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Abstract The problem of restoration in fluorescence
microscopy has to deal at the same time with blurring and
photon noise. Their combined effects corrupt the image by
inserting elements that do not belong to the real object and
distort the contrast. This hinders the possibility of using the
images for visualization, recognition, and analysis using the
three-dimensional data. The algorithms developed to restore
the lost frequencies and perform band extrapolation, in gen-
eral, assume absence of noise or an additive noise. This paper
presents a restoration approach through band extrapolation
and deconvolution that deals with the noise. An extrapolation
algorithm using constraints on both spatial and frequency
domains with a smoothing operator were combined with
the Richardson-Lucy iterative algorithm. The results of the
method for simulated data are compared with those obtained
by the original Richardson-Lucy algorithm and also regu-
larized by Total Variation. The extrapolation of frequencies
is also analyzed both in synthetic and in real images. The
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method improved the results with higher signal-to-noise ratio
and quality index values, performing band extrapolation, and
achieving a better visualization of the 3D structures.
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1 Introduction

The light microscope is an important tool for medical and
biological purposes. The fluorescence microscopy is a par-
ticular technique suitable to analyze 3D structures of liv-
ing biological cells and tissues and assess the viability of
cell cultures [30]. Applications include the report of virus
infections, disease diagnosis, cancer research, and other
applications, specially after the development of new fluo-
rescent proteins [21]. With the advent of potential applica-
tions of light microscopy in medicine, biotechnology and
related fields is important to study possibilities of resolution
improvement [6].

Although the practical importance of the optical fluores-
cence microscopy cannot be denied, Fourier optics demon-
strates that there exists a cut-off spatial frequency determined
by the shape and size of the optical system lenses and
acquisition conditions [15]. This distortion of the frequency
components is governed by the OTF (Optical Transfer Func-
tion), the normalized Fourier transform of the PSF (Point
Spread Function) of the imaging system. Besides, the pres-
ence of noise—well modeled by a Poisson distribution—is
another distortion caused by the often low exposure acquisi-
tion time.

The algorithms that allow a reconstruction of the dis-
torted images and the recovery of frequencies lost in the
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acquisition process are part of image restoration methods
and are often called band extrapolation algorithms. Although
deconvolution algorithms belong to a different class, some
deconvolution algorithms are able to perform band extrap-
olation. A probabilistic algorithm was developed by Rich-
ardson [29] and Lucy [22] to restore images using a Poisson
process to model the image formation system. At the time
those papers were written, the ability to restore frequencies
beyond the signal passband was controversial [1]. However,
Gerchberg [13] and Papoulis [24] showed that the use of
known constraints on frequency and time domains could
extrapolate signals. Later, the same algorithm was analyzed
for the discrete case [9]. The limits of the band extrapola-
tion lies on the prior knowledge available and the presence
of noise [32].

The band extrapolation capability of the Expectation-
Maximization algorithm, equivalent to the Richardson-Lucy
algorithm for a Poisson distribution, was studied in [5]. The
authors noted an increase in the practical bandwith subject
to the use of non-linear restoration algorithms. In another
related study, Danuser [6] imposed prior knowledge through
geometric and dynamic models of the scene. A POCS-Taylor
expansion extrapolation algorithm, assuming noiseless data,
was also proposed [2]. A Bayesian reconstruction based on
edge information was also developed [7].

Since the presence of noise in images represents a limit
for extrapolation [18,32], some papers investigated the pre-
filtering of 3D microscopy images [4,19] and a regularization
based on Total Variation [8]. The Total Variation is an inter-
esting approach, since it can perform extrapolation of fre-
quencies [23]. Recent advances in deconvolution includes
a blind deconvolution algorithm that models the space of
PSFs through machine learning techniques [20], an alternate
direction optimization [10], and a scaled gradient projection
method to speed up convergence [3].

In this study, we propose a combination of the best fea-
tures of Gerchberg-Papoulis (G-P) and Richardson-Lucy
(R-L) algorithms with a filtering step between the iterations.
The filtering is carried out only at the extrapolated frequen-
cies and the known portion is re-inserted after filtering. This
procedure uses constraints of G-P algorithm while prevent-
ing the noise amplification without oversmoothing the signal.
A previous work applied a simple combination of Richard-
son-Lucy and the Gerchberg-Papoulis for 2D images [27].
However, it did not consider realistic images and their three-
dimensional aspects. It also did not study the band extrapo-
lation capabilities of the method.

Our goal is to obtain simultaneous restoration and extrap-
olation. The main contribution is to show that it can be
achieved with the use of an iterative filtered extrapolation
combined with deconvolution, overcoming some of the dif-
ficulties that exist when going beyond the diffraction limit in
the presence of noise.

2 3D microscopy image restoration

The 3D microscopy image reconstruction is carried out by
acquiring 2D images on several focal planes. These 2D
images (slices of a specimen) are stacked to generate a 3D
image (Fig. 1). This method is often called COSM (com-
putational optical sectioning microscopy). Images acquired
using this method have an out-of-focus blur due to the optical
characteristics of the microscopy. The wide-field microscope
uses an excitation light that illuminates the whole specimen,
so that the camera captures light coming from the focal plane
and also from the planes above and below, yielding an out-
of-focus, blurred image. This effect causes the wide-field
microscopy to obtain degraded 3D images. It is important
to observe that the wide-field microscope is very different
from the confocal microscope with respect to the blurring
and noise (as can be seen in Fig. 2).

The general imaging system for an optical wide-field
microscope can be modeled by considering the object to
be imaged as a function f (x, y, z) in the 3D real space,
where (x, y, z) are the coordinates of the space. Each image
obtained belongs to a different focal plane along the z-axis.
Due to the photon counting nature of light-based sensors,
the main source of noise is a signal-dependent noise and can

Fig. 1 A representation of 2D image slices acquisition of a specimen
function in order to reconstruct a 3D image

Fig. 2 Comparison of contour lines of the OTF frequency support of
wide-field (dark gray) and confocal microscopes (light gray)
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be well modeled by a Poisson distribution. Considering each
value of the function g(x, y, z) to be a realization of a ran-
dom variable described by a Poisson process, the model can
be written as:

g(x, y, z) = P { f (x, y, z) ∗ h(x, y, z)}, (1)

where P {} represents a Poisson process, producing a noise
that is correlated with f (x, y, z) ∗ h(x, y, z). The additive
noise is not significant when compared to the Poisson noise,
so it can be neglected for simplification purposes. Neverthe-
less, for images with high signal-to-noise ratio, it is possible
to approximate the noise by an additive Gaussian noise [34].

The most natural solution for this problem would be the
inverse filter. Unfortunately, practical OTF have zero-valued
regions. Indeed, Philip [25] and Sheppard et al. [33] showed
that the practical support of the OTF is a well-defined set
occupying only a small fraction of the whole discrete Discrete
Fourier Transform array. Figure 2 shows the OTF frequency
domain support of both confocal and wide-field microscopes,
to illustrate the effect on low and high-frequencies along the
w axis in wide-field microscopy. Besides the frequency band-
limit, the OTF low amplitude regions would also cause noise
amplification. So, under these conditions the inverse filter
does not exist.

Another important effect in fluorescence microscopy is
called photobleaching [35]. The specimen is steined with a
fluorochrome that allow the tissues to produce light. How-
ever, the fluorescence decay is often exponential, so the inten-
sities captured by the microscope decrease from one acquired
slice to another. Software solutions exist to take into account
this difficulty, but practical procedures to reduce this effect
include the acquisition of less images in the z direction and
the reduction of the exposure time.

3 Richardson-Lucy algorithm

The Richardson-Lucy (R-L) algorithm uses a probabilistic
approach: given a degraded image g, what is the image f
that maximizes the probability of observing the image g?
Considering the image as an observation of a poisson pro-
cess, the likelihood function would be:

p(g| f ) =
∏

x

h(x) ∗ f (x)g(x)e−h(x)∗ f (x)

g(x)! , (2)

where x represents (x, y, z) for a 3D signal. From this equa-
tion, a functional to be minimized, L( f̂ ) = − log p(g| f ) is
obtained, giving the maximum likelihood estimation:

L( f̂ ) =
∑

x

−g(x) log
[
(h ∗ f̂ )(x)

]
+ (h ∗ f̂ )(x). (3)

An iterative algorithm can be derived from the above func-
tional. It is called the Richardson-Lucy algorithm and it is

given by:

f̂n+1(x) =
[(

g(x)

f̂n(x) ∗ h(x)

)
∗ h(x)

]
× f̂n(x). (4)

This algorithm stops after a finite number of iterations.
When the deconvolution is ill-posed, a common situation in
real applications, the signal-to-noise ratio becomes increas-
ingly poorer as the number of iterations n → ∞.

4 Gerchberg-Papoulis algorithm

The Gerchberg-Papoulis (G-P) algorithm assumes that there
is some knowledge about the bandwidth and iteratively
imposes the requirements that the signal is band-limited and
matches the known portion of the signal. Let g(x) have a
spectrum G(u) and � the region where G(u) is non-zero, u
represents (u, v, w) for a 3D signal in the frequency domain.

Since g(x) is known within a region T , since it is space
limited, the spatial support can be defined as:

BT (x) =
{

1, x ∈ T
0, x /∈ T

(5)

The spectral pupil can be defined in the same context:

B�(u) =
{

1, u ∈ �

0, u /∈ �
(6)

The algorithm consists in imposing the constraints above,
as follows;

ê0(x) = BT g(x),

ên+1(x) = ê0 + (1 − BT ) · F−1 {B�En(u)}, (7)

where ê0(x) is the first estimation of the extrapolated image,
ên+1(x) is the estimation at interation n + 1, and Ên(u) is
the current estimation in the frequency domain. The signal is
clipped in the frequency domain by the spectral pupil and the
known portion of the signal is imposed in the space domain.
It constrains the frequencies to extend the spatial limit. The
convergence of this method is established in the absence of
noise [24].

5 Method

5.1 Filtered Gerchberg-Papoulis

The presence of noise, specially non-additive non-Gauss-
ian noise, can easily led the reconstruction algorithm to
diverge after a number of iterations. So, a filtering step can
be introduced to reduce the variation in the image and make
the restoration and spectrum extrapolation easier. The filter-
ing of data before running a restoration method for a non-
linear iterative method was explored by Kempen et al. [19]
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and for linear restoration by Colicchio et al. [4], showing
good results. To prevent over-smoothing and to preserve the
frequencies already present in the observed image, the fil-
tering step can be restricted to the extrapolated frequencies
beyond the limit �. This represents an attempt to preserve the
signal while smoothing the high-frequencies, since the signal
information in extrapolated frequencies are often corrupted
by noise as pointed by Sementilli et al. [32]. The algorithm
that includes the filtering of the extrapolated frequencies can
be written as follows:

Ên+1(u) = B� Ên(u) + Filter
[
(1 − B�) · F

{
BT ên(x)

}]
,

ên+1(x) = F−1
{

Ên+1

}
, (8)

where ên(x) and Ên(x) are the previous estimates of the
image and its Fourier transform, respectively. The space sup-
port must be wide enough so that the object lies completely
on it. The modified algorithm constrains the spatial limit in
order to extrapolate the frequency limit. The spatial support
constraint is based on the work of Homem et al. [16]. Since
the observed images have no well-defined region T , we per-
formed an extension of six voxels in each direction of the
image, so an image of size (n, m, o) turns into an image of
size (n+6, m+6, o+6). The parameter T is defined to be the
region of the image before extension. The edges produced by
the image extension are smoothed to avoid artifacts.

The extrapolated portion of the spectrum is filtered and the
frequencies within the band-limit are re-inserted. The spec-
tral pupil can be defined as a circular area defined by the fre-
quency boundaries where the spectrum goes approximately
to zero, or the practical bandwidth. It is important to observe
that the frequencies are not clipped to zero, for this could
impede the extrapolation. The operator Filter [I (u)] for the
extrapolated frequencies I (u) is performed as follows:

Filter [I (u)] = F
{

SpFilter
[
F−1 {I (u)}

]}
, (9)

where SpFilter is a filter defined in the space domain. In this
paper, two kinds of filters were used: the mean and the median
filters. These were chosen so that we could analyse the effects
of the most simple linear (mean) and non-linear (median) fil-
ters. The filtering of selected frequency componentes were
already explored by Foi et al. [11,12], through local shrink-
age of coefficients and Wiener filtering. The rationale behind
the use of filters, as pointed out by Restrepo and Chacon [28],
Sawicki [31], is that it has smoothing properties that can be
used for elimination of impulsive disturbances, and conse-
quently can prevent the generation of undesired artifacts in
restoration-extrapolation algorithm.

Fig. 3 RL-FGP iterative algorithm diagram

5.2 Restoration-extrapolation algorithm

The proposed method simultaneously applies the R-L algo-
rithm and the G-P algorithm as follows:

f̂n+1 = RL [en]

ên+1 = FGP
[

fn+1
]
,

(10)

where RL is the Richardson-Lucy algorithm, and FGP is the
Filtered Gerchberg-Papoulis algorihtm, modified to perform
band extrapolation with filtering of extrapolated frequencies.
The algorithm scheme can also be seen in Fig. 3. The iter-
ations are performed until the residual ε reaches the value
0.001. The residual is defined as:

ε =
∥∥∥ f̂n − f̂n−1

∥∥∥
∥∥∥ f̂n−1

∥∥∥
(11)

6 Experiments

A series of experiments were carried out using the meth-
ods described in the previous sections. Three images were
used to test the algorithms, all images with 256 gray levels.
The phantom images were convolved with a theoretic micro-
scope PSF. The PSF was constructed following the theoreti-
cal model proposed by Gibson and Lanni [14]. Poisson noise
was also introduced in the synthetic images—note that the
parameter of Poisson distribution represents both the mean
number of occurrences and its variance, so that images of
lower intensities are more likely to present a poorer signal-
to-noise ratio. The data used were similar to that used in the
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study of Homem [17]. Additional material can be found at
the project website, cited at this paper title page.

The following images were used in the experiments:

1. Bead phantom image: with size 128 × 128 × 128,
this kind of phantom is often used in deconvolution
experiments—a montage of sections of the original and
degraded phantom is shown in Fig. 4. The blurring effect
in the axial direction is not strong, so we can observe
the behavior of the algorithms in a more controlled way.
Since the phantom was created with a maximum inten-
sity of 150, its degraded version has a poor signal-to-
noise ratio.

2. Cell phantom image: with size 256 × 256 × 32, it is
a phantom of a simulated cell culture—a montage of
sections of the original and degraded phantom is shown
in Fig. 5. The PSF parameters were based on the micro-
scope used to acquire the real images and, therefore, the
axial blurring effect is stronger.

3. Real fluorescence images: two 3D real images obtained
with a wide-field fluorescence microscope. The image 1
was acquired under a lower exposure time (1/5 s) when
compared with image 2, so image 2 is expected to have a
better signal-to-noise ratio—sections of the real images
are shown in Fig. 6.

– Real 1: 256 × 256 × 32 voxels, 20X, 0.45 NA, emis-
sion filter λ = 500 nm, voxel dimension 0.11 ×
0.11 × 0.20.

Fig. 4 Sections (x, 42, z) and (x, 64, z) of the original and degraded
bead image

Fig. 5 Sections (x, y, 16) and (x, 128, z) of the original and degraded
cells image

Fig. 6 Sections of the two real images: image 1 (x, y, 14) and image
2 (x, y, 58)

– Real 2: 128×128×128 voxels, 20X, 0.75 NA, emis-
sion filter λ = 530 nm, voxel dimension 0.71 ×
0.71 × 0.71.

The colormap of all images were normalized to a 256
grayscale for visualization.

Both phantom and real images were restored using the
R-L algorithm, and the R-L algorithm combined with the fil-
tered G-P, that will be refered as RL-FGP-1 (using a [3 × 3]
median filter) and RL-FGP-2 (using a [3 × 3] mean filter).
We also restore the images using the R-L with Total Var-
iation regularization algorithm exactly as described in [8].
Different sizes of image spectral support were also used to
performing RL-FGP and observe how the method behaves
when filtering different range of frequencies.

6.1 Evaluation

The restored images were evaluated by observing ISNR
(Improvement on Signal-to-Noise Ratio) and the UIQI (Uni-
versal Image Quality Index) [36]. The ISNR is given by:

ISNR = 10 log10

⎧
⎨

⎩

∑
x ‖g(x) − f (x)‖

∑
x

∥∥∥ f̂ (x) − f (x)

∥∥∥

⎫
⎬

⎭ , (12)
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Fig. 7 Sections (x, 42, z) of
the best restoration results for
the bead image: a original, b
degraded; c R-L; d RL-TV; e
RL-FGP-1; f RL-FGP-2

where g(x) is the degraded image, f (x) the original image
and f̂ (x) the restored image. The ISNR compares the
degraded and restored images with the original, and yields a
number that measures the relative improvement.

The UIQI is given by:

UIQI = 4σ f f̂ · f f̂
(
σ 2

f + σ 2
f̂

)
·
(

f 2 + f̂ 2
) , (13)

where letters with bars are averages; σ 2
f̂

and σ 2
f are the vari-

ance of the original and restored images, respectively, and
σ f f̂ is the correlation coefficient between f and f̂ . The
dynamic range of UIQI is [−1, 1]. The best value, 1, is
achieved if and only if f = f̂ .

The UIQI is an alternative to the ISNR since it models the
image distortion as a combination of loss of correlation, lumi-
nance distortion and contrast distortion, comparing the orig-
inal and processed image. The loss of correlation is related
to the band limit, so we expect to observe a higher UIQI for
better extrapolated images.

To assess the spectral extrapolation, we also compare the
practical passband of the images [5], the region of the fre-
quency domain where the modulus of the Fourier transform
is larger than 1% of its peak value. That is, the region where:

∣∣∣F̂(u)/F̂(0)

∣∣∣ > 0.01, (14)

By computing the number of coefficients found in the
practical passband, it is possible to have a numerical informa-
tion on how much the algoritms extrapolated the frequencies.

7 Results

The degraded images were restored using the three algo-
rithms described in sect. 6, and the TV regularization parame-
terλwas experimentally found for each image. The results for
the synthetic images are shown in Fig. 7 and Table 1 (bead),
Fig. 8 and Table 2 (cell). The restoration of real images are
shown in Figs. 9 and 10, and Tables 3 and 4. Both real images
were zoomed to allow a more detailed visualization of the
results. The colormap was adjusted in all figures to 256 gray
levels.

The RL-FGP method obtained better restoration results
when compared with the competing methods. This is con-
firmed by an improvement in the ISNR, UIQI, and the
number of observed frequencies (Table 1). The reason why
Total Variation regularization did not perform well was
probably because it is based on a gradient edge detec-
tor. For confocal microscope images, as used in [8], the
edges can be better detected, but in wide-field micros-
copy images the object boundaries are probably too smooth
to obtain a good edge estimation. For the real image 1

Table 1 Bead image restoration evaluation

Images ISNR UIQI #Passband #Iter.

Degraded image – 0.37 449 –

RL 5.26 0.68 13245 190

RL-TV λ = 0.004 7.05 0.71 13075 414

RL-FGP-1 (median) 7.41 0.76 16921 375

RL-FGP-2 (mean) 7.39 0.75 16035 368
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Fig. 8 Sections (x, y, 16) and
(x, 128, z) of the best
restoration results for the cells
image: a original, b degraded; c
R-L; d RL-TV; e RL-FGP-1; f
RL-FGP-2

Table 2 Cell image restoration evaluation

Images ISNR UIQI #Passband #Iter.

Degraded image – 0.30 251 –

RL 1.14 0.42 1717 298

RL-TV λ = 0.003 2.16 0.48 3183 334

RL-FGP-1 (median) 2.43 0.54 5291 328

RL-FGP-2 (mean) 2.41 0.51 5291 325

(that is more noisy than image 2), the TV regularization
performed slightly better in radial direction (x, y) as can
be seen in Fig. 9 but not in axial direction as can be
seen in Fig. 11, where the proposed method (RL-FGP-2)
obtained a sharper result withouth oversmoothing the struc-
tures. The results obtained with RL-TV, RL-FGP-1, and RL-
FGP-2 for the Real Image 2 (Fig. 10 and Table 4) where
similar.

By changing the size of the original spectral support, it is
possible to obtain a smoother result. An undesirable effect of
this practice is the generation of ringing artifacts when the
spectral support is taken to be too small. The performance
(ISNR) and number of iterations as a function of the size of
the frequency domain support is shown in Fig. 12. It can be
observed that the quality of the result can be improved with
minor changes in the support size, but it can also be degraded,
specially when the support is shrinked.

Fig. 9 A detail of sections (x, y, 14) of the best restoration results for
the real image 1: a degraded; b R-L; c RL-TV; d RL-FGP-2

There was no significant difference on the results when
using a median or a mean filter in the filtering step. We
believe it was because the filters are simple and used a
small kernel.
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Fig. 10 A detail of sections (x, y, 62) of the best restoration results
for the real image 2: a degraded; b R-L; c RL-TV; d RL-FGP-2

Table 3 Real image 1 band extrapolation

Images #Passband #Iter.

Degraded image 311 –

RL 1179 225

RL-TV λ = 0.005 1465 286

RL-FGP-1 (median) 1271 270

RL-FGP-2 (mean) 1211 263

Table 4 Real image 2 band extrapolation

Images #Passband #Iter.

Degraded image 117 –

RL 2187 105

RL-TV λ = 0.003 2483 182

RL-FGP-1 (median) 2745 116

RL-FGP-2 (mean) 2731 117

The number of iterations needed to reach the conditions of
the stop criterion using RL-FGP were similar to those of the
R-L-TV method. In Fig. 13, it is possible to observe the ISNR
as a function of the iterations for the image Bead, where the
lines shows how the methods converges (or diverges) on a
poor signal-to-noise ratio condition. The R-L method starts
to diverge after some iterations and, therefore, the restoration
is stopped earlier, while with regularization and the proposed
methods the convergence is stable.

Fig. 11 Axial direction sections (128, y, z) of the best restoration
results for the real image 1: a degraded; b R-L; c RL-TV; d RL-FGP-2

Fig. 12 ISNR and number of iterations as a function of the � param-
eter (image bandwidth) for bead image results of RL-FGP-1, where
values in x axis represents the change in the frequency support size,
and in y axis the performance in tems of ISNR (left) and number of
iterations needed to complete the restoration (right)

8 Conclusion

Noise is always a difficult obstacle to overcome. Many
well-known restoration algorithms yield good results in the
absence of noise, but show poor performance when dealing
with noisy data. The proposed algorithm performs a good
restoration and frequency enhancement using constraints and
filtering. The spatial support constraint allows a better spec-
tral match to the original object and the filtering prevents
noise amplification, stabilizing the result. It can be explained
by the extra regularization included in the frequency domain
due to the filtering step. The experiments with the real images
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Fig. 13 ISNR as a function of the iterations for the methods R-L,
RL-TV, RL-FGP-1 and RL-FGP-2 for the image Bead

also shown good results. However, the Total Variation regu-
larization can perform better when restoring noisy and less
blurred images such as confocal microscopy images.

The main contribution of this paper was to show that
improved restoration can be achieved through a filtered
extrapolation step combined with iterative restoration, with
good potential to solve the described issues. Still, the band
extrapolation in three-dimensional images remains an open
problem, specially in the presence of noise.

Future research could investigate how the spectrum is
restored by the RL-FGP as a function of the iterations, and
how reliable is the achieved extrapolation. The pre-process-
ing of the background as suggested by Ponti-Jr. and Mascare-
nhas [26], and the design of more accurate filters for selected
frequency components, are also points left for future work.
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