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Superoscillations with Optimal Numerical Stability
Dae Gwan Lee and Paulo J. S. G. Ferreira

Abstract—A bandlimited signal can oscillate at a rate faster than
its bandlimit. This phenomenon, called “superoscillation”, has ap-
plications e.g. in superresolution and superdirectivity. The syn-
thesis of superoscillations is a numerically difficult problem. We
introduce time translation as a design parameter and give an ex-
plicit closed formula for the condition number of the matrix of the
problem, as a function of . This enables us to determine the best
possible condition number, which is several orders of magnitude
better than otherwise achievable.

Index Terms—Algorithms, condition number, Hilbert space, in-
terpolation, matrices, nonuniform sampling, numerical stability,
sampling methods, signal design, superoscillations.

I. INTRODUCTION

C OUNTERINTUITIVELY, a band-limited signal can
oscillate arbitrarily faster than its highest frequency

throughout a finite but arbitrarily long interval . This
phenomenon seems contradictory from different angles [1].
For example, the spectral analysis of a superoscillating signal
restricted to reveals a bandwidth much larger than the true
value.
Superoscillations were first mentioned and explored in the

context of quantum mechanics [2]–[6] and have already found
applications e.g. in superdirectivity and superresolution. The
paper [7], in which subwavelength resolutions down to
are reported, asserts that “super-oscillation-based imaging has
unbeatable advantages over other technologies”.
Superoscillations can be built in several ways. Consider

where . Near the origin one has , the
frequency of which can greatly exceed the bandlimit [2]. It is
shown in [8] that for , where is a fixed real number, the
sequence converges uniformly to .
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Superoscillations can also be generated by zero manipula-
tion, and intriguing consequences were found long ago or redis-
covered ever since [9]–[12]; the minimum-energy solution had
been described in [13]. However, it was the work of Aharonov
and co-workers that called attention to the phenomenon. Berry
[4] investigated the amplitude of superoscillating signals and
Kempf [5] considered superoscillations in the context of black
hole radiation. Reference [6] discussed them in reference to ther-
modynamics and information theory. The energy cost of super-
oscillations was studied in [1], [14] and [15] considered themax-
imisation of the ratio of the energy in the superoscillations to the
total energy. The work [16] investigates the impact on super-
oscillations of small deviations in the Fourier coefficients and
[17] buildsminimum-energy superoscillations of prescribed am-
plitude and derivative.
Superoscillations have been successfully applied to several

important problems: temporal pulse compression [18] (47% be-
yond the Fourier transform limit), optical superresolution [19],
subwavelength focusing in free space and within waveguides
below the diffraction limit [20], [21]; see also [22]–[24]. Sub-
wavelength resolution down to is announced in [7].

II. PROBLEM STATEMENT

The synthesis of superoscillations is a numerically difficult
problem. Evenminimum-energy solutions lead to problemswith
rapidly increasing condition numbers [1]. The several emerging
applications and the limitations of the existing approaches mo-
tivate a search for new and better numerical methods. Recently,
we described a method of generating superoscillating signals
with energy close to the minimum but coefficients and condi-
tion numbers several orders of magnitude below those of the
minimum-energy solution [25].
To understand the limitations of the minimum-energy ap-

proach consider the signals in the Paley-Wiener space (the
Hilbert space of square-integrable functions bandlimited to
radians/second or 1/2 Hz; fixing the bandlimit implies no loss
of generality). Superoscillations can be generated by looking
for functions that satisfy

(1)

where . Take a sufficiently dense set
and adequately prescribe the corresponding (perhaps
by sampling some convenient waveform). The unique signal of
minimum-energy that satisfies (1) is given by [1]

and its coefficients follow from , where
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and . Thus, superoscillations of min-
imum energy are necessarily linear combinations of the func-
tions

which are linearly independent as long as the are distinct. The
matrix is the (invertible) Gram matrix associ-
ated with the . However, as the get closer,
and becomes ill-conditioned. The closer they get, the more
ill-conditioned becomes.
The direct method, studied in [25], generates superoscilla-

tions by linearly combining the integer translates ,
which are mutually orthonormal functions regardless of how
dense the are. As a result, the associatedGrammatrix is always
the perfectly conditioned identity matrix. The superoscillations
can be generated by looking for functions in the subspace
defined by

where . The constraints (1) lead to

which can be written as , where

(2)

and . The structure of is not as simple as that of
. The matrix is always square, symmetric and positive-defi-
nite [1], but is in general rectangular, non-symmetric and not
necessarily of full rank. But whatever is lost in terms of struc-
ture is made up in terms of stability: the superoscillations are
now combinations of orthonormal functions and may involve
coefficients and condition numbers several orders of magnitude
smaller that those of the minimum energy solution, while still
having comparable energies and amplitudes [25].
The problem solved in this paper is the following. When the

set is translated by , the matrix changes. As a result,
the condition number of the problem may also change. In fact,
the results in [25] (cf. Fig. 4) show that the condition number
of may vary over a wide range as varies. How does the
translation affect the numerical stability of the problem? How
can the value of that leads to optimal stability be found?
Answering these questions would enable us to extract the best

performance from the direct method based on the matrix (2).
Given any set of constraints , we would be able to find
the value of for which has the smallest possible condition
number.
In this paper, we solve the problem for the matrix in (2).

There are applications of superoscillations that require the in-
version of other ill-conditioned matrices (see e.g. [26]) and that
may require a different approach. In the present case, we give
closed formulae for the norm, inverse and condition number of
as functions of . This solves the stability problem, in theory

and in practice, as it enables the computation of the norm of
and its condition number without having to invert first. We
also describe a simple algorithm by means of which the optimal
can be found.
Since the space is translation-invariant, it should be as

difficult to generate superoscillations for the set as for a
translated set . However, the idea of generating su-
peroscillations by combining orthonormal functions leads to an

equation , with as in (2), that does not reflect the trans-
lation-invariance of the space. Our results provide a way
of generating superoscillations in with optimum stability,
independently of translations, and circumvent the stability prob-
lems to the limits set by the very nature of the space.

III. RESULTS

A. Preliminaries

For simplicity, we write instead of . The condition
number of a square matrix with respect to a matrix norm
is defined by

It is the natural measure of the stability of the linear problem
because it upper bounds the effect of data inaccuracies

on the solution:

If is small (near the minimum value 1) then is said to be
well-conditioned; otherwise, ill-conditioned. Note that there is
no connection between and ; one can be large while
the other is small [27].
Remark 1: In a finite-dimensional space, all norms are equiv-

alent. Thus, the choice of the norm (e.g. Frobenius norm, spec-
tral norm, -norm) is irrelevant (cf. Section III-D).
In the following, we will use the Frobenius norm

for

and should be interpreted accordingly.

B. The Condition Number of

Consider

with and . To determine
the condition number of the matrix

we need to find the norms of and . The norm of is

(3)

which is a bounded function of : because
. That of , however, behaves very differently.

Proposition 1: The Frobenius norm of is given by

(4)

where

(5)

Remark 2: It is crucial to note that for any ,
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Recall that is an entire function of the complex
variable with a removable singularity at the origin and
zeros (of order two) at the remaining integers .
Thus, none of are zeros or poles of ;

. Moreover, has poles
of order two at the remaining integers, . It is worth noting
that between every two consecutive poles apart by one there is
exactly one local minimum of .

Proof: Since no is an integer,

for any and . Using known results for Cauchy matrices (see
[28, p. 92, Problem 3] or [25, Lemma 1]) leads to

(6)

where

Recall that

where is the cofactor matrix of ,

and is the submatrix of obtained by deleting its th row
and th column. Note that is also of the form (6). As
a result, the equation at the bottom of the page holds.Thus,

Proposition 1 determines without any need to explic-
itly invert . Unlike , given by (3), it is an unbounded func-
tion of . The next results further clarify its structure.
Proposition 2: is a meromorphic function of the com-

plex variable with poles at

(7)

Proof: Consider defined in (5) as a function of the
complex variable . For any fixed , , has
no zeros. It has poles of order 2 at (see Remark 2).
Notice that if , , is an integer, then for some
can possibly coincide with a pole of , in which case
the pole is removed in the product
by cancellation. However, since , there exists for
which is a pole of . As a
result, the non-zero weighted sum over ,

inherits all the poles of . Thus, is a
meromorphic function of complex variable [29, p. 84-86] with
poles at the set , defined in (7).
Proposition 3: The set

contains no poles of .
Proof: Note that

since for each ,

Superoscillations require small separations ,
compared with the minimum sampling period (which is unity
for the space). We will assume in the following that

. Within the framework of superoscillations,
this assumption implies no loss of generality.
Proposition 4: has no poles in the set

and is bounded on each interval .
Proof: For each ,

so that

Since is continuous everywhere except at its poles, it is
bounded on the intervals , .

C. The Optimum

The following simple procedure can be used to find the op-
timum .
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Fig. 1. The Frobenius norms (top) and (middle) as func-
tions of , for Example 1. The condition number is shown at the bottom
(the optimal value of is also shown). The horizontal dashed line represents
the condition number of the corresponding minimum-energy problem.

1) Fix an interval by selecting

with a sufficiently large (in the examples, is 5 or 6).
2) Using (7) of Proposition 2, determine the poles of
inside and denote them by . These are the
points to avoid: when approaches one of them, be-
comes ill-conditioned; if is set equal to one of them,
becomes singular.

3) Find the most favourable interval by sampling
(given by (4) of Proposition 1) inside each interval
. We have found that sampling at the midpoints

is sufficient to find the best interval.
4) Finally, use a search method to find the minimum of
for . One can use e.g. a golden section search,
or a gradient descent method (in which case the derivative
of is required).

The cost of the algorithm is negligible. No matrices are in-
volved, and as a function of is available in closed form
(see (4)).

Fig. 2. The condition number and the optimum for Example 2. The
horizontal dashed line is the condition number of the corresponding minimum-
energy problem.

D. Examples

Example 1: Fig. 1 shows the norms of and as func-
tions of , for and , according to
Proposition 1. The numerical results and ours match perfectly.
According to Proposition 2, the poles can be obtained by sub-
tracting from the integers the elements of . Thus, the sep-
aration between consecutive poles should be 0.2 and 0.4. The
poles determined from (7) are indicated by the vertical lines and
match the behaviour of and . There are no poles in

, which is consistent with Propositions 3 and 4.
The condition number of with respect to the spectral and

Frobenius norms is so similar that a separate plot is not needed
(cf. Remark 1).
Example 2: Fig. 2 shows the condition number of for

and . There are no
poles in , and as shown in Propositions 3 and
4. The condition number of the minimum-energy matrix for the
same set is also shown.

IV. CONCLUSION

It is possible to generate superoscillations in the space
by combining integer translates of the sinc function, which are
orthonormal regardless of the rate of the superoscillations. Thus,
their Gram matrix is the perfectly conditioned identity matrix.
This stands in contrast with the minimum-energy method, the
Gram matrix of which becomes increasingly ill-conditioned as
the rate of the superoscillations increases.
We introduced time translation as a design parameter, gave a

closed formula for the condition number of the associated matrix
as a function of , and a method to find the best possible .
The translation of the set by obviously shifts the su-

peroscillating interval from its original position by too. Since
the space is translation invariant, this can be compensated
by shifting back the entire superoscillating signal by . Thus,
our approach need not change the position of the superoscil-
lating segment in any way.
The that minimises the condition number generally leads to

coefficients orders of magnitude smaller than those of the min-
imum energy solution. This suggests that the corresponding su-
peroscillations depend on destructive interference to a much less
extent than those built for non-optimal . This and the exact im-
pact of on the yield and shape of the superoscillations must be
left to future investigations.
Our results improve the condition number and the numer-

ical stability of the problem by several orders of magnitude and
allow the construction of superoscillations for any constraint set
, with best-possible numerical stability.



LEE AND FERREIRA: SUPEROSCILLATIONS WITH OPTIMAL NUMERICAL STABILITY 1447

REFERENCES
[1] P. J. S. G. Ferreira and A. Kempf, “Superoscillations: Faster than

the nyquist rate,” IEEE Trans. Signal Process., vol. 54, no. 10, pp.
3732–3740, Oct. 2006.

[2] Y. Aharonov, D. Z. Albert, and L. Vaidman, “How the result of a mea-
surement of a component of the spin of a spin-1/2 particle can turn out
to be 100,” Phys. Rev. Lett., vol. 60, no. 14, pp. 1351–1354, Apr. 1988.

[3] Y. Aharonov and D. Rohrlich, Quantum Paradoxes: Quantum Theory
for the Perplexed. Weinheim, Germany: Wiley-VCH, 2005.

[4] M. Berry, “Faster than Fourier,” in Quantum Coherence and Reality;
in celebration of the 60th Birthday of Yakir Aharonov, J. S. Anandan
and J. L. Safko, Eds. Singapore: World Scientific, 1994, pp. 55–65.

[5] A. Kempf, “Black holes, bandwidths and Beethoven,” J. Math. Phys.,
vol. 41, no. 4, pp. 2360–2374, Apr. 2000.

[6] A. Kempf and P. J. S. G. Ferreira, “Unusual properties of superoscil-
lating particles,” J. Phys. A: Math. Gen., vol. 37, pp. 12 067–12 076,
2004.

[7] E. T. F. Rogers, J. Lindberg, T. Roy, S. Savo, J. E. Chad, M. R. Dennis,
and N. I. Zheludev, “A super-oscillatory lens optical microscope for
subwavelength imaging,” Nature Mater., vol. 11, pp. 432–435, 2012.

[8] Y. Aharonov, F. Colombo, I. Sabadini, D. C. Struppa, and J. Tollaksen,
“Somemathematical properties of superoscillations,” J. Phys. A:Math.
Theory, vol. 44, p. 365304 (16pp), 2011.

[9] F. E. Bond and C. R. Cahn, “On sampling the zeros of bandwidth lim-
ited signals,” IRE Trans. Inf. Theory, vol. IT-4, no. 3, pp. 110–113, Sep.
1958.

[10] A. A. G. Requicha, “The zeros of entire functions: Theory and engi-
neering applications,” in Proc. IEEE, Mar. 1980, vol. 68, no. 3, pp.
308–328.

[11] H. J. Landau, “Extrapolating a band-limited function from its samples
taken in a finite interval,” IEEE Trans. Inf. Theory, vol. 32, no. 4, pp.
464–470, Jul. 1986.

[12] W. Qiao, “A simple model of Aharonov-Berry’s superoscillations,” J.
Phys. A: Math. Gen., vol. 29, pp. 2257–2258, 1996.

[13] L. Levi, “Fitting a bandlimited signal to given points,” IEEE Trans. Inf.
Theory, pp. 372–376, Jul. 1965.

[14] P. J. S. G. Ferreira and A. Kempf, “The energy expense of superoscilla-
tions,” in Signal Processing XI—Theories and Applications. Proc. EU-
SIPCO-2002, XI European Signal Processing Conference, Toulouse,
France, Sep. 2002, vol. II, pp. 347–350.

[15] E. Katzav and M. Schwartz, “Yield–optimized superoscillations,”
IEEE Trans. Signal Process., vol. 61, no. 12, pp. 3113–3118, 2013.

[16] M. Schwartz and E. Perlsman, “Sensitivity of yield optimized super-
oscillations,” arXiv:1402.3089 [physics.data-an], 2014.

[17] D. G. Lee and P. J. S. G. Ferreira, “Superoscillations of prescribed
amplitude and derivative,” IEEE Trans. Signal Process., vol. 62, no.
13, pp. 3371–3378, Jul. 2014.

[18] A. M. H. Wong and G. V. Eleftheriades, “Temporal pulse compression
beyond the Fourier transform limit,” IEEE Trans. Microwave Theory
Tech., vol. 59, no. 9, pp. 2173–2179, Sep. 2011.

[19] M. V. Berry and S. Popescu, “Evolution of quantum superoscillations
and optical superresolution without evanescent waves,” J. Phys. A:
Math. Gen., vol. 39, pp. 6965–6977, 2006.

[20] A. M. H. Wong and G. V. Eleftheriades, “Adaptation of Schelkunoff’s
superdirective antenna theory for the realization of superoscilattory
antenna arrays,” IEEE Antennas Wireless Propagat. Lett., vol. 9, pp.
315–318, 2010.

[21] A. M. H. Wong and G. V. Eleftheriades, “Sub-wavelength focusing at
the multi-wavelength range using superoscillations: An experimental
demonstration,” IEEE Trans. Antennas Propagat., vol. 59, no. 12, pp.
4766–4776, Dec. 2011.

[22] F. M. Huang, Y. Chen, F. J. Garcia de Abajo, and N. I. Zheludev, “Op-
tical super-resolution through super-oscillations,” J. Opt. A: Pure Appl.
Opt., vol. 9, pp. S285–S288, 2007.

[23] N. I. Zheludev, “What diffraction limit?,” Nature Mater., vol. 7, pp.
420–422, Jun. 2008.

[24] F. M. Huang and N. I. Zheludev, “Super-resolution without evanescent
waves,” Nano Lett., vol. 9, no. 3, pp. 1249–1254, 2009.

[25] D. G. Lee and P. J. S. G. Ferreira, “Direct construction of superoscil-
lations,” IEEE Trans. Signal Process., vol. 62, no. 12, pp. 3125–3134,
Jun. 2014.

[26] M. V. Berry, “Exact nonparaxial transmission of subwavelength detail
using superoscillations,” J. Phys. A: Math. Theor., vol. 46, p. 205203
(15pp), 2013.

[27] G. H. Golub and C. F. Van Loan, Matrix Computations. Baltimore,
MD, USA: Johns Hopkins Univ. Press, 1996.

[28] G. Pólya and G. Szegö, Problems and Theorems in Analysis
II. Berlin, Germany: Springer, 1976, vol. 2.

[29] E. M. Stein and R. Shakarchi, Complex Analysis. Princeton, NJ,
USA: Princeton Univ. Press, 2003.


