (4, j) between which there is at least one connecting path.
(Note that, in general, networks will contain disconnected parts.) The
diameter {p is the maximum internode distance in a network. We will
demonstrate that in many large networks, there is no great difference
between these two quantities.

It is the dependence of £ or £p on network size N that is particularly
important for characterization of network architectures. In networks
with a compact structure, which we discuss, £(IN) grows with N slower
than in more loose structures—lattices.

1.4 Lattices and fractals

In finite-dimensional regular and disordered lattices (these lattices are
supposed to have no long-range bonds), the size dependence ¢(N) is
power-law,

(1.1)

Here d is the dimensionality of a lattice—an integer number. In con-
trast, fractals (Fig. 1.5 explains this notion) may have non-integer di-
mensionalities. In fractals, £ ~ N/% where d; is called a fractal or
Hausdorff dimension. Note that there is no great difference between
finite-dimensional lattices and fractals in respect of the dependence £(NV):
they are both ‘large worlds’. For example, for a two-dimensional lattice
of 1012 nodes, £ ~ 10®. Only when d or d; tend to infinity does this de-
pendence become non-power-law. Note that the fractal dimension can
be found even if (large) N is fixed. Simply count down the number
of nodes n(f) within a distance £ from a given node. In fractals (and
lattices) this number is n ~ £47.

For the sake of comparison, let us estimate n(f) for the g-regular
Bethe lattice and Cayley tree, Fig. 1.3. As is common, instead of the
node degree g, we use another number—branching b = ¢ — 1. Then
n=14+q(1+b+b>+...4+b 1) =gb* ', where we assume that n is
large. Thus, n ~ b%, in contrast to lattices and fractals, and so, for a
Cayley tree, we have

{~ N'd,

;N

Inbd
which grows with N much slower than for any finite-dimensional lattice.
In this respect, one may say that Cayley trees and Bethe lattices are
infinite-dimensional objects—‘small worlds’. If, for example, a Cayley
tree has 10" nodes of degree, say, 5, then ¢ ~ 10, which is dramati-
cally smaller than in the previous example for a two-dimensional lattice.

(1.2)

1.3 Shortest path length 3

<>
!

oo

Fig. 1.5 This transformation gen-
erates a fractal of dimension dy =
In6/1n2 = 2.585.... At each step, ev-
ery link is substituted by the cluster of
six links. So, while the diameter of the
graph (here it is the distance from its
left node to the right one) is doubled,
the total number L of links increases
by a factor of six. If ¢ is a step num-
ber, then ¢ ~ £p = 2 and L = 6%, and

-~ 1n6/In2
consequently N ~ L =1¢ n6/In .



4 First steps towards networks

3 Milgram’s paper in Psychology To-
day with the results of his experiment
was entitled ‘The small world problem’
[125].

41 fact, Milgram made two attempts.
The first one, with starting points in
Wichita, Kansas and a target person in
Sharon, Massachusetts, resulted in only
three finished chains, but the second at-
tempt turned out to be more successful.

Omaha ——= Boston

Fig. 1.6 How Stanley Milgram
scanned a net of acquaintances in the
United States. Notice that some chains
of acquaintances were broken off.

5 For an intelligent critique of the re-
sults of Milgram’s experiment see Kle-
infeld [113]. Note one of Kleinfeld’s ar-
guments: ‘our desire to believe we live
in a “small, small world”’.

6 36 years after Milgram his experiment
was repeated on a greater scale by us-
ing the modern opportunity of email
(Dodds, Muhamad, and Watts 2003)
[70]. Volunteers started 24 163 chains
aimed at reaching 18 target persons in
13 countries. Only 384 (!) of the chains
were completed, which indicates that
the global social world is rather discon-
nected. On the other hand, the success-
ful chains turned out to be an average
of about 4 links, i.e. even less than ‘six
degrees’.

7 Price (1965) [152].

Generally, the term small-world phenomenon refers to a slower growth
of £(N) than any positive power of N (and to a more rapidly growing
n(f) than any power of £). The networks showing this phenomenon are
called small worlds. Most of the explored real-world networks, which we
will discuss, have compact architectures of this kind.

1.5 Milgram’s experiment

The small-world phenomenon was first observed in a social network. In
1967 prominent social psychologist Stanley Milgram (1933-1984) per-
formed a seminal experiment for measuring distances in a network of
acquaintances in the United States.? The question was: how many inter-
mediate social links separate two randomly selected (and geographically
separated) individuals?

The idea of the experiment was elegant, see Fig. 1.6. Milgram chose
two locations: Omaha, Nebraska and Boston.* A target person was cho-
sen at random in Boston. A large enough number of randomly selected
residents of Omaha received a letter with the following instructions:

(i) If you know the target person ‘on a personal basis’ (his/her name
and address were enclosed), send the letter directly to him/her.

(ii) Otherwise mail a copy of this instruction to your ‘personal’ acquain-
tance (someone you know on a first name basis) who is more likely
than you to know the target person.

An essential fraction of letters approached the target, after passing
through only, on average, 5.5 social links; which is a surprisingly small
number. This is what is known as the ‘six degrees of separation’. One
may think that the real shortest path length should be even smaller,
since the experiment revealed only a small fraction of all possible chains
between starting persons and the target.

It is dangerous however to believe sociologists too much: (i) they
have to work with poorly defined and subjective material, (ii) they have
to use poor statistics. The details of the experiment and the resulting
number, the ‘six degrees’, were criticised,® but nobody denies the essence
of Milgram’s observation—the impressive smallness of the world of social
relations.®

1.6 Directed networks

In directed networks, at least some fraction of connections are directed.
It seems that the first extensively studied nets of this type were networks
of citations in scientific papers.” The nodes of a citation network are sci-
entific papers, and the directed links are citations of one paper within
another (Fig. 1.7). New links in the citation networks emerge only be-
tween new nodes and already existing ones; new connections between
existing nodes are impossible (one cannot update an already published
paper). In graph theory networks of this kind are called recursive graphs.



Furthermore, all links in a network of citations have the same direction—
to older papers. This is valid, of course, for publications in paper form,
that is in printed journals and in books. In contrast, papers in many
electronic archives may be updated. I can update my old works in the
http://arXiv.org electronic archive and change their lists of references
to cite more recent papers.® So, some links in the citation networks of
these electronic archives may be oppositely directed.

1.7 What are random networks?

Even if we ignore the directedness of connections, the apparently ran-
dom network in Fig. 1.7 differs from the graphs shown in Figs. 1.2 and
1.3. But then, what is a random network from the point of view of
a physicist or a mathematician? Note that, strictly speaking, the no-
tion of randomness is not applicable to a single finite graph. Indeed,
by inspecting this finite graph, one cannot find whether it was gener-
ated by a deterministic algorithm or by a non-deterministic one. In the
spirit of statistical physics, a random network is not a single graph but a
statistical ensemble. This ensemble is defined as a set of its members—
particular graphs—where each member has its own given probability of
realization, that is its statistical weight.® By this definition, a given ran-
dom network is some graph with one probability, another graph with
another probability, and so on. To obtain some quantity, characteriz-
ing a random network, in principle we should collect the full statistics
for all members of the statistical ensemble. To obtain the mean value
of some quantity for a random network, we average this quantity over
all members of the ensemble—over all realizations—taking into account
their statistical weights.10

The first example of a random graph is a classical random graph
model, shown in Fig. 1.8. This is the Gy, or Gilbert model defined as
follows. Take a given number N of labelled nodes, say i = 1,2,3,..., N,
and interlink each pair of nodes with a given probability p. If N = 3,
this gives eight possible configurations with the realization probabili-

2 2

VA

p (1-p)? p2(1-p)

2 2

N L

p (1-p)? p2(1-p)
. . . .
A VAN
1-p)3 p (1-p)? p2(1-p) p3

1.7 What are random networks? 5

8 The http://arXiv.org is one of the
largest electronic archives, used mostly
by physicists but also mathematicians
and computer scientists. Most papers
on the statistical mechanics of net-
works can be found in the cond-mat
and physics sections of this archive.

4
Pt
QE

Fig. 1.7 Network of citations in scien-
tific papers.

9 More rigorously, the statistical
weights are proportional to the realiza-
tion probabilities. However, the pro-
portionality coefficient is an arbitrary
constant.

10 Note the difference between the
three kinds of scientist. As a rule, em-
pirical researchers and experimenters
collect statistics for a single realiza-
tion of a random network. Scientists
using numerical simulations (computer
experiments) investigate a few or a rel-
atively small number of realizations.
Theorists consider all, or at least all es-
sential, members of the statistical en-
semble of a random network.

Fig. 1.8 The Gilbert model of a
random graph (the Gn, model) for
N =3 with realization probabilities rep-
resented for all configurations. All
graphs in each column are isomorphic,
that is they can be transformed into
each other by relabelling their nodes.



6 First steps towards networks

ties shown in the figure. Note that this graph is ‘labelled’ (has labelled
nodes). As in classical statistical mechanics, where particles are distin-
guishable (i.e., can be labelled), networks are usually considered to be
labelled, which is important for the resulting ensemble.

Physicists divide statistical ensembles into two classes—equilibrium
and non-equilibrium—which correspond to equilibrium and non-equilib-
rium systems. This division is also relevant for random networks. For
example, the ensemble presented in Fig. 1.8 is equilibrium—its statistical
weights do not evolve. In non-equilibrium (evolving) ensembles, statisti-
cal weights of configurations vary with time, and the set of configurations
may also vary. Growing networks are obviously non-equilibrium. How-
ever, even among networks with a fixed number number of nodes, one
can find non-equilibrium nets.

Suppose now that the number of nodes in a random network ap-
proaches infinity. Then, as a rule, the statistics collected for one member
of the ensemble almost surely coincides with the statistics for the entire
ensemble—self-averaging takes place. In other words, a relative number
of ensemble members with non-typical properties is negligibly small. It
turns out that the self-averaging property is very common in disordered
systems. So the features of many large, but finite individual graphs can
be accurately described in terms of statistical ensembles. It is techni-
cally easier for a theoretical physicist to analyse a statistical ensemble
than a single graph, and so the self-averaging is really useful.

1.8 Degree distribution

The degree distribution P(q) is the probability that a randomly chosen
node in a random network has degree ¢:

(N(a))

Pl = 20 (1.3)

Here (N(q)) is the average number of nodes of degree ¢ in the network,
where the averaging is over the entire statistical ensemble. We assume
that the total number of nodes in each member of the ensemble is the
same, N = ) q(N (¢)). An empirical researcher, who studies a single
graph, say graph g, measures the frequency of occurrence of nodes with
degree ¢ in this graph: P,(q) = N,(q)/N. Here Ny(q) is the number
of nodes of degree ¢ in graph g. This quantity is also usually called a
degree distribution. P,(g) approaches P(g) in the infinite network limit.
The degree distribution is the simplest statistical characteristic of a
random network, and it is usually only the first step towards the descrip-
tion of a net. Remarkably, in many situations knowledge of the degree
distribution is sufficient for the understanding of a network and the pro-
cesses taking place on it. In principle, the entire degree distribution is
significant: its low- and high-degree parts are important for different
network properties and functions. In classical random graphs such as
shown in Fig. 1.8, degree distributions decay quite rapidly, P(q) ~ 1/¢!



for large ¢ (see the next lecture). All their moments }° ¢"P(q) are fi-
nite even as the network size approaches infinity, and so the mean degree
(@) = g gP(q) is a typical scale for degrees. There are practically no
strongly connected hubs in these networks.

In contrast, numerous real-world networks, from the Internet to cel-
lular nets, have slowly decaying degree distributions, where hubs occur
with noticeable probability and play essential roles. Higher moments
of the degree distributions of these networks diverge if we tend the size
of the network to infinity. A dependence with power-law asymptotics
P(q) ~ ¢ at large ¢ gives a standard example of a slowly decaying
degree distribution.!’ The power-law distributions are also called scale-
free and networks with these distributions are called scale-free networks.
This term implies the absence of a typical node degree in the network.'?

1.9 Clustering

Clustering is about how the nearest neighbours of a node in a network
are interconnected, so it is a non-local characteristic of a node. In this
respect clustering goes one step further than degree. The clustering
coefficient of a node is the probability that two nearest neighbours of
a node are themselves nearest neighbours. In other words, if node j
has g; nearest neighbours with ¢; connections between them, the local
clustering coefficient is

t
qi(g; —1)/2"

see Fig. 1.9. When all the nearest neighbours of node j are intercon-
nected, C; = 1; when there are no connections between them, as in trees,
C; = 0. The number ¢; is the total number of triangles—loops of length
3—attached to the node, and so the clustering refers to the statistics
of small loops—triangles—in a network. Importantly, most real-world
networks have strong clustering.

In general, the clustering coefficient of a node depends on its de-
gree. Empirical researchers often present their data on degree-dependent
clustering by using an averaged quantity—the mean clustering coeffi-
cient of a node of degree ¢—that is C(q) = (Cj(q)). Two different
less informative integral characteristics of network clustering are tradi-
tionally used. The first is the mean clustering of a network, which is
the average of the local clustering coefficient, eqn (1.4), over all nodes,
C = {t;/la;(g; = 1)/2]) = PO P(q)C(q). The second characteristic—the

clustering coefficient C of a network or transitivity—allows one to find
the total number of loops of length 3 in the network.'® The clustering
coefficient of a network is defined as

Cjlg;) = (1.4)

the number of loops of length 3 in a network

c=3
the number of connected triples of nodes

(1.5)

A triple here is a node and two of its nearest neighbours.!* A 3-loop

1.9 Clustering 7

I The wvalue of the moment
Zq gq"P(q) here is determined by
the upper limit of the sum. In an
infinite network, this limit approaches
infinity. So, if exponent v < n + 1,
then the mth and higher moments of
the distribution diverge.

12 More strictly, the term ‘scale-free’
refers to the following property of a
power-law distribution ¢~7. A rescal-
ing of ¢ by a constant, ¢ — cg, only
has the effect of multiplication by a con-
stant factor: (cq)™7 = ¢ V¢ ".

Fig. 1.9 The clustering coefficient of
the central node equals 2/3.

13 The notion of clustering was adapted
from sociology, where it is usually
called transitivity.

14 One can easily find that the num-
ber of connected triples of nodes equals

> ailai —1)/2 = N((¢®) — (@)/2-
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15 15 a random network, each of the
members of the statistical ensemble is
represented by its own adjacency ma-
trix.

16 Check that the total number of links,
L=K/2= Zz k;, in this graph is

1 1 9 Tr a2
L=3D o =3 @)=
ij 1

consists of three triples, which explains the coefficient 3. The denomina-
tor gives three times the maximum possible number of loops of length 3.
One can easily see that C' is also the ratio of the average numerator of
expression (1.4) and its average denominator, C = (t;)/{(g;(g; — 1)/2).
Compare this with the definition of mean clustering. If C(q) is indepen-
dent of degree ¢, then the mean clustering and the clustering coefficient

coincide, C' = C.

1.10 Adjacency matrix

Networks are naturally represented in matrix form. A graph of N nodes
is described by an N x N adjacency matrix ¢ whose non-zero elements
indicate connections between nodes.!® For undirected networks, a non-
diagonal element a;; of an adjacency matrix is equal to the number of
links between nodes ¢ and j, and so the matrix is symmetric. A diagonal
element a;; is twice the number of loops of length 1 attached to node
i. The factor 2 here is clear: each 1-loop plays the role of a double
connection for a node. As a result, the degree of node i is ¢; = > j @ij-

Any structural characteristic of a network can be expressed in terms
of the adjacency matrix. See, for example, the expression for the total
number T of triangles in a graph without 1-loops:

1
T=- 2(63)“ = gTrd3 . (16)

Here Tr denotes the trace of a matrix—the sum of its diagonal elements.'%
This formula leads to a compact expression for the clustering coefficient.

Numerical calculations with adjacency matrices of large networks re-
quire huge memory resources. Fortunately, one can often avoid using
adjacency matrices. The point is that real-world networks and their
models are typically sparse. That is, the numbers of connections in
these networks are much smaller than in complete graphs: L < N2, i.e.
(¢ < N. In 1999, in the WWW, for example, the average number of
outgoing and incoming hyperlinks per web page was about eight. There-
fore the great majority of matrix elements in the adjacency matrices of
these networks are zeros. So, instead of an adjacency matrix N x N, it is
better to use a set of N vectors, i = 1,2,..., N, where the components
of vector i are the labels of the nearest neighbours of node i. This takes
up much less memory, (¢)N < N2.



Further reading

Here is a short, incomplete list of popular science books, reference books,
and comprehensive reviews on complex networks.

(1) Watts, D. J. (1999). Small Worlds: The Dynamics of Networks be-
tween Order and Randomness. Princeton University Press, Prince-
ton.

(2) Barabasi, A.-L. (2002). Linked: The New Science of Networks.
Perseus, Cambridge MA.

(3) Dorogovtsev, S. N. and Mendes, J. F. F. (2003). Evolution of Net-
works: From the Biological Nets to the Internet and WWW . Oxford
University Press, Oxford.

(4) Pastor-Satorras, R. and Vespignani, A. (2004). Evolution and Struc-
ture of the Internet: A Statistical Physics Approach. Cambridge
University Press, Cambridge.

(5) Watts, D. J. (2003). Siz Degrees: The Science of a Connected Age.
Norton, New York.

(6) Barrat, A., Barthélemy, M., and Vespignani, A. (2008). Dynami-
cal Processes on Complex Networks. Cambridge University Press,
Cambridge.

(7) Caldarelli, G. (2007). Scale-Free Networks: Compler Webs in Na-
ture and Technology. (Oxford Finance) Oxford University Press,
Oxford.

(8) Albert, R. and Barabdsi, A.-L. (2002). Statistical mechanics of com-
plex networks. Rev. Mod. Phys. 47, 74.

(9) Dorogovtsev, S. N. and Mendes, J. F. F. (2002). Evolution of net-
works. Adv. Phys. 51, 1079.

(10) Newman, M. E. J. (2003). The structure and function of complex
networks. SIAM Review 45, 167.

(11) Boccaletti, S., Latora, V., Moreno, Y., Chavez, M., and Hwang, D.-
U. (2006). Complex networks: structure and dynamics. Phys. Rep.
424, 175.

(12) Dorogovtsev, S. N., Goltsev, A. V., and Mendes, J. F. F. (2008).
Critical phenomena in complex networks. Rev. Mod. Phys. 80,
1275; arXiv.org/0705.0010.

(13) Arenas, A., Diaz-Guilera, A., Kurths, J., Moreno, Y., and Zhou, C.
(2008). Synchronization in complex networks. Phys. Rep. 469, 93.
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(14) Costa, L. F., Rodrigues, F. A., Travieso, G., and Villas Boas, P. R.
(2007). Characterization of complex networks: A survey of mea-
surements. Adv. Phys. 56, 167.

(15) Castellano, C., Fortunato, S., and Loreto, V. (2009). Statistical
physics of social dynamics. Rev. Mod. Phys. 81, 591.
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