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Abstract— In this paper we consider the fol-
lowing problem: to identify a subset of the sam-
ples of a band-limited signal that has been cor-
rupted by noise. It is assumed that the Fourier
transform of the signal is partially known (typi-
cally because the signal is band-limited). This is
a nonlinear problem which is closely connected to
several other signal processing problems.

I. Introduction

Throughout this paper, a signal is a
N -dimensional complex vector x ∈ CN ,
whose elements (or samples) are denoted by
x(0), x(1), . . . , x(N − 1). The conjugate trans-
pose of a matrix M will be denoted by M ∗. The
Fourier matrix F is the unitary N × N matrix
whose elements Fab are given by

Fab =
1√
N
e−i 2π

N
ab,

where i denotes the imaginary unit. The discrete
Fourier transform (DFT) of x, denoted by x̂, is
defined by x̂ = Fx. A signal x ∈ CN is band-
limited with pass-band B if the samples x̂(i) with
i /∈ B vanish.

Consider the following two problems, both of
which can be rephrased in terms of trigonometric
polynomials.

Problem 1 Let x ∈ CN be a band-limited sig-
nal with pass-band B. Let U be a given subset of
{0, 1, . . . , N − 1}. Given the samples of x on the
complement of U , and the pass-band B, determine
{x(i)}i∈U .

Problem 2 Let x ∈ CN be a band-limited signal
with pass-band B. Consider a second signal y ∈
CN , whose samples partially agree with those of
x, that is, y(i) = x(i) except for i ∈ U , where
U is again a subset of {0, 1, . . . , N − 1}. In this

case, however, U is unknown, and the problem is
to determine U and then x, given y and B.

Even in the absence of knowledge concerning
some of its samples, band-limited or oversampled
multidimensional signals may remain uniquely de-
termined. Algorithms for interpolating or extrap-
olating such signals do exist, but most of them
assume that the locations of the unknown sam-
ples are known. That is, they solve problem 1.

In practice, the position of the incorrect sam-
ples may be unknown (consider, for example, the
addition of low-amplitude impulsive noise to the
data). This leads to problem 2, which can be
solved in two steps: (i) locating the incorrect sam-
ples, that is, finding U (ii) finding the correct
values of the corrupted samples, that is, finding
{x(i)}i∈U . This second step reduces of course to
problem 1.

This paper discusses the missing samples detec-
tion problem, problem 2, and certain related mat-
ters (namely, stability, and the connection with
other signal processing problems). Note that this
is a non-linear problem, in which the unknown
quantities are the positions and the values of the
unknown samples.

It will be shown that the positions of n incor-
rect samples can be evaluated in O(n2) or even
O(n logn) time by solving a set of n Toeplitz
equations once. It is not necessary to know n
beforehand: the algorithm determines n and the
positions of the incorrect samples simultaneously.
The values of the incorrect samples can be esti-
mated using a well-known recursive method [22],
or one of the several well understood techniques
available for the solution of problem 1.

The stability of the problems will also be stud-
ied. Let T be the Toeplitz matrix of the set of
equations that has to be solved in order to locate
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the unknown samples. We will establish bounds
for the condition number of T in terms of (i) the
ratio of the largest error to the smallest error (ii)
the condition number of certain matrices that oc-
cur in the interpolation or missing samples cor-
rection problem, that is, problem 1.

II. Related work: a brief survey

The two mentioned problems are related to
sampling and band-limited interpolation or ex-
trapolation. These are well documented subjects:
Shannon sampling by itself is the subject of the
four books [15, 19, 20, 27], and of a forthcoming
volume by Higgins and Stens; some of the chap-
ters of [1] are concerned with sampling and related
issues — for example, [5]. There are several re-
view papers [2–4, 14, 18]; the conference proceed-
ings [16,17] also contain many relevant works.

The band-limited interpolation and extrapola-
tion problems have also been exhaustively stud-
ied. The Papoulis-Gerchberg iteration [12,23] can
be readily adapted to the discrete context. This
was studied in [6], a work that gives best-possible
upper and lower bounds for the error as a func-
tion of the number of iterations, the signals for
which the bounds are attained, and the sampling
sets which maximize or minimize the convergence
rate.

The Papoulis-Gerchberg iteration and certain
other iterative methods operate on the entire data
record, regardless of the number of unknown sam-
ples n (the cardinal of U). Since n � N , this
seems suboptimal, and in fact a number of meth-
ods of minimum-dimension have been proposed.
Generally speaking, they lead to fast and stable
implementations and are therefore of great prac-
tical interest.

There is an approach that leads to a good un-
derstanding of the connections between the sev-
eral existing methods, and which has a few other
interesting advantages. Let us for a moment sum-
marize it.

Let x be an element of an appropriate Banach
space X, and let x̂ be its Fourier transform. The
fact that x is band-limited leads to a reproducing
equation x = Bx, where B is the band-limiting
operator.

Expressing x as the sum of an unknown com-
ponent u with a known component v and substi-
tuting in x = Bx leads to an equation of the form

u = Bu+f , where f is known. The decomposition
x = u + v is associated with a decomposition of
the parent space X into two subspaces U and V ,
such that X = U ⊕ V . Restriction of u = Bu+ f
to U leads to an equation from which u can often
be determined.

When X = L2 the equation u = Bu + f is
an integral equation. If, furthermore, V is the
set of elements of L2 with support in [−T, T ], we
have an extrapolation problem in which the pro-
late spheroidal functions play an important role.

The problem of recovering a subset of the sam-
ples of an oversampled signal also fits in this
framework. In this case, X = `2 and the equa-
tion x = Bx is studied in [8], for example.

In the missing samples correction problem
(problem 1), X = CN and the dimension of the
space U is n. In this case, the restriction of
u = Bu+ f to U leads to n linear equations. The
same is true when the problem involves a N ×N
image, that is, when X = CN ⊗ CN .

All of these possibilities spring from the repro-
ducing equation x = Bx, in which B = F ∗ΓF , F
being the Fourier transform in X, and Γ a suited
operator. Clearly, it is possible to consider “gen-
eralized band-limiting” and to replace F by some
other unitary transform. In fact, it will be seen
that it makes sense to replace F by F ∗, that is, to
replace forward by inverse Fourier transforms and
the time or space domain by the Fourier domain.
But why should we want to go to the dual group?

Let us go back to problem 1 for a moment, as-
suming that the number of missing samples n is
much larger than the bandwidth of the data. For
example, the data samples could be the samples
of a trigonometric polynomial with just r nonzero
coefficients, where r � n.

If the pass-band is sufficiently narrow, it seems
more reasonable to solve for the r nonzero coeffi-
cients than to solve for the n time domain sam-
ples. That is, it seems better to go to the fre-
quency domain and to work in the dual group.
The is the view adopted in [10], and it shows that
a number of seemingly unrelated algorithms are
closely related to each other. For example, the
Toeplitz formulation described in [13] and in [24]
appears as a minimum dimension method in the
frequency domain, or as the dual of the minimum
dimension method discussed, for example, in [7].

To summarize: among the methods that have
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been used to solve the interpolation problem 1
in CN , those with minimum dimension seem to
share a number of important advantages. There
are two classes of such methods: the first leads to
equations for the unknown samples, whereas the
second leads to equations for the samples of the
Fourier transform of the signal. In both cases the
positions of the incorrect samples is supposed to
be known, a fact that is implicit in the formulation
of problem 1. It is the values of the samples be-
longing to a certain well-defined subset that need
to be determined.

The remainder of this paper will be devoted
to problem 2, and consequently to the identifica-
tion of the number, positions and values of incor-
rect samples in a band-limited data record with N
samples. The importance of this problem in signal
processing and information theory is greater than
it appears at first glance. In fact, the problem
is related to a few other well-studied problems,
including the following:

• The error-control coding problem in the real
field [22].

• Certain techniques that occur in algorithm-
based fault tolerant computing.

• Overparametrized adaptive filters.

• The problem of estimating a signal that is
the superposition of a finite number of har-
monics.

Certain aspects related to some of these connec-
tions have recently been treated in [26].

III. Locating the incorrect samples

Denote by

U = {i0, i1, . . . in−1}

the positions of n incorrect samples of a band-
limited signal x with N samples. Let the error
signal be

e = x− y,
where y is the observed signal, which coincides
with x except for the samples whose indexes be-
long to U . Thus, e(k) = 0 for all k /∈ U . In
practice, the cardinal of U is much less than N ,
that is, the density n/N of the incorrect samples
is low.

Consider the polynomial

P (z) =
n∑

i=0

hiz
i,

defined by hn = 1 and

P
(
e−i 2π

N
im
)

= 0, (1)

for m = 0, 1, . . . , n− 1. Let

A = {j0, j1, j2, . . .}

be a set of distinct integers. Multiplying (1) by

e(im)ei 2π
N
imj` and summing over m leads to

n∑

k=0

hk

n−1∑

m=0

e(im)e−i 2π
N
im(k−j`) = 0.

This is of course equivalent to

n∑

k=0

hk ê(k − j`) = 0,

where ê = Fe is the discrete Fourier transform of
e. Using the fact that hn = 1 this becomes

n−1∑

k=0

hk ê(k − j`) = −ê(n− j`).

This is a set of equations Th = b for the coeffi-
cients hk of the polynomial P .

Let the cardinal of A be at least n. If the num-
bers j` are given by j` = −r+ ` (` = 0, 1, . . . , n−
1), only 2n samples of ê need to be known. If
N is even and r = N/2, T will be Toeplitz and
Hermitian

T =




ê(r) ê(r − 1) · · · ê(r − n+ 1)
ê(r + 1) ê(r) · · · ê(r − n+ 2)
...

...
...

ê(r + n− 1) · · · · · · ê(r)




provided that the data are real. The right-hand
side vector b is

b = − [ê(r + 1) ê(r + 2) . . . ê(r + n)]T ,

and

h = [hn−1 hn−2 . . . h0]T .
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IV. Stability

The numerical stability of the equations Th = b
is important in practice. Still assuming r = N/2
and real data, the matrix T

Tab = ê(r + b− a),

will be Toeplitz and Hermitian if the errors e are
also real. Computation of the quadratic form

v∗Tv =
n−1∑

a=0

n−1∑

b=0

Tab v
∗(a) v(b),

shows one characteristic of the problem: the ma-
trix T can be positive definite, negative definite,
or indefinite, depending on the sign of the e(im)
and the parity of im.
Theorem 1 The matrix T is (a) positive defi-
nite if and only if e(im)(−1)im > 0 for all m =
0, 1, . . . , n− 1, (b) negative definite if and only if
e(im)(−1)im < 0 for all m = 0, 1, . . . , n − 1 (c)
otherwise, it is indefinite.
To proceed, it is convenient to introduce two more
matrices. The first will be denoted by W . It is
the diagonal n × n matrix whose main diagonal
elements are

Wkk =
√
N e(ik)(−1)ik . (2)

It is possible to assume, without loss of general-
ity, that W is nonsingular (if e(i0) is zero then i0
may be deleted from U , because the value of the
sample number i0 will then be correct).

The second matrix that needs to be introduced
at this point is also n×n, and will be denoted by
E. Its elements are

Epq =
1√
N
e−i 2π

N
ipq.

This is a Vandermonde matrix, and consequently
nonsingular.
Lemma 1 The matrix T is *-congruent to the
diagonal matrix W . Specifically,

T = E∗WE,

where E and W are as defined above.
We adopt the convention that the eigenvalues of
the Hermitian matrices that occur in the paper
are labeled according to nondecreasing size:

λ1 ≤ λ2 ≤ · · · ≤ λn.

Denote by λmin and λmax the smallest and largest
eigenvalues in absolute value (clearly, if the ma-
trix is positive definite, then λmin = λ1 and
λmax = λn).
Theorem 2 The eigenvalues of T and those of
the diagonal matrix W satisfy

λmin(E∗E)λk(W ) ≤ λk(T ) ≤ λmax(E∗E)λk(W ).

Corollary 1 Let

emax = max
k
|e(ik)|,

emin = min
k
|e(ik)|

denote the largest and smallest errors in absolute
value. The condition number of T , denoted by
κ(T ), satisfies

κ(T ) ≤ emax

emin
κ(E∗E).

These results are interesting for one reason: they
decouple part of the stability analysis for the
problem 2 from that of problem 1. In fact, the
eigenvalues of E∗E or those of EE∗ have been
studied elsewhere [9, 11] in the context of prob-
lem 1.

V. Solving the equations and locating
the incorrect samples

The equations Th = b are Hermitian Toeplitz,
and the principal submatrices of T do not depend
upon n. This is not the case with the Hankel
equations derived in [22], and as a result it is pos-
sible to use Levinson’s recursion to efficiently de-
termine n and the coefficients h without solving
more than one set of equations.

After this step, it remains to compute the ze-
ros of the polynomial whose coefficients are the
hk. The easiest way is to use the fast Fourier
transform (FFT) algorithm as in [25]. The FFT
can also be used to solve the inverse problem
as well [21] (namely, to compute the coefficients
given the zeros). Once the positions of the incor-
rect samples are known, it is possible to find their
exact values by any of the methods documented
in the literature.

VI. Conclusions

We have examined the problem of locating and
correcting errors in band-limited signals. We tried
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to decouple the questions that arise when merely
correcting the errors (a linear problem) from those
that are specific to the problem of locating the er-
rors. That is a nonlinear problem, and in some re-
spects theoretically and numerically challenging.

We surveyed a broad class of methods for inter-
polating band-limited signals, which can be used
to solve the linear problem. We also examined
the connections between the problems dealt with
in the paper with a few other problems that com-
monly occur in signal processing. Finally, we dis-
cussed some aspects related to the numerical sta-
bility of one step of the nonlinear problem, which
calls for the solution of a certain Toeplitz matrix.
The way in which the equations were formulated
helps in understanding their connections with the
interpolation problem, and allows for an efficient
solution (because the principal submatrices of the
main matrix do not depend on the number of in-
correct samples).
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