
Proceedings EUSIPCO-2000, Tampere, Finland, September 2000

NEW ALGORITHMS FOR BAND-LIMITED INTERPOLATION
AND EXTRAPOLATION: A SYNTHETIC VIEW

Paulo J. S. G. Ferreira∗

Dept. de Electrónica e Telecomunicações / IEETA
Universidade de Aveiro

3810-193 Aveiro, PORTUGAL
pjf@det.ua.pt, http://www.ieeta.pt/~pjf

ABSTRACT

We propose a classification of several algorithms for solving
the discrete-discrete band-limited interpolation and extrapo-
lation problems. The classification is based on the dimen-
sion of certain underlying vector spaces, and distinguishes
between time-domain and frequency-domain methods. This
perspective allows a synthetic view of the problem, clarifies
the connections between some of the existing algorithms, and
establishes the existence of “missing variants”. We introduce
the missing variants, and analyze the relative performance of
the complete set of methods. It is shown that no method
can be “best overall”. Instead, there are classes of problems
for which one set of methods clearly outperforms the oth-
ers. These classes are characterized, and the main issues that
arise when designing efficient algorithms for the solution of
a specific problem are discussed.

1 INTRODUCTION

The subject of band-limited interpolation and extrapolation
has attracted the attention of many researchers and as a re-
sult there is a vast literature on the subject, and a wealth of
possible algorithms and variants. The interpolation and ex-
trapolation problems can both be formulated as follows.

Problem 1 Let x ∈ � N be a low-pass signal with 2M + 1
nonzero harmonics. Given a subset of the samples of x, how
can one recover x from y?

In this work we begin by proposing a classification of sev-
eral algorithms for the solution of the band-limited interpola-
tion and extrapolation problems. The classification is based
on the dimension of certain underlying vector spaces, asso-
ciated with time-domain and frequency-domain representa-
tions of the signals. Duality is used in a systematic way,
and two main classes of efficient methods emerge: those for-
mulated in the time domain, under frequency domain con-
straints; and those formulated in the frequency domain, un-
der constraints on the time domain samples.

This perspective allows a synthetic view of the field, clari-
fies the connections between the existing algorithms, and es-
tablishes the existence of “missing variants”. We introduce
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these missing variants, and show that they lead to methods
that can be much more efficient than any other competing
method of the class.

After an analysis of the relative performance of the meth-
ods, the conclusion is that no single method can be “best
overall”. Instead, there are classes of problems for which one
set of methods clearly outperforms the others. These classes
are identified and hints are given concerning the choice of ad-
equate algorithms for specific interpolation and extrapolation
problems.

2 MINIMUM DIMENSION IN THE TIME AND FRE-
QUENCY

Iterative reconstruction algorithms based on alternating pro-
jections, of which the Papoulis-Gerchberg method is possi-
bly the most well-known example, are useful in connection
with many reconstruction problems. They have been used,
for example, in the estimation of sinusoids from incomplete
time series [1], in the detection of hidden periodicities [2],
or in the removal of lipid artifacts in 1H spectroscopic imag-
ing [3]. A study of its convergence and general properties
can be found in [4].

There are, however, classes of problems for which they do
not seem well suited. The extrapolation of low-pass signals
is an example. In that case, and more generally whenever
there are long contiguous gaps of missing samples, the con-
vergence rate falls down to very low values. Much faster
methods are needed.

However, efficiency is not the only metric that should be
used to evaluate an algorithm. Numerical stability is also
critical. For example, there are efficient methods based on
certain autoregressions [5], but they are not stable and cease
to be useful for block sizes greater than, say, 64. Such meth-
ods totally fail in the examples given below.

The formulations that we will discuss, and to which we
call “minimum dimension formulations”, lend themselves to
fast and stable algorithms. These formulations spring from
sets of linear equations for the unknown quantities, with as
many equations as unknowns. Hence, the system matrix has
minimum dimension. We distinguish between time domain
and frequency domain minimum dimension methods. In the
former, the equations yield the unknown samples of the sig-
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nal itself, whereas in the latter one obtains coefficients of the
DFT of the signal.

From now on it is assumed that the signals are vectors of N
samples, with 2M +1 nonzero DFT harmonics, and that only
N− n samples are known. The remaining samples are to be
interpolated or extrapolated. A number of existing methods
fit into the following classification scheme:

(A) Methods that deal with the Nth dimensional signal, iter-
atively correcting it in the time and frequency domains.
Each iteration requires the computation of an FFT and
IFFT, that is, O(N log2 N) time (at best).

(B) There are n unknown samples in the time domain. The
original signal is therefore determined by a vector of
dimension n. It is possible to determine this nth dimen-
sional vector from a set of n linear equations. In our
terminology, any method that springs from these equa-
tions is a “minimum dimension method” (in the time
domain).

(C) There are 2M + 1 unknown samples in the frequency
domain. The DFT of the signal is therefore determined
by a vector of dimension 2M + 1. Again, it is possi-
ble to determine this vector from a set of 2M + 1 linear
equations. We call to the methods based on these equa-
tions methods of minimum dimension in the frequency
domain.

This can easily be extented to image interpolation and ex-
trapolation problems (see for example [8] for a method of
type A).

3 THE EQUATIONS

Concerning notation, St denotes the set of known samples,
and S̄t is its complement. In the frequency domain, the set
of known (vanishing) DFT samples is denoted by S f , and its
complement by S̄ f . We express the signal x and its DFT X
as x = u + v, X = G + H, where v and H contain only known
data. We will need the following diagonal matrices

Du
ii =

{
0, i ∈ St ,
1, i /∈ St ,

, Dg
ii =

{
0, i ∈ S f ,
1, i /∈ S f ,

Proposition 1 Let the number of unknown time domain sam-
ples (the cardinal of S̄t ) be denoted by n. Let P be the n× n
principal submatrix of B,

Bab =
1
N ∑

p/∈S f

ei
2π
N (a−b)p,

obtained by deleting from it all rows and columns whose in-
dices belong to St . Denote by c∈ � n the vector with elements

ci = ∑
j∈St

Bi jv j + hi (i /∈ St).

Then, the vector y ∈ � n formed by the n time domain un-
knowns xi (i /∈ St) satisfies

y = Py + c. (1)

Proposition 2 Let the number of unknown DFT coefficients
(the cardinal of S̄ f ) be denoted by r. Let Q be the r× r prin-
cipal submatrix of T ,

Tab =
1
N ∑

p/∈St

e−i
2π
N (a−b)p,

obtained by deleting from it all rows and columns whose in-
dices belong to S f . Denote by d ∈ � r the vector with elements

di = ∑
j∈S f

Ti jH j +Vi (i /∈ S f ).

Then, the vector z ∈ � r formed by the r unknown DFT har-
monics Xi (i /∈ S f ) satisfies

z = Qz + d. (2)

4 ITERATIVE AND NONITERATIVE ALGORITHMS

In general, the matrices I−P and I−Q are Hermitian and
nonnegative definite. Because they are submatrices of pro-
jection matrices I−B and I−T , their eigenvalues are con-
tained in the interval [0,1]. If the density of the known data is
higher than the Nyquist-Landau minimum density, both I−P
and I−Q are positive definite. The equations can be solved
using iterative and noniterative methods.

The following are some of the possibilities for the time-
domain equations. Note that P and I − P are real-valued,
symmetric, n×n matrices (under certain conditions, they are
also Toeplitz).

• One of the simplest possibilities is to iterate y = Py + c,
that is, use yn+1 = Pyn + c.

• It is also possible to solve (I−P)y = c using iterative
methods based on other additive splittings of I−P. Pos-
sible choices: Jacobi, JOR, Gauss-Seidel, SOR, SSOR,
block versions of these, and so on.

• If P is Toeplitz, the Toeplitz-vector multiplications in
the preceding methods can be computed using the FFT.

• The equations can be solved using the conjugate gradi-
ent method. The matrix-vector products can often be
computed using the FFT.

• The equations can also be solved using a noniterative
factorization of I−P (such as Cholesky decomposition,
for example), or other noniterative techniques.

The following methods are the dual of the former, with
respect to the frequency domain equations. Note that Q and
I−Q are Toeplitz, 2M + 1× 2M + 1, complex-valued, and
Hermitian.

• In this case, the simplest possibility is to iterate z = Qz+
d, that is, use zn+1 = Qzn + d.
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Figure 1: Reconstructions and MSE versus time for the Papoulis-Gerchberg algorithm and some of the iterations to which the
minimum dimension equations in the time domain lead. Here, M = n = 200.
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Figure 2: The error evolution as a function of time for iterations based on the conjugate gradient method, for the time domain
(CGT) and frequency domain (CGF) equations, with and without taking advantage of the Toeplitz character of the matrix. Note:
the y scale in Fig. 1 is different!

• The solution of (I−Q)z = d can also be found using
Jacobi, JOR, Gauss-Seidel, SOR, SSOR, and so on.

• Q is always Toeplitz. The Toeplitz-vector multiplica-
tions can be carried out using the FFT.

• The equations can also be solved using the conjugate
gradient method and the FFT for the the matrix-vector
products.

• Noniterative factorizations of I−Q (say, Cholesky) can
also be used.

Some of this possibilities have already been proposed, but
their connections with the other methods were never no-
ticed in such a systematic way. The noniterative solutions
were never explored in detail, nor was the conjugate gradient
method in the time domain. The conjugate gradient method
in the frequency domain appears in [9,10]. Some of the con-
nections were noted or used in [6, 7].

5 EXAMPLES, COMPARISONS

Consider the problem illustrated in Fig. 1 (problem A), for
which M = 200 and n = 200. Therefore, the time domain
equations are of dimension n = 200, whereas the frequency
domain equations involve vectors of dimension 2M + 1 =
401.

The basic method is the Papoulis-Gerchberg iteration. The
error evolution is illustrated in Fig. 1, which also depicts the
reconstruction result. Note that the error is plotted against
CPU time, not against the number of iterations. This was
done in order to make the comparisons between the methods
fair. In fact, a method that achieves a certain error in L itera-
tions is not necessarily faster than a method that needs more
than L iterations to achieve the same error, because the neces-
sary CPU time per iteration may differ between the methods.

The performance of the Papoulis-Gerchberg method can
be easily improved using the minimum dimension formula-
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tions. This is shown for the methods based on simple it-
eration yn+1 = Pyn + c and a few other related methods in
Fig. 1. The error evolution and the reconstructions depicted
in Fig. 1 confirm that the methods are more efficient. This
happens because the matrix-vector multiplications necessary
for each iteration are of size n = 200, as opposed to N � n
in the Papoulis-Gerchberg algorithm. Thus, each iteration is
faster.

Any of the classical iterative methods (Jacobi, JOR,
Gauss-Seidel, SOR, SSOR, among others) for the solution
of linear systems can be used, leading to further improve-
ments in the convergence rate. A discussion of some of these
methods can be found in [6]. The figure illustrates this for
the SOR method, and for the simple iteration taking advan-
tage of the Toeplitz structure. However, the convergence rate
remains low. There are, as we will see shortly, much better
alternatives.

First of all, the equations can be solved using standard
noniterative techniques. There are two options: one is to start
from the time domain equations, a particularly interesting op-
tion when the number of unknown samples n is small com-
pared with the number of nonzero harmonics 2M + 1. An-
other is to start from the frequency domain equations, which
lead to more efficient methods when 2M + 1 is sufficiently
small compared with n.

Because the matrices of the minimum dimension equa-
tions are Hermitian and positive definite, Cholesky decom-
position is a natural possibility (other methods, such as Gaus-
sian elimination, LU decomposition, SVD, are of course also
possible). Refer to Fig. 3 for examples using Cholesky de-
composition.

Recall that when solving a set of equations Ax = b using
the Cholesky or LU decomposition methods, the factoriza-
tion of A has to be performed only once, even if there are
multiple right-hand sided vectors b that have to be processed.
This is important since the time necessary to perform the de-
composition dominates the total CPU time. This is clearly
shown in Fig. 3. After computing the factorization of the
matrix, the solution to linear problems involving the same
matrix can be computed in negligible time.

Some further comments are in order. The structure of the
matrices is an important factor that has to be considered when
designing the algorithm for a specific problem. The known
frequency domain samples are contiguous (the data are low-
pass), and hence the frequency domain equations are always
Toeplitz. This is not necessarily the case with the time do-
main equations: the matrix can be Toeplitz, but for sparse
or irregular distributions of unknown samples the Toeplitz
structure is generally absent.

It should be noted that the frequency domain equations in-
volve complex numbers, and the implementations of the fre-
quency domain methods have to be carried out using com-
plex arithmetic. Despite this, if 2M + 1 is sufficiently small
compared with n, the frequency domain methods can be
preferable. The opposite is of course true when n is suffi-
ciently small. There is no “faster” method in general, and
counterexamples can easily be found.
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Figure 3: Two noniterative methods: Cholesky factorization
of the minimum dimension equations, in time and frequency.
The initial and final mean-square errors are plotted versus
time. The horizontal lines correspond to the time spent in
the Cholesky factorization itself, the remaining (and by com-
parison negligible) time corresponds to the solution of the
equations. The reconstruction result is not shown (it is indis-
tinguishable from the original). Note: the y scale in Fig. 1 is
different!

References

[1] P. S. Naidu and B. Paramasivaiah, “Estimation of sinusoids
from incomplete time series”, IEEE Trans. Acoust., Speech,
Signal Processing, vol. 32, no. 3, pp. 559–562, June 1984.

[2] A. Papoulis and C. Chamzas, “Detection of hidden periodici-
ties by adaptive extrapolation”, IEEE Trans. Acoust., Speech,
Signal Processing, vol. 27, no. 5, pp. 492–500, Oct. 1979.

[3] C. I. Haupt, N. Schuff, M. W. Weiner, and A. A. Maudsley,
“Removal of lipid artifacts in 1H spectroscopic imaging by
data extrapolation”, Magn. Reson. Medic., vol. 35, no. 5, pp.
678–687, May 1996.

[4] P. J. S. G. Ferreira, “Interpolation and the discrete Papoulis-
Gerchberg algorithm”, IEEE Trans. Signal Processing, vol.
42, no. 10, pp. 2596–2606, Oct. 1994.

[5] F. Marvasti, M. Hasan, M. Echhart, and S. Talebi, “Efficient
algorithms for burst error recovery using FFT and other trans-
form kernels”, IEEE Trans. Signal Processing, vol. 47, no. 4,
pp. 1065–1075, Apr. 1999.

[6] P. J. S. G. Ferreira, “Noniterative and faster iterative meth-
ods for interpolation and extrapolation”, IEEE Trans. Signal
Processing, vol. 42, no. 11, pp. 3278–3282, Nov. 1994.

[7] P. J. S. G. Ferreira, “Interpolation in the time and frequency
domains”, IEEE Sig. Proc. Letters, vol. 3, no. 6, pp. 176–178,
June 1996.

[8] F. A. Marvasti, C. Liu, and G. Adams, “Analysis and recov-
ery of multidimensional signals from irregular samples using
nonlinear and iterative techniques”, Sig. Proc., vol. 36, pp.
13–30, 1993.

[9] T. Strohmer, “On discrete band-limited signal extrapolation”,
in Mathematical Analysis, Wavelets, and Signal Processing,
M. Ismail et al., Eds., AMS, 1995, pp. 323–337.

[10] T. Strohmer, “Computationally attractive reconstruction of
bandlimited images from irregular samples”, IEEE Trans. Im-
age Processing, vol. 6, no. 4, pp. 540–548, Apr. 1997.

2024


