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Abstract. Additive fuzzy systems combined with supervised or unsupervised
learning have been proposed to deal with impulsive noise in discrete-time signals,
but suffer from the curse of dimensionality. Faster methods, possibly based on
new paradigms, would be welcome. Order statistics filters and their fuzzy coun-
terparts provide alternative and robust ways of dealing with discrete-time data, but
the idea of ranking (or fuzzy ranking) does not appear at first sight to be meaningful
in the continuous-time case. This chapter investigates to which extent the concept
of “sorting” is meaningful for continuous-time signals. It presents a tutorial on the
basic concepts behind sorting, and applies the results to the study of the single-input
single-output analog median filter. Interestingly, the concept of sorting or rearrange-
ment, which plays a fundamental role in the development, appears naturally when
trying to define the uncertainty associated with a general set membership function.

1. Introduction

1.1 Impulsive noise, additive fuzzy systems, and sorting

Impulsive noise is rather difficult to handle. To quote from [1]:

“Dealing with impulsive noise remains one of the great challenges of modern en-
gineering. It is hard to model, predict, and filter — and yet it pervades the world.”

Additive fuzzy systems have been used to deal with impulsive noise. Generally speaking,
a fuzzy system F :

� n 7−→ �
stores m if/then rules (if X = A j then Y = B j). The if-part

fuzzy sets A j and the then-part fuzzy sets B j correspond to set functions a j :
� n 7−→ [0,1] and

b j :
� 7−→ [0,1]. An additive fuzzy system computes the output as the centroid of the summed

and partially fired then-part sets:

B =
m

∑
j=1

B′j =
m

∑
j=1

a j(x)B j.

These systems can uniformly approximate any continuous function on a compact domain. A
fuzzy system approximator is equivalent to a graph cover with local averaging. Such systems
can tune their rules from any source of signals or noise, using supervised or unsupervised
learning. However, they suffer from the curse of dimensionality: the number of rules grows
exponentially with the number of input and output variables. Other related approaches, based



for example on radial basis function neural networks, face the same difficulty, and become
increasingly more difficult to apply as the dimension of the problem grows.

A similar problem occurs when one seeks to apply digital median filters, or other order-
statistics filters, to signals sampled at a very high frequency. These nonlinear filters are known
to suppress impulsive noise, while preserving sharp signal transitions, such as steps. In image
processing, they are used to suppress or attenuate impulsive noise without smoothing edges,
as a linear filter would do. But computing the order-statistics requires sorting, an operation
whose complexity grows with the number of data. Analog implementations of these filters
might lead to better solutions, but the meaning of “sorting” in the continuous-time case, and
the connection between the digital and analog cases, must be clarified before proceeding. The
results presented in Section 4 address this issue.

1.2 Fuzzy uncertainty and sorting

The importance of fuzzy set theory is a consequence of the fuzzy character of natural classes
and concepts. The search for the fuzzy counterparts of certain concepts, often guided by the
existing crisp models, often leads to new and fruitful directions of research. Concepts such
as uncertainty, information, or entropy, are good examples of this.

Consider a set membership function π(x), normalized so that supx π(x) = 1. As usual, we
may think of it as a frequency or “subjective probability”, obtained by “polling experts”. In-
dependently of that, one may ask for the appropriate definition of the “uncertainty” associated
with π(x), which we will denote by U(π). The task is simpler if π(x) is piecewise constant (a
step function), which takes only a finite number of possible values. Denote the sorted values
by

h1 < h2 < · · ·hn.

Note that the sorted values define a sorted (or rearranged) version of π(x). Having sorted the
step values, the definition of uncertainty can be given as [2]

U(π) =
n

∑
i=1

(hi+1−hi) log2 Mπ(hi+1).

The notation Mπ denotes the distribution function of π(x), studied in Section 2:

Mπ(y) := meas{x : π(x)> y} .

When the set membership function is not restricted to a finite number of values, but satisfies
certain regularity assumptions, the correct definition becomes

U(π) =
∫ 1

0
log2 Mπ(h)dh.

However, several questions concerning the meaning and possibility of “sorting” a general
π(x) do arise in the general case [2]. The results of Section 3 provide the answer to this
question, and at the same time the natural framework for the analog median filter.

1.3 The median filter and sorting

The basic ideas underlying the discrete-time median estimator and the least absolute error
cost function go back to Edgeworth’s note of 1887 [3], partially inspired by the previous



work of Laplace. The articles by Edgeworth and Turner [3, 4, 5] discussed some aspects
of the method, including the minimization of the sum of the absolute value of the residuals,
explicitly mentioned in [5]. However, it was the work of Tukey in the seventies that lead to
the extensive modern research on the digital median and median-type filters, the theory of
which is now well developed.

Surprisingly, the continuous-time or analog median filter remained unexplored for a long
time, with the exception of [6], published in 1986, and a brief comment on it [7], of 1989. As
far as we know, no attempt was made to define the meaning of “sorting” for continuous-time
signals and to explore it in the context of analog nonlinear filtering until 2000.

This lack of theoretical results on the analog median filter was noted, for example, in
[8]. In fact, the issues raised in [7], related to the nature and existence of root signals of the
median filter as defined in [6] (without introducing the concept of sorting), were addressed
only recently [9]. The properties of the analog, single-input single-output median filter, and
the connection with distribution functions and sortings or rearrangements of continuous-time
signals, were studied even more recently, in [10].

Reference [6] gives reasons for extending the theory of median filtering from the digital
to the analog domain, stressing the need for fast implementations. Analog implementations
would allow simpler and faster circuits, without A/D or D/A converters, yielding large power
and circuit area savings for applications such as mobile telecommunications. The need for a
device to perform two-dimensional median filtering, included as a stage in the optical section
at the front end of the imaging system, is mentioned in [6]. For more on the implementation
issues and approaches see [11, 8, 12] and the notes in [10].

Bringing the theory of ranked order filters to a more symmetrical state concerning the
discrete-time and the continuous-time cases seems to be desirable. The present chapter
attempts to present the fundamental concepts necessary to understand the continuous-time
meaning of “sorting”, which plays a fundamental role in analog order-statistics filters, and
is related to several other problems (including, as discussed above, the problem of defining
fuzzy uncertainty).

1.4 Mathematical background and notation

The concept of sorting (or nonincreasing rearrangement) was introduced by Hardy and Little-
wood, and several results can be found scattered among books as diverse as [13, 14, 15, 16].
However, this chapter is reasonably self-contained, and introduces the concepts necessary to
understand and apply the basic theory of sorting.

The readers unacquainted with measure theory should be aware that the Lebesgue mea-
sure of an interval [a,b] is its length b−a, and that the measure of a union of disjoint intervals
is the sum of their lengths. All functions are tacitly assumed to be measurable, and the ex-
pression “almost everywhere” means, as usual, “except on a set of zero Lebesgue measure”.

The support of a function f is the closure of the set where f 6= 0. Note that, roughly
speaking, signals with disjoint supports do not overlap. The characteristic function of S ⊂ �

is denoted by χS,

χS(x) :=

{
1, x ∈ S,
0, x /∈ S,

and it is the simplest function with support S.
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Figure 1: Left: two simple functions f and g. Right: their distributions M f and Mg.

The modulus of continuity ω f (δ) of a continuous function f is defined by

ω f (δ) := sup
|a−b|≤δ

| f (a)− f (b)|,

and converges to zero when δ→ 0. The condition ω f (δ)≤ αδγ, where α and γ are constants,
leads to the class of functions f that satisfy a Lipschitz condition of order γ and constant α:

| f (a)− f (b)| ≤ α|a−b|γ.

This condition is useful only if 0< γ≤ 1. For more details, see [17], for example.

2. The distribution function

2.1 Definition and basics

Assume that somehow we were able to associate with a given function f :
� → �

a new
function, denoted by f , which corresponds to the idea of “ f sorted by nonincreasing order”. It
is intuitively obvious that both f and f should have the same “distribution of amplitudes”. To
render this concept precise, consider the distribution function M f associated with f , defined
by:

M f (y) := meas{x : f (x)> y} ,
where “meas S” denotes the Lebesgue measure of the set S. It is tacitly assumed that x belongs
to the domain of f , and that M f is finite almost everywhere.

The distribution cannot usually be expressed in closed form. Consider for example f (x) =
axe−bx. Its distribution function can be numerically computed (see Fig. 1), but there appears
to be no general simple closed form expression for the roots of xe−x = y. An even more
complex case is illustrated in Fig. 2.

There are two relevant remarks at this point. First, arbitrarily modifying f in a set of zero
measure does not change M f . In particular, the behavior of f at its points of discontinuity
is irrelevant. Second, the map f 7−→ M f is shift-invariant, as a consequence of the shift-
invariance of the measure. Thus, the functions f (x) and g(x) = f (x− τ) have the same
distribution.



Figure 2: A more complex function (solid line) and its distribution (dashed line).

However, two functions f and g that differ on sets of positive measure may have the same
distribution, even if f (x) 6= g(x− τ). For example, let S and S′ be two sets of measure a> 0.
Then, χS and χS′ have the same distribution function:

MχS(y) = MχS′ (y) = χI(y), (1)

where I = (0,a). Two or more functions with the same distribution are called “equimea-
surable”, and can be considered as “rearrangements” of each other. A function f (x) and its
“reversed” version f (−x) are equimeasurable. A more general class of equimeasurable func-
tions can be obtained from a single function f as follows: split f in a number of components
fi with disjoint supports, such that

f = ∑
i

fi,

and then translate, reverse, or permute the fi at will, without overlapping any two of them.
The function obtained will be equimeasurable with f .

3. Sorting continuous-time signals

Now that we have defined the distribution function M f of a given f , we look for nonincreasing
(or nondecreasing) and left-continuous (or right-continuous) functions, equimeasurable with
f . To fix ideas, we consider the nonincreasing left-continuous case only. It turns out that the
solution is unique; we will denote it by f , and call it the sorting of f . The second and final
step is constructive: we give a formula for f .

3.1 Uniqueness

Assume that there exist two different equimeasurable sortings f and g of a given f . Without
loss of generality, let g(x0)> f (x0), for some x0 (see Fig. 3). Pick ε> 0 such that g(x0)−ε>
f (x0). By the left-continuity of f (x) there exists an interval [x1,x0] in which f (x)< g(x0)−ε.
Then,

meas{x : g(x)> g(x0)− ε} ≥ x0,
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Figure 3: The sorting of a function is unique. Two distinct sortings g and f cannot be
equimeasurable: if g(x0) > f (x0), the left-continuity implies the existence of an interval
[x1,x0] in which f < g(x0)−ε, and this can be used to show that g and f are not equimeasur-
able, a contradiction.
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Figure 4: A (right-continuous) distribution function M f (y) = meas{x : f (x)> y}. The sorting
f of f is the inverse function of M f , properly defined to account for discontinuities: f (x) :=
infy{M f (y)< x}.

while
meas

{
x : f (x)> g(x0)− ε

}
≤ x1 < x0.

The quantities on the left side are the values at the point p = g(x0)−ε of the distribution func-
tions of g and f , respectively. The inequalities therefore show that f and g are not equimea-
surable. This contradiction shows that (left-continuous nonincreasing) sorting is unique.

The uniqueness of the nonincreasing right-continuous sorting can be shown using a sim-
ilar method. The two sortings will be equal except at points of discontinuity (they will be
equal everywhere provided they are continuous). There is an essentially unique way of sort-
ing a given function, and all the ambiguity can be removed by imposing, for example, left- or
right-continuity constraints.

3.2 The sorting as the inverse of M f

We now proceed to the second step, the construction of f . It turns out that f is, essentially,
the inverse function of its distribution function M f . This can be seen as follows: recall
that splitting the domain of a given f in a finite number of non-overlapping intervals, and
permuting, translating or time-reversing the “pieces” of f without overlapping them, leads to
a new function which has the same distribution function M f . Because M f is invariant under
these operations and is nonincreasing, one might be tempted to take it as the sorting of f .
However, this is wrong: if f (t) is interpreted as, say, “current as a function of time”, then
M f (y) would describe “time as a function of current”. Swapping axes, that is, considering
M−1

f instead of M f , leads to a nonincreasing function with the correct units.
The only difficulty is that M f , in general, does not have an inverse in the strict sense (it



may be constant over certain intervals, as in Fig. 4). Roughly speaking, there are essentially
two ways of defining a generalized inverse of M f : draw a horizontal line of height x across
the plot of M f and search for the leftmost point y still satisfying M f (y)< x; or search for the
rightmost point y still satisfying M f (y)> x (again, see Fig. 4).

Both possibilities lead to the usual inverse when M f is continuous and decreasing. We
adopt the first hypothesis, which leads to the definition

f (x) := inf
y
{M f (y)< x} (2)

and the left-continuous sorting. Unless otherwise indicated, from now on “sorting” means
“left-continuous nonincreasing sorting” and therefore the function defined by (2).

It can be seen that

M f (y) := meas
{

x : f (x)> y
}

= M f (y),

that is, f and its sorting have the same distribution function: they are equimeasurable, as
expected, and the integrals of f and f are equal:

∫
f (x)dx =

∫
f (x)dx. (3)

In fact, it is true that ∫
F( f ) =

∫
F( f ),

for any measurable function F for which the integrals exist. It is helpful to compare these
results with the discrete-time equivalents,

N

∑
i=1

f (i) =
N

∑
i=1

f (i),
N

∑
i=1

F( f (i)) =
N

∑
i=1

F( f (i)),

which are of course true, because the sum is commutative.

3.3 Examples and remarks

Example 1 The uniqueness of the sorting immediately shows that a nonincreasing f equals
its sorting, except possibly at its points of discontinuity. The sorting of a nondecreasing f , on
the other hand, is essentially obtained by “reversing” the function: f (t) = f (−t).

Example 2 The distribution of the Gaussian f (x) = e−x2
, x ∈ �

, is

M f (y) = 2

√
log

1
y
, y ∈ (0,1).

The sorting is f (x) = e−x2/4, x ≥ 0, that is, f (x) = f (x/2) (see Fig. 5a). This is true for any
other even and continuous functions f decreasing away from the origin.

Example 3 The sorting of sinusoids can also be determined. If f (x) = cosx, x ∈ [0,2π], then

M f (y) = meas{x : cosx≥ y}= 2arccosy,

where the function arccosx is defined to be in [0,π]. The sorting is

f (x) = cos(x/2),

as illustrated in Fig. 5b. The result also applies for f (x) = cos(x + θ), x ∈ [0,2π], θ ∈ �
.
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Figure 5: Left: a Gaussian-like function and its sorting. Right: one period of f (x) = cosx
and its sorting f . In both cases, the area under the function curve and its sorting is the same.
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Figure 6: Two simple examples of distributions and sortings. The behavior of f and g at
the discontinuities is not indicated because it does not change the distributions or sortings.
Arbitrary translation of f and g, or even replacement by the characteristic functions (scaled by
A and B) of any set of measure one, would also leave the distributions and sortings invariant.
Note that the supports of f and g overlap and M f +g 6= M f + Mg.
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Figure 7: If f and g have disjoint supports then M f +g = M f + Mg. The addition of two
properly translated copies of the functions f and g of Fig. 6 leads to the function h. The
distribution Mh is the sum of distribution functions, and the sorting can be obtained from the
inverse (properly defined) of Mh, or, equivalently, by sorting. In general, the (nonincreasing)
sorting of a step function with values (A,B,C . . .) can be obtained by sorting the sequence
(A,B,C . . .) by decreasing order.

Example 4 The sorting of the characteristic function of a set of finite measure is essentially
the characteristic function of an interval of the same measure (see (1) and Fig. 6).

Example 5 Consider a step function

f (x) = cn, x ∈ In := (n,n + 1],

where the cn, n = 0,1,2 . . ., are real numbers. Using the characteristic functions χn of the
intervals In,

f (x) = ∑
n

cnχn(x).

It follows that
f (x) = ∑

n
cn χn(x),

since the sorting of f can be obtained from the sorted sequence cn (see Fig. 7).

The sortings often cannot be determined in closed form, as in the cases mentioned above.
A simple example is f (x) = axe−bx (the sortings are depicted in Fig. 8a, and should be
compared with the distributions in Fig. 1). A more complex sorting is illustrated in Fig. 8b
(compare with Fig. 2).

4. The continuous-time median and median-type filters

To define the continuous-time median filter, it is helpful to introduce the following notation:
let ft(x) denote the result of multiplying the signal f (t) by a rectangular window of duration
w, centered at t:

ft(x) :=

{
f (x), t−w/2≤ x≤ t + w/2,
0, otherwise.

The output g of the median filter is defined by

g(t) := ft(w/2).

Thus, the output at t is obtained as a result of a two-step procedure:
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Figure 8: Left: two simple functions f and g and their sortings f and g (compare with Fig. 1).
Right: a more complex function (solid line) and its sorting (dashed line, compare with Fig. 2).

1. The sorting of the windowed signal (the nonlinear step).

2. The computation of the evaluation (linear) functional at w/2.

Replacing the evaluation functional at w/2 by other functionals of ft immediately leads to
other ranked order filters:

g(t) := F[ ft ].

In the context of digital filters, this corresponds to the class of L filters [18]. A family of
operators depending on one parameter a can be obtained using the functional

Fa[h] :=
1
a

∫ (w+a)/2

(w−a)/2
h(x)dx

where h : [0,w] 7−→ �
, and 0< a≤ w. The corresponding filter is defined by

g(t) := Fa[ ft ]. (4)

The α-trimmed filters described in [19] are the equivalent digital filters. When a→ w this
filter reduces to the (linear) moving average because of (3) (the integrals of the function and
its sorting are equal).

On the other hand, when a→ 0, it is natural to expect that it behaves increasingly more
like the median filter. In fact, if the sorting of ft is continuous at w/2, the absolute value of
the difference between the outputs of the median filter and the filter defined by (4) satisfies

∣∣∣∣
1
a

∫ (w+a)/2

(w−a)/2
ft(x)dx− ft(w/2)

∣∣∣∣≤
1
a

∫ (w+a)/2

(w−a)/2
| ft(x)− ft(w/2)|dx≤ ω ft

(a),

where ω ft
denotes the modulus of continuity of ft . But ω ft

(a)→ 0 as a→ 0, showing that
the output of the filter defined by (4) converges to the output of the analog median filter as
a→ 0. For more related results see [10].
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Figure 9: The sorting of the windowed version of f is discontinuous at one half the window
width, w/2, for all t satisfying a≤ t ≤ b.

4.1 The effect of the definition of sorting

Because the sorting is the basis for the definition of the median filter, different conventions
regarding the sorting may in principle lead to median filters with distinct behaviors.

As an example, consider median filters based on the left- and right-continuous sortings.
These sortings may differ only at countably many points of discontinuity. Hence, it might
seem that the responses of the two corresponding median filters to the same input signal f
could only differ at countably many points (they would be equal almost everywhere). But
this is false: the outputs may differ throughout intervals. For example, it can be verified that
the input signal described in [7] does in fact lead to such a situation. This can be properly
understood in terms of the continuity properties of the sorting [9].

Consider the example given in Fig. 9, and a running window of width w = 2(b−a). Then,
the sorting ft of the windowed signal at t, ft , will be discontinuous at w/2, for a ≤ t ≤ b.
Therefore, the outputs of the median filters based (for example) on the left-continuous and
right-continuous sortings will differ from each other throughout that interval.

The following question remains: is there a class of input signals for which the output
of the median filter is independent of the underlying definition of sorting? Less strongly, is
there a class of input signals for which the output of the median filter is almost everywhere
independent of the definition of sorting? For brevity, these sets of signals will be denoted by
A and B, respectively.

The answer to both questions is affirmative. The set of all continuous functions belongs
to A, because the sorting of a continuous function is unique and in the same Lipschitz class
as the function itself [10].

However, the continuity constraint is unnecessarily strong. It is easy to construct exam-
ples of discontinuous functions with continuous sortings; the necessary and sufficient condi-
tion for the output of the median filter to be independent of the definition of the sorting is the
continuity of ft at w/2.

The class B strictly contains A. To check that this is true, consider a signal similar to the
one depicted in Fig. 9, but of width b−a 6= w/2. The signal itself is of course discontinuous,
but when b− a < w/2 the sorting of the windowed signal will be continuous at w/2, for all
t. If b−a> w/2 there will be two exceptional points: t = a and t = b. The sorting ft will be
continuous at w/2, for all other t.
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Figure 10: The connection between the digital and the analog median filters: if g∆ is the
step function obtained from the output samples g∆(k∆) of the digital median filter, and if
w = (2N + 1)∆, then |g−g∆| ≤ ω f

(
w

2N+1

)
.

4.2 Relations between the digital and analog median filters

The following results on the connection between the discrete-time and continuous-time me-
dian filters build upon the sorting of step functions, examined in Section 3.3.

Let ∆ be an arbitrary real number. Define

χi(t) :=

{
1, i∆< t ≤ (i + 1)∆,
0, otherwise.

Any left-continuous piecewise constant function with possible discontinuities at i∆, i ∈ � can
now be expressed as

f∆ = ∑
i

ci χi,

for an adequate choice of the constants ci.
Consider an analog median filter with window length w = (2N + 1)∆ (the case w = 2N∆

can be handled almost similarly, see [10]). The response of the filter to the step function f∆
at the time t will be denoted by g∆(t). The windowed signal at any tn := n∆ + ∆

2 , n ∈ � , will
consist of exactly 2N +1 steps of the step function f∆. On the other hand, the sorting of a step
function can be obtained by sorting the steps by decreasing order (see Example 5 and Fig. 7).
Hence, the sample g∆(tn) can be obtained by sorting the 2N + 1 elements of the sequence ci

that fall inside the analog median window. The value of g∆ at tn is the median of these 2N +1
values. Thus, it is equal to the nth output sample of a digital median filter with a window size
of 2N + 1, which has the sequence ci as input.

Because the response g∆ of the analog median filter to the step function f∆ is also a step
function, it is completely determined by the output samples of the digital median filter g∆(tn),
as explained above. In this sense, it is legitimate to mention “the step function determined by
the output of the digital median filter” (see Fig. 10).

It can be shown [10] that if the sequence fn converges monotonically, then the sortings f n
will also converge. This fact and the density of the set of step functions in several function
spaces establishes the convergence of the outputs of the digital and analog median filter, under
suitable conditions. However, it is more useful to study the convergence with respect to the
smoothness of the input signals. Therefore, we seek to obtain the order of approximation for
functions in a given Lipschitz class.

Consider a continuous-time signal f with modulus of continuity ω f . Let f∆ be an approx-
imating step function with coefficients ci, obtained (for example) by sampling f . Then, as a
consequence of the definition of the modulus of continuity,

| f − f∆| ≤ ω f (∆).



The bound also applies to windowed versions of f and f∆, the sortings of which, when eval-
uated at w/2, are the response of the analog median filter to f and f∆. It is shown in [10] that
if α≤ f −g≤ β, then α≤ f −g≤ β. Therefore, the responses g and g∆ will also satisfy

|g−g∆| ≤ ω f (∆).

Because g∆ can be obtained by applying a digital median filter of size 2N +1 to the sequence
ci, and because the window size of the analog filter is w = (2N +1)∆, we reach the following
conclusions:

Proposition 1 Let the signal f be fed to an analog median filter with window length w. Let
the samples of f , taken with sampling period ∆, be fed to a digital median filter of window
size 2N + 1. The output g of the analog median filter and the step function g∆ reconstructed
from the output of the digital median filter satisfy

|g−g∆| ≤ ω f

(
w

2N + 1

)
,

where ω f denotes the modulus of continuity of f . If f satisfies a Lipschitz condition of order
γ with constant α,

|g−g∆| ≤ α
wγ

(2N + 1)γ .

Thus, the step function determined by the output of the digital median filter converges uni-
formly to the output of the analog median filter, provided that ∆ → 0 and N → ∞, with
(2N + 1)∆ = w (constant).

5. The effect of noise

5.1 Noise width

We now address the problem of determining the effect of noise on the analog median filter
output. In order to do that it is convenient to introduce the concept of signal width.

Definition 1 We say that the signal f has width δ if its sorting f vanishes for x > δ.

There is in general no relation between the width of a deterministic or stochastic signal and
concepts such as energy or variance. It is sufficient to observe that the width of a signal f
is invariant under scaling: the width of f is of course equal to the width of α f , since the
supports of the corresponding sortings are equal.

To estimate the width of an impulsive signal, assume, for example, that N points {ti} are
randomly placed in an interval of length T . The probability of having k points in a subinterval
of length α is (

N
k

)
pk(1− p)N−k,

where p = α/T . If N� 1, p� 1, and k is close to N p, this can be approximated by

e−pN (pN)k

k!
.
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Figure 11: The probability P(n,d) that an impulsive signal multiplied by a rectangular win-
dow of length w has width less than or equal to n∆, plotted as a function of n, for several
possible point densities d (in the range 0.1w to 10w).

When N and T tend to infinity, with N/T constant and equal to d, this point process tends to
a (ergodic) Poisson process with average d. The probability of having at most n points {ti}
inside an interval of fixed length w is given by

P(n,d) = e−dw
n

∑
k=0

(dw)k

k!
.

Consider now a shot noise process, generated by the superposition of functions hk, centered
at the points tk,

s(t) := ∑
k

hk(t− tk).

The hk could as well be realizations of some stochastic process; we need only to assume
that the measure of the support of the hk is at most ∆. Consider now the windowed signal st

obtained from s. If the window length is w, the probability that st has width less than or equal
to n∆ is P(n,d), as plotted in Fig. 11.

In the median filter, the signals to be sorted have a maximum duration w set by the window
used. Their sortings will necessarily vanish for x > w. We will concentrate on certain types
of noise signals that will interact additively with time-limited signals of width at most w, such
as the windowed signals ft upon which the median filter is based. The relative values of δ
and w suggest a distinction between small width or large width noise.

• Small width signals: signals with sortings that vanish for x > δ, with δ� w. Such
signals are allowed to have arbitrary amplitudes (not necessarily small). This model is
adequate to deal with additive, impulsive noise.

• Large width signals: signals f with sortings that satisfy f (x) = c (c a real constant)
throughout an interval of width w−δ, with δ� w. This model is adequate to deal with
multiplicative noise (see [10] for details).



In addition to the classes of signals, we will also consider noise signals of large width, possi-
bly up to w, but of instantaneous amplitude limited to 0< ε� 1.

Note that a windowed signal ft can be of small width for all t even if f itself has arbitrarily
large width.

In the following sections we examine the response of the median filter to the signal-plus-
noise f +n, evaluated at the time instant t, is, by definition, the value at w/2 of the sorting of
ft + nt , the windowed signal-plus-noise. Let this response be denoted by ft + nt(w/2).

The absolute value of the difference between this quantity and the response of the filter to
the noiseless signal, g(t) = ft(w/2), is denoted by E(t):

E(t) := | ft + nt(w/2)− ft(w/2)|= | ft + nt(w/2)−g(t)|.
We will discuss bounds for E(t) in terms of the noise width and the smoothness of the input
signals.

5.2 Additive, small width noise

Let the windowed noise nt be of small width δ. Under this constraint, ft and ft + nt differ
on a set of measure at most δ. The sortings of any functions f and g that differ on sets of
measure at most δ satisfy g(x + δ)≤ f (x)≤ g(x−δ). Consequently,

ft(w/2 + δ)≤ ft + nt(w/2)≤ ft(w/2−δ). (5)

If ft is constant in a sufficiently large neighborhood of w/2, the lower bound and the upper
bound in (5) reduce to g(t) = ft(w/2), and this leads to the following result.

Proposition 2 If ft is constant throughout an interval I containing [w/2− δ,w/2 + δ], the
output of the median filter at t will be unaffected by additive noise nt of width bounded by δ:
E(t) = 0.

Let f be a step function, with the steps more than w apart. Assume that there is one discon-
tinuity at t = 0. We wish to examine the behavior of the median filter with window size w in
the vicinity of this discontinuity, in reference to the previous result.

Since the steps are separated by more than w, the sorting ft is continuous at w/2, for
each nonzero t satisfying |t|< w/2. In fact, ft is constant throughout (w

2 −α, w
2 + α), for all

t satisfying α < |t| < w/2. By the previous result, the median filter will reject any additive
noise of width less than α, except possibly for values of t closer to the discontinuities than α.

If the instants where the discontinuities occur are known beforehand, so will the zones of
uncertainty. The original step signal can then be recovered exactly, by sampling the median
filtered signal at the middle point of each step.

5.3 Using Lipschitz conditions

Subtracting from (5) the response of the filter to the noiseless signal, ft(w/2), leads to

E(t)≤ | ft(w/2−δ)− ft(w/2)|,
and so

E(t)≤ ω ft
(δ).

Since the sorting of a continuous function belongs to the same Lipschitz class as the function
itself, we reach the following conclusion.



Proposition 3 If f satisfies a Lipschitz condition of order γ and constant α, and the width of
the noise nt is bounded by δ, then

E(t)≤ αδγ.

5.4 Nonnegative signal and noise

If f and g are nonnegative,
f + g(α + β)≤ f (α) + g(β).

Applying this, we see that ff the signal and the noise are nonnegative,

ft + nt(w/2)≤ ft(w/2−δ) + nt(δ).

Therefore,
E(t)≤ ω ft

(δ) + nt(δ),

and the invariance of the Lipschitz classes under sorting leads to the following conclusion.

Proposition 4 If f ≥ 0 and the width of the noise nt is bounded by δ, then

E(t)≤ ω f (δ) + nt(δ).

If the width of the noise is below δ, E(t)≤ ω f (δ), as in the previous cases.

5.5 Low-amplitude large width noise

Assume now that the noise is the sum of a large width, low-amplitude component u, |u(t)| ≤ ε,
and a small width component v. In this case, we have

ft + vt(w/2)− ε≤ ft + ut + vt(w/2)≤ ft + vt(w/2) + ε,

and so
ft(w/2 + δ)− ε≤ ft + ut + vt(w/2)≤ ft(w/2 + δ) + ε.

Subtracting the response to f leads to

ft(w/2 + δ)− ft(w/2)− ε ≤ ft + ut + vt(w/2)− ft(w/2)

≤ ft(w/2 + δ)− ft(w/2) + ε,

and we have the next proposition.

Proposition 5 Assume that the noise can be expressed as n = u + v, where |u| ≤ ε, and v has
width at most δ. Then,

E(t)≤ ω f (δ) + ε.



6. Conclusion

Additive fuzzy systems are one of the many techniques that have been used to deal with
impulsive noise. They are universal approximators, equivalent to a graph cover with local
averaging, but suffer from the curse of dimensionality: the number of rules grows exponen-
tially with the number of input and output variables. Other related approaches, based for
example on radial basis function neural networks, face the same difficulty. Digital median
filters, and other order-statistics digital filters, are also useful to suppress impulsive noise, but
the digital implementation of the sorting operation and the need for A/D and D/A conversion
lead to complex implementations. Analog solutions might be the answer, but the meaning
of “sorting” in the continuous-time case, and the connection between the digital and analog
cases, must be clarified.

The results reviewed in this paper contribute toward this goal, but their interest goes be-
yond the median filter. As an example, the concept of rearrangement naturally appears when
examining the meaning of “uncertainty” U(π) associated with a set membership function
π(x). The task is simpler when π(x) takes only a finite number of possible values, in which
case the sorting poses no difficulties. But if the set membership function is unrestricted, the
correct definition brings the distribution function (or the rearrangement) to scene. Thus, the
same concepts that arise in the study of the rank-order concept in the continuous-time case
occur in the study of certain aspects of fuzzy information theory. The concept of rearrange-
ment is indeed a fundamental one, and it is natural that it plays a key role in several nonlinear
problems.
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