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o júri
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resumo O uso de lógicas h́ıbridas permite-nos descrever estruturas relacionais, uma

vez que recorrem a um mecanismo para nomear estados, o que faz com

que seja posśıvel especificar igualdades entre estados, o que acontece num

estado em particular, e reportar acerca da presença e ausência de transiçẽs

entre estados.
No entanto, em casos em que a informação obtida acerca de uma destas

estruturas contém contradições, a lógica h́ıbrida clássica não é suficiente e

uma versão paraconsistente é necessária de modo a ser posśıvel continuar

a fazer inferências em tal estrutura.
As lógicas paraconsistentes permitem a ocurrência de inconsistências sem

que o sistema colapse, e o seu desenvolvimento tem sido motivado não

só por interesses teóricos mas também pelo surgimento de problemas em

diferentes doḿınios cient́ıficos, como Ciência da Computação, Medicina ou

Robótica.
O objetivo desta tese é o desenvolvimento de lógicas h́ıbridas paracon-

sistentes capazes de lidar com inconsistências locais ao ńıvel de variáveis

proposicionais, e posteriormente capazes também de lidar com incon-

sistências ao ńıvel das relações de acessibilidade.

Vamos tornar posśıvel descrever estruturas inconsistentes através do uso de

fórmulas h́ıbridas simples, recorrendo a diagramas, e vamos também apre-

sentar sistemas corretos e completos baseados em tableaux, completamente

funcionais mesmo nos casos em que a base de dados e a fórmula cuja con-

sequência queremos estudar são inconsistentes. Introduzimos medidas de

inconsistência que nos permitem comparar diferentes estruturas e fontes de

informação e decidir qual é menos inconsistente e definimos novas noções

de bissimulação.





keywords hybrid logic, paraconsistency, diagram, inconsistency measures, tableau,

bisimulation

abstract The use of hybrid logics allows us to describe relational structures, as they

resort to a mechanism to name states, which makes it possible to specify

equalities between states, what happens at particular states, and report the

presence and absence of transitions between states.

Nonetheless, in cases where the information obtained about one of these

structures contains contradictions, classical hybrid logic is not enough and a

paraconsistent version is necessary to keep it possible to reason within that

structure.
Paraconsistent logics allow inconsistencies without producing the collapse of

the systems and their development has been driven not only by theoretical

interest, but also by genuine problems in different scientific domains, such

as Computer Science, Medicine or Robotics.

The aim of this thesis is the development of paraconsistent hybrid tools that

can cope with inconsistencies at the level of the propositional variables, thus

locally at each state, and that later can cope with inconsistencies at the

level of the accessibility relations as well.

We will make it possible to describe inconsistent structures by means of

simple hybrid formulas, via diagrams, and we will also present sound and

complete tableau-based decision procedures that work even when a database

and/or a query are inconsistent. We introduce measures of inconsistency to

allow us to compare between different structures and sources of information

and decide which is less inconsistent and we also define new notions of

bisimulation.





Contents

Contents i

1 Introduction 1

2 Background:

Basic hybrid (multimodal) logic 9

2.1 Formal representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Hybrid diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 Tableau system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Bisimulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3 Inconsistencies at the level of the propositional variables 19

3.1 Quasi-hybrid (multimodal) logic . . . . . . . . . . . . . . . . . . . . . . . 20

Quasi-hybrid consequence relation . . . . . . . . . . . . . . . . . . 27

Strong consequence relation . . . . . . . . . . . . . . . . . . . . . . 50

3.2 Belnapian hybrid (multimodal) logic . . . . . . . . . . . . . . . . . . . . . 57

3.3 Representation of models via diagrams . . . . . . . . . . . . . . . . . . . . 84

3.4 Inconsistency measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

3.5 Paraconsistent bisimulation . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4 Inconsistencies at the level of the accessibility relations 115

4.1 Dyadic-belnapian hybrid logic . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.2 Consequence relation and a tableau-based decision procedure . . . . . . . 122

4.3 Representation of models via diagrams . . . . . . . . . . . . . . . . . . . . 135

4.4 Inconsistency measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

4.5 Dyadic bisimulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5 Conclusion, applications & future work 147

i



Bibliography 153

ii



Chapter 1

Introduction

From modal to hybrid logics

Modal logics, [19], provide a simple formalism for working with relational structures

(or multigraphs). They are formal systems incorporating modalities (or modes of truth)

such as the alethic modality that distinguishes between what is necessary, possible, and

impossible; the epistemic modality with which we can express that something is known,

consistent with what is known, or known to be false; the deontic modality, useful to

state that something is obligatory, permissible, or prohibited; among others.

In the case of basic modal logic, modal operators 2 and 3 are added to propositional

logic. The modal operator 2 expresses necessity and its dual 3 captures the notion of

possibility: the formula 2ϕ means that it is necessary that ϕ, or, in other words, that ϕ

is the case in every possible circumstance; and the formula 3ϕ means that it is possible

that ϕ, or, in other words, that ϕ is the case in at least one possible circumstance. These

two modal operators are dual in a similar sense as the duality between quantifiers ∀ and

∃, namely 2ϕ ≡ ¬3¬ϕ.

The study of modal logic dates back to the very beginning of logic itself, in the work of

Aristotle whom, in addition to the concern about describing “for all/for some” sentences,

also thought about the logical relationships between possibility and necessity. This

subject was picked up again in the beginning of the twentieth century. In fact, modern

modal logic is said to have been founded in 1910 by Clarence Lewis in his Harvard thesis.

Arthur Prior created modern temporal logic, closely related to modal logic, in 1957 by

adding modal operators F and P meaning “eventually” and “previously”, [70]. And the

contemporary era in modal semantics began in 1959, when Saul Kripke introduced the,

now standard, Kripke semantics for modal logics.
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Kripke’s models are built out of three things: (i) a set of possible worlds (also known

as states), (ii) an accessibility relation between worlds that details which possible worlds

are “accessible” from which, and (iii) a valuation, that determines for atomic propositions

whether they are true or false at a possible world. This valuation is then extended to

determine if formulas are true or false at a possible world. Formulas involving modal

operators are evaluated as follows: 3ϕ is true in a possible world w if and only if there

is a possible world accessible from w where ϕ is true; similarly 2ϕ is true in a possible

world w if and only if ϕ is true in all worlds accessible from w.

The development of modal logic after this point has been rapid and very diverse.

Logicians realized that Kripke models are, from a mathematical point of view, nothing

other than graphs. Thus we can think of Kripke models as interpretations of a modal

language and conversely we can think of modal languages as tools to talk about graphs.

Modal logic then becomes an instrument for describing properties of graphs, and for

proving that a graph has certain properties.

Nonetheless, modal logics lack in mechanisms for naming possible worlds, asserting

equalities and describing accessibility relations between them. Hybrid logics, [18], whose

history begins with Arthur Prior’s work in tense logic in the 50s, appear as an extension of

propositional modal logic that overcomes this issue. For a start, hybrid logics consider a

new class of atomic formulas, called nominals, which are true at exactly one state. Then,

there is a number of options for adding further machinery. The so called satisfaction

operator @ is one of the standard options, and is used as follows: if i is a nominal and

ϕ is an arbitrary formula, then a new formula @iϕ called a satisfaction statement can

be built. This machinery allows us to express what happens at a specific state:

@iϕ is true relative to a state w if and only if ϕ is true

in the unique state named by the nominal i

(i.e., the state where i is true).

Note that actually the state w does not matter in the truth condition for a satisfaction

statement @iϕ since the satisfaction operator @ shifts the state of evaluation to the state

named by i, whatever the identity of w.

We may also express that two states are identical:

@ij is true relative to a state w if and only if j is true

in the unique state named by the nominal i

i.e., the world named by i is the same as the one named by j;

and accessibility between states:
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@i3j is true relative to a state w if and only if the world named by j

is accessible from the world named by i in one step.

In a standard modal logic there are properties of the underlying transition structure

which are simply not definable but that are easily expressed in a hybrid extension, such

as irreflexivity, asymmetry or antisymmetry. Nonetheless, although being strictly more

expressive than its modal fragment, the basic hybrid logic – where only nominals and

the satisfaction operator are added – does not increase the complexity of the problem of

determining whether a formula is valid or not, which is still decidable. However, in the

strong Priorean logic, where quantification over world variables is added, the complexity

of that problem increases.

We have seen nominal-like features and glimpses of the hybrid machinery already in

the work of Arthur Prior. In what he called the I-(later U-)calculus, propositions of the

tense calculus are treated as predicates expressing properties of dates, represented by

variables. He established that the formula px should be read as “p at x” and considered

a binary relation I over dates, where xIy should be read as “y is later than x”, [26].

By representing the time of utterance by means of an arbitrary date x, Fp means:

“it is now the case that it will be the case that p happens” and it is equated with

∃y(xIy ∧ py). Similarly for the past, Pp is equated with ∃y(yIx ∧ py).

In order to obtain a Kripke model for the logic of time, possible worlds become

moments in time and the accessibility relation is taken as an ordering relation between

moments in time. Thus the formula Fp is true at moment w if for some moment v in

the future, i.e., a moment such that w < v, p is true at v; analogously the formula Pp

is true at moment w if for some moment v in the past, i.e., a moment such that v < w,

p is true at v.

Some years later, in the 80s, the Bulgarian school of logic, also known as Sofia

school, (namely Passy, Tinchev, Gargov and Goranko) revived the interest in hybrid

logic. They explored the fact that the union of two accessibility relations is definable

in the basic modal language in the sense that the formula 〈T 〉p ↔ 〈U〉p ∨ 〈S〉p is valid

on a frame precisely if RT , the relation that interprets 〈T 〉, is the union of RU and

RS , respectively the relation that interprets 〈U〉 and the relation that interprets 〈S〉.
Yet, and it came as a surprise, the intersection of two accessibility relations does not

work in the same way [46]. Later, Gargov, Passy and Tinchev showed in [45] that the

intersection can be defined using nominals by stating that 〈T 〉i ↔ 〈U〉i ∧ 〈S〉i, where

RT is the relation that interprets 〈T 〉, and is the intersection of RU and RS , respectively

the relation that interprets 〈U〉 and the relation that interprets 〈S〉. The same occurs
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for complementation: although there is no formula of the basic modal logic that is valid

on a frame where the accessibility relation that interprets 〈U〉 is the complement of

the accessibility relation that interprets 〈S〉, there is such a formula when nominals are

added to the language and it is defined that 〈U〉i↔ ¬〈S〉i.
An interesting result observed in [67] by Passy and Tinchev is that named models,

i.e., models in which each world is named by a nominal, can be completely described by

a set of formulas of the form @ip,@i¬p,@ij,@i¬j,@i3j,@i2¬j, known as the diagram

of a model. Clearly such property holds in the basic hybrid logic (H(@)) as it depends

solely on the nominals and satisfaction operator machinery.

Tableau, Gentzen, and natural deduction style proof-theory for hybrid logic work

very well compared to ordinary modal logic. Usually, when a modal tableau, Gentzen,

or natural deduction system is given, it is for one particular modal logic and it has

turned out to be problematic to formulate such systems for modal logics in a uniform

way without introducing metalinguistic machinery. This can be remedied by hybridiza-

tion, that is, hybridization of modal logics enables the formulation of uniform tableau,

Gentzen, and natural deduction systems for wide classes of logics.

Hybrid logics have been an opulent source of inspiration for many researchers in

many areas: they have applications in the areas of feature logic, model theory, proof

theory, and the logical analysis of natural language. They grew up to be an independent

and mature subject, addressed nowadays by many logicians, such as Patrick Blackburn,

Maarten Marx and Carlos Areces with results on interpolation and complexity of hybrid

logics ([7, 5, 6]), Balder ten Cate with contributions on the domain of bisimulation in

hybrid logics, the latter together with Patrick Blackburn with contributions on Hilbert

axiomatizations for some extensions of basic hybrid logic [22], and Torben Braüner’s

work on first-order hybrid logic [27], intuitionistic hybrid logic [28] and many-valued

hybrid logic [52]. Works on hierarchical hybrid logic [60] and hybridization [63, 59, 65]

by Alexandre Madeira, Manuel Martins and Lúıs Barbosa and hybrid type theory [3, 61]

by Maŕıa Manzano, Antónia Huertas, Carlos Areces and Patrick Blackburn have been

especially addressed lately.

However, there is one area in which hybrid logics have not yet been given much

attention: paraconsistency.

The rise of paraconsistency

Paraconsistent logics were created with the purpose of allowing inconsistencies with-

out producing the collapse of systems. They do so by excluding the Principle of Non-
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Contradiction which states that from contradictory premises any formula can be derived.

The prefix “para”, of Greek origin, has three synonyms: (1) “against”, as in “paradox”,

Greek for “against the common sense”; (2) “beyond”, as in “paranormal”; and finally

(3) “very similar”, “connected” or “nearby” as in “parallel” and “parabola”.  Lukasiewicz

was a pioneer in discussing the possibility of violating this principle. His disciple, Sta-

nis law Jaśkowski, constructed the first system of propositional paraconsistent logic and

for the last sixty years many philosophers, logicians and mathematicians have become

involved in this area, with the Brazilian logic school (Newton da Costa, Walter Carnielli,

Jean-Yves Béziau, João Marcos, etc.) taking a prominent role.

Discussed for almost a century, paraconsistency is a growing topic of interest and

many paraconsistent logics have been developed over the years, either to meet different

aims or to target genuine problems in different scientific domains, such as Computer

Science, Medicine or Robotics. In Computer Science, subdomains like requirements en-

gineering ([43]), artificial intelligence ([44]) and automated reasoning within information

processing knowledgebases ([42]), are among the most relevant areas in which paracon-

sistent logic can address difficulties raised by inconsistent data.

Traditionally, the consensus amongst the computer science community is that in-

consistency is undesirable and many people belive that databases, knowledgebases, and

software specifications should be completely free of inconsistency and thus try to erad-

icate inconsistency from them by any means possible. However, this approach fails to

use the benefits of inconsistency: if contradictory information is the norm rather than

the exception in the real world, it should be formalized and used and one should take

advantage from it. Contradictory information does not always mean wrong information,

it can mean fraudulent information: detecting it can be a plus, resolving it can result in

the loss of valuable information.

Comparing heterogeneous sources often involves comparing conflicts and there are

examples of our daily life where we apply a paraconsistent reasoning: suppose we are

dealing with a group of clinicians advising on some patient, a group of witnesses of some

incident, or a set of newspaper reports covering some event. These are all situations

where we expect some degree of inconsistency in the information. Therefore inconsisten-

cies are no longer seen purely as anomalies and paraconsistent logics are viewed as flexible

logical systems able to handle heterogeneous and complex data as they accommodate

inconsistency in a sensible manner that treats inconsistent information as informative.

There are quite a few approaches to paraconsistent modal logics, such as [73] and

[66]; however, the same cannot be said about hybrid extensions but this is about to

change.
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Overview

We now provide a more detailed description of each topic studied in this thesis:

Chapter 2: Background

In order to familiarize the reader with the subject of hybrid logic there is a chapter

dedicated to an overview on this topic. This chapter includes notions of hybrid struc-

ture, satisfaction and diagram, presents a tableau system and discusses the concept of

bisimulation.

The results of this thesis are detailed in Chapter 3 and Chapter 4:

Chapter 3: Inconsistencies at the level of the propositional variables

We have already advocated that hybrid logic has three major pillars: it allows us

to express what happens at specific worlds, to express equality and transitions between

worlds.

In this chapter we address the idea that inconsistencies may appear locally, at specific

worlds, and we come up with new environments where such can be expressed and rea-

soned with, namely quasi-hybrid (multimodal) logic and belnapian hybrid (multimodal)

logic.

Main results:

1. Development of logics that allow local inconsistencies at the level of propositional

variables;

2. Development of consequence relations and sound and complete tableau-based pro-

cedures to check if a (possibly inconsistent) formula derives from a (possible in-

consistent) finite set of formulas;

3. Representation of models via diagrams, and the development of an algorithm such

that from the open branches of a tableau with root ∆ (which should be finite) one

extracts models for ∆ represented via its diagram;

4. Introduction of measures of inconsistency for models and databases;

5. Extension of the concept of bisimulation for the paraconsistent environment we are

in; proof that the logics presented are invariant under paraconsistent bisimulation.

Chapter 4: Inconsistencies at the level of the accessibility relations

The goal of this chapter was to move on to another pillar of hybrid logic and allow

inconsistencies at the level of the accessibility relations. We thus introduce dyadic-

belnapian hybrid logic. The main results in this chapter follow the same topics as in the

previous one:

6



Main results:

1. Development of a logic that allow local inconsistencies at the level of the proposi-

tional variables and at the level of the accessibility relations;

2. Development of a consequence relation and a sound and complete tableau-based

procedure to check if a (possibly inconsistent) formula derives from a (possible

inconsistent) set of formulas;

3. Representation of models via diagrams, and the development of an algorithm such

that from the open branches of a tableau with root ∆ (which should be finite) one

extracts models for ∆ represented via its diagram;

4. Introduction of measures of inconsistency for models and databases;

5. Extension of the concept of bisimulation for the paraconsistent environment we

are in; even though we introduced the most natural extension one can think of,

the logic presented is not invariant under that definition.

Chapter 5: Conclusion, applications & future work

We introduce some final comments and then discuss some possible applications of

this work, some of them already studied. This chapter also gives an enlarged view on

future work, namely work in progress, and exposes some open problems.

7
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Chapter 2

Background:

Basic hybrid (multimodal) logic

This chapter intends to recall the simplest form of hybrid logic – the basic hybrid

logic – in an extended version with modalities, H(@, π). This logic adds to basic (multi-)

modal logic (also known as propositional (multi-) modal logic) nominals and the satis-

faction operator. It is interesting to see how such simple extension carries such great

power in terms of expressivity.

2.1 Formal representation

The syntax of H(@, π) is defined as follows:

Definition 2.1.1. Let Lπ = 〈Prop,Nom,Mod〉 be a hybrid (multimodal) similarity type

where Prop is a countable set of propositional variables, Nom is a countable set disjoint

from Prop and Mod is a countable set of modality labels. We use p, q, r, etc. to refer to

the elements in Prop. The elements in Nom are called nominals and we typically write

them as i, j, k, etc. Modalities are usually represented by π, π′, etc.

The well-formed formulas over Lπ, Form@(Lπ), are defined by the following recursive

definition:

ϕ,ψ := i | p | ⊥ | > | ¬ϕ | ϕ ∨ ψ | ϕ ∧ ψ | 〈π〉ϕ | [π]ϕ | @iϕ

where i ∈ Nom, p ∈ Prop, π ∈ Mod.

For any nominal i and any formula ϕ, @iϕ is called a satisfaction statement.

Both @ and @i, where i ∈ Nom, will be referred to as satisfaction operator.

9



A hybrid structure is defined as a Kripke frame:

Definition 2.1.2. A hybrid (multimodal) structure H is a tuple (W, (Rπ)π∈Mod , N, V ),

where:

– W is a non-empty set called the domain whose elements are called states or worlds;

– each Rπ is a binary relation, called π-accessibility relation, such that Rπ ⊆W×W ;

– N : Nom → W is a function called hybrid nomination that assigns nominals to

elements in W such that for any nominal i, N(i) is the element of W named by i;

– V is a hybrid valuation, i.e. a function with domain Prop and range P(W ) such

that V (p) returns the worlds where p is true.

The pair (W, (Rπ)π∈Mod) is called the frame underlying H and H is said to be a

hybrid structure based on this frame.

The satisfaction relation comes as a generalization of Kripke’s satisfaction for modal

logic:

Definition 2.1.3 (Satisfaction). The local satisfaction relation  between a hybrid struc-

ture H = (W, (Rπ)π∈Mod , N, V ), a state w ∈ W and a hybrid formula is recursively

defined by:

– H, w  i iff w = N(i);

– H, w  p iff w ∈ V (p);

– H, w  ⊥ never;

– H, w  > always;

– H, w  ¬ϕ iff H, w 6 ϕ;

– H, w  ϕ ∧ ψ iff H, w  ϕ and H, w  ψ;

– H, w  ϕ ∨ ψ iff H, w  ϕ or H, w  ψ;

– H, w  〈π〉ϕ iff ∃w′ ∈W (wRπw
′ and H, w′  ϕ);

– H, w  [π]ϕ iff ∀w′ ∈W (wRπw
′ implies H, w′  ϕ);

– H, w  @iϕ iff H, w′  ϕ, where w′ = N(i);

If H, w  ϕ we say that ϕ is satisfied in H at w. If ϕ is satisfied at all states in a

structure H, we write H  ϕ and say that ϕ is globally satisfied in H. If ϕ is satisfied

10



at all states in all structures based on a frame F, then we say that ϕ is valid on F and

we write F  ϕ. If ϕ is valid on all frames, then we say that ϕ is valid and we write

 ϕ.

For ∆ ⊆ Form@(Lπ), H is a model of ∆ if and only if H  δ, for all δ ∈ ∆.

Formulas in Form@(Lπ) are equivalent if they fit in the following definition:

Definition 2.1.4. Two formulas ϕ,ψ ∈ Form@(Lπ) are said to be equivalent in H(@, π),

denoted ϕ ≡ ψ, if and only if for all hybrid structure H = (W, (Rπ)π∈Mod , N, V ) and all

w ∈W ,

H, w  ϕ iff H, w  ψ.

Given this definition, observe the following equivalences:

1. @i(ϕ ∨ ψ) is equivalent to @iϕ ∨@iψ;

2. @i(ϕ ∧ ψ) is equivalent to @iϕ ∧@iψ;

3. @i@jϕ is equivalent to @jϕ;

4. ¬@iϕ is equivalent to @i¬ϕ;

5. ϕ ∨ (ψ ∧ δ) is equivalent to (ϕ ∨ ψ) ∧ (ϕ ∨ δ);

6. 〈π〉ϕ is equivalent to ¬[π]¬ϕ.

Next, the definition of formulas in negation normal form:

Definition 2.1.5. A hybrid formula is said to be in negation normal form, NNF for

short, if negation only appears directly before propositional variables and/or nominals.

The set of NNF formulas over Lπ, FormNNF(@)(Lπ), is recursively defined as follows:

For p ∈ Prop, i ∈ Nom, π ∈ Mod,

– ⊥,> are in NNF;

– p, i, ¬p, ¬i are in NNF;

– if ϕ, ψ are formulas in NNF, then ϕ ∨ ψ, ϕ ∧ ψ are in NNF;

– if ϕ is in NNF, then [π]ϕ, 〈π〉ϕ,@iϕ are in NNF.

A formula in basic hybrid (multimodal) logic is equivalent to a formula in negation

normal form, as the next result proves:
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Proposition 2.1.6. Every formula ϕ ∈ Form@(Lπ) is equivalent to a formula

ϕ∗ ∈ FormNNF(@)(Lπ).

Proof. The proof is achieved by induction on complexity. The base step is trivial: if

ϕ = p,¬p, i,¬i,>,⊥, then ϕ is itself in negation normal form.

(Induction Hypothesis) Let us assume that ψ, δ are equivalent to ψ∗, δ∗, which

are formulas in negation normal form, and that ¬ψ,¬δ are equivalent to ψ†, δ†, which

are formulas in negation normal form as well.

a) If ϕ = ψ ∧ δ, given that ψ ≡ ψ∗ and δ ≡ δ∗ (I. H.), then ϕ ≡ ψ∗ ∧ δ∗, and by

definition ψ∗ ∧ δ∗ is a formula in negation normal form. The case for disjunction

is similar.

b) If ϕ = 〈π〉ψ, by I. H. ϕ ≡ 〈π〉ψ∗, which is in negation normal form. The case for

[π] is similar.

c) If ϕ = @iψ, by I. H. ϕ ≡ @iψ
∗, which is in negation normal form.

d) If ϕ = ¬¬ψ, then ϕ ≡ ψ. By I. H. ϕ ≡ ψ∗, thus ϕ is equivalent to a formula in

negation normal form.

e) If ϕ = ¬(ψ ∧ δ), then ϕ ≡ ¬ψ ∨¬δ. Given that ¬ψ ≡ ψ† and ¬δ ≡ δ† (I. H.), then

ϕ ≡ ψ† ∨ δ† which, by definition, is a formula in negation normal form. The case

for disjunction is similar.

f) If ϕ = ¬〈π〉ψ, then ϕ = [π]¬ψ. By I. H. ϕ ≡ [π]ψ†, which is in negation normal

form. The case for [π] is similar.

g) If ϕ = ¬@iψ, then ϕ ≡ @i¬ψ. By I. H. ϕ ≡ @iψ
†, which is in negation normal

form.

The map nnf : Form@(Lπ)→ FormNNF(@)(Lπ) as defined below is a recursive proce-

dure that takes a hybrid formula and puts it in negation normal form:

– nnf(ϕ)
def
= ϕ, for ϕ of the form p,¬p, i,¬i,>,⊥, where p ∈ Prop, i ∈ Nom;

– nnf(¬>)
def
= ⊥;

– nnf(¬⊥)
def
= >;

– nnf(ψ1 ∨ ψ2)
def
= nnf(ψ1) ∨ nnf(ψ2);

12



– nnf(ψ1 ∧ ψ2)
def
= nnf(ψ1) ∧ nnf(ψ2);

– nnf(¬(ψ1 ∨ ψ2))
def
= nnf(¬ψ1) ∧ nnf(¬ψ2);

– nnf(¬(ψ1 ∧ ψ2))
def
= nnf(¬ψ1) ∨ nnf(¬ψ2);

– nnf([π]ψ)
def
= [π]nnf(ψ);

– nnf(¬[π]ψ)
def
= 〈π〉nnf(¬ψ);

– nnf(〈π〉ψ)
def
= 〈π〉nnf(ψ);

– nnf(¬〈π〉ψ)
def
= [π]nnf(¬ψ);

– nnf(¬¬ψ)
def
= nnf(ψ);

– nnf(@iψ)
def
= @innf(ψ);

– nnf(¬@iψ)
def
= @innf(¬ψ);

2.2 Hybrid diagrams

In order to define the diagram of a hybrid structure, the concepts of hybrid atom

and hybrid literal must be introduced.

Definition 2.2.1. For a hybrid similarity type Lπ = 〈Prop,Nom,Mod〉, we define

– Hybrid atoms over Lπ:

HAt(Lπ) = {@ip,@ij,@i〈π〉j | i, j ∈ Nom, p ∈ Prop, π ∈ Mod}

– Hybrid literals over Lπ:

HLit(Lπ) = {@ip,@i¬p,@ij,@i¬j,@i〈π〉j,@i[π]¬j | i, j ∈ Nom, p ∈ Prop,

π ∈ Mod}

An important feature of hybrid logic is the fact that we can specify Robinson dia-

grams [7]. Following a similar approach to that used in first-order logic, in order to define

the diagram of a hybrid structure the hybrid similarity type Lπ is extended by adding

new nominals such that all the elements of the domain are named. The denotation

Lπ(W ) is used for this new hybrid similarity type.

Given a hybrid structure H = (W, (Rπ)π∈Mod , N, V ) over Lπ, H(W ) denotes the

natural expansion of H in order to extend N to the new nominals in Lπ(W ).

The diagram of a hybrid structure H over Lπ is the set of literals over Lπ(W ) that

are valid in H(W ). Formally:
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Definition 2.2.2. For a hybrid similarity type, Lπ = 〈Prop,Nom,Mod〉, and a hybrid

structure over Lπ, H = (W, (Rπ)π∈Mod , N, V ), the diagram of H, Diag(H), is the set

of hybrid literals over L(W ) that hold in H(W ), i.e.,

Diag(H) = {α ∈ HLit(Lπ(W )) | H(W )  α}.

In Example 2.2.3, it is presented the diagram for the hybrid structure represented.

Example 2.2.3. Let Lπ = 〈{p, q}, {}, {π}〉, and W = {u, v, w}.

,

Figure 2.1: A hybrid structure.

The hybrid structure H described in Figure 2.1 has the following diagram:

Diag(H) = {@ip,@i¬q,@j¬p,@jq,@kp,@kq

@i¬j,@i¬k,@j¬i,@j¬k,@k¬i,@k¬j
@i〈π〉j,@i[π]¬i,@i[π]¬k,@j〈π〉k,@j [π]¬i
@j [π]¬k,@k[π]¬i,@k[π]¬j,@k[π]¬k}

where H(W ) is such that N(i) = u,N(j) = v,N(k) = w.

Let us recall that given Lπ and W , the diagram of a structure is unique, up to the

nominals chosen to expand the hybrid similarity type, when necessary.

2.3 Tableau system

Tableau systems rely on a backwards reasoning. A tableau is a tree created using

some predefined rules, and whose starting point, the root, is the negation of the formula

whose validity we want to check. If we come to a point where each branch of the tree

contains both a formula of the form ϕ and its negation ¬ϕ, we say that the tableau is

closed and verify that there are no counter-models for the original formula, thus it is

proved that the formula is valid.
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The rules introduced in [25] take the connectives ¬, ∧ and 〈π〉 as primitive and ∨
and [π] to be defined over those. We restrict the rules to the basic hybrid case as follows:

@i¬ϕ
¬@iϕ

(¬)
¬@i¬ϕ

@iϕ
(¬¬)

@i(ϕ ∧ ψ)

@iϕ
@iψ

(∧)
¬@i(ϕ ∧ ψ)

¬@iϕ ¬@iψ
(¬∧)

@i@jϕ

@jϕ
(@)

¬@i@jϕ

¬@jϕ
(¬@)

@i〈π〉ϕ
@i〈π〉t
@tϕ

(〈π〉)(i) ¬@i〈π〉ϕ,@i〈π〉j
¬@jϕ

(¬〈π〉)

@ii
(Ref)(ii)

@ij,@iϕ

@jϕ
(Nom1) (iii)

@ij,@i〈π〉k
@j〈π〉k

(Nom2)

(i) t is a new nominal

(ii) i on the branch

(iii) ϕ ∈ Prop ∪Nom

This system deals with satisfaction statements only. Note that since we have taken

the connectives ∨ and [π] to be defined, not primitive, they do not need separate rules.

It is straightforward to check that the rules of this system are sound in the sense that

if the premise of a rule has a model, then this model, possibly with modified references

to new nominals, is a model for at least one conclusion of the rule.

The decision procedure introduced in [25] is as follows: Given a formula @iϕ whose

validity we have to decide, a systematic tableau construction algorithm constructs a

finite tableau having the formula ¬@iϕ as the root formula. If the tableau has an open

branch, then a model for ¬@iϕ can be obtained. Thus, in this case, the formula @iϕ

is not valid. On the other hand, in the case where there are no open branches in the

tableau, it follows from soundness of the tableau rules that ¬@iϕ does not have a model,

hence @iϕ is valid.
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2.4 Bisimulation

In this section the notion of bisimulation between hybrid structures, sometimes called

bisimulation with constants, is addressed. Bisimulation is the fundamental notion of

equivalence between states for modal logic. They are seen as binary relations that con-

nect worlds in which the atomic information (i.e., nominals and propositional variables)

is the same, and where the accessibility relations match, [6].

The definition of bisimulation for the multimodal version of basic hybrid logic comes

as follows:

Definition 2.4.1 (Bisimulation). Let L = 〈Prop,Nom,Mod〉 be a hybrid similarity type.

Let H = (W, (Rπ)π∈Mod , N, V ) and H′ = (W ′, (R′π)π∈Mod , N
′, V ′) be two hybrid struc-

tures. A H(@, π)-bisimulation between H and H′ is a non-empty relation Z ⊆W ×W ′

such that:
– all points named by nominals are related by Z, i.e., for each i ∈ Nom, N(i)ZN ′(i);

– for every pair (w,w′) ∈ Z we have:

* atomic conditions:
o w ∈ V (p) iff w′ ∈ V ′(p), for all p ∈ Prop;

o N(i) = w iff N ′(i) = w′, for all i ∈ Nom;

* if wRπu for some u ∈ W , then there is some u′ ∈ W ′ such that w′R′πu
′ and

uZu′ (Zig);

* conversely: if w′R′πu
′ for some u′ ∈ W ′, then there is some u ∈ W such that

wRπu and uZu′ (Zag).

In order to illustrate this definition, an example of a bisimulation is presented:

Example 2.4.2. Let L = 〈{p, q}, {}, {π}〉 be a hybrid similarity type and H = (W,Rπ,

N, V ) and H′ = (W ′, R′π, N
′, V ′) be two hybrid structures. A bisimulation Z is repre-

sented in the following figure:

, ,

,

Figure 2.2: A H(@, π)-bisimulation.
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A pointed hybrid structure is a pair (H, w) where H is a hybrid structure and w

is an element of H. Two pointed hybrid structures (H, w) and (H′, w′) are bisimilar if

there is a H(@, π)-bisimulation Z between H and H′ such that wZw′.

Hybrid satisfaction is invariant under bisimulation (cf. [75]):

Theorem 2.4.3 ([19]). Basic hybrid logic is invariant under bisimulation: let Lπ be a

hybrid similarity type; if two pointed hybrid structures (H, w) and (H′, w′) are bisimilar,

then, for any ϕ ∈ Form@(Lπ), one has that:

H, w  ϕ iff H′, w′  ϕ.

The reciprocal is not true in general, but we can consider a restriction to image-finite

structures, i.e. structures such that for each world u and each modality π the set

{v ∈W | uRπv} is finite:

Theorem 2.4.4 ([19]). Let Lπ be a hybrid multimodal similarity type, H and H′ be

image-finite structures over Lπ, w ∈ W and w′ ∈ W ′. The pointed structures (H, w)

and (H′, w′) are bisimilar if and only if H, w  ϕ⇔ H′, w′  ϕ, for all ϕ ∈ Form@(Lπ).
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Chapter 3

Inconsistencies at the level of the

propositional variables

The goal of this chapter is to allow (local) inconsistencies at the level of the propo-

sitional variables. There will be introduced two paraconsistent versions of hybrid logic

in which this is accomplished, namely quasi-hybrid (multimodal) logic and belnapian

hybrid (multimodal) logic.

The former is inspired by the work of Besnard and Hunter with quasi-classical logic

introduced in [16]. Their approach considers only formulas in conjunctive normal form,

whereas the hybrid version about to be presented considers only formulas in negation

normal form. The latter is less restrictive; in fact, in belnapian hybrid logic every hybrid

formula is admissible.

Both quasi-hybrid and belnapian (multimodal) logics define the semantics for dis-

junction using a version of the disjunctive syllogism. The use of disjunctive syllogism is

not so common, but there are some discussions about its use, namely [10]. We advocate

in favor of its use, as it behaves as a safety net that ensures that the disjunction between

two formulas really holds. We will get into more details further along.

When dealing with belnapian hybrid logic, we also introduce an implication connec-

tive, and although we could choose between several interpretations of what an implica-

tion means in a paraconsistent logic, it seemed natural to adopt the definition of weak

implication, as in [73], for its involvement with modal formulas of the form 〈π〉ϕ.

For each of these logics, we introduce a consequence relation and a tableau-based

decision procedure to check if a (possibly inconsistent) formula is a consequence from a

(possible inconsistent) set of formulas. In fact, for quasi-hybrid logic we introduce not

only one but two consequence relations and tableau systems: one of them considers a
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weakening in the evaluation of the consequence, as it was done in [55]. Some properties

of the consequence relations introduced are discussed.

Later on in the chapter, we define the concept of paraconsistent diagram and use

tableau systems to extract from an open branch of a tableau the representation via

diagram of a model that satisfies all formulas at the root.

In order to compare between distinct models, we introduce several measures of incon-

sistency, either absolute and relative ones; and we also present a measure for databases

to enable us to compare between sources of information too.

We finish the chapter with an analog to the definition of bisimulation, but now for

what we called bistructures, i.e. structures with a positive and a negative hybrid valu-

ation that make it possible to deal with inconsistencies at the level of the propositional

variables.

3.1 Quasi-hybrid (multimodal) logic

Quasi-hybrid (multimodal) logic is inspired in the work of Besnard and Hunter on

Quasi-classical logic, [16]. Their logic focuses on the following main aspects: every for-

mula in propositional classical logic is equivalent to a formula in conjunctive normal

form (CNF), thus they restrict their attention to formulas in CNF; and in order to ac-

commodate inconsistencies they use two interpretations, one positive and one negative

for predicate symbols and the negation of predicate symbols, respectively. In the defini-

tion of satisfiability for the disjunction of literals (recall that formulas are in CNF), the

authors incorporate the notion of disjunctive syllogism such that for the formula to hold

not only at least one of the disjuncts (literals) must hold, but also if the negation of one

of the disjuncts (literals) holds, then the remainder of the formula when we remove that

disjunct (literal) must hold as well.

So far, there does not seem to be a definition for what is a hybrid formula in con-

junctive normal form. Nonetheless, one could have taken the definition of conjunctive

normal form of modal formulas from [8] and extended it with the hybrid machinery.

The definition in [8] is that (i) a modal formula is in disjunctive normal form if it is a

(possibly empty) disjunction of the form

ϕ =
∨

Li ∨
∨

[π]Dj ∨
∨
〈π〉Ak

where each Li is of the form p,¬p, with p a propositional variable, each Dj is in dis-

junctive normal form, and each Ak is in conjunctive normal form; where (ii) a modal

20



formula is in conjunctive normal form if it is a conjunction ϕ =
∧

Ci, where each Ci is

in disjunctive normal form. For any modal formula an equivalent formula in conjunctive

normal form can be obtained, so that attention can be restricted to formulas in conjunc-

tive normal form. For example, the formula ϕ = 〈π〉((p∧ q)∨ r)∧ [π]¬p is equivalent to

ψ = (〈π〉(p ∧ q) ∨ 〈π〉r) ∧ [π]¬p, which is in conjunctive normal form.

However, given that modal formulas are also hybrid formulas, if we take the modal

formula in CNF given in the previous example, one easily observes that the definition of

satisfaction for the case of disjunction cannot be as simple as the definition that Besnard

and Hunter present. Thus, rather than dealing with formulas in conjunctive normal

form, we simplify our approach and will deal only with formulas in negation normal

form, where negation appears directly before propositional variables and/or nominals.

We will incorporate the idea behind disjunctive syllogism in the definition of satis-

faction for the case of disjunction, as Besnard and Hunter did. This is quite an unusual

approach, but we look at it as some sort of safety net : assuming that inconsistencies are

errors, then in face of p and ¬p, we must concede that there is an error either when we

affirm p or when we affirm ¬p. Thus, for the formula p∨ q to hold, it does not suffice to

have information that one of these hold: if it turns out that the error was in assuming

p, and that in fact ¬p is what really happens, then p ∨ q holds only if q holds as well.

Hunter also defined an entailment relation between a (possibly inconsistent) set of

formulas in propositional classical logic and a single formula (possibly inconsistent too),

and a tableau system to determine if the entailment relation holds [55]. What will be

presented in this chapter initially follows the same path but will eventually require a lot

more machinery.

Formal representation

As mentioned before, in what follows it will be assumed that all formulas are in nega-

tion normal form, i.e., given a hybrid multimodal similarity type Lπ = 〈Prop,Nom,Mod〉,
the set of formulas is FormNNF(@)(Lπ).

The ∼ operator, even though is not part of the object hybrid multimodal similarity

type, will make some definitions clearer in the future. We define it as follows:

Definition 3.1.1. Let ϕ be a formula in NNF. We define the complementation operation

∼ from ∼ϕ := nnf(¬ϕ).

In order to allow contradictions, the previous notion of structure (Definition 2.1.2)

is extended as follows:
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Definition 3.1.2. A (hybrid multimodal) bistructure is a tuple (W, (Rπ)π∈Mod , N, V
+,

V −), where:

– W is a non-empty set called the domain whose elements are called states or worlds;

– each Rπ is a binary relation, called π-accessibility relation, such that Rπ ⊆W×W ;

– N : Nom → W is a function called hybrid nomination that assigns nominals to

elements in W such that for any nominal i, N(i) is the element of W named by i;

– V + and V − are hybrid valuations, i.e. functions, both with domain Prop and range

P(W ), such that V +(p) tells us at which states (if any) the propositional variable

p holds and V −(p) tells us at which states (if any) ¬p holds.

The map V +(p) can be interpreted as the set of worlds where the propositional

variable p is accepted, and V −(p) as the set of worlds where p is rejected.

Semantics for the new logic we are introducing is formalized in the following defini-

tion:

Definition 3.1.3. The strong satisfaction (for short s-satisfaction) relation s, between

a bistructure M = (W, (Rπ)π∈Mod , N, V
+, V −), a world w ∈ W , and a formula in

FormNNF(@)(Lπ) is set as follows:

– M, w s p iff w ∈ V +(p);

– M, w s i iff w = N(i);

– M, w s ¬p iff w ∈ V −(p);

– M, w s ¬i iff w 6= N(i);

– M, w s > always;

– M, w s ⊥ never;

– M, w s ϕ ∨ ψ iff [M, w s ϕ or M, w s ψ]

and [M, w s ∼ϕ implies M, w s ψ]

and [M, w s ∼ψ implies M, w s ϕ];

– M, w s ϕ ∧ ψ iff M, w s ϕ and M, w s ψ;

– M, w s 〈π〉ϕ iff ∃w′(wRπw′ and M, w′ s ϕ);

– M, w s [π]ϕ iff ∀w′(wRπw′ implies M, w′ s ϕ);

– M, w s @iϕ iff M, w′ s ϕ where w′ = N(i).
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M, w s ϕ should be read as “ϕ is strongly satisfied (for short s-satisfied) in the

bistructure M at the world w”.

We say that ϕ is globally strongly satisfied, for short globally s-satisfied if M s ϕ,

where M s ϕ if and only if M, w s ϕ for all w ∈W .

Let ∆ be a set of formulas in FormNNF(@)(Lπ). We say that a bistructure M is a

(quasi-hybrid multimodal) strong model (for short s-model) of ∆ if and only if M s δ

for all δ ∈ ∆.

The strong satisfaction relation for the disjunction between two formulas is more

complex than the satisfaction relation of classical hybrid logic. Observe that the three

conditions imposed to make ϕ∨ψ satisfied in this paraconsistent version of hybrid logic

are classically equivalent, i.e., for a structure H and a world w,

H, w  ϕ ∨ ψ iff H, w  ϕ or H, w  ψ

iff H, w  ¬ϕ implies H, w  ψ

iff H, w  ¬ψ implies H, w  ϕ

(Note that in classical hybrid logic ¬ϕ is satisfied if and only if ∼ϕ is satisfied.)

This is easily explained by the fact that, in classical hybrid logic, for the disjunction

between two formulas to be satisfied, at least one of the disjuncts must be satisfied, and

thus, if the negation of one of the disjuncts is satisfied, then the other disjunct must be

satisfied for the disjunction to be satisfied.

For the case of quasi-hybrid logic, in addition to requiring that at least one of the dis-

juncts is s-satisfied, the definition of strong satisfaction for the disjunction also requires

that if the formula resulting from applying nnf to the negation of any of the disjuncts is

s-satisfied, then the other disjunct needs to be s-satisfied as well. In particular for the

formula p ∨ q, if in a bistructure M it occurs that w ∈ V +(p) ∩ V −(p), then in order to

make p ∨ q s-satisfied at w, w must be in the set V +(q).

This definition breaks other classical equivalences and this shall be addressed now,

by starting to define the notion of equivalence between formulas in quasi-hybrid logic:

Definition 3.1.4. Two formulas ϕ,ψ ∈ FormNNF(@)(Lπ) are said to be quasi-equivalent,

denoted ϕ ≡q ψ, if and only if for all hybrid bistructures M = (W, (Rπ)π∈Mod , N,

V +, V −) and all w ∈W ,

M, w s ϕ⇔M, w s ψ.

In quasi-hybrid (multimodal) logic, the satisfaction operator keeps the following

equivalences:
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Lemma 3.1.5. Let Lπ = 〈Prop,Nom,Mod〉 be a hybrid multimodal similarity type, and

ϕ,ψ ∈ FormNNF(@)(Lπ) be hybrid formulas in negation normal form. Then,

1. @i(ϕ ∨ ψ) ≡q @iϕ ∨@iψ;

2. @i(ϕ ∧ ψ) ≡q @iϕ ∧@iψ;

3. @i@jϕ ≡q @jϕ.

Proof. 1. Let M be an arbitrary bistructure, and w an arbitrary world in M:

M, w s @i(ϕ ∨ ψ) iff M, w′ s ϕ ∨ ψ,w′ = N(i)

iff [M, w′ s ϕ or M, w′ s ψ]

and [M, w′ s nnf(¬ϕ) implies M, w′ s ψ]

and [M, w′ s nnf(¬ψ) implies M, w′ s ϕ], w′ = N(i)

iff [M, w s @iϕ or M, w s @iψ]

and [M, w s @i(nnf(¬ϕ)) implies M, w s @iψ]

and [M, w s @i(nnf(¬ψ)) implies M, w s @iϕ]

iff [M, w s @iϕ or M, w s @iψ]

and [M, w s nnf(¬(@iϕ)) implies M, w s @iψ]

and [M, w s nnf(¬(@iψ)) implies M, w s @iϕ]

iff M, w s @iϕ ∨@iψ

Items 2. and 3. are proved similarly.

In classical hybrid logic, in finite structures where all worlds are named, @i[π]ϕ is

equivalent to a formula in conjunctive normal form, namely
∧

w∈W
(@i[π]¬jw ∨@jwϕ),

where jw are nominals such that N(jw) = w. Such is not the case in quasi-hybrid logic,

as the next counter-example illustrates:

Example 3.1.6. Let M be a bistructure such that W = {w1}, N(i) = w1, Rπ = {(w1, w1)},
V +(p) = V −(p) = {w1}.

Then M, w s @i[π]p but M, w 1s @i[π]¬i ∨@ip.

In more detail, by definition M, w s @i[π]p if and only if ∀w′(N(i)Rπw
′ implies

M, w′ s p). Such is the case since w1Rπw1 and w1 ∈ V +(p).

On the other hand,

M, w s @i[π]¬i ∨@ip iff [M, w s @i[π]¬i or M, w s @ip]

and [M, w s ∼@i[π]¬i implies M, w s @ip]
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and [M, w s ∼@ip implies M, w s @i[π]¬i]
iff [M, w s @i[π]¬i or M, w s @ip]

and [M, w s @i〈π〉i implies M, w s @ip]

and [M, w s @i¬p implies M, w s @i[π]¬i]
iff [false or true]

and [true implies true]

and [true implies false]

iff false

Thus M, w 1s @i[π]¬i ∨@ip.

It is also the case that the distributive law fails in quasi-hybrid logic, as shown in

the following counter-example:

Example 3.1.7. Consider the bistructure M, with domain W = {w}, Rπ = ∅, N(i) = w

and V +(p) = ∅, V −(p) = {w}, V +(q) = V −(q) = {w}, V +(r) = {w}, V −(r) = ∅.
The formula @ip ∨ (@iq ∧@ir) is s-satisfied in M at an arbitrary world w:

M, w s @ip ∨ (@iq ∧@ir) iff [M, w s @ip or M, w s @iq ∧@ir]

and [M, w s ∼@ip implies M, w s @iq ∧@ir]

and [M, w s ∼(@iq ∧@ir) implies M, w s @ip]

iff [M, w s @ip or (M, w s @iq and M, w s @ir)]

and [M, w s @i¬p implies (M, w s @iq and

M, w s @ir)]

and [M, w s (@i¬q ∨@i¬r) implies M, w s @ip]

iff [M, w s @ip or (M, w s @iq and M, w s @ir)]

and [M, w s @i¬p implies (M, w s @iq and

M, w s @ir)]

and [((M, w s @i¬q or M, w s @i¬r)
and (M, w s ∼@i¬q implies M, w s @i¬r)
and (M, w s ∼@i¬r implies M, w s @i¬q))

implies M, w s @ip]

iff [false or (true and true)]

and [true implies (true and true)]

and [((true or false) and (true implies false)

and (true implies true)) implies false]

iff [true] and [true]

and [(true and false and true) implies false]
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iff true and [false implies false]

iff true

However, the formula (@ip ∨@iq) ∧ (@ip ∨@ir) is not s-satisfied in M at w:

M, w s (@ip ∨@iq) ∧ (@ip ∨@ir) iff M, w s (@ip ∨@iq) and M, w s (@ip ∨@ir)

iff [(M, w s @ip or M, w s @iq)

and (M, w s ∼@ip implies M, w s @iq)

and (M, w s ∼@iq implies M, w s @ip)]

and [(M, w s @ip or M, w s @ir)

and (M, w s ∼@ip implies M, w s @ir)

and (M, w s ∼@ir implies M, w s @ip)]

iff [(M, w s @ip or M, w s @iq)

and (M, w s @i¬p implies M, w s @iq)

and (M, w s @i¬q implies M, w s @ip)]

and [(M, w s @ip or M, w s @ir)

and (M, w s @i¬p implies M, w s @ir)

and (M, w s @i¬r implies M, w s @ip)]

iff [(false or true)

and (true implies true)

and (true implies false)]

and [(false or true)

and (true implies true)

and (false implies false)]

iff [true and true and false]

and [true and true and true]

iff false and true

iff false

This shows that in quasi-hybrid (multimodal) logic the distributive law is not valid.

Given the fact that the link between a propositional variable and its complement has

been decoupled at structural level, it is possible to extract a four-valued behaviour for

propositional variables. Namely one may say that in a bistructure M, at a world w, the

propositional variable p is:

– (only) true if M, w s p and M, w 1s ¬p;
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– (only) false if the converse occurs, i.e., M, w 1s p and M, w s ¬p;

– both true and false if M, w s p and M, w s ¬p;

– neither true nor false if, conversely, M, w 1s p and M, w 1s ¬p.

However, since this first paraconsistent version of hybrid logic uses solely formulas

in negation normal form, it is not possible to talk about a similar behaviour for more

complex formulas.

Consequence relations and tableau-based decision procedures

A consequence relation describes the relationship between a set of formulas and a

particular formula and it holds when a formula follows from a set of formulas. In this

subsection there will be introduced two perspectives on what it means for a conclusion

to be a consequence of premises.

In addition, for each consequence relation there will be presented a decision procedure

to check if a formula follows from a set of formulas using a tableau system.

Classically, if we want to check if a formula ψ follows from a set of formulas ∆, we

put at the root of the tableau all the formulas in ∆ together with ¬ψ, and then a tree

is created by applying predefined rules. If we come to a point where each branch of the

tree contains both a formula of the form ϕ and its negation ¬ϕ, we say that the tableau

is closed and verify that there are no models for which all formulas in ∆ hold and ψ does

not, thus we conclude that the formula ψ is indeed a consequence of ∆. If ∆ = ∅ then

we proved that ψ is a valid formula.

However, this is not the way to go in a paraconsistent setting for the obvious reason

that one allows contradictions without trivializing the whole system. So, even though

p,¬p might appear in ∆, we still want to reach sensible conclusions, and thus no arbitrary

formula ϕ can follow.

Thus, instead, we check that a formula ψ is a consequence of a set of formulas ∆

by assuming that the set of formulas holds while the query does not and reaching an

explosion, which in this case occurs when a formula both holds and does not hold.

Observe that in this paraconsistent version saying that a formula does not hold is not

equivalent to saying that the negation does.

Quasi-hybrid consequence relation

In this section we will consider a database ∆ of hybrid formulas where inconsistencies

might be present at some states, and we will check if a query ϕ is a consequence of the
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database in the following sense: we want to check if every bistructure that globally

s-satisfies all formulas in ∆ also globally satisfies ϕ in a weaker form.

Later we discuss a decision procedure for this consequence relation based on a tableau

system. This new tableau system is a fusion between the tableau system for quasi-

classical logic introduced in [55] for a similar relation, and the tableau system for hybrid

logic proposed in [25].

We will start by introducing some definitions that will be useful afterwards when we

explain the construction of the tableau. We present the rules and a theorem for checking

soundness.

Definition 3.1.8. We define the weak satisfaction relation w between a bistructure

M, a world w ∈ W and a hybrid formula in negation normal form exactly as in the

previously introduced strong satisfaction s (Definition 3.1.3), except for the case of the

disjunction between two formulas, which is weakened as follows:

M, w w ϕ ∨ ψ iff M, w w ϕ or M, w w ψ

Observe that (i) for any ϕ ∈ FormNNF(@)(Lπ), M, w s ϕ implies M, w w ϕ and by

contraposition M, w 1w ϕ implies M, w 1s ϕ; (ii) if a formula ϕ does not contain the ∨
connective, then M, w s ϕ if and only if M, w w ϕ.

Similarly to the definition of global s-satisfaction, we define global weak satisfiability,

(for short global w-satisfiability) as follows: M w ϕ if and only if M, w w ϕ, for all

w ∈W .

Definition 3.1.9 (Quasi-hybrid consequence relation). Let ∆ be a finite set of hybrid

formulas in NNF called database, and ϕ be a hybrid formula in NNF, called query. We

say that ϕ is a quasi-hybrid consequence of ∆, for short QH-consequence, if and only

if, for all bistructures M where all formulas in ∆ are globally s-satisfied, ϕ is globally

w-satisfied.

Formally,

∆ QH ϕ iff ∀M (M s ∆⇒M w ϕ)

In other words, ϕ is a QH-consequence of ∆ if and only if for all bistructure M, if

M is an s-model for ∆, then M is a w-model1 for ϕ. It is clear that the consequence

relation QH is non-trivializable in the sense that when ∆ is classically inconsistent it is

not the case that every formula is entailed.

1Parallel notion with s-model, using the satisfaction relation w.
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This consequence relation has interesting properties, one of which is the fact that even

though we are in a paraconsistent setting both disjunction introduction and disjunctive

syllogism hold. This happens because of the use of two different satisfaction relations

for the antecedent and the consequent. However, and even though it is unusual, this

approach is not new: it has already been used, for example in [55].

(a) For disjunction introduction we have that ϕ QH ϕ ∨ ψ if and only if for every

bistructure M, if M s ϕ then M w ϕ∨ψ. Let us assume that M is a bistructure

such that M s ϕ. From the definitions of s and w, it follows that M w ϕ,

from which M w ϕ ∨ ψ.

(b) In this setting we can express disjunctive syllogism in the following way:

ϕ ∨ ψ,∼ϕ QH ψ. This is the case if and only if for every bistructure M, if

M s ϕ ∨ ψ and M s ∼ϕ then M w ψ. Let M be a bistructure such that

M s ϕ ∨ ψ and M s ∼ϕ. From the fact that ϕ ∨ ψ is strongly satisfiable it

follows that M s ∼ϕ implies M s ψ. Since M is such that the premise is true, it

must be the case that M s ψ. Since s ⊆ w, M w ψ.

(c) Transitivity fails also due to the use of two satisfaction relations. The consequence

relation would be transitive if Γ QH ϕ and ϕ QH ψ would imply Γ QH ψ, for

an arbitrary set Γ and formulas ϕ and ψ.

Consider Γ = {p,¬p}, ϕ = (p∨ q)∧¬p and ψ = q. For all bistructures M, M s Γ

if and only if M s p and M s ¬p, which by disjunction introduction implies that

M w p ∨ q. Since s ⊆ w, it also holds that M w ¬p. Thus Γ QH ϕ.

For all bistructures M it is also the case that if M s (p∨ q)∧¬p, then M s p∨ q
and M s ¬p, which by application of disjunctive syllogism yields that M s q,

and thus M w q. Therefore ϕ QH ψ.

Nonetheless, Γ 1QH ψ.

(d) The relation of consequence QH is monotonous in the sense that if Γ QH ϕ and

Γ ⊆ ∆ then ∆ QH ϕ. In order to prove this affirmation, let M be a bistructure

such that M s ∆. Since Γ ⊆ ∆, then M s Γ. By hypothesis, for all bistructures

M, M s Γ implies M w ϕ. Thus M w ϕ, which proves that ∆ QH ϕ.

Before moving on to defining a tableau system and a decision procedure to verify if

a formula ϕ is a QH-consequence of a set of formulas ∆, some definitions are in order:

Definition 3.1.10. Given a hybrid (multimodal) similarity type Lπ = 〈Prop,Nom,Mod〉,
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consider the set of signed formulas Form∗NNF(@)(Lπ) defined as:

Form∗NNF(@)(Lπ) = FormNNF(@)(Lπ) ∪ {ϕ∗ | ϕ ∈ FormNNF(@)(Lπ)}.

The notion of satisfiability for a starred formula ϕ∗ is the dual of the notion of

satisfiability for the formula ϕ:

Definition 3.1.11. We extend the two satisfaction relations s and w to starred for-

mulas as follows:

M, w s ϕ
∗ iff M, w 6s ϕ

M, w w ϕ∗ iff M, w 6w ϕ

Global s-satisfiability and global w-satisfiability for the new formulas are defined as

follows:

M s ϕ
∗ iff M 6s ϕ

M w ϕ∗ iff M 6w ϕ

It is easy to see that M s ϕ
∗ if and only if it is false that ∀w ∈ W, M, w s ϕ if

and only if ∃w ∈ W : M, w 6s ϕ if and only if ∃w ∈ W : M, w s ϕ
∗. And similarly for

M w ϕ∗.

Observe that ∗ acts as negation at the level of the meta-language, namely when ϕ∗

is evaluated it transforms the concept of satisfiability into the opposite, unsatisfiability,

for both the strong, weak and respective global versions.

In addition to dealing with both hybrid formulas in NNF and starred hybrid formulas

in NNF, we consider two labels, S and W, and define the relation  between a bistructure

M and a labelled formula Sϕ/Wϕ, where ϕ ∈ Form∗NNF(@)(Lπ), such that M  Sϕ if

and only if M s ϕ and analogously, M Wϕ if and only if M w ϕ. For the sake of

simplicity we will sometimes use M  Xϕ, with X ∈ {S,W}, if and only if M x ϕ,

where x is respectively either s or w. Since we use two different satisfaction relations

for ∆ and ϕ, having labels will allow us to keep track of the satisfaction relation we are

using for each formula.

A tableau T is a well-founded tree in which each node is characterised by a set of

labelled formulas, and if it has successor nodes, these result from the application of

tableau rules in the usual way.

The rules of our QH semantic tableau, denoted TQH, come next. A tableau developed

using these rules will generically be denoted TQH.
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Let X ∈ {S,W}; then:

For non-starred formulas:

Sϕ

S@iϕ
(@I)(i)

S@i@jϕ

S@jϕ
(@E)

S@i(ϕ ∧ ψ)

S@iϕ
S@iψ

(∧)

S@i(ϕ ∨ ψ)

S@iϕ S@iϕ S@iϕ S@iϕ S@iψ S@iψ S@iψ

S(@i∼ϕ)∗ S(@i∼ϕ)∗ S(@i∼ψ)∗ S@iψ S(@i∼ϕ)∗ S(@i∼ψ)∗ S(@i∼ϕ)∗

S(@i∼ψ)∗ S@iψ S(@i∼ψ)∗ S@iϕ

(∨)

S@i[π]ϕ,W@i〈π〉j
S@jϕ

([π])
S@i〈π〉ϕ
S@i〈π〉t
S@tϕ

(〈π〉)(ii) S@iϕ

W@iϕ
(Weak)(iii)

W@ij,W@iϕ

W@jϕ
(Nom)(iii)

W@ii
(Id)(iv)

For starred formulas:

Wϕ∗

W(@tϕ)∗
(@∗I )(v)

X(@i@jϕ)∗

X(@jϕ)∗
(@∗E)

X(@i(ϕ ∧ ψ))∗

X(@iϕ)∗ X(@iψ)∗
(∧∗)

W(@i(ϕ ∨ ψ))∗

W(@iϕ)∗

W(@iψ)∗

(W∨∗) S(@i(ϕ ∨ ψ))∗

S(@iϕ)∗ S@i∼ϕ S@i∼ψ
S(@iψ)∗ S(@iψ)∗ S(@iϕ)∗

(S∨∗)

X(@i[π]ϕ)∗

W@i〈π〉t
X(@tϕ)∗

([π]∗)(vi)
X(@i〈π〉ϕ)∗,W@i〈π〉j

X(@jϕ)∗
(〈π〉∗) X(@iϕ)∗

X@i∼ϕ
(Id∗)(vii)

(i) ϕ is not a satisfaction statement, i is in the branch;

(ii) ϕ /∈ Nom, t is a new nominal;

(iii) @iϕ is a literal;

(iv) i is in the branch;
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(v) ϕ is not a satisfaction statement, t is a new nominal;

(vi) t is a new nominal;

(vii) ϕ = j, or ϕ = ¬j, where j ∈ Nom; or ϕ = >.

The rules (@I), ([π]), (Nom), (Id) and (〈π〉∗) are called non-destructive rules. The re-

maining rules – (@E), (∧), (∨), (〈π〉), (Weak), (@∗I ), (@∗E), (∧∗), (S∨∗), (W∨∗), ([π]∗) and

(Id∗) – are called destructive. We distinguish between destructive and non-destructive

rules for the same reason as in [25], so that in the systematic tableau construction algo-

rithm, the application of destructive rules is restricted in such a way that a destructive

rule is applied at most once to a formula (a destructive rule has exacty one formula in the

premise – the converse is not true). As in [25], the classification of rules as destructive

and non-destructive corresponds to a classification of formulas according to their form.

Before giving the systematic tableau construction algorithm we need some definitions.

We start with the definition of subformula.

Definition 3.1.12. The notion of a subformula is defined by the following conditions:

– ϕ is a subformula of ϕ;

– if ψ∗ is a subformula of ϕ, then so is ψ;

– if ψ ∧ δ or ψ ∨ δ is a subformula of ϕ, then so are ψ and δ;

– if @iψ, [π]ψ, or 〈π〉ψ is a subformula of ϕ, then so is ψ.

The tableau system TQH satisfies the following subformula property:

Lemma 3.1.13 (Subformula property). If S@iϕ ∈ TQH, where ϕ 6= 〈π〉j, for j ∈ Nom,

then ϕ is a subformula of a (non-starred) root formula.

If W@iϕ ∈ TQH, where ϕ 6= j, 〈π〉j, for j ∈ Nom, π ∈ Mod, then either ϕ is a

subformula of a (non-starred) root formula or ∼ϕ is a subformula of a (starred) root

formula.

If S(@iϕ)∗ ∈ TQH, then ∼ϕ is a subformula of a (non-starred) root formula.

If W(@iϕ)∗ ∈ TQH then ϕ is a subformula of a (starred) root formula.

Proof. Follows immediately from the rules introduced previously.

Note the following consequence of Lemma 3.1.13: for any given tableau TQH, the sets

SΓi = {ϕ | ϕ 6= 〈π〉j, for j ∈ Nom, π ∈ Mod and S@iϕ ∈ TQH};
WΓi = {ϕ | ϕ 6= j, 〈π〉j, for j ∈ Nom, π ∈ Mod and W@iϕ ∈ TQH};
SΓ∗i = {ϕ | S(@iϕ)∗ ∈ TQH}; and

WΓ∗i = {ϕ | W(@iϕ)∗ ∈ TQH} 32



are finite. This fact will be used a number of times in the proofs below.

A binary relation regarding equality between nominals is defined as follows:

Definition 3.1.14. Let Θ be a branch of a tableau and let NomΘ be the set of nominals

occurring in the formulas of Θ. Define a binary relation ∼Θ on NomΘ by i ∼Θ j if and

only if the formula W@ij ∈ Θ.

A binary relation on the inclusion of nominals is defined as follows:

Definition 3.1.15. Let i and j be nominals occurring on a branch Θ of a tableau TQH.

The nominal i is said to be included in the nominal j with respect to Θ if for any

subformula ϕ of a root formula:

– if X@iϕ ∈ Θ, then X@jϕ ∈ Θ;

– if X(@iϕ)∗ ∈ Θ, then X(@jϕ)∗ ∈ Θ;

– if X@i∼ϕ ∈ Θ, then X@j∼ϕ ∈ Θ; and

– if X(@i∼ϕ)∗ ∈ Θ, then X(@j∼ϕ)∗ ∈ Θ;

for X ∈ {S,W}.
If i is included in j with respect to Θ, and the first occurrence of j on Θ is before the

first occurrence of i, then we write i ⊆Θ j.

The idea of a tableau is that we create a tree by applying the rules previously

introduced to root formulas and to formulas that appear on branches of said tree. This

indiscriminate way of applying rules leads to infinite tableaux, where there may be

repeated formulas and loops, thus we must find a systematic construction that terminates

a tableau and allows us to take some conclusions from it.

Definition 3.1.16 (Tableau construction). Given a finite database ∆ ⊆ FormNNF(@)(Lπ)

of hybrid formulas in negation normal form and a query ϕ ∈ FormNNF(@)(Lπ), one wants

to verify if ϕ is a QH-consequence of ∆. In order to do so, we define by induction a

sequence T0
QH,T

1
QH,T

2
QH, . . . of finite tableaux in TQH, each of which is embedded in its

successor.

Let T0
QH be the finite tableau constituted by the formulas in ∆ labelled with S and ϕ∗

labelled with W. Tn+1
QH is obtained from TnQH if it is possible to apply an arbitrary rule to

TnQH with the following three restrictions:

1. if a formula to be added to a branch by applying a rule already occurs on the branch,

then the addition of the formula is simply omitted;
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2. after the application of a destructive rule to a formula occurrence ϕ on a branch,

it is recorded that the rule was applied to ϕ with respect to the branch and the rule

will not again be applied to ϕ with respect to the branch or any extension of it;

3. the existential rules (〈π〉), and ([π]∗) are not applied to S@i〈π〉ϕ nor to X(@i[π]ϕ)∗,

X ∈ {S,W} on a branch Θ if there exists a nominal j such that i ⊆Θ j.

If no rule satisfying these restrictions can be applied, the algorithm is terminated.

Note that due to the first restriction, a formula cannot occur more than once on a

branch. Also note that no information is recorded about applications of non-destructive

rules. On the other hand, we keep a record on the application of destructive rules so that

the same rule is not applied infinitely many times to the same formula. The conditions

on the application of the existential rules (〈π〉), and ([π]∗) in the third restriction are the

loop-check conditions. The intuition behind loop-checks is that an existential rule is not

applied to a satisfaction statement if the information in the world under consideration

can be found already in an ancestor world. Hence the introduction of a new world by

the existential rule is blocked.

Soundness of the tableau calculus can be proved by showing that each rule preserves

satisfiability, as follows:

Theorem 3.1.17 (Soundness). The tableau rules are sound in the following sense: for

any rule
Λ

Σ1 · · · Σn

, n ≥ 1, and any bistructure M,

M  Λ implies M  Σ1 or . . . or M  Σn

for Λ, Σ1, . . . ,Σn sets of labelled formulas in Form∗NNF(@)(Lπ).

Proof. The proof can be obtained by checking each rule.

Let us start with rules for non-starred formulas:

• Sϕ

S@iϕ
(@I), for i in the branch and ϕ not a satisfaction statement

Let M be a bistructure such that M  Sϕ. Then:

M  Sϕ

⇔ M s ϕ

⇔ M, w s ϕ, for all w ∈W
⇒ M, w s @iϕ, for all w ∈W , for all i ∈ Nom

⇔ M s @iϕ, for all i ∈ Nom

⇔ M  S@iϕ, for all i ∈ Nom
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• S@i(ϕ ∨ ψ)

S@iϕ S@iϕ S@iϕ S@iϕ S@iψ S@iψ S@iψ

S(@i∼ϕ)∗ S(@i∼ϕ)∗ S(@i∼ψ)∗ S@iψ S(@i∼ϕ)∗ S(@i∼ψ)∗ S(@i∼ϕ)∗

S(@i∼ψ)∗ S@iψ S(@i∼ψ)∗ S@iϕ

(∨)

Let M be a bistructure such that M  S@i(ϕ ∨ ψ). Then:

M  S@i(ϕ ∨ ψ)

⇔ M s @i(ϕ ∨ ψ)

⇔ M, w s @i(ϕ ∨ ψ), for all w ∈W
⇔ [(M, w s @iϕ or M, w s @iψ)

and (M, w s ∼(@iϕ) implies M, w s @iψ)

and (M, w s ∼(@iψ) implies M, w s @iϕ)], for all w ∈W
⇔ [(M, w s @iϕ or M, w s @iψ)

and (M, w s @i∼ϕ implies M, w s @iψ)

and (M, w s @i∼ψ implies M, w s @iϕ)], for all w ∈W
⇔ [(M, w s @iϕ or M, w s @iψ)

and (M, w 1s @i∼ϕ or M, w s @iψ)

and (M, w 1s @i∼ψ or M, w s @iϕ)], for all w ∈W
⇔ [(M, w s @iϕ

and (M, w 1s @i∼ϕ or M, w s @iψ)

and (M, w 1s @i∼ψ or M, w s @iϕ))

or (M, w s @iψ

and (M, w 1s @i∼ϕ or M, w s @iψ)

and (M, w 1s @i∼ψ or M, w s @iϕ))], for all w ∈W
⇔ [(M, w s @iϕ and M, w 1s @i∼ϕ

and (M, w 1s @i∼ψ or M, w s @iϕ))

or (M, w s @iϕ and M, w s @iψ

and (M, w 1s @i∼ψ or M, w s @iϕ))

or (M, w s @iψ and M, w 1s @i∼ϕ
and (M, w 1s @i∼ψ or M, w s @iϕ))

or (M, w s @iψ and M, w s @iψ

and (M, w 1s @i∼ψ or M, w s @iϕ))], for all w ∈W
⇔ [(M, w s @iϕ and M, w 1s @i∼ϕ and M, w 1s @i∼ψ)

or (M, w s @iϕ and M, w 1s @i∼ϕ and M, w s @iϕ)

or (M, w s @iϕ and M, w s @iψ and M, w 1s @i∼ψ)

or (M, w s @iϕ and M, w s @iψ and M, w s @iϕ)
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or (M, w s @iψ and M, w 1s @i∼ϕ and M, w 1s @i∼ψ)

or (M, w s @iψ and M, w 1s @i∼ϕ and M, w s @iϕ)

or (M, w s @iψ and M, w s @iψ and M, w 1s @i∼ψ)

or (M, w s @iψ and M, w s @iψ and M, w s @iϕ)], for all w ∈W
⇔ (M, N(i) s ϕ and M, N(i) 1s ∼ϕ and M, N(i) 1s ∼ψ)

or (M, N(i) s ϕ and M, N(i) 1s ∼ϕ and M, N(i) s ϕ)

or (M, N(i) s ϕ and M, N(i) s ψ and M, N(i) 1s ∼ψ)

or (M, N(i) s ϕ and M, N(i) s ψ and M, N(i) s ϕ)

or (M, N(i) s ψ and M, N(i) 1s ∼ϕ and M, N(i) 1s ∼ψ)

or (M, N(i) s ψ and M, N(i) 1s ∼ϕ and M, N(i) s ϕ)

or (M, N(i) s ψ and M, N(i) s ψ and M, N(i) 1s ∼ψ)

or (M, N(i) s ψ and M, N(i) s ψ and M, N(i) s ϕ)

⇔ (M, w s @iϕ and M, w 1s @i∼ϕ and M, w 1s @i∼ψ), for all w ∈W
or (M, w s @iϕ and M, w 1s @i∼ϕ and M, w s @iϕ), for all w ∈W
or (M, w s @iϕ and M, w s @iψ and M, w 1s @i∼ψ), for all w ∈W
or (M, w s @iϕ and M, w s @iψ and M, w s @iϕ), for all w ∈W
or (M, w s @iψ and M, w 1s @i∼ϕ and M, w 1s @i∼ψ), for all w ∈W
or (M, w s @iψ and M, w 1s @i∼ϕ and M, w s @iϕ), for all w ∈W
or (M, w s @iψ and M, w s @iψ and M, w 1s @i∼ψ), for all w ∈W
or (M, w s @iψ and M, w s @iψ and M, w s @iϕ), for all w ∈W

⇔ (M, w s @iϕ and M, w s (@i∼ϕ)∗ and M, w s (@i∼ψ)∗), for all w ∈W
or (M, w s @iϕ and M, w s (@i∼ϕ)∗), for all w ∈W
or (M, w s @iϕ and M, w s @iψ and M, w s (@i∼ψ)∗), for all w ∈W
or (M, w s @iϕ and M, w s @iψ), for all w ∈W
or (M, w s @iψ and M, w s (@i∼ϕ)∗ and M, w s (@i∼ψ)∗), for all w ∈W
or (M, w s @iψ and M, w s (@i∼ϕ)∗ and M, w s @iϕ), for all w ∈W
or (M, w s @iψ and M, w s (@i∼ψ)∗), for all w ∈W
or (M, w s @iψ and M, w s @iϕ), for all w ∈W

⇒ (M  S@iϕ and M  S(@i∼ϕ)∗ and M  S(@i∼ψ)∗)

or (M  S@iϕ and M  S(@i∼ϕ)∗)

or (M  S@iϕ and M  S@iψ and M  S(@i∼ψ)∗)

or (M  S@iϕ and M  S@iψ)

or (M  S@iψ and M  S(@i∼ϕ)∗ and M  S(@i∼ψ)∗)

or (M  S@iψ and M  S(@i∼ϕ)∗ and M  S@iϕ)

or (M  S@iψ and M  S(@i∼ψ)∗)
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• S@i[π]ϕ,W@i〈π〉j
S@jϕ

([π])

Let M be a bistructure such that M  S@i[π]ϕ and M W@i〈π〉j. Then:

M  S@i[π]ϕ and M W@i〈π〉j
⇔ M s @i[π]ϕ and M w @i〈π〉j
⇔ M, w s @i[π]ϕ and M, w w @i〈π〉j, for all w ∈W
⇔ ∀w′(N(i)Rπw

′ implies M, w′ s ϕ) and N(i)RπN(j)

⇒ M, N(j) s ϕ

⇔ M, w s @jϕ, for all w ∈W
⇔ M  S@jϕ

• S@iϕ

W@iϕ
(Weak), where @iϕ is a literal

Let M be a bistructure such that M  S@iϕ. Then:

M  S@iϕ

⇔ M s @iϕ

⇔ M, w s @iϕ, for all w ∈W
⇒ M, w w @iϕ, for all w ∈W
⇔ M w @iϕ

⇔ M W@iϕ

All other rules for non-starred formulas follow a similar approach.

Moving on to starred formulas:

• Wϕ∗

W(@tϕ)∗
(@∗I ), where ϕ is not a satisfaction statement and t is a new nominal

Let M be a bistructure such that M Wϕ∗. Then:

M Wϕ∗

⇔ M w ϕ∗
⇔ M 1w ϕ

⇔ M, w 1w ϕ, for some w ∈W
⇒ M, w 1w @tϕ, for some w ∈W,

and a new nominal t such that N(t) = w′ and M, w′ 1 ϕ

⇒ M 1w @tϕ

⇔ M w (@tϕ)∗

⇔ M W(@tϕ)∗
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• S(@i(ϕ ∨ ψ))∗

S(@iϕ)∗ S@i∼ϕ S@i∼ψ
S(@iψ)∗ S(@iψ)∗ S(@iϕ)∗

(S∨∗)

Let M be a bistructure such that M  S(@i(ϕ ∨ ψ))∗. Then:

M  S(@i(ϕ ∨ ψ))∗

⇔ M s (@i(ϕ ∨ ψ))∗

⇔ M 1s @i(ϕ ∨ ψ)

⇔ M, w 1s @i(ϕ ∨ ψ), for some w ∈W
⇔ false (M, w s @i(ϕ ∨ ψ)) , for some w ∈W
⇔ false [(M, w s @iϕ or M, w s @iψ)

and (M, w s ∼(@iϕ) implies M, w s @iψ)

and (M, w s ∼(@iψ) implies M, w s @iϕ)], for some w ∈W
⇔ false [(M, w s @iϕ or M, w s @iψ)

and (M, w s @i∼ϕ implies M, w s @iψ)

and (M, w s @i∼ψ implies M, w s @iϕ)], for some w ∈W
⇔ false [(M, N(i) s ϕ or M, N(i) s ψ)

and (M, N(i) s ∼ϕ implies M, N(i) s ψ)

and (M, N(i) s ∼ψ implies M, N(i) s ϕ)]

⇔ false [((M, w s @iϕ, for all w ∈W ) or (M, w s @iψ, for all w ∈W ))

and ((M, w s @i∼ϕ, for all w ∈W ) implies (M, w s @iψ, for all w ∈W ))

and ((M, w s @i∼ψ, for all w ∈W ) implies (M, w s @iϕ, for all w ∈W ))]

⇔ false [(M s @iϕ or M s @iψ)

and (M s @i∼ϕ implies M s @iψ)

and (M s @i∼ψ implies M s @iϕ)]

⇔ false [(M s @iϕ or M s @iψ)

and (M 1s @i∼ϕ or M s @iψ)

and (M 1s @i∼ψ or M s @iϕ)]

⇔ (M 1s @iϕ and M 1s @iψ)

or (M s @i∼ϕ and M 1s @iψ)

or (M s @i∼ψ and M 1s @iϕ)

⇔ (M s (@iϕ)∗ and M s (@iψ)∗)

or (M s @i∼ϕ and M s (@iψ)∗)

or (M s @i∼ψ and M s (@iϕ)∗)

⇔ (M  S(@iϕ)∗ and M  S(@iψ)∗)

or (M  S@i∼ϕ and M  S(@iψ)∗)
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or (M  S@i∼ψ and M  S(@iϕ)∗)

All other rules for starred formulas are proved using a similar method.

Before proving termination of the tableau construction algorithm, let us observe that

the only way new satisfaction operators can be introduced to a tableau is by using one

of the following rules: (@∗I ), (〈π〉), ([π]∗) and possibly (@I).

When applied: the rule (@∗I ) introduces a new satisfaction operator, completely

independent from all other satisfaction operators; the rule (@I), whenever it introduces

a new satisfaction operator (observe that this is not always the case), does it in the same

manner.

On the other hand, the rules (〈π〉) and ([π]∗), when applied, introduce new satisfac-

tion operators @t given a satisfaction operator @i already occurring.

Let Θ be a branch of a tableau. If a new satisfaction operator @t is introduced by

applying one of the rules (〈π〉) or ([π]∗) on the branch Θ to the formulas S@i〈π〉ϕ or

X(@i[π]ϕ)∗ (X ∈ {S,W}), respectively, then we say that t is generated by i with respect

to Θ; otherwise, if @t is a new satisfaction operator obtained from (@∗I ) or (@I), then

we say that the nominal t is self-generated.

We define a binary relation <Θ over elements in NomΘ∪{?}, where ? is a new symbol

to denote the origin, as follows:

– y <Θ x, with x, y ∈ NomΘ, if and only if x is generated by y with respect to Θ;

– ? <Θ x, with x ∈ NomΘ, if and only if @x appears in a root formula or the nominal

x is self-generated;

– y 6<Θ ?, for all y ∈ NomΘ ∪ {?}.

Proposition 3.1.18. Let Θ be a branch of a tableau. Let NomΘ be the set of nominals

occurring in Θ. The graph
(
NomΘ ∪ {?}, <Θ

)
is a well-founded, finitely branching tree.

Proof. That the graph is well-founded follows from the observation that if y <Θ x, then

(i) the first occurrence of @y in Θ is before the first occurrence of @x, if y ∈ NomΘ, or

(ii) if y = ?, there is no nominal in Θ which generates an occurrence of a satisfaction

statement @xϕ.

That the graph is a tree follows from the fact that each nominal x in Θ is generated

by at most one other nominal, and that all nominals have ? as an ancestor.

That the graph is finitely branching follows from the fact that for any given nominal

i, the sets SΓi,WΓi,SΓ∗i ,WΓ∗i are finite (consequence of Lemma 3.1.13) and each of
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these finitely many formulas in these sets can generate at most one new satisfaction

operator @t (by applying, if possible, one of the rules (〈π〉), ([π]∗)).

Termination is proved as follows:

Theorem 3.1.19 (Termination). The systematic tableau construction algorithm termi-

nates.

Proof. Let us prove this by contradiction, so let us start by assuming that this is not

the case.

If the algorithm does not terminate, then the tableau must be infinite. Thus it

contains an infinite branch. By restriction 1. in Definition 3.1.16, all formulas along

this branch are distinct. Using Lemma 3.1.13, then it must be the case that there are

infinitely many satisfaction operators @i. Therefore the graph
(
NomΘ ∪ {?}, <Θ

)
must

be infinite. Since by Proposition 3.1.18 the graph is a well-founded, finitely branching

tree, it must contain an infinite path t1 <Θ t2 <Θ t3 <Θ . . .. For each n > 0 let Θn be

the initial segment of Θ up to, but not including, the first satisfaction statement of the

form @tn+1ϕ.

Also for each n > 0, consider the following sets:

SΛn = {ϕ | ϕ 6= 〈π〉j, for j ∈ Nom, π ∈ Mod and S@tnϕ ∈ Θn};
WΛn = {ϕ | ϕ 6= j, 〈π〉j, for j ∈ Nom, π ∈ Mod and W@tnϕ ∈ Θn};
SΛ∗n = {ϕ | S(@tnϕ)∗ ∈ Θn}; and

WΛ∗n = {ϕ | W(@tnϕ)∗ ∈ Θn}

All formulas ϕ in SΛn,WΛn,SΛ∗n and WΛ∗n are such that either ϕ or ∼ϕ are sub-

formulas of a root formula, by Lemma 3.1.13. Since there are only finitely many such

formulas, not all SΛn can be distinct and the same happens for WΛn,SΛ∗n and WΛ∗n

(this was discussed previously as a consequence of Lemma 3.1.13). Thus eventually

there exists l,m ∈ N with l < m such that SΛl = SΛm, WΛl = WΛm, SΛ∗l = SΛ∗m and

WΛ∗l = WΛ∗m.

We will now prove that tm is included in tl with respect to Θm:

Let ψ be an arbitrary formula (as long as ϕ 6= 〈π〉j for π ∈ Mod, j ∈ Nom) for which

S@tmψ occur in Θm, i.e., such that ψ ∈ SΛm. Since SΛl = SΛm, ψ ∈ Λl and thus

S@tlψ ∈ Θl. Since Θl is an initial segment of Θm, we get that S@tlψ ∈ Θm. From an

analogous reasoning for formulas in every other set WΛm, SΛ∗m and WΛ∗m, it is proved

that tm is included in tl with respect to Θm.

From this it follows that tm ⊆Θm tl, since the first occurrence of @tl is before the
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first occurrence of @tm .

Now consider the first statisfaction statement of the form @tm+1δ. By definition

@tm+1δ /∈ Θm. However the nominal tm+1 is generated by tm so it must be introduced

by applying one of the rules (〈π〉) or ([π]∗) to a formula @tmχ in Θm. But this is in

contradiction with restriction 3. in Definition 3.1.16 by which none of the of the rules

(〈π〉), ([π]∗) can be applied to S@tm〈π〉ϕ,X(@tm [π]ϕ)∗, X ∈ {S,W} respectively, on the

branch Θm since tm ⊆Θm tl.

A branch of a QH-tableau is closed if and only if there is a formula ψ for which Xψ

and Xψ∗ are in that branch for X ∈ {S,W} or if either X@i⊥ or W@i¬i is in the

branch for X ∈ {S,W} and some nominal i; we use the symbol × to mark a closed

branch. A QH tableau is closed if and only if every branch is closed. A branch is open

if it is not closed and there are no more rules to apply; we use the symbol � to mark an

open branch. A QH-tableau is open if it has an open branch.

A terminal tableau is a tableau where the rules have been exhaustively used i.e.,

there are no more rules applicable to the tableau obeying the restrictions in Definition

3.1.16.

To prove completeness of the systematic tableau construction algorithm it is sufficient

to prove that if a tableau has an open branch Θ, then there exists a model MΘ and a world

w where all root formulas are satisfied. We will now describe how MΘ is constructed

from an open tableau branch Θ.

Henceforth, Θ is a branch of a terminal tableau.

Let U be the subset of NomΘ containing any nominal i having the property that

there is no nominal j such that i ⊆Θ j. Let ≈ be the restriction of ∼Θ to U . Note that

U contains all nominals present in the root formulas since they are the first formulas of

the branch Θ. Observe that Θ is closed under the rules (Id) and (Nom), so both ∼Θ

and ≈ are equivalence relations.

Given a nominal i in U , we let [i]≈ denote the equivalence class of i with respect to

≈ and we let U/≈ denote the set of equivalence classes.

Let Rπ be the binary relation on U defined by iRπj if and only if there exists a

nominal j′ ≈ j such that one of the following two conditions is satisfied:

1. W@i〈π〉j′ ∈ Θ; or if

2. there exists a nominal k ∈ NomΘ such that W@i〈π〉k ∈ Θ and k ⊆Θ j′.
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Note that the nominal k referred in the second item is not an element of U . It

follows from Θ being closed under the rule (Nom) that Rπ is compatible with ≈ in the

first argument and it is trivial that Rπ is compatible with ≈ in the second argument.

We let Rπ be the binary relation on U/≈ defined by [i]≈Rπ [j]≈ if and only if iRπj.

Let N : U → U/≈ such that N(i) = [i]≈.

Let V + be the function that to each propositional variable assigns the set of elements

of U where that propositional variable occurs, i.e., i ∈ V +(p) if and only if W@ip ∈ Θ.

Conversely i /∈ V +(p) if and only if W@ip /∈ Θ. Analogously, let V − be the function

that to each propositional variable assigns the set of elements of U where the negation of

that propositional variable occurs, i.e., i ∈ V −(p) if and only if W@i¬p ∈ Θ. Conversely

i /∈ V −(p) if and only if W@i¬p /∈ Θ.

We let V + be defined by V +(p) = {[i]≈ | i ∈ V +(p)}. We define V − analogously:

V −(p) = {[i]≈ | i ∈ V −(p)}.

Given a branch Θ, let MΘ =
(
U/≈,

(
Rπ
)
π∈Mod

, N, V +, V −
)

. We will omit the

reference to the branch in MΘ if it is clear from the context.

We are now ready to prove the completeness theorem. As mentioned above, it suffices

to prove that if a tableau has an open branch Θ then there is a model MΘ and a world

w at which all root formulas are satisfied. What we will prove is slightly stronger.

Theorem 3.1.20 (Model Existence). Assume that the branch Θ is open. For any

satisfaction statement @iϕ which contains only nominals from U , and for any X ∈
{S,W}, the following conditions hold:

(i) if X@iϕ ∈ Θ, then M, [i]≈ x ϕ;

(ii) if X(@iϕ)∗ ∈ Θ, then M, [i]≈ 6x ϕ.

Proof. The proof is by induction on the complexity of ϕ.

• ϕ = j, j ∈ Nom

(i) X@ij ∈ Θ, then if X = S, by applying rule (Weak), W@ij ∈ Θ; if X = W,

then W@ij ∈ Θ is trivial. Thus [i]≈ = [j]≈. Hence by definition M, [i]≈ s j,

or equivalently M, [i]≈ w j. Therefore M, [i]≈ x j.

(ii) X(@ij)
∗ ∈ Θ, then by applying rule (Id∗), X@i¬j ∈ Θ. If X = S, then by

rule (Weak), W@i¬j ∈ Θ; if X = W, then automatically W@i¬j ∈ Θ. Since

Θ is open, W@ij /∈ Θ. So, [i]≈ 6= [j]≈, then by definition M, [i]≈ 6w j which

is equivalent to saying that M, [i]≈ 6s j. Thus M, [i]≈ 6x j.
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• ϕ = ¬j, j ∈ Nom

The proof is analogous to the case ϕ = j.

• ϕ = p, p ∈ Prop

(i) X@ip ∈ Θ, then if X = S, by applying rule (Weak), W@ip ∈ Θ; if X = W,

then W@ip ∈ Θ is trivial. Thus by definition [i]≈ ∈ V +(p), thus M, [i]≈ x p.

(ii) X(@ip)
∗ ∈ Θ, then start by observing that S@ip ∈ Θ ⇔ W@ip ∈ Θ. If

X = S, since the branch is open, then S@ip /∈ Θ, and equivalently W@ip /∈ Θ.

If X = W then W@ip /∈ Θ again from the fact that the branch is open. This

means that [i]≈ /∈ V +(p) so, M, [i]≈ 6x p.

• ϕ = ¬p, p ∈ Prop

The proof is analogous to the case ϕ = p, p ∈ Prop, making now use of V − instead

of V +.

• ϕ = >

(i) X@i> ∈ Θ, then, since it is always the case that M, [i]≈ x >, the result

trivially follows.

(ii) X(@i>)∗ /∈ Θ, otherwise the branch would be closed.

• ϕ = ⊥

(i) X@i⊥ /∈ Θ, otherwise the branch would be closed.

(ii) X(@i⊥)∗ ∈ Θ, then since the branch is open, X@i⊥ /∈ Θ. Since it is never

the case that M, [i]≈ x ⊥, the result follows.

Induction Hypothesis: let us assume that the result holds for the formulas ψ, δ,

subformulas of ϕ.

• ϕ = ψ ∧ δ

(i) X@i(ψ ∧ δ) ∈ Θ, then X must be equal to S. By applying the rule (∧),

S@iψ,S@iδ ∈ Θ. By the induction hypothesis, M, [i]≈ s ψ and M, [i]≈ s δ.

Thus, M, [i]≈ s ψ ∧ δ.
(ii) X(@i(ψ ∧ δ))∗ ∈ Θ, then, by applying the rule (∧∗), X(@iψ)∗ ∈ Θ or

X(@iδ)
∗ ∈ Θ. Hence, by induction hypothesis, M, [i]≈ 6x ψ or M, [i]≈ 6x δ.

Therefore M, [i]≈ 6x ψ ∧ δ.
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• ϕ = @jψ

(i) X@i@jψ ∈ Θ then X must be equal to S. By applying the rule (@E),

S@jψ ∈ Θ. By the induction hypothesis, M, [j]≈ s ψ; thus, by the defi-

nition of satisfaction, M, [i]≈ s @jψ.

(ii) X(@i@jψ)∗ ∈ Θ, then, by applying the rule (@∗E), X(@jψ)∗ ∈ Θ. By the

induction hypothesis, M, [j]≈ 6x ψ and it follows that M, [i]≈ 6x @jψ.

• ϕ = ψ ∨ δ

(i) X@i(ψ ∨ δ) ∈ Θ, then X must be equal to S. By applying rule (∨), it follows

one of the following:

1. S@iψ,S(@i∼ψ)∗,S(@i∼δ)∗ ∈ Θ; or

2. S@iψ,S(@i∼ψ)∗ ∈ Θ; or

3. S@iψ,S@iδ,S(@i∼δ)∗ ∈ Θ; or

4. S@iψ,S@iδ ∈ Θ; or

5. S@iδ,S(@i∼ψ)∗,S(@i∼δ)∗ ∈ Θ; or

6. S@iδ,S(@i∼δ)∗ ∈ Θ; or

7. S@iδ,S(@i∼ψ)∗,S@iψ ∈ Θ.

Claim: if S(@i∼ψ)∗ ∈ Θ (ψ is a subformula of ϕ), then M, [i]≈ 1s ∼ψ.

a) Case ψ = j, ∼ψ = ¬j; case ψ = ¬j, ∼ψ = j; case ψ = p, ∼ψ = ¬p;
case ψ = ¬p, ∼ψ = p; case ψ = >, ∼ψ = ⊥; and case ψ = ⊥,

∼ψ = >. These are all in the base step of the main proof.

Induction Hypothesis: assume that the claim holds for ∼δ,∼ξ.
b) Case ψ = @jδ, ∼ψ = @j∼δ. Thus S(@i@j∼δ)∗ ∈ Θ. The result now

follows resorting to the same steps as in the main proof for ϕ = @jψ,

using the induction hypothesis on ∼δ.
c) Case ψ = δ ∨ ξ, ∼ψ = ∼δ ∧ ∼ξ. Thus S(@i(∼δ ∧ ∼ξ))∗ ∈ Θ. The

result now follows resorting to the same steps as in the main proof

for ϕ = ψ ∧ δ, using the induction hypothesis on ∼δ and ∼ξ.
d) Case ψ = 〈π〉δ, ∼ψ = [π]∼δ. Thus S(@i[π]∼δ)∗ ∈ Θ. The result now

follows resorting to the same steps as in the main proof for ϕ = [π]ψ,

using the induction hypothesis on ∼δ.
e) Case ψ = [π]δ, ∼ψ = 〈π〉∼δ. Thus S(@i〈π〉∼δ)∗ ∈ Θ. The result now

follows resorting to the same steps as in the main proof for ϕ = 〈π〉ψ,

using the induction hypothesis on ∼δ.
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f) Case ψ = δ ∧ ξ, ∼ψ = ∼δ ∨ ∼ξ. Thus S(@i(∼δ ∨ ∼ξ))∗ ∈ Θ. The

result now follows resorting to the same steps as in the main proof

for ϕ = ψ ∨ δ, using the both the induction hypothesis of the main

theorem on δ and ξ and the induction hypothesis of the claim on ∼δ
and ∼ξ.

In case 1., by induction hypothesis we have that M, [i]≈ s ψ.

From the claim that we just proved it follows also that M, [i]≈ 6s ∼ψ and

M, [i]≈ 6s ∼δ.
Recall that

M, [i]≈ s ψ ∨ δ
⇔ (M, [i]≈ s ψ or M, [i]≈ s δ)

and (M, [i]≈ s ∼ψ implies M, [i]≈ s δ)

and (M, [i]≈ s ∼δ implies M, [i]≈ s ψ)

Therefore, M, [i]≈ s ψ ∨ δ.
Cases 2.–7. follow a similar approach.

We can thus conclude that, if S@i(ψ ∨ δ) ∈ Θ, then M, [i]≈ s ψ ∨ δ.
(ii) X(@i(ψ ∨ δ))∗ ∈ Θ, then

∗ if X = W, by applying rule (W∨∗), we obtain that W(@iψ)∗,W(@iδ)
∗ ∈

Θ.

By induction hypothesis, M, [i]≈ 1w ψ and M, [i]≈ 1w δ.

Thus, M, [i]≈ 1w ψ ∨ δ.
∗ if X = S, by applying rule (S∨∗), we obtain that:

1. S(@iψ)∗,S(@iδ)
∗ ∈ Θ; or

2. S@i∼ψ,S(@iδ)
∗ ∈ Θ; or

3. S@i∼δ,S(@iψ)∗ ∈ Θ.

In case 1., by induction hypothesis we have that:

M, [i]≈ 1s ψ and M, [i]≈ 1s δ.

Thus, M, [i]≈ 1s ψ ∨ δ.
In cases 2. and 3. the reasoning is analogous.

In conclusion, if X(@i(ψ ∨ δ))∗ ∈ Θ, then M, [i]≈ 1x ψ ∨ δ.

• ϕ = 〈π〉δ

(i) ∗ if δ = j, j ∈ Nom:
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X@i〈π〉j ∈ Θ, then if X = S, by applying rule (Weak), W@i〈π〉j ∈ Θ; if

X = W, then W@i〈π〉j ∈ Θ is trivial. Thus [i]≈Rπ[j]≈. By definition of

satisfaction, M, [i]≈ x 〈π〉j.

∗ if δ is not a nominal:

X@i〈π〉δ ∈ Θ only if X = S. Subsequently by the application of the rule

(〈π〉), S@i〈π〉t,S@tδ ∈ Θ, for a new nominal t. Then:

· if t ∈ U , [i]≈Rπ[t]≈ and M, [i]≈ s 〈π〉δ.
· if t /∈ U , ∃d such that t ⊆Θ d. Assume that there is no e such that

d ⊆Θ e, i.e., d ∈ U . Since S@tδ ∈ Θ, from Lemma 3.1.13 it follows

that the formula δ is a subformula of a root formula; this, together

with the definition of t ⊆Θ d implies that S@dδ ∈ Θ.

By induction hypothesis, M, [d]≈ s δ and by definition [i]≈Rπ[d]≈.

So, M, [i]≈ s 〈π〉δ.

In conclusion, if X@i〈π〉δ ∈ Θ, then M, [i]≈ x 〈π〉δ.
(ii) whether δ is a nominal or not:

X(@i〈π〉δ)∗ ∈ Θ. We want to prove that M, [i]≈ 1x 〈π〉δ, i.e., that for all [k]≈

such that [i]≈Rπ[k]≈, M, [k]≈ 1x δ.

Let k be a nominal such that [i]≈Rπ[k]≈. By definition, [i]≈Rπ[k]≈ implies

that ∃k′ : k′ ≈ k that satisfies one of the following two conditions:

∗ W@i〈π〉k′ ∈ Θ:

applying the rule (〈π〉∗), implies that X(@k′δ)
∗ ∈ Θ. By induction,

M, [k′]≈ 1x δ.

Since [k′]≈ = [k]≈, then M, [k]≈ 1x δ. From [i]≈Rπ[k]≈ it follows that

M, [i]≈ 1x 〈π〉δ.

∗ ∃d ∈ NomΘ such that W@i〈π〉d ∈ Θ and d ⊆Θ k′:

from applying (〈π〉∗) it follows that X(@dδ)
∗ ∈ Θ.

· If X = S, then from S(@dδ)
∗ ∈ Θ, using Lemma 3.1.13, ∼δ is a

subformula of a root formula. Since d ⊆Θ k′, S(@k′δ)
∗ ∈ Θ;

· if X = W, then from W(@dδ)
∗ ∈ Θ, using Lemma 3.1.13, δ is a

subformula of a root formula. Since d ⊆Θ k′, W(@k′δ)
∗ ∈ Θ.

Thus if X(@dδ)
∗ ∈ Θ, then X(@k′δ)

∗ ∈ Θ.

By induction hypothesis, M, [k′]≈ 1x δ. Therefore M, [i]≈ 1x 〈π〉δ.

In conclusion, if X(@i〈π〉δ)∗ ∈ Θ, then M, [i]≈ 1x 〈π〉δ.

• ϕ = [π]δ
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(i) X@i[π]δ ∈ Θ. The only situation for which X = W is when δ = ¬j, for

j ∈ Nom. But if so, W@i[π]¬j must derive from the application of rule

(Weak), which means that S@i[π]¬j ∈ Θ. Thus let us consider the case when

S@i[π]δ ∈ Θ:

We want to prove that M, [i]≈ s [π]δ, i.e., that for all [k]≈ such that

[i]≈Rπ[k]≈, M, [k]≈ s δ.

Let k be a nominal such that [i]≈Rπ[k]≈. By definition, [i]≈Rπ[k]≈ implies

that ∃k′ : k′ ≈ k that satisfies one of the following two conditions:

∗ W@i〈π〉k′ ∈ Θ:

then, by the rule ([π]), S@k′δ ∈ Θ and by induction hypothesis,

M, [k′]≈ s δ.

Since [k′]≈ = [k]≈, then M, [k]≈ s δ. And from the fact that [i]≈Rπ[k]≈

it follows that M, [i]≈ s [π]δ.

∗ ∃d ∈ NomΘ such that W@i〈π〉d ∈ Θ, and d ⊆Θ k′:

from applying rule ([π]), S@dδ ∈ Θ.

Then from S@dδ ∈ Θ, using Lemma 3.1.13, δ is a subformula of a root

formula. Since d ⊆Θ k′, S@k′δ ∈ Θ;

By induction hypothesis, M, [k′]≈ s δ. Since [k]≈ = [k′]≈ and from the

fact that [i]≈Rπ[k]≈, we conclude that M, [i]≈ s [π]δ.

If it were the case that W@i[π]¬j ∈ Θ for j ∈ Nom,we would follow the same

steps since W@i[π]¬j ∈ Θ implies that S@i[π]¬j ∈ Θ reaching the conclusion

that M, [i]≈ s [π]¬j, which on its turn implies that M, [i]≈ w [π]¬j.
Thus, if X@i[π]δ ∈ Θ, then M, [i]≈ x [π]δ.

(ii) X(@i[π]δ)∗ ∈ Θ, thus by application of the rule ([π]∗), W@i〈π〉t,
X(@tδ)

∗ ∈ Θ, for a new nominal t. Then:

∗ if t ∈ U , [i]≈Rπ[t]≈. By induction hypothesis, M, [t]≈ 1x δ. Thus

M, [i]≈ 1x [π]δ.

∗ if t /∈ U , ∃d such that t ⊆Θ d. Assume that there is no e such that d ⊆Θ e,

i.e., d ∈ U .

· If X = S, then from S(@tδ)
∗ ∈ Θ, using Theorem 3.1.13, ∼δ is a

subformula of a root formula. Since t ⊆Θ d, S(@dδ)
∗ ∈ Θ;

· if X = W, then from W(@tδ)
∗ ∈ Θ, using Theorem 3.1.13, δ is a

subformula of a root formula. Since t ⊆Θ d, W(@dδ)
∗ ∈ Θ.

Thus if X(@tδ)
∗ ∈ Θ then X(@dδ)

∗ ∈ Θ.
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By induction hypothesis, M, [d]≈ 1x δ. This together with the fact that

[i]≈Rπ[d]≈ yields that M, [i]≈ 1x [π]δ.

Thus, if X(@i[π]δ)∗ ∈ Θ, then M, [i]≈ 1x [π]δ.

From this theorem and the soundness theorem we have the following decision proce-

dure:

Decision Procedure: Given a (finite) database ∆ and a query ϕ whose QH-consequence

from ∆ we want to decide, let TQH be a terminal tableau generated by the tableau con-

struction algorithm. If the tableau is closed, then ϕ is a QH-consequence of ∆. Analo-

gously, if the tableau is open, then ϕ is not a QH-consequence of ∆.

Let us see the decision procedure in action:

Example 3.1.21. Let ∆ = {@i(p∨ q),@j〈π〉i,@jq,@j¬q} be a database and consider a

query ϕ = @j〈π〉p.

Let us check if ϕ is a QH-consequence of ∆ using the tableau-based decision procedure

described:

S@i(p ∨ q), S@j〈π〉i, S@jq, S@j¬q, W(@j〈π〉p)∗ 1.

W@j〈π〉i, W@jq, W@j¬q 2.

W(@ip)
∗ 3.

W@ii, W@jj 4.

S@ip S@ip S@ip S@ip S@iq S@iq S@iq 5.

S(@i¬p)∗ S(@i¬p)∗ S@iq S@iq S(@i¬p)∗ S(@i¬q)∗ S@ip

S(@i¬q)∗ S(@i¬q)∗ S(@i¬q)∗ S(@i¬p)∗

W@ip W@ip W@ip W@ip W@iq W@iq W@iq 6.

W@iq W@iq W@ip

× × × × � � ×

Rules applied:

2. by (Weak) rule on 1

3. by (〈π〉∗) rule on 1 and 2

4. by (Id)

5. by (∨) rule on 1

6. by (Weak) rule on 5
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Since the terminal tableau has two open branches, it means that the tableau is open,

thus ϕ is not a QH-consequence of ∆. A counter-model is for example the following

bistructure: M = (W,Rπ, N, V
+, V −) such that

– W = {w1, w2},

– Rπ = {(w2, w1)},

– N(i) = w1, N(j) = w2,

– V +(p) = ∅, V −(p) = ∅, V +(q) = {w1, w2}, and V −(q) = {w2}.

This is a bistructure which clearly s-satisfies ∆, but does not w-satisfy ϕ.

We can easily verify that the database in the previous example is inconsistent, as it

contains both @jq and @j¬q. If we were to evaluate the same problem in hybrid logic

(usual version, non-paraconsistent), then ϕ would trivially follow from ∆.

Example 3.1.22. Let ∆ = {@k(p∧ q ∧ r),@i[π]¬p,@i〈π〉k} be a database and consider

a query ϕ = @k(p ∧ ¬p).
Let us check if ϕ is a QH-consequence of ∆ using the tableau-based decision procedure:

S@k(p ∧ q ∧ r), S@i[π]¬p, S@i〈π〉k, W(@k(p ∧ ¬p))∗ 1.

S@kp, S@kq, S@kr 2. by (∧) rule on 1

W@i〈π〉k, W@kp, W@kq, W@kr 3. by (Weak) rule on 1 and 2

S@k¬p 4. by ([π]) rule on 1 and 3

W@k¬p 5. by (Weak) rule on 4

W@kp
∗ W@k¬p∗ 6. by (∧∗) rule on 1

× ×

A brief remark to the fact that the tableau closed before we ran out of rules to apply,

namely we could still apply the rule (Id).

Note that both the database and the query itself are inconsistent. Notwithstanding,

from the tableau procedure given we verify that ϕ is a QH-consequence of ∆.

These examples show the mechanism of the tableau construction in action. Both

examples show that it is still possible to reach sensible conclusions about a (possibly

inconsistent) query from a (possibly inconsistent) database.
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Strong consequence relation

In opposition to the QH-consequence relation where we dismissed the safety net

provided by the use of disjunctive syllogism in the evaluation of the disjunction, we

will introduce a second consequence relation, called strong consequence relation, such

that the formulas in the (possibly inconsistent) database and the (possibly inconsistent)

query are evaluated in the same way.

This subsection follows the steps given in the previous one for the QH-consequence

relation. The final goal is the introduction of a decision procedure for the strong conse-

quence relation based on a tableau system.

Definition 3.1.23 (Strong consequence relation). Let ∆ be a finite set of hybrid for-

mulas in NNF called database, and ϕ be a hybrid formula in NNF, called query. We

say that ϕ is a strong consequence of ∆, for short s-consequence, if and only if, for all

bistructures M where all formulas in ∆ are globally s-satisfied, ϕ is globally s-satisfied.

Formally,

∆ S ϕ iff ∀M (M s ∆⇒M s ϕ)

So, ϕ is a strong consequence of ∆ if, in all bistructures that are s-models for ∆, ϕ

is globally s-satisfied.

The consequence relation S differs from the consequence relation QH in a few

properties, namely QH validates disjunction introduction and disjunctive syllogism and

invalidates transitivity, whereas S validates disjunctive syllogism and transitivity but

invalidates disjunction introduction.

(a) For the case of disjunction introduction, consider the bistructure M such that

V +(p) = V −(p) = W and V +(q) 6= W . Then M s p but M 1s p ∨ q, thus

p 1S p ∨ q.

(b) Disjunctive syllogism holds for a similar justification as for QH.

(c) In order to check if the consequence relation is transitive, i.e., if it holds that

Γ S ϕ and ϕ S ψ implies Γ S ψ, let us consider an arbitrary bistructure M

such that M s Γ. From the assumption that Γ S ϕ it follows that M s ϕ. And

from the assumption that ϕ S ψ if follows that M s ψ. Thus Γ S ψ.

(d) The consequence relation S is monotonous. The proof is analogous to the one for

QH.

50



Given that the formulas in the database and the query are all evaluated with regard

to the strong satisfaction relation, the rules to be used in the tableau do not need to

distinguish between strong and weak occurrences, thus we drop the use of labels in this

case. The rules that will be presented next are similar to the strong rules introduced

before as one would expect, in order to comply with soundness. The tableau system will

be denoted TS and a particular tableau in this system will be denoted by TS.

For non-starred formulas:

ϕ

@iϕ
(@I

s)(i)
@i@jϕ

@jϕ
(@E

s)
@i(ϕ ∧ ψ)

@iϕ
@iψ

(∧s)

@i(ϕ ∨ ψ)

@iϕ @iϕ @iϕ @iϕ @iψ @iψ @iψ

(@i∼ϕ)∗ (@i∼ϕ)∗ (@i∼ψ)∗ @iψ (@i∼ϕ)∗ (@i∼ψ)∗ (@i∼ϕ)∗

(@i∼ψ)∗ @iψ (@i∼ψ)∗ @iϕ

(∨s)

@i[π]ϕ,@i〈π〉j
@jϕ

([π]s)
@i〈π〉ϕ
@i〈π〉t
@tϕ

(〈π〉s)(ii) @ij,@iϕ

@jϕ
(Noms)(iii)

@ii
(Ids)(iv)

For starred formulas:

ϕ∗

(@tϕ)∗
(@∗I

s)(v)
(@i@jϕ)∗

(@jϕ)∗
(@∗E

s)
(@i(ϕ ∧ ψ))∗

(@iϕ)∗ (@iψ)∗
(∧∗s)

(@i(ϕ ∨ ψ))∗

(@iϕ)∗ @i∼ϕ @i∼ψ
(@iψ)∗ (@iψ)∗ (@iϕ)∗

(∨∗s) (@i[π]ϕ)∗

@i〈π〉t
(@tϕ)∗

([π]∗s)(vi)

(@i〈π〉ϕ)∗,@i〈π〉j
(@jϕ)∗

(〈π〉∗s) (@iϕ)∗

@i∼ϕ
(Id∗s)(vii)

(i) ϕ is not a satisfaction statement, i is in the branch;
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(ii) ϕ /∈ Nom, t is a new nominal;

(iii) for @iϕ a literal;

(iv) for i in the branch;

(v) ϕ is not a satisfaction statement, t is a new nominal;

(vi) t is a new nominal;

(vii) ϕ = j or ϕ = ¬j, where j ∈ Nom; or ϕ = >.

The rules (@I
s), ([π]s), (Ids), (Noms) and (〈π〉∗s) are called non-destructive rules.

The remaining rules – (@E
s), (∧s), (∨s), (〈π〉s), (@∗I

s), (@∗E
s), (∧∗s), (∨∗s), ([π]∗s) and

(Id∗s) – are called destructive. We make this distinction so that in the systematic tableau

construction algorithm a destructive rule is applied at most once to a formula.

Similarly to the previous case, the tableau system TS satisfies a subformula property,

namely:

Theorem 3.1.24 (Subformula property). If @iϕ ∈ TS, where ϕ is not a nominal and

ϕ 6= 〈π〉j for j ∈ Nom, then either ϕ is a subformula of a (non-starred) root formula or

∼ϕ is a subformula of a (starred) root formula.

If (@iϕ)∗ ∈ TS then ϕ is either a subformula of a (starred) root formula or ∼ϕ is a

subformula of a (non-starred) root formula.

Proof. The proof can be obtained by checking each rule.

A consequence of Lemma 3.1.24 is the fact that for any given tableau TS, the sets

Υi = {ϕ | ϕ 6= j, 〈π〉j, for j ∈ Nom, π ∈ Mod and @iϕ ∈ TS};
Υ∗i = {ϕ | (@iϕ)∗ ∈ TS}

are finite.

The next definitions of binary relations ∼s
Θ, ⊆s

Θ are very similar to those of ∼Θ and

⊆Θ from before, except that now all labels that were considered previously are dropped.

The binary relation on the equality between states is defined as follows:

Definition 3.1.25. Let Θ be a branch of a tableau TS and let NomΘ be the set of

nominals occurring in the formulas of Θ. Define a binary relation ∼s
Θ on NomΘ by

i ∼s
Θ j if and only if the formula @ij ∈ Θ.

A binary relation of inclusion between nominals occurring on a branch is set as

follows:
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Definition 3.1.26. Let i and j be nominals occurring on a branch Θ of a tableau in

TS. The nominal i is said to be s-included in the nominal j with respect to Θ if for any

subformula ϕ of a root formula:

– if @iϕ ∈ Θ then @jϕ ∈ Θ;

– if @i∼ϕ ∈ Θ then @j∼ϕ ∈ Θ;

– if (@iϕ)∗ ∈ Θ then (@jϕ)∗ ∈ Θ; and

– if (@i∼ϕ)∗ ∈ Θ then (@j∼ϕ)∗ ∈ Θ.

If i is s-included in j with respect to Θ, and the first occurrence of j on Θ is before

the first occurrence of i, then we write i ⊆s
Θ j.

A systematic construction that terminates a tableau is introduced as follows:

Definition 3.1.27 (Tableau construction). Given a finite database ∆ ⊆ FormNNF(@)(Lπ)

of hybrid formulas in negation normal form and a query ϕ ∈ FormNNF(@)(Lπ), one wants

to verify if ϕ is a strong consequence of ∆. In order to do so, we define by induction a

sequence T0
S,T

1
S,T

2
S, · · · of finite tableaux in TS, each of which is embedded in its succes-

sor.

Let T0
S be the finite tableau constituted by the formulas in ∆ and ϕ∗. Tn+1

S is ob-

tained from TnS if it is possible to apply an arbitrary rule to TnS with the following three

restrictions:

1. If a formula to be added to a branch by applying a rule already occurs on the branch,

then the addition of the formula is simply omitted.

2. After the application of a destructive rule to a formula occurrence ϕ on a branch,

it is recorded that the rule was applied to ϕ with respect to the branch and the rule

will not again be applied to ϕ with respect to the branch or any extension of it.

3. The existential rules (〈π〉s), and ([π]∗s) are not applied to @i〈π〉ϕ nor to (@i[π]ϕ)∗

on a branch Θ if there exists a nominal j such that i ⊆s
Θ j.

Analogously to the tableau construction for the consequence relation QH, a formula

cannot occur more than once on a branch and a destructive rule cannot be applied more

than once to the same formula. The third restriction about applications of the existential

rules (〈π〉s), and ([π]∗s) are the loop-check conditions.

Next theorem states that TS is sound:
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Theorem 3.1.28 (Soundness). The tableau rules are sound in the following sense: for

any rule
Λ

Σ1 · · · Σn

, n ≥ 1, and any bistructure M,

M s Λ implies M s Σ1 or . . . or M s Σn

for Λ, Σ1, . . . ,Σn sets of formulas in Form∗NNF(@)(Lπ).

Proof. The proof can be obtained by checking each rule, and is analogous to that for

Theorem 3.1.17.

With due adjustments on the results leading to the proof of termination for the

tableau construction algorithm introduced previously in Definition 3.1.16, namely by

dropping the use of labels, it is straightforward that the tableau construction algorithm

from Definition 3.1.27 terminates as well.

A branch is closed if and only if there is a formula ψ for which ψ and ψ∗ are in that

branch or if @i⊥ or @i¬i is in the branch for some nominal i. The notions of closed and

terminal tableau are exactly as before.

In order to prove completeness of the systematic tableau construction algorithm it is

sufficient to prove that if a tableau has an open branch Θ, then there exists a model Ms
Θ

and a world w where all root formulas are satisfied. Ms
Θ is constructed from an open

tableau branch Θ in a similar way as MΘ was previously.

From now on we consider that Θ is a branch of a terminal tableau and let U s be the

subset of NomΘ containing any nominal i having the property that there is no nominal

j such that i ⊆s
Θ j. Let ≈s be the restriction of ∼s

Θ to U s. Observe that U s contains

all nominals present in the root formulas since they are the first formulas of the branch

Θ. Observe that Θ is closed under the rules (Ids) and (Noms), so both ∼s
Θ and ≈s are

equivalence relations.

Given a nominal i in U s, we let [i]≈s denote the equivalence class of i with respect

to ≈s and we let U s
/≈s denote the set of equivalence classes.

Let Rs
π be the binary relation on U s defined by iRs

πj if and only if there exists a

nominal j′ ≈s j such that one of the following two conditions is satisfied:

1. @i〈π〉j′ ∈ Θ; or if

2. there exists a nominal k ∈ NomΘ such that @i〈π〉k ∈ Θ and k ⊆s
Θ j′.
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Observe that the nominal k in the second item is not an element of U s. It follows

from Θ being closed under the rule (Nom) that Rs
π is compatible with ≈s in the first

argument and it is trivial that Rs
π is compatible with ≈s in the second. We let Rs

π be

the binary relation on U s
/≈s defined by [i]≈s Rs

π [j]s≈ if and only if iRs
πj.

Let N s : U s → U s
/≈s be defined such that N s(i) = [i]≈s .

Let V +
s be the function that to each ordinary propositional variable assigns the set

of elements of U s where that propositional variable occurs, i.e., i ∈ V +
s (p) if and only

if @ip ∈ Θ. Conversely i /∈ V +
s (p) if and only if @ip /∈ Θ. Analogously, let V −s be the

function that to each ordinary propositional variable assigns the set of elements of U s

where the negation of that propositional variable occurs, i.e., i ∈ V −s (p) if and only if

@i¬p ∈ Θ. Conversely i /∈ V −s (p) if and only if @i¬p /∈ Θ.

We let V +
s be defined by V +

s (p) = {[i]≈s | i ∈ V +
s (p)}. We define V −s analogously:

V −s (p) = {[i]≈s | i ∈ V −s (p)}.

Given a branch Θ, let Ms
Θ =

(
U s
/≈s ,

(
Rs
π

)
π∈Mod

, N s, V +
s , V −s

)
. We will omit the

reference to the branch in Ms
Θ if it is clear from the context.

Theorem 3.1.29 (Model Existence). Assume that the branch Θ is open. For any sat-

isfaction statement @iϕ which contains only nominals from U s the following conditions

hold:

(i) if @iϕ ∈ Θ, then Ms, [i]≈s s ϕ;

(ii) if (@iϕ)∗ ∈ Θ, then Ms, [i]≈s 6s ϕ.

Proof. The proof is analogous to that of Theorem 3.1.20.

From this theorem and the soundness theorem we have the following decision proce-

dure:

Decision Procedure: Given a database ∆ and a query ϕ whose strong consequence

from ∆ we want to decide, let TS be a terminal tableau generated by the tableau construc-

tion algorithm. If the tableau is closed, then ϕ is a strong consequence of ∆. Analogously,

if the tableau is open, then ϕ is not a strong consequence of ∆.

We present some examples to illustrate this procedure:

Example 3.1.30. Let ∆ = {(@i[π]p) ∧ q} be a database and consider a query

ϕ = @i[π](p ∨ q).
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Let us check if ϕ is a strong consequence of ∆ using the tableau-based decision pro-

cedure just introduced:

(@i[π]p) ∧ q, (@i[π](p ∨ q))∗ 1.

@i〈π〉t, (@t(p ∨ q))∗ 2. by ([π]∗s) rule on 1

@i((@i[π]p) ∧ q), @t((@i[π]p) ∧ q) 3. by (@s
I) rule on 1

@i(@i[π]p), @iq, @t(@i[π]p), @tq 4. by (∧s) rule on 3

@i[π]p 5. by (@s
E) rule on 4

@tp 6. by ([π]s) rule on 5 and 2

(@tp)
∗ @t¬p @t¬q 7. by (∨∗s) rule on 2

(@tq)
∗ (@tq)

∗ (@tp)
∗

× × ×

Since the tableau already closed, we may conclude right away that ϕ is indeed a strong

consequence of ∆.

Example 3.1.31. Let ∆ = {@i〈π〉j} be a database and consider a query ϕ = @i[π]j.

Let us check if ϕ is a strong consequence of ∆ using the tableau procedure described:

@i〈π〉j, (@i[π]j)∗ 1.

@i〈π〉t, (@tj)
∗ 2. by ([π]∗s) rule on 1

@t¬j 3. by (Id∗s) rule on 2

@ii,@jj,@tt 4. by (Ids) rule

�

We reached a terminal tableau with a single branch that is open, so @i[π]j is not a

strong consequence of @i〈π〉j.
We can check that the bistructure M = (W,Rπ, N, V

+, V −) such that

– W = {w1, w2, w3},

– Rπ = {(w1, w2), (w2, w3)},

– N(i) = w1, N(j) = w2, N(t) = w3

– V + and V − are empty functions, i.e., their domain is the empty set.

is such that ∆ is s-satisfied, and however @i[π]j is not.

Observe that if ϕ is a strong consequence of ∆, then ϕ is a quasi-hybrid consequence

of ∆ as well. By definition, if ϕ is a strong consequence of ∆, then, for all bistructures

M, if M s ∆ then M s ϕ. But M s ϕ implies that M w ϕ. Therefore ϕ is a

quasi-hybrid consequence of ∆.
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3.2 Belnapian hybrid (multimodal) logic

In opposition to quasi-hybrid logic, which is limited by the fact that we can only

consider formulas in negation normal form, the belnapian version of hybrid multimodal

logic about to be introduced imposes no conditions on the formulas considered.

We will continue defending the use of the notion of disjunctive syllogism in the

semantics for the disjunction, and it will be interesting to compare what happens now

that instead of the ∼ operator we consider ¬ in that particular definition. This feature

is what will set this logic apart from the hybridized version of N4 introduced in [24].

Belnapian hybrid (multimodal) logic combines many-valued logic with hybrid logic,

namely our formulas will be four-valued. These four values are commonly known as

{t, f,>,⊥}, and the value of a formula is t if the formula is true, it is f if the formula

is false, it is > if the formula is both true and false, and finally it is ⊥ if the formula

is neither true nor false. There is a direct connection between the use of a single four-

valued valuation and the use of two two-valued valuations as we have been doing so

far. We will expose this connection in this section, but we would rather keep the notion

of bistructure throughout the remaining of the section, especially when we define a

consequence relation between a (finite) set of hybrid formulas and a particular hybrid

formula in this new logic. A tableau-based decision procedure will also be introduced,

analogously to what was done for QH logic.

Formal representation

The syntax of belnapian hybrid logic, B(@, π), is defined as follows:

Definition 3.2.1. Let Lπ = 〈Prop,Nom,Mod〉 be a hybrid multimodal similarity type

where Prop is a countable set of propositional variables, Nom is a countable set disjoint

from Prop and Mod is a countable set of modality labels.

The set of formulas considered in belnapian hybrid logic, Form@,⊃(Lπ) is given by

the following recursive definition:

ϕ,ψ := i | p | ⊥ | > | ¬ϕ | ϕ ⊃ ψ | ϕ ∨ ψ | ϕ ∧ ψ | 〈π〉ϕ | [π]ϕ | @iϕ

where i ∈ Nom, p ∈ Prop, π ∈ Mod.

On the other hand semantics is formalized as follows:

Definition 3.2.2. The belnapian satisfaction (for short b-satisfaction) relation b, be-

tween a bistructure M = (W, (Rπ)π∈Mod , N, V
+, V −), a world w ∈W , and a formula in

Form@,⊃(Lπ) is set as follows:
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– M, w b i iff w = N(i);

– M, w b ¬i iff w 6= N(i);

– M, w b p iff w ∈ V +(p);

– M, w b ¬p iff w ∈ V −(p);

– M, w b > always;

– M, w b ⊥ never;

– M, w b ¬¬ϕ iff M, w b ϕ;

– M, w b ϕ ⊃ ψ iff M, w b ϕ implies M, w b ψ;

– M, w b ¬(ϕ ⊃ ψ) iff M, w b ϕ and M, w b ¬ψ;

– M, w b ϕ ∨ ψ iff [M, w b ϕ or M, w b ψ]

and [M, w b ¬ϕ implies M, w b ψ]

and [M, w b ¬ψ implies M, w b ϕ];

– M, w b ¬(ϕ ∨ ψ) iff [M, w b ¬ϕ and M, w b ¬ψ]

or [M, w 6b ϕ and M, w b ¬ψ]

or [M, w 6b ψ and M, w b ¬ϕ];

– M, w b ϕ ∧ ψ iff M, w b ϕ and M, w b ψ;

– M, w b ¬(ϕ ∧ ψ) iff M, w b ¬ϕ or M, w b ¬ψ;

– M, w b 〈π〉ϕ iff ∃w′(wRπw′ and M, w′ b ϕ);

– M, w b ¬〈π〉ϕ iff ∀w′(wRπw′ implies M, w′ b ¬ϕ);

– M, w b [π]ϕ iff M, w b ¬〈π〉¬ϕ;

– M, w b ¬[π]ϕ iff M, w b 〈π〉¬ϕ;

– M, w b @iϕ iff M, w′ b ϕ where w′ = N(i);

– M, w b ¬@iϕ iff M, w b @i¬ϕ.

M, w b ϕ should be read as “ϕ is Belnap-style satisfied (for short b-satisfied) in the

bistructure M at the world w”.

We say that ϕ is globally Belnap-style satisfied, for short globally b-satisfied if M b ϕ,

where M b ϕ iff M, w b ϕ for all w in W.

Let ∆ be a set of formulas in Form@,⊃(Lπ). We say that a bistructure M is a (hybrid

multimodal) belnapian model (for short b-model) of ∆ if and only if M b ϕ for all

ϕ ∈ ∆.
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Instead of considering bistructures with two valuations, one could consider belnapian

structures with a single four-valued valuation, as follows:

Definition 3.2.3. A (hybrid multimodal) belnapian structure B is a tuple (W,

(Rπ)π∈Mod , V ), where:

– W and each Rπ are defined as in a bistructure (Definition 3.1.2); and

– V is a belnapian valuation, i.e., a function with domain Prop∪Nom×W and range

4 where 4 is the usual set of belnapian truth values: {t, f,>,⊥}. V is such that

V (i, w) = t for a unique w ∈W , and V (i, w′) = f for every other world w′.

Given the same domain W and the same π-accessibility relations Rπ one can in an

undifferentiated manner choose to work with either a belnapian structure or a bistruc-

ture. The relation between the use of a belnapian structure B = (W, (Rπ)π∈Mod , V ) and

of a bistructure M = (W, (Rπ)π∈Mod , N, V
+, V −) is as follows:

– V (p, w) = t iff w ∈ V +(p) and w /∈ V −(p)

– V (p, w) = f iff w /∈ V +(p) and w ∈ V −(p)

– V (p, w) = > iff w ∈ V +(p) and w ∈ V −(p)

– V (p, w) = ⊥ iff w /∈ V +(p) and w /∈ V −(p)

– V (i, w) = t iff w = N(i)

– V (i, w) = f iff w 6= N(i)

– V (i, w) = > never

– V (i, w) = ⊥ never

The four-element Belnap bilattice has two orders: one regards the quality of the

information ≤t while the other regards the quantity of information ≤k.

Figure 3.1: The two orderings of the Belnap bilattice.

This is important in order to define the semantics from this perspective, which comes

as follows:
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Definition 3.2.4. The belnapian satisfaction relation, b, is defined between a belnapian

structure B = (W, (Rπ)π∈Mod , V ), a world w ∈W and a formula ϕ ∈ Form@,⊃(Lπ) as:

B, w b ϕ iff V (ϕ,w) ∈ {t,>},

where V is extended to all formulas in Form@,⊃(Lπ) as follows:

o V (>, w) = t, V (⊥, w) = f;

o V (¬ϕ,w) = �V (ϕ,w), where �t = f, �f = t, �> = > and �⊥ = ⊥;

o V (ϕ ⊃ ψ,w) = V (ϕ,w)5 V (ψ,w),

where 5 t f > ⊥
t t f > ⊥
f t t t t

> t f > ⊥
⊥ t t t t

or equivalently,

V (ϕ ⊃ ψ,w) =

V (ψ,w), if V (ϕ,w) ∈ {t,>}

t, otherwise

⊃ corresponds to the weak implication connective used in [73];

o V (ϕ ∧ ψ,w) = V (ϕ,w) 7 V (ψ,w),

where 7 t f > ⊥
t t f > ⊥
f f f f f

> > f > f

⊥ ⊥ f f ⊥
or equivalently, V (ϕ ∧ ψ,w) = inf

≤t

{V (ϕ,w), V (ψ,w)};
o V (ϕ ∨ ψ,w) = V (ϕ,w) 6 V (ψ,w),

where 6 t f > ⊥
t t t t t

f t f f ⊥
> t f > ⊥
⊥ t ⊥ ⊥ ⊥

or equivalently,

V (ϕ ∨ ψ,w) = inf
≤t

{sup
≤t

{V (ϕ,w), V (ψ,w)}, V (¬ϕ ⊃ ψ,w), V (¬ψ ⊃ ϕ,w)}

(recall that V (ϕ ∨ ψ,w) incorporates the idea of disjunctive syllogism);
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o V (〈π〉ϕ,w) = sup
≤t

{V (ϕ,w′) | wRπw′};

o V ([π]ϕ,w) = inf
≤t

{V (ϕ,w′) | wRπw′};

o V (@iϕ,w) = V (ϕ,w′), where w′ is such that V (i, w′) = t.

Due to the association between a belnapian structure B and its corresponding bistruc-

ture M, and vice-versa, and due to the definition of b in these two environments, it is

easy to check that

B, w b ϕ iff M, w b ϕ, for all ϕ ∈ Form@,⊃(Lπ).

Going back to the use of bistructures, let us check the difference between using the

belnapian satisfaction relation b and the strong satisfaction relation s on the semantics

for disjunction:

Consider a bistructure M = (W, (Rπ)π∈Mod , N, V
+, V −) such that W = {w},

(Rπ)π∈Mod = ∅, N(i) = w, V +(p) = V −(p) = V +(q) = {w} and V −(q) = V +(r) =

V −(r) = ∅.
Let us verify if the formula @i((p∧ q)∨ r) is s-satisfied and/or b-satisfied in M at w:

M, w s @i((p ∧ q) ∨ r)
⇔ M, N(i) s (p ∧ q) ∨ r
⇔ (M, N(i) s (p ∧ q) or M, N(i) s r)

and (M, N(i) s (¬p ∨ ¬q) implies M, N(i) s r)

and (M, N(i) s ¬r implies M, N(i) s p ∧ q)
⇔ ((M, N(i) s p and M, N(i) s q) or M, N(i) s r)

and [((M, N(i) s ¬p or M, N(i) s ¬q)
and (M, N(i) s p implies M, N(i) s ¬q)
and (M, N(i) s q implies M, N(i) s ¬p)) implies M, N(i) s r]

and (M, N(i) s ¬r implies (M, N(i) s p and M, N(i) s q))

⇔ ((true and true) or false)

and [((true or false)

and (true implies false)

and (true implies true)) implies false]

and (false implies (true and true))

⇔ true

and [(true

and false
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and true) implies false]

and (false implies true)

⇔ true

and true

and true

⇔ true

On the other hand,

M, w b @i((p ∧ q) ∨ r)
⇔ M, N(i) b (p ∧ q) ∨ r
⇔ (M, N(i) b (p ∧ q) or M, N(i) b r)

and (M, N(i) b ¬(p ∧ q) implies M, N(i) b r)

and (M, N(i) b ¬r implies M, N(i) b p ∧ q)
⇔ ((M, N(i) b p and M, N(i) b q) or M, N(i) b r)

and ((M, N(i) b ¬p or M, N(i) b ¬q) implies M, N(i) b r)

and (M, N(i) b ¬r implies (M, N(i) b p and M, N(i) b q))

⇔ ((true and true) or false)

and ((true or false) implies false)

and (false implies (true and true))

⇔ true

and (true implies false)

and (false implies true)

⇔ true

and false

and true

⇔ false

Thus in this bistructure, the formula @i((p ∧ q) ∨ r) is s-satisfied at w (in fact it is

globally s-satisfied as well) but it is not b-satisfied.

Let us define the notion of belnapian equivalence between hybrid formulas as follows:

Definition 3.2.5. Two formulas ϕ,ψ ∈ Form@,⊃(Lπ) are said to be belnapian-equivalent,

denoted ϕ ≡b ψ, if and only if for all hybrid bistructures M = (W, (Rπ)π∈Mod , N,

V +, V −) and all w ∈W ,

M, w b ϕ⇔M, w b ψ.

In opposition to quasi-hybrid logic, where the distributive law does not hold, it is
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possible to show that the formulas ϕ ∨ (ψ ∧ δ) and (ϕ ∨ ψ) ∧ (ϕ ∨ δ) are belnapian-

-equivalent. This is a proof that becomes simpler if one resorts to belnapian structures

instead of bistructures. Taking a look at the matrix for the disjunction and conjunction

makes the task fairly quick.

However, the other distribution does not hold, i.e., ϕ∧(ψ∨δ) and (ϕ∧ψ)∨(ϕ∧δ) are

not belnapian-equivalent. Resorting once again to the four-valued valuation in belnapian

structures (which is equivalent to using the two two-valued valuations in bistructures),

one verifies that when V (ϕ,w) = >, V (ψ,w) = t and V (δ, w) = f, then

V (ϕ ∧ (ψ ∨ δ), w) = V (ϕ,w)7 (V (ψ,w)6 V (δ, w)) = >7 (t6 f) = >

while

V ((ϕ ∧ ψ) ∨ (ϕ ∧ δ), w) = (V (ϕ,w) 7 V (ψ,w))6 (V (ϕ,w)7 V (δ, w))

= (>7 t) 6 (>7 f) = f.

It is also not the case that 〈π〉(ϕ ∨ ψ) and 〈π〉ϕ ∨ 〈π〉ψ are belnapian-equivalent:

consider a belnapian structure B where W = {w1, w2} and Rπ = {(w1, w1), (w1, w2)},
V (ϕ,w1) = >, V (ψ,w1) = ⊥, V (ϕ,w2) = ⊥, V (ψ,w2) = f.

Then,

V (〈π〉(ϕ ∨ ψ), w1) = sup
≤t

{V (ϕ ∨ ψ,w′) | w1Rπw
′}

= sup
≤t

{V (ϕ ∨ ψ,w1), V (ϕ ∨ ψ,w2)}

= sup
≤t

{>6⊥,⊥6 f}

= sup
≤t

{⊥,⊥}

= ⊥

and

V (〈π〉ϕ ∨ 〈π〉ψ), w1) = sup
≤t

{V (ϕ,w′) | w1Rπw
′}6 sup

≤t

{V (ψ,w′) | w1Rπw
′}

= sup
≤t

{V (ϕ,w1), V (ϕ,w2)}6 sup
≤t

{V (ψ,w1), V (ψ,w2)}

= sup
≤t

{>,⊥}6 sup
≤t

{⊥, f}

= t6⊥ = t.

Thus B, w b 〈π〉ϕ ∨ 〈π〉ψ but B, w 1b 〈π〉(ϕ ∨ ψ).
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Observe that these formulas are equivalent in classical hybrid logic, and they still

would be if one had defined semantics for the disjunction without involving the notion

of disjunctive syllogism, which would give rise to a different belnapian hybrid logic. So,

although the disjunctive syllogism provides a good safety net as we mentioned before, it

has unfortunately some letdowns, as the ones we have just seen.

Consequence relation and a tableau-based decision procedure

Analogously to what has been done in quasi-hybrid logic, in this section we introduce

a belnapian consequence relation and a tableau-based decision procedure in order to check

if a formula is a belnapian consequence of a set of formulas.

Definition 3.2.6 (Belnapian consequence relation). Let ∆ be a finite set of hybrid

formulas in Form@,⊃(Lπ) called database, and ϕ be a hybrid formula in Form@,⊃(Lπ)

called query. We say that ϕ is a belnapian consequence of ∆, for short b-consequence,

if and only if, for all bistructures M where all formulas in ∆ are globally b-satisfied, ϕ

is globally b-satisfied.

Formally,

∆ B ϕ iff ∀M (M b ∆⇒M b ϕ)

Or equivalently, ϕ is a belnapian consequence of ∆ if and only if ϕ is globally

b-satisfied in all bistructures that are b-models of ∆.

This consequence relation is such that the properties of disjunctive syllogism, tran-

sitivity, double negation elimination and the rule of weakening hold while disjunction

introduction and reduction ad absurdum fail. That the disjunctive syllogism holds comes

directly from the definition of satisfaction for the disjunction; the proofs of transitiv-

ity and double negation elimination are straightforward. For the rule of weakening,

ϕ B ψ ⊃ ϕ, the proof is equally simple and resorts solely to the semantics of ⊃. As one

would expect from what one saw for S, disjunction introduction fails and reduction ad

absurdum fails since reaching a contradiction from a certain premise is not indication

that we should consider the negation of that same premise.

Our set of formulas will be extended in order to consider also starred formulas for

which the belnapian satisfiability is about to be presented.

Definition 3.2.7. Given a hybrid (multimodal) similarity type Lπ = 〈Prop,Nom,Mod〉,
consider the set of signed formulas Form∗@,⊃(Lπ) defined as:

Form∗@,⊃(Lπ) = Form@,⊃(Lπ) ∪ {ϕ∗ | ϕ ∈ Form@,⊃(Lπ)}.
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Definition 3.2.8. We extend the satisfaction relation b to starred formulas as follows:

M, w b ϕ
∗ iff M, w 6b ϕ

Global b-satisfiability for starred formulas is defined such that:

M b ϕ
∗ iff M 6b ϕ

It easy to see that M b ϕ
∗ if and only if it is false that ∀w ∈ W, M, w b ϕ if and

only if ∃w ∈W : M, w 6b ϕ if and only if ∃w ∈W : M, w b ϕ
∗.

We can now introduce the rules that will be used to construct a tableau that will

later serve as basis to a decision procedure for B. These rules are similar to those

introduced for the tableau-based procedure for S. This tableau system will be called

TB and a particular tableau in this system will be denoted as TB.

For non-starred formulas:

ϕ

@iϕ
(@I

b)(i)
@i@jϕ

@jϕ
(@E

b)
@i(ϕ ∧ ψ)

@iϕ
@iψ

(∧b)

@i(ϕ ∨ ψ)

@iϕ @iϕ @iϕ @iϕ @iψ @iψ @iψ

(@i¬ϕ)∗ (@i¬ϕ)∗ (@i¬ψ)∗ @iψ (@i¬ϕ)∗ (@i¬ψ)∗ (@i¬ϕ)∗

(@i¬ψ)∗ @iψ (@i¬ψ)∗ @iϕ

(∨b)

@i[π]ϕ,@i〈π〉j
@jϕ

([π]b)
@i〈π〉ϕ
@i〈π〉t
@tϕ

(〈π〉b)(ii)
@iϕ ⊃ ψ

(@iϕ)∗ @iψ
(⊃b)

@i¬@jϕ

@j¬ϕ
(¬@b)

@i¬(ϕ ∧ ψ)

@i¬ϕ @i¬ψ
(¬∧b)

@i¬(ϕ ∨ ψ)

@i¬ϕ @iϕ
∗ @iψ

∗

@i¬ψ @i¬ψ @i¬ϕ

(¬∨b)

@i¬[π]ϕ

@i〈π〉t
@t¬ϕ

(¬[π]b)(iii)
@i¬〈π〉ϕ,@i〈π〉j

@j¬ϕ
(¬〈π〉b)

@i¬(ϕ ⊃ ψ)

@iϕ

@i¬ψ

(¬ ⊃b)
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@i¬¬ϕ
@iϕ

(¬¬b)
@ij,@iϕ

@jϕ
(Nomb)(iv)

@ii
(Idb)(v)

@i¬>
@i⊥

(¬>b)

For starred formulas:

ϕ∗

(@tϕ)∗
(@∗I

b)(vi)
(@i@jϕ)∗

(@jϕ)∗
(@∗E

b)
(@i(ϕ ∧ ψ))∗

(@iϕ)∗ (@iψ)∗
(∧∗b)

(@i(ϕ ∨ ψ))∗

(@iϕ)∗ @i¬ϕ @i¬ψ
(@iψ)∗ (@iψ)∗ (@iϕ)∗

(∨∗b)
(@i(ϕ ⊃ ψ))∗

@iϕ

(@iψ)∗

(⊃∗b)
(@i[π]ϕ)∗

@i〈π〉t
(@tϕ)∗

([π]∗b)(iii)

(@i〈π〉ϕ)∗,@i〈π〉j
(@jϕ)∗

(〈π〉∗b)
(@i¬(@jϕ))∗

(@j¬ϕ)∗
(¬@∗b)

(@i¬(ϕ ∧ ψ))∗

(@i¬ϕ)∗

(@i¬ψ)∗

(¬∧∗b)

(@i¬(ϕ ⊃ ψ))∗

(@iϕ)∗ (@i¬ψ)∗
(¬ ⊃∗b)

(@i¬[π]ϕ)∗,@i〈π〉j
@j¬ϕ∗

(¬[π]∗b)
(@i¬〈π〉ϕ)∗

@i〈π〉t
(@t¬ϕ)∗

(¬〈π〉∗b)(iii)

(@i¬(ϕ ∨ ψ))∗

(@i¬ϕ)∗ (@i¬ϕ)∗ (@i¬ϕ)∗ (@i¬ϕ)∗ (@i¬ψ)∗ (@i¬ψ)∗ (@i¬ψ)∗

@iϕ @iϕ @iψ (@i¬ψ)∗ @iϕ @iψ @iϕ

@iψ (@i¬ψ)∗ @iψ (@i¬ϕ)∗

(¬∨∗b)

(@i¬¬ϕ)∗

(@iϕ)∗
(¬¬∗b)

(@iϕ)∗

@i¬ϕ
(Id∗b)(vii)

(i) ϕ is not a satisfaction statement, i is in the branch;

(ii) ϕ /∈ Nom, t is a new nominal;

(iii) t is a new nominal;

(iv) for @iϕ a literal;

(v) for i in the branch;

(vi) ϕ is not a satisfaction statement, t is a new nominal;

(vii) ϕ = j or ϕ = ¬j, where j ∈ Nom; or ϕ = >.
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The rules (@b
I ), ([π]b), (¬〈π〉b), (Idb), (Nomb), (〈π〉∗b) and (¬[π]∗b) are called non-

destructive. The remaining rules – (@b
E), (¬¬b), (∧b), (∨b), (〈π〉b), (¬>b), (@∗I

b), (@∗E
b),

(∧∗b), (∨∗b), ([π]∗b), (¬@b), (¬@∗b), (¬¬∗b), (¬∧b), (¬∨b), (¬[π]b), (¬∧∗b), (¬∨∗b),

(⊃b), (¬ ⊃b), (¬ ⊃∗b), (⊃∗b), (¬〈π〉∗b) and (Id∗b) – are called destructive.

The notion of subformula is extended as follows:

Definition 3.2.9. The notion of a subformula is defined by the following conditions:

– ϕ is a subformula of ϕ;

– if ψ∗ is a subformula of ϕ, then so is ψ;

– if ψ ∧ δ, ψ ∨ δ, or ψ ⊃ δ is a subformula of ϕ, then so are ψ and δ;

– if @iψ, ¬ψ, [π]ψ, or 〈π〉ψ is a subformula of ϕ, then so is ψ.

The tableau system TB satisfies the following subformula property:

Theorem 3.2.10 (Subformula property). If @iϕ ∈ TB, where ϕ is not a nominal and

ϕ 6= 〈π〉j for j ∈ Nom or if (@iϕ)∗ ∈ TB, then in case ϕ = ¬ψ, either ϕ or ψ is a

subformula of a root formula, otherwise ϕ is a subformula of a root formula.

Proof. The proof can be obtained by checking each rule.

As a consequence of this lemma, for any given tableau TB, the sets

Ωi = {ϕ | ϕ 6= j, 〈π〉j, for j ∈ Nom, π ∈ Mod and @iϕ ∈ TB};
Ω∗i = {ϕ | (@iϕ)∗ ∈ TB}

are finite.

A binary relation between nominals naming the same worlds is set as previously and

the definition for the inclusion of nominals is adapted as follows:

Definition 3.2.11. Let Θ be a branch of a tableau and let NomΘ be the set of nominals

occurring in the formulas of Θ. Define a binary relation ∼b
Θ on NomΘ by i ∼b

Θ j if and

only if the formula @ij ∈ Θ.

Definition 3.2.12. Let i and j be nominals occurring on a branch Θ of a tableau in

TB. The nominal i is said to be b-included in the nominal j with respect to Θ if, for

any subformula ϕ of a root formula, the following holds:

– if @iϕ ∈ Θ, then @jϕ ∈ Θ; and

– if (@iϕ)∗ ∈ Θ, then (@jϕ)∗ ∈ Θ; and
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– if @i¬ϕ ∈ Θ, then @j¬ϕ ∈ Θ; and

– if (@i¬ϕ)∗ ∈ Θ, then (@j¬ϕ)∗ ∈ Θ.

If i is b-included in j with respect to Θ, and the first occurrence of j on Θ is before

the first occurrence of i, then we write i ⊆b
Θ j.

Definition 3.2.13 (Tableau construction). Given a finite database ∆ ⊆ Form@,⊃(Lπ)

and a query ϕ ∈ Form@,⊃(Lπ), one wants to verify if ϕ is a b-consequence of ∆. In

order to do so, we define by induction a sequence T0
B,T

1
B,T

2
B, · · · of finite tableaux in TB,

each of which is embedded in its successor.

Let T0
B be the finite tableau constituted by the formulas in ∆ and ϕ∗. Tn+1

B is ob-

tained from TnB if it is possible to apply an arbitrary rule to TnB with the following three

restrictions:

1. If a formula to be added to a branch by applying a rule already occurs on the branch,

then the addition of the formula is simply omitted.

2. After the application of a destructive rule to a formula occurrence ϕ on a branch,

it is recorded that the rule was applied to ϕ with respect to the branch and the rule

will not again be applied to ϕ with respect to the branch or any extension of it.

3. The existential rules (〈π〉b), (¬[π]b), ([π]∗b) and (¬〈π〉∗b) are not applied to @i〈π〉ϕ,

@i¬[π]ϕ, (@i[π]ϕ)∗ nor to (@i¬〈π〉ϕ)∗ on a branch Θ if there exists a nominal j

such that i ⊆b
Θ j.

Thus a formula cannot occur more than once on a branch, a destructive rule can-

not be applied more once to the same formula and the third restriction are loop-check

conditions.

Next theorem states that TB is sound:

Theorem 3.2.14 (Soundness). The tableau rules are sound in the following sense: for

any rule
Λ

Σ1 · · · Σn

, n ≥ 1, and any bistructure M,

M b Λ implies M b Σ1 or . . . or M b Σn

for Λ, Σ1, . . . ,Σn sets of formulas in Form∗@,⊃(Lπ).

Proof. The proof can be obtained by checking each rule, and is analogous to the proof

of previous soundness theorems (Theorems 3.1.17 and 3.1.28). We will present a few

proofs, namely for rules involving ⊃ and ¬.
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• @i(ϕ ⊃ ψ)

(@iϕ)∗ @iψ
(⊃b)

Let M be a bistructure such that M b @i(ϕ ⊃ ψ). Then:

M b @i(ϕ ⊃ ψ)

⇔ M, w b @i(ϕ ⊃ ψ), for all w ∈W
⇔ M, N(i) b ϕ ⊃ ψ
⇔ M, N(i) b ϕ implies M, N(i) b ψ

⇔ M, N(i) 6b ϕ or M, N(i) b ψ

⇔ M, w 6b @iϕ, for some w ∈W or M, w b @iψ, for all w ∈W
⇔ M, w b (@iϕ)∗, for some w ∈W or M, w b @iψ, for all w ∈W
⇔ M b (@iϕ)∗ or M b @iψ

• (@i(ϕ ⊃ ψ))∗

@iϕ

(@iψ)∗

(⊃∗b)

Let M be a bistructure such that M b (@i(ϕ ⊃ ψ))∗. Then:

M b (@i(ϕ ⊃ ψ))∗

⇔ M, w 6b @i(ϕ ⊃ ψ), for some w ∈W
⇔ false[M, w b @i(ϕ ⊃ ψ)], for some w ∈W
⇔ false[M, N(i) b ϕ ⊃ ψ]

⇔ false[M, N(i) b ϕ implies M, N(i) b ψ]

⇔ false[M, N(i) 6b ϕ or M, N(i) b ψ]

⇔ M, N(i) b ϕ and M, N(i) 6b ψ

⇔ M, w b @iϕ and M, w 6b @iψ, for all w ∈W
⇔ M, w b @iϕ, for all w ∈W and M, w b (@iψ)∗, for all w ∈W
⇒ M, w b @iϕ, for all w ∈W and M, w b (@iψ)∗, for some w ∈W
⇔ M b @iϕ and M b (@iψ)∗

• @i¬(ϕ ⊃ ψ)

@iϕ
@i¬ψ

(¬ ⊃b)

Let M be a bistructure such that M b @i¬(ϕ ⊃ ψ). Then:

M b @i¬(ϕ ⊃ ψ)

⇔ M, w b @i¬(ϕ ⊃ ψ), for all w ∈W
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⇔ M, N(i) b ¬(ϕ ⊃ ψ)

⇔ M, N(i) b ϕ and M, N(i) b ¬ψ
⇔ M, w b @iϕ and M, w b @i¬ψ, for all w ∈W
⇔ M b @iϕ and M b @i¬ψ

• (@i¬(ϕ ⊃ ψ))∗

(@iϕ)∗ (@i¬ψ)∗
(¬ ⊃∗b)

Let M be a bistructure such that M b (@i¬(ϕ ⊃ ψ))∗. Then:

M b (@i¬(ϕ ⊃ ψ))∗

⇔ M 6b @i¬(ϕ ⊃ ψ)

⇔ M, w 6b @i¬(ϕ ⊃ ψ), for some w ∈W
⇔ false[M, w b @i¬(ϕ ⊃ ψ)], for some w ∈W
⇔ false[M, N(i) b ¬(ϕ ⊃ ψ)]

⇔ false[M, N(i) b ϕ and M, N(i) b ¬ψ]

⇔ M, N(i) 6b ϕ or M, N(i) 6b ¬ψ
⇔ M, w 6b @iϕ, for some w ∈W or M, w 6b @i¬ψ, for some w ∈W
⇔ M, w b (@iϕ)∗, for some w ∈W or M, w b (@i¬ψ)∗, for some w ∈W
⇔ M b (@iϕ)∗ or M b (@i¬ψ)∗

• @i¬(ϕ ∧ ψ)

@i¬ϕ @i¬ψ
(¬∧b)

Let M be a bistructure such that M b @i¬(ϕ ∧ ψ). Then:

M b @i¬(ϕ ∧ ψ)

⇔ M, w b @i¬(ϕ ∧ ψ), for all w ∈W
⇔ M, N(i) b ¬(ϕ ∧ ψ)

⇔ M, N(i) b ¬ϕ or M, N(i) b ¬ψ
⇔ M, w b @i¬ϕ, for all w ∈W or M, w b @i¬ψ, for all w ∈W
⇔ M b @i¬ϕ or M b @i¬ψ

• (@i¬(ϕ ∧ ψ))∗

(@i¬ϕ)∗

(@i¬ψ)∗

(¬∧∗b)

Let M be a bistructure such that M b (@i¬(ϕ ∧ ψ))∗. Then:

M b (@i¬(ϕ ∧ ψ))∗
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⇔ M 6b @i¬(ϕ ∧ ψ)

⇔ M, w 6b @i¬(ϕ ∧ ψ), for some w ∈W
⇔ false[M, w b @i¬(ϕ ∧ ψ)], for some w ∈W
⇔ false[M, N(i) b ¬(ϕ ∧ ψ)]

⇔ false[M, N(i) b ¬ϕ or M, N(i) b ¬ψ]

⇔ false[M, w b @i¬ϕ, for all w ∈W or M, w b @i¬ψ, for all w ∈W ]

⇔ M, w 6b @i¬ϕ, for some w ∈W and M, w 6b @i¬ψ, for some w ∈W
⇔ M, w b (@i¬ϕ)∗, for some w ∈W and M, w b (@i¬ψ)∗, for some w ∈W
⇔ M b (@i¬ϕ)∗ and M b (@i¬ψ)∗

• @i¬(ϕ ∨ ψ)

@i¬ϕ (@iϕ)∗ (@iψ)∗

@i¬ψ @i¬ψ @i¬ϕ

(¬∨b)

Let M be a bistructure such that M b @i¬(ϕ ∨ ψ). Then:

M b @i¬(ϕ ∨ ψ)

⇔ M, w b @i¬(ϕ ∨ ψ), for all w ∈W
⇔ M, N(i) b ¬(ϕ ∨ ψ)

⇔ [M, N(i) b ¬ϕ and M, N(i) b ¬ψ]

or [M, N(i) 6b ϕ and M, N(i) b ¬ψ]

or [M, N(i) 6b ψ and M, N(i) b ¬ϕ]

⇔ [(M, w b @i¬ϕ and M, w b @i¬ψ), for all w ∈W ]

or [(M, w 6b @iϕ and M, w b @i¬ψ), for all w ∈W ]

or [(M, w 6b @iψ and M, w b @i¬ϕ), for all w ∈W ]

⇔ [M, w b @i¬ϕ, for all w ∈W and M, w b @i¬ψ, for all w ∈W ]

or [M, w b (@iϕ)∗, for all w ∈W and M, w b @i¬ψ, for all w ∈W ]

or [M, w b (@iψ)∗, for all w ∈W and M, w b @i¬ϕ, for all w ∈W ]

⇒ [M, w b @i¬ϕ, for all w ∈W and M, w b @i¬ψ, for all w ∈W ]

or [M, w b (@iϕ)∗, for some w ∈W and M, w b @i¬ψ, for all w ∈W ]

or [M, w b (@iψ)∗, for some w ∈W and M, w b @i¬ϕ, for all w ∈W ]

⇔ [M b @i¬ϕ and M b @i¬ψ]

or [M b (@iϕ)∗ and M b @i¬ψ]

or [M b (@iψ)∗ and M b @i¬ϕ]
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• (@i¬(ϕ ∨ ψ))∗

(@i¬ϕ)∗ (@i¬ϕ)∗ (@i¬ϕ)∗ (@i¬ϕ)∗ (@i¬ψ)∗ (@i¬ψ)∗ (@i¬ψ)∗

@iϕ @iϕ @iψ (@i¬ψ)∗ @iϕ @iψ @iϕ

@iψ (@i¬ψ)∗ @iψ (@i¬ϕ)∗

(¬∨∗b)

Let M be a bistructure such that M b (@i¬(ϕ ∨ ψ))∗. Then:

M b (@i¬(ϕ ∨ ψ))∗

⇔ M 6b @i¬(ϕ ∨ ψ)

⇔ M, w 6b @i¬(ϕ ∨ ψ), for some w ∈W
⇔ false[M, w b @i¬(ϕ ∨ ψ)], for some w ∈W
⇔ false[M, N(i) b ¬(ϕ ∨ ψ)]

⇔ false[(M, N(i) b ¬ϕ and M, N(i) b ¬ψ)

or (M, N(i) 6b ϕ and M, N(i) b ¬ψ)

or (M, N(i) 6b ψ and M, N(i) b ¬ϕ)]

⇔ (M, N(i) 6b ¬ϕ or M, N(i) 6b ¬ψ)

and (M, N(i) b ϕ or M, N(i) 6b ¬ψ)

and (M, N(i) b ψ or M, N(i) 6b ¬ϕ)

⇔ [M, N(i) 6b ¬ϕ
and (M, N(i) b ϕ or M, N(i) 6b ¬ψ)

and (M, N(i) b ψ or M, N(i) 6b ¬ϕ)]

or [M, N(i) 6b ¬ψ
and (M, N(i) b ϕ or M, N(i) 6b ¬ψ)

and (M, N(i) b ψ or M, N(i) 6b ¬ϕ)]

⇔ [M, N(i) 6b ¬ϕ
and M, N(i) b ϕ

and (M, N(i) b ψ or M, N(i) 6b ¬ϕ)]

or [M, N(i) 6b ¬ϕ
and M, N(i) 6b ¬ψ
and (M, N(i) b ψ or M, N(i) 6b ¬ϕ)]

or [M, N(i) 6b ¬ψ
and M, N(i) b ϕ

and (M, N(i) b ψ or M, N(i) 6b ¬ϕ)]

or [M, N(i) 6b ¬ψ
and M, N(i) 6b ¬ψ
and (M, N(i) b ψ or M, N(i) 6b ¬ϕ)]

⇔ [M, N(i) 6b ¬ϕ and M, N(i) b ϕ and M, N(i) b ψ]
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or [M, N(i) 6b ¬ϕ and M, N(i) b ϕ and M, N(i) 6b ¬ϕ]

or [M, N(i) 6b ¬ϕ and M, N(i) 6b ¬ψ and M, N(i) b ψ]

or [M, N(i) 6b ¬ϕ and M, N(i) 6b ¬ψ and M, N(i) 6b ¬ϕ]

or [M, N(i) 6b ¬ψ and M, N(i) b ϕ and M, N(i) b ψ]

or [M, N(i) 6b ¬ψ and M, N(i) b ϕ and M, N(i) 6b ¬ϕ]

or [M, N(i) 6b ¬ψ and M, N(i) 6b ¬ψ and M, N(i) b ψ]

or [M, N(i) 6b ¬ψ and M, N(i) 6b ¬ψ and M, N(i) 6b ¬ϕ]

⇔ [M, N(i) 6b ¬ϕ and M, N(i) b ϕ and M, N(i) b ψ]

or [M, N(i) 6b ¬ϕ and M, N(i) b ϕ]

or [M, N(i) 6b ¬ϕ and M, N(i) 6b ¬ψ and M, N(i) b ψ]

or [M, N(i) 6b ¬ϕ and M, N(i) 6b ¬ψ]

or [M, N(i) 6b ¬ψ and M, N(i) b ϕ and M, N(i) b ψ]

or [M, N(i) 6b ¬ψ and M, N(i) b ϕ and M, N(i) 6b ¬ϕ]

or [M, N(i) 6b ¬ψ and M, N(i) b ψ]

⇔ [M, w 6b @i¬ϕ and M, w b @iϕ and M, w b @iψ, , for all w ∈W ]

or [M, w 6b @i¬ϕ and M, w b @iϕ, for all w ∈W ]

or [M, w 6b @i¬ϕ and M, w 6b @i¬ψ and M, w b @iψ, for all w ∈W ]

or [M, w 6b @i¬ϕ and M, w 6b @i¬ψ, for all w ∈W ]

or [M, w 6b @i¬ψ and M, w b @iϕ and M, w b @iψ, for all w ∈W ]

or [M, w 6b @i¬ψ and M, w b @iϕ and M, w 6b @i¬ϕ, for all w ∈W ]

or [M, w 6b @i¬ψ and M, w b @iψ, for all w ∈W ]

⇔ [M, w b (@i¬ϕ)∗ and M, w b @iϕ and M, w b @iψ, for all w ∈W ]

or [M, w b (@i¬ϕ)∗ and M, w b @iϕ, for all w ∈W ]

or [M, w b (@i¬ϕ)∗ and M, w b (@i¬ψ)∗ and M, w b @iψ, for all w ∈W ]

or [M, w b (@i¬ϕ)∗ and M, w b (@i¬ψ)∗, for all w ∈W ]

or [M, w b (@i¬ψ)∗ and M, w b @iϕ and M, w b @iψ, for all w ∈W ]

or [M, w b (@i¬ψ)∗ and M, w b @iϕ and M, w b (@i¬ϕ)∗, for all w ∈W ]

or [M, w b (@i¬ψ)∗ and M, w b @iψ, for all w ∈W ]

⇔ [M, w b (@i¬ϕ)∗, for all w ∈W and M b @iϕ and M b @iψ]

or [M, w b (@i¬ϕ)∗, for all w ∈W and M b @iϕ]

or [M, w b (@i¬ϕ)∗, for all w ∈W and M, w b (@i¬ψ)∗, for all w ∈W
and M b @iψ]

or [M, w b (@i¬ϕ)∗, for all w ∈W and M, w b (@i¬ψ)∗, for all w ∈W ]

or [M, w b (@i¬ψ)∗, for all w ∈W and M b @iϕ and M b @iψ]

or [M, w b (@i¬ψ)∗, for all w ∈W and M b @iϕ

and M, w b (@i¬ϕ)∗, for all w ∈W ]
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or [M, w b (@i¬ψ)∗, for all w ∈W and M b @iψ]

⇒ [M, w b (@i¬ϕ)∗, for some w ∈W and M b @iϕ and M b @iψ]

or [M, w b (@i¬ϕ)∗, for some w ∈W and M b @iϕ]

or [M, w b (@i¬ϕ)∗, for some w ∈W and M, w b (@i¬ψ)∗, for some w ∈W
and M b @iψ]

or [M, w b (@i¬ϕ)∗, for some w ∈W and M, w b (@i¬ψ)∗, for some w ∈W ]

or [M, w b (@i¬ψ)∗, for some w ∈W and M b @iϕ and M b @iψ]

or [M, w b (@i¬ψ)∗, for some w ∈W and M b @iϕ

and M, w b (@i¬ϕ)∗, for some w ∈W ]

or [M, w b (@i¬ψ)∗, for some w ∈W and M b @iψ]

⇔ [M b (@i¬ϕ)∗ and M b @iϕ and M b @iψ]

or [M b (@i¬ϕ)∗ and M b @iϕ]

or [M b (@i¬ϕ)∗ and M b (@i¬ψ)∗ and M b @iψ]

or [M b (@i¬ϕ)∗ and M b (@i¬ψ)∗]

or [M b (@i¬ψ)∗ and M b @iϕ and M b @iψ]

or [M b (@i¬ψ)∗ and M b @iϕ and M b (@i¬ϕ)∗]

or [M b (@i¬ψ)∗ and M b @iψ]

Other rules follow similar approaches.

Termination is ensured by an homologous approach as formerly, by broadening the

notion of a nominal generated by another nominal as follows:

Let Θ be a branch of a tableau. If a new satisfaction operator @t is introduced

by applying one of the rules (〈π〉b), (¬[π]b), ([π]∗b) or (¬〈π〉∗b) to formulas @iϕ of

appropriate form on the branch Θ, then we say that t is generated by i with respect to

Θ; otherwise, if @t is a new satisfaction operator obtained from (@b
I ) or (@∗I

b), then we

say that the nominal t is self-generated.

The definition of <Θ is kept unchanged and from this point proving termination is

straightfoward.

The notions of open and closed branch, open, closed and terminal tableau are exactly

as before.

We will now move on to proving completeness of the systematic tableau construction

algorithm by proving that that if a tableau has an open branch Θ, then there exists a

model Mb
Θ and a world w where all root formulas are b-satisfied. We determine Mb

Θ

given an open branch Θ next.

From now on, Θ is a branch of a terminal tableau.
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Let Ub be the subset of NomΘ containing any nominal i having the property that

there is no nominal j such that i ⊆b
Θ j. Let ≈b be the restriction of ∼b

Θ to Ub.

Note that Ub contains all nominals present in the root formulas since they are the

first formulas of the branch Θ. Observe that Θ is closed under the rules (Idb) and

(Nomb), so both ∼b
Θ and ≈b are equivalence relations.

Given a nominal i in Ub, we let [i]≈b denote the equivalence class of i with respect

to ≈b and we let Ub
/≈b denote the set of equivalence classes.

Let Rb
π be the binary relation on Ub defined by iRb

πj if and only if there exists a

nominal j′ ≈b j such that one of the following conditions is satisfied:

1. @i〈π〉j′ ∈ Θ; or if

2. there exists a nominal k ∈ NomΘ such that @i〈π〉k ∈ Θ and k ⊆b
Θ j′.

Note that the nominal k referred to in the second item is not an element of Ub. It

follows from Θ being closed under the rule (Nomb) that Rb
π is compatible with ≈b in the

first argument and it is trivial that Rb
π is compatible with ≈b in the second argument.

We let Rb
π be the binary relation on Ub

/≈b defined by [i]≈b Rb
π [j]≈b if and only if iRb

πj.

Let Nb : Ub → Ub
/≈b be defined such that Nb(i) = [i]≈b .

Let V +
b be the function that to each ordinary propositional variable assigns the set

of elements of Ub where that propositional variable occurs, i.e., i ∈ V +
b (p) if and only

if @ip ∈ Θ. Conversely i /∈ V +
b (p) if and only if @ip /∈ Θ. Analogously, let V −b be the

function that to each ordinary propositional variable assigns the set of elements of Ub

where the negation of that propositional variable occurs, i.e., i ∈ V −b (p) if and only if

@i¬p ∈ Θ. Conversely i /∈ V −b (p) if and only if @i¬p /∈ Θ.

We let V +
b be defined by V +

b (p) = {[i]≈b | i ∈ V +
b (p)}. We define V −b analogously:

V −b (p) = {[i]≈b | i ∈ V −b (p)}.

Given a branch Θ, let Mb
Θ =

(
Ub
/≈b , (Rb

π)π∈Mod, Nb, V +
b , V −b

)
. We will omit the

reference to the branch in Mb
Θ if it is clear from the context.

Theorem 3.2.15 (Model Existence). Assume that the branch Θ is open. For any sat-

isfaction statement @iϕ which contains only nominals from Ub the following conditions

hold:

(i) if @iϕ ∈ Θ, then Mb, [i]≈b b ϕ;
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(ii) if (@iϕ)∗ ∈ Θ, then Mb, [i]≈b 6b ϕ.

Proof. The proof is by induction on the complexity of ϕ.

• The base step for when ϕ is a nominal, a propositional variable, the negation of

one of these, > or ⊥ is analogous to that in the proof of Theorem 3.1.20.

Induction Hypothesis: let us assume that the result holds for the formulas

ψ, δ,¬ψ,¬δ.

• ϕ = ¬¬ψ

(i) @i¬¬ψ ∈ Θ, then, by applying the rule (¬¬b), @iψ ∈ Θ. By the induction

hypothesis, Mb, [i]≈b b ψ; thus, by the definition of belnapian satisfaction,

Mb, [i]≈b b ¬¬ψ.

(ii) (@i¬¬ψ)∗ ∈ Θ, then, by applying the rule (¬¬∗b), (@iψ)∗ ∈ Θ. By the

induction hypothesis, Mb, [i]≈b 6b ψ and it follows that Mb, [i]≈b 6b ¬¬ψ.

• ϕ = ψ ∧ δ

(i) @i(ψ ∧ δ) ∈ Θ, then, by applying the rule (∧b), @iψ,@iδ ∈ Θ. By the induc-

tion hypothesis, Mb, [i]≈b b ψ and Mb, [i]≈b b δ. Thus, Mb, [i]≈b b ψ ∧ δ.
(ii) (@i(ψ∧δ))∗ ∈ Θ, then, by applying the rule (∧∗b), (@iψ)∗ ∈ Θ or (@iδ)

∗ ∈ Θ.

Hence, by induction hypothesis, Mb, [i]≈b 6b ψ or Mb, [i]≈b 6b δ. Therefore

Mb, [i]≈b 6b ψ ∧ δ.

• ϕ = ¬(ψ ∧ δ)

(i) @i¬(ψ ∧ δ) ∈ Θ, then, by applying the rule (¬∧b), @i¬ψ ∈ Θ or @i¬δ ∈ Θ.

By the induction hypothesis, Mb, [i]≈b b ¬ψ or Mb, [i]≈b b ¬δ. Thus,

Mb, [i]≈b b ¬(ψ ∧ δ).
(ii) (@i¬(ψ∧ δ))∗ ∈ Θ, then, by applying the rule (¬∧∗b), (@i¬ψ)∗, (@i¬δ)∗ ∈ Θ.

Hence, by induction hypothesis, Mb, [i]≈b 6b ¬ψ and Mb, [i]≈b 6b ¬δ. There-

fore Mb, [i]≈b 6b ¬(ψ ∧ δ).

• ϕ = ψ ⊃ δ

(i) @i(ψ ⊃ δ) ∈ Θ, then, by applying the rule (⊃b), (@iψ)∗ ∈ Θ or @iδ ∈
Θ. By the induction hypothesis, Mb, [i]≈b 1b ψ or Mb, [i]≈b b δ. Thus,

Mb, [i]≈b b ψ ⊃ δ.
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(ii) (@i(ψ ⊃ δ))∗ ∈ Θ, then, by applying the rule (⊃∗b), @iψ, (@iδ)
∗ ∈ Θ.

Hence, by induction hypothesis, Mb, [i]≈b b ψ and Mb, [i]≈b 6b δ. Therefore

Mb, [i]≈b 6b ψ ⊃ δ.

• ϕ = ¬(ψ ⊃ δ)

(i) @i¬(ψ ⊃ δ) ∈ Θ, then, by applying the rule (¬ ⊃b), @iψ,@i¬δ ∈ Θ.

By the induction hypothesis, Mb, [i]≈b b ψ and Mb, [i]≈b b ¬δ. Thus,

Mb, [i]≈b b ¬(ψ ⊃ δ).
(ii) (@i¬(ψ ⊃ δ))∗ ∈ Θ, then, by applying the rule (¬⊃∗b), (@iψ)∗ ∈ Θ or

(@i¬δ)∗ ∈ Θ. Hence, by induction hypothesis, Mb, [i]≈b 1b ψ or

Mb, [i]≈b 6b ¬δ. Therefore Mb, [i]≈b 6b ¬(ψ ⊃ δ).

• ϕ = @jψ

(i) @i@jψ ∈ Θ, then, by applying the rule (@b
E), @jψ ∈ Θ. By the induction

hypothesis, Mb, [j]≈b b ψ; thus, by the definition of belnapian satisfaction,

Mb, [i]≈b b @jψ.

(ii) (@i@jψ)∗ ∈ Θ, then, by applying the rule (@∗E
b), (@jψ)∗ ∈ Θ. By the

induction hypothesis, Mb, [j]≈b 6b ψ and it follows that Mb, [i]≈b 6b @jψ.

• ϕ = ¬(@jψ)

(i) @i¬(@jψ) ∈ Θ, then, by applying the rule (¬@b), @j¬ψ ∈ Θ. By the in-

duction hypothesis, Mb, [j]≈b b ¬ψ; thus, by the definition of belnapian

satisfaction, Mb, [i]≈b b @j¬ψ, which implies that Mb, [i]≈b b ¬@jψ

(ii) (@i¬(@jψ))∗ ∈ Θ, then, by applying the rule (¬@∗b), (@j¬ψ)∗ ∈ Θ. By the

induction hypothesis, Mb, [j]≈b 6b ¬ψ and it follows that Mb, [i]≈b 6b @j¬ψ,

which implies that Mb, [i]≈b 6b ¬@jψ.

• ϕ = ψ ∨ δ

(i) @i(ψ ∨ δ) ∈ Θ, then from applying rule (∨b), it follows one of the following:

1. @iψ, (@i¬ψ)∗, (@i¬δ)∗ ∈ Θ; or

2. @iψ, (@i¬ψ)∗ ∈ Θ; or

3. @iψ,@iδ, (@i¬δ)∗ ∈ Θ; or

4. @iψ,@iδ ∈ Θ; or

5. @iδ, (@i¬ψ)∗, (@i¬δ)∗ ∈ Θ; or
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6. @iδ, (@i¬δ)∗ ∈ Θ; or

7. @iδ, (@i¬ψ)∗,@iψ ∈ Θ.

Recall that

Mb, [i]≈b b ψ ∨ δ
⇔

(
Mb, [i]≈b b ψ or Mb, [i]≈b b δ

)
and

(
Mb, [i]≈b b ¬ψ implies Mb, [i]≈b b δ

)
and

(
Mb, [i]≈b b ¬δ implies Mb, [i]≈b b ψ

)
For 1., by induction hypothesis:

Mb, [i]≈b 6b ¬ψ, Mb, [i]≈b 6b ¬δ, and Mb, [i]≈b b ψ.

Therefore, Mb, [i]≈b b ψ ∨ δ.
Cases 2.–7. follow a similar approach.

We can thus conclude that, if @i(ψ ∨ δ) ∈ Θ, then Mb, [i]≈b b ψ ∨ δ.

(ii) (@i(ψ ∨ δ))∗ ∈ Θ, then by applying rule (∨∗b), we obtain that:

1. (@iψ)∗, (@iδ)
∗ ∈ Θ; or

2. @i¬ψ, (@iδ)
∗ ∈ Θ; or

3. @i¬δ, (@iψ)∗ ∈ Θ.

For 1., by induction hypothesis,

Mb, [i]≈b 1b ψ and Mb, [i]≈b 1b δ; thus, Mb, [i]≈b 1b ψ ∨ δ.
In cases 2. and 3. the reasoning is analogous.

In conclusion, if (@i(ψ ∨ δ))∗ ∈ Θ, then Mb, [i]≈b 1b ψ ∨ δ.

• ϕ = ¬(ψ ∨ δ)

(i) @i¬(ψ∨δ) ∈ Θ, then from applying rule (¬∨b), it follows one of the following:

1. @i¬ψ,@i¬δ ∈ Θ; or

2. (@iψ)∗,@i¬δ ∈ Θ; or

3. (@iδ)
∗,@i¬ψ ∈ Θ.

Recall that

Mb, [i]≈b b ¬(ψ ∨ δ)
⇔

(
Mb, [i]≈b b ¬ψ and Mb, [i]≈b b ¬δ

)
or
(
Mb, [i]≈b 6b ψ and Mb, [i]≈b b ¬δ

)
or
(
Mb, [i]≈b 6b δ and Mb, [i]≈b b ¬ψ

)
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For 1., by induction hypothesis:

Mb, [i]≈b b ¬ψ, and Mb, [i]≈b b ¬δ.
Therefore, Mb, [i]≈b b ¬(ψ ∨ δ).
Cases 2. and 3. follow a similar approach.

We can thus conclude that, if @i¬(ψ ∨ δ) ∈ Θ, then Mb, [i]≈b b ¬(ψ ∨ δ).

(ii) (@i¬(ψ ∨ δ))∗ ∈ Θ, then by applying rule (¬∨∗b), we obtain that:

1. (@i¬ψ)∗,@iψ,@iδ ∈ Θ; or

2. (@i¬ψ)∗,@iψ ∈ Θ; or

3. (@i¬ψ)∗, (@i¬δ)∗,@iδ ∈ Θ; or

4. (@i¬ψ)∗, (@i¬δ)∗ ∈ Θ; or

5. (@i¬δ)∗,@iψ,@iδ ∈ Θ; or

6. (@i¬δ)∗,@iδ ∈ Θ; or

7. (@i¬δ)∗,@iψ, (@i¬ψ)∗ ∈ Θ.

For 1., by induction hypothesis,

Mb, [i]≈b 1b ¬ψ, Mb, [i]≈b b ψ and Mb, [i]≈b b δ; thus, Mb, [i]≈b 1b ¬(ψ ∨ δ).
In cases 2.–7. the reasoning is analogous.

In conclusion, if (@i¬(ψ ∨ δ))∗ ∈ Θ, then Mb, [i]≈b 1b ¬(ψ ∨ δ).

• ϕ = 〈π〉δ

(i) ∗ if δ = j, j ∈ Nom:

@i〈π〉j ∈ Θ, then [i]≈bRb
π[j]≈b . By definition of b-satisfaction,

Mb, [i]≈b b 〈π〉j.
∗ if δ is not a nominal:

@i〈π〉δ ∈ Θ, then by the application of the rule (〈π〉b), @i〈π〉t,@tδ ∈ Θ,

for a new nominal t. Then:

· if t ∈ Ub, [i]≈bRb
π[t]≈b and Mb, [i]≈b b 〈π〉δ.

· if t /∈ Ub, ∃d such that t ⊆b
Θ d. Assume that there is no e such that

d ⊆b
Θ e, i.e., d ∈ Ub. Since @tδ ∈ Θ, from Lemma 3.2.10 it follows

that if δ = ¬δ either δ or δ is a subformula of a root formula otherwise

δ is a subformula of a root formula; this, together with the definition

of t ⊆b
Θ d implies that @dδ ∈ Θ.

Thus by induction hypothesis we have that Mb, [d]≈b b δ and, by

definition, [i]≈bRb
π[d]≈b . So, Mb, [i]≈b b 〈π〉δ.

In conclusion, if @i〈π〉δ ∈ Θ, then Mb, [i]≈b b 〈π〉δ.
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(ii) whether δ is a nominal or not:

(@i〈π〉δ)∗ ∈ Θ. We want to prove that Mb, [i]≈b 1b 〈π〉δ, i.e., that for all

[k]≈b such that [i]≈bRb
π[k]≈b , Mb, [k]≈b 1b δ.

Let k be a nominal such that [i]≈bRb
π[k]≈b . By definition [i]≈bRb

π[k]≈b implies

that ∃k′ : k′≈bk that satisfies one of the following conditions:

∗ @i〈π〉k′ ∈ Θ, which then by applying the rule (〈π〉∗b), implies that

(@k′δ)
∗ ∈ Θ. By induction hypothesis, Mb, [k′]≈b 1b δ.

Since [k′]≈b = [k]≈b , then Mb, [k]≈b 1b δ.

It follows that Mb, [i]≈b 1b 〈π〉δ.
∗ ∃d ∈ NomΘ such that @i〈π〉d ∈ Θ and d ⊆b

Θ k′, then by applying (〈π〉∗)
follows that (@dδ)

∗ ∈ Θ. From Lemma 3.2.10, if δ = ¬δ either δ or δ

is a subformula of a root formula otherwise δ is a subformula of a root

formula. Since d ⊆b
Θ k′, (@k′δ)

∗ ∈ Θ.

By induction hypothesis, Mb, [k′]≈b 1b δ. Thus Mb, [i]≈b 1b 〈π〉δ.

• ϕ = ¬〈π〉δ

(i) @i¬〈π〉δ ∈ Θ. We want to prove that Mb, [i]≈b b ¬〈π〉δ, i.e., that for all

[k]≈b such that [i]≈bRb
π[k]≈b , Mb, [k]≈b b ¬δ.

Let k be a nominal such that [i]≈bRb
π[k]≈b . By definition, [i]≈bRb

π[k]≈b implies

that ∃k′ : k′≈bk that satisfies one of the following two conditions:

∗ @i〈π〉k′ ∈ Θ which then, by applying the rule (¬〈π〉b), implies that

@k′¬δ ∈ Θ and by induction hypothesis, Mb, [k′]≈b b ¬δ.
Since [k′]≈b = [k]≈b , then M, [k]≈b b ¬δ.
It follows that Mb, [i]≈b b [π]¬δ, which by definition of belnapian satis-

faction implies that Mb, [i]≈b b ¬〈π〉δ.
∗ ∃d ∈ NomΘ such that @i〈π〉d ∈ Θ and d ⊆b

Θ k′, then by applying rule

(¬〈π〉b), @d¬δ ∈ Θ. From Lemma 3.2.10 either δ or ¬δ is a subformula

of a root formula. Since d ⊆b
Θ k′, @k′¬δ ∈ Θ.

By induction hypothesis, Mb, [k′]≈b b ¬δ. Since [k]≈b = [k′]≈b it follows

that Mb, [k]≈b b ¬δ.
We conclude that Mb, [i]≈b b [π]¬δ, which by definition of belnapian

satisfaction implies that Mb, [i]≈b b ¬〈π〉δ.

(ii) (@i¬〈π〉δ)∗ ∈ Θ, thus by application of the rule (¬〈π〉∗b), @i〈π〉t, (@t¬δ)∗ ∈ Θ,

for a new nominal t. Then:
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∗ if t ∈ Ub, [i]≈bRb
π[t]≈b . By induction hypothesis, Mb, [t]≈b 1b ¬δ. Thus

Mb, [i]≈b 1b ¬〈π〉δ.
∗ if t /∈ Ub, ∃d such that t ⊆b

Θ d. Assume that there is no e such that

d ⊆b
Θ e, i.e., d ∈ Ub. From (@t¬δ)∗ ∈ Θ, using Lemma 3.2.10, either δ or

¬δ is a subformula of a root formula. Since t ⊆b
Θ d, (@d¬δ)∗ ∈ Θ.

By induction hypothesis, Mb, [d]≈b 1b ¬δ.
It follows that Mb, [i]≈b 1b ¬〈π〉δ.

• ϕ = [π]δ

(i) @i[π]δ ∈ Θ. We want to prove that Mb, [i]≈b b [π]δ, i.e., that for all [k]≈b

such that [i]≈bRb
π[k]≈b , Mb, [k]≈b b δ.

Let k be a nominal such that [i]≈bRb
π[k]≈b . By definition, [i]≈bRb

π[k]≈b implies

that ∃k′ : k′≈bk that satisfies one of the following two conditions:

∗ @i〈π〉k′ ∈ Θ which then, by applying the rule ([π]b), implies that @k′δ ∈ Θ

and by induction hypothesis, Mb, [k′]≈b b δ.

Since [k′]≈b = [k]≈b , then M, [k]≈b b δ.

It follows that Mb, [i]≈b b [π]δ.

∗ ∃d ∈ NomΘ such that @i〈π〉d ∈ Θ and d ⊆b
Θ k′, then by applying rule

([π]b), @dδ ∈ Θ. From Lemma 3.2.10 if δ = ¬δ either δ or δ is a sub-

formula of a root formula otherwise δ is a subformula of a root formula.

Since d ⊆b
Θ k′, @k′δ ∈ Θ.

By induction hypothesis, Mb, [k′]≈b b δ.

Thus we conclude that Mb, [i]≈b b [π]δ.

(ii) (@i[π]δ)∗ ∈ Θ, thus by application of the rule ([π]∗b), @i〈π〉t, (@tδ)
∗ ∈ Θ, for

a new nominal t. Then:

∗ if t ∈ Ub, [i]≈bRb
π[t]≈b . By induction hypothesis, Mb, [t]≈b 1b δ. Thus

Mb, [i]≈b 1b [π]δ.

∗ if t /∈ Ub, ∃d such that t ⊆b
Θ d. Assume that there is no e such that

d ⊆b
Θ e, i.e., d ∈ Ub. From (@tδ)

∗ ∈ Θ, using Lemma 3.2.10, if δ = ¬δ
either δ or δ is a subformula of a root formula otherwise δ is a subformula

of a root formula. Since t ⊆b
Θ d, (@dδ)

∗ ∈ Θ.

By induction hypothesis, Mb, [d]≈b 1b δ.

Thus Mb, [i]≈b 1b [π]δ.

• ϕ = ¬[π]δ
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(i) @i¬[π]δ ∈ Θ, then by the application of the rule (¬[π]b), @i〈π〉t,@t¬δ ∈ Θ,

for a new nominal t. Then:

∗ if t ∈ Ub, [i]≈bRb
π[t]≈b and Mb, [i]≈b b 〈π〉¬δ, which implies that

Mb, [i]≈b b ¬[π]δ.

∗ if t /∈ Ub, ∃d such that t ⊆b
Θ d. Assume that there is no e such that

d ⊆b
Θ e, i.e., d ∈ Ub. Since @t¬δ ∈ Θ, from Lemma 3.2.10 it follows

either δ or ¬δ is a subformula of a root formula; this, together with the

definition of t ⊆b
Θ d implies that @d¬δ ∈ Θ.

By induction hypothesis, Mb, [d]≈b b ¬δ.
So, Mb, [i]≈b b 〈π〉¬δ, which implies that Mb, [i]≈b b ¬[π]δ.

(ii) (@i¬[π]δ)∗ ∈ Θ. We want to prove that Mb, [i]≈b 1b ¬[π]δ, i.e., that for all

[k]≈b such that [i]≈bRb
π[k]≈b , Mb, [k]≈b 1b ¬δ.

Let k be a nominal such that [i]≈bRb
π[k]≈b . By definition [i]≈bRb

π[k]≈b implies

that ∃k′ : k′≈bk that satisfies one of the following two conditions:

∗ @i〈π〉k′ ∈ Θ, which then by applying the rule (¬[π]∗b), implies that

(@k′¬δ)∗ ∈ Θ. By induction, Mb, [k′]≈b 1b ¬δ.
Since [k′]≈b = [k]≈b , then Mb, [k]≈b 1b ¬δ.
It follows that Mb, [i]≈b 1b 〈π〉¬δ, which implies that Mb, [i]≈b 1b ¬[π]δ.

∗ ∃d ∈ NomΘ such that @i〈π〉d ∈ Θ and d ⊆b
Θ k′, then by applying (¬[π]∗)

follows that (@d¬δ)∗ ∈ Θ. From Lemma 3.2.10, either δ or ¬δ is a

subformula of a root formula. Since d ⊆b
Θ k′, (@k′¬δ)∗ ∈ Θ.

By induction hypothesis, Mb, [k′]≈b 1b ¬δ.
Thus Mb, [i]≈b 1b 〈π〉¬δ, which implies that Mb, [i]≈b 1b ¬[π]δ.

From this theorem and the soundness theorem we have the following decision proce-

dure:

Decision Procedure: Given a database ∆ and a query ϕ whose belnapian consequence

from ∆ we want to decide, let TB be a terminal tableau generated by the tableau con-

struction algorithm. If the tableau is closed, then ϕ is a belnapian consequence of ∆.

Analogously, if the tableau is open, then ϕ is not a belnapian consequence of ∆.

Example 3.2.16. Let ∆ = {i ∧ 〈π〉(p ∧ q)} be a database and consider a query

ϕ = @i((〈π〉p) ∨ q).
Let us check if ϕ is a belnapian consequence of ∆ using the tableau-based decision

procedure described:

82



i ∧ 〈π〉(p ∧ q), (@i((〈π〉p) ∨ q))∗ 1.

@i(i ∧ 〈π〉(p ∧ q)) 2. by (@b
I ) rule on 1

@ii, @i〈π〉(p ∧ q) 3. by (∧b) rule on 2

@i〈π〉t, @t(p ∧ q) 4. by (〈π〉b) rule on 3

@tp, @tq 5. by (∧b) rule on 4

@t(i ∧ 〈π〉(p ∧ q)) 6. by (@b
I ) rule on 1

@ti, @t〈π〉(p ∧ q) 7. by (∧b) rule on 2

@ip, @iq 8. by (Nomb) rule on 7 and 52

(@i〈π〉p)∗ @i¬〈π〉p @t¬q 9. by (∨∗b) rule on 1

(@iq)
∗ (@iq)

∗ (@i〈π〉p)∗

× × (@tp)
∗ 10. by (〈π〉∗b) rule on 9 and 4

×

Since all branches are closed, the tableau is closed, which means that ϕ is a belnapian

consequence of ∆.

Example 3.2.17. Let us divide this example into two parts. First consider a database

∆1 = {p} and a query ϕ1 = [π]p.

Let us check if ϕ1 is a belnapian consequence of ∆1 using the tableau-based decision

procedure described:

p, ([π]p)∗ 1.

(@t[π]p)∗ 2. by (@∗I
b) rule on 1

@tp 3. by (@I
b) rule on 1

@t〈π〉u, (@up)
∗ 4. by ([π]∗b) rule on 2

@up 5. by (@I
b) rule on 1

×

Thus the tableau is closed meaning that ∆1 B ϕ1.

Second, consider ∆2 = ∅ and ϕ2 = p ⊃ [π]p.

Using the tableau procedure we get the following:

(p ⊃ [π]p)∗ 1.

(@t(p ⊃ [π]p))∗ 2. by (@∗I
b) rule on 1

@tp, (@t[π]p)∗ 3. by (⊃∗b) rule on 2

@t〈π〉u, (@up)
∗ 4. by ([π]∗b) rule on 3

@tt, @uu 5. by (Idb) rule

�
2Consider the branch Θ up to this point. Observe that t ⊆b

Θ i, and therefore the rule (〈π〉b) is not
applied to the formula @t〈π〉(p ∧ q).
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Since this is a terminal tableau with an open branch, the formula p ⊃ [π]p is not

valid, i.e., does not hold on every bistructure. As an example, consider the bistructure

M such that W = {w1, w2}, Rπ = {(w1, w2)}, N(t) = w1, N(u) = w2, w1 ∈ V +(p), and

w2 /∈ V +(p). Then M, w1 b p but M, w1 1b [π]p. Therefore, M 1b p ⊃ [π]p.

Thus it follows that the necessitation rule holds while the deduction theorem fails in

belnapian hybrid (multimodal) logic.

Example 3.2.18. Let ∆ = ∅ and consider a query ϕ = [π](ψ ⊃ δ) ⊃ ([π]ψ ⊃ [π]δ), for

formulas ψ, δ ∈ Form@,⊃(Lπ).

Using the tableau-based decision procedure described:

([π](ψ ⊃ δ) ⊃ ([π]ψ ⊃ [π]δ))∗ 1.

(@t([π](ψ ⊃ δ) ⊃ ([π]ψ ⊃ [π]δ)))∗ 2. by (@∗I
b) rule on 1

@t[π](ψ ⊃ δ), (@t([π]ψ ⊃ [π]δ))∗ 3. by (⊃∗b) rule on 2

@t[π]ψ, (@t[π]δ)∗ 4. by (⊃∗b) rule on 3

@t〈π〉u, (@uδ)
∗ 5. by ([π]∗b) rule on 4

@uψ 6. by ([π]b) rule on 4 and 5

@u(ψ ⊃ δ) 7. by ([π]b) rule on 3 and 5

(@uψ)∗ @uδ 9. by (⊃b) rule on 7

× ×

Thus belnapian hybrid (multimodal) logic satisfies the distribution axiom K.

3.3 Representation of models via diagrams

It is well-known that hybrid logic can specify Robinson diagrams [17]. Recall that a

Robinson diagram of a structure in hybrid logic is the set of all literals that are built over

an extended hybrid similarity type that contains at least one nominal for each world,

which are true in the structure (see [53] for diagrams in first-order logic). In what follows

this notion will be adapted for the case of bistructures.

From this point on, we will assume that Prop, Nom and Mod are finite sets for any

hybrid multimodal similarity type Lπ = 〈Prop,Nom,Mod〉, as is the domain W of any

bistructure. In order to build the paraconsistent diagram of a bistructure we add new

nominals for the elements of W which are not named yet, and we denote this expanded

similarity type by Lπ(W ). M(W ) denotes the natural expansion of the bistructure M

to the hybrid multimodal similarity type Lπ(W ).
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Definition 3.3.1. Let Lπ = 〈Prop,Nom,Mod〉 be a hybrid (multimodal) similarity type,

and M = (W, (Rπ)π∈Mod , N, V
+, V −) be a bistructure over Lπ. The paraconsistent dia-

gram of M, denoted by PDiag(M), is the set of literals over Lπ(W ) that hold in M(W ),

i.e.,

PDiag(M) = {α ∈ HLit(Lπ(W )) | M(W ) s α}

Observe that since we are dealing with literals, using s or b yields exactly the

same result.

Based on this definition, we may state that two distinct bistructures over Lπ with

the same domain W induce two distinct paraconsistent diagrams (over Lπ(W )). Thus

the paraconsistent diagram PDiag(M) uniquely defines the bistructure M. In the sequel

we will represent a (finite) bistructure M = (W, (Rπ)π∈Mod , N, V
+, V −) by its (finite)

paraconsistent diagram PDiag(M).

We will use S(∆,W ), respectively B(∆,W ), to denote the set of paraconsistent di-

agrams of bistructures that are s-models, respectively b-models, of ∆ (for appropriate

choices of ∆) with domain W over the hybrid multimodal similarity type Lπ(W ), where

Lπ contains the symbols occurring in ∆. Recall that the domain and the hybrid simi-

larity type are considered to be finite. This implies that the bistructures are finite and

consequently the representations of models are also finite. This fact will be relevant

when discussing measures of inconsistency.

The syntactic representations of models will be generically denoted by M, M1, etc; in

particular, for the representation of s-models we will use Ms, and for the representation

of b-models we will use Mb.

Let x ∈ {s, b}, and let M be the representation of an x-model M with domain W .

For w ∈W , we write M, w x ϕ if M, w x ϕ and M x ϕ if M x ϕ.

Next we define the set of satisfied literals in a set of models.

Definition 3.3.2. Let Lπ be a hybrid (multimodal) similarity type and consider x ∈ {s, b}.
For a subset K of x-models over the same domain W , the set of globally x-satisfied lit-

erals in K is the set GlobSLit(K) defined as follows:

GlobSLit(K) = {α ∈ HLit(Lπ(W )) | ∀M ∈ K, M x α}.

Observe that if K ′ ⊆ K then GlobSLit(K) ⊆ GlobSLit(K ′).

Minimal models are those where each formula is absolutely necessary to keep it a

model, according to the following definition:
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Definition 3.3.3. The set of minimal s-models, respectively minimal b-models, with do-

main W for an appropriate set of hybrid formulas ∆3 is the set MinS(∆,W ), respectively

MinB(∆,W ), defined as:

MinX(∆,W ) = {Mx ∈ X(∆,W ) | if Mx ⊂Mx then Mx /∈ X(∆,W )}, for X ∈ {S,B}.

Let x ∈ {s, b}. Clearly, every x-model contains a minimal x-model, i.e., for every

x-model M1, there is a minimal x-model M2 such that M2 ⊆M1.

It is not difficult to see that, if a variable p ∈ Prop does not occur in ∆, then p does

not occur in any minimal x-model.

Our interest in using MinX(∆,W ) rather than X(∆,W ), for X ∈ {S,B} and a given

set of formulas ∆, is that the models in MinX(∆,W ) do not contain irrelevant informa-

tion for analysing inconsistency, and we do not lose any useful information, according to

the next theorem:

Theorem 3.3.4. Let X ∈ {S,B}. For an appropriate set ∆ of hybrid formulas and a

non-empty domain W ,

GlobSLit(X(∆,W )) = GlobSLit(MinX(∆,W )).

Proof. Since MinX(∆,W ) ⊆ X(∆,W ), by the observation made after Definition 3.3.2,

it follows that GlobSLit (X(∆,W )) ⊆ GlobSLit (MinX(∆,W )).

To prove the other inclusion, let α ∈ GlobSLit(MinX(∆,W )). So, Mn x α, for all

Mn ∈ MinX(∆,W ).

For each M′m ∈ X(∆,W ) there is a subset Sm ⊆ HLit(Lπ(W )) and a model

Mm ∈ MinX(∆,W ) such that Mm ∪ Sm = M′m.

For an arbitrary M′l ∈ X(∆,W ) such that M′l = Ml ∪ Sl, for a certain

Ml ∈ MinX(∆,W ) and an appropriate subset Sl ⊆ HLit(Lπ(W )), since Mn x α, for

all Mn ∈ MinX(∆,W ), it follows that Ml ∪ Sl x α. (Recall that α is a literal.) So,

M′l x α, for all M′l ∈ X(∆,W ).

Therefore, GlobSLit(MinX(∆,W )) ⊆ GlobSLit(X(∆,W )).

Thus GlobSLit(X(∆,W )) = GlobSLit(MinX(∆,W )).

The previous theorem does not hold if, instead of literals, we consider all globally

satisfied formulas, say GlobSForm(K). We have the following counter-example that

works for both s-models and b-models:

3Recall that in the case of s-models, ∆ must be a set of hybrid formulas in negation normal form.
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Example 3.3.5. Let ∆ = {@ip ∨ @iq,@i¬p ∨ @i¬q,@jr,@i[π]¬i,@i[π]¬j,@j [π]¬i,
@j [π]¬j,@i¬j}.

The two minimal models (they are both s-models and b-models) of ∆ with two worlds

are:

M1 = {@ip,@i¬q,@jr,@i[π]¬i,@i[π]¬j,@j [π]¬i,@j [π]¬j,@i¬j,@j¬i,@ii,@jj};
M2 = {@iq,@i¬p,@jr,@i[π]¬i,@i[π]¬j,@j [π]¬i,@j [π]¬j,@i¬j,@j¬i,@ii,@jj}.
The models M1 and M2 are represented in the following figure:

(a) M1

(b) M2

It is easy to see that @ir ∨@jr ∈ GlobSForm(MinX(∆,W )), for X ∈ {S,B}.
However, @ir ∨@jr /∈ GlobSForm(X(∆,W )). In fact, if we consider the model

O = {@ip,@i¬q,@jr,@j¬r,@i[π]¬i,@i[π]¬j,@j [π]¬i,@j [π]¬j,@i¬j,@j¬i,@ii,@jj},
we have that O 1x @ir ∨@jr: this happens because O x @j¬r implies that O has

to x-satisfy @ir, which it does not.

Thus GlobSForm(MinX(∆,W )) * GlobSForm(X(∆,W )).

Given a set ∆ of hybrid formulas, there is a procedure that allows us to extract

minimal s-models for ∆ (in this case the formulas in ∆ must be in negation normal

form) or minimal b-models for ∆, each of them already represented by its paraconsistent

diagram. The procedure will resort to the tableau rules introduced for the consequence

relation S or B (if one wants to extract s-models or b-models, respectively) and comes

as follows:

1. Start a tableau by putting at its root all elements of ∆.

2. (a) In order to obtain s-models, (recall that ∆ must be thus constituted by hybrid

formulas in negation normal form), apply the tableau rules of system TS where

condition (vii) is modified as follows:

(vii) ϕ = j or ϕ = ¬j or ϕ = 〈π〉j or ϕ = [π]¬j, where j ∈ Nom, π ∈ Mod

together with the following three rules until reaching a terminal tableau:
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@i¬j
@j¬i

(¬Ids)
@ij,@kψ

@k(ψ[i/j])
(Bridge1

s)(i)
@i¬j,@k[π]i

@k[π]¬j
(Bridge2

s)

(i) @kψ is a literal; ψ[i/j] means replace in ψ all occurrences of i with j.

These extra rules are sound and ensure that we have indeed all literals that

are s-satisfied in our model.

(b) In order to obtain b-models, apply the tableau rules of system TB together

with the following four rules until reaching a terminal tableau:

@i¬j
@j¬i

(¬Idb)
@ij,@kψ

@k(ψ[i/j])
(Bridge1

b)(ii)

@i¬j,@k[π]i

@k[π]¬j
(Bridge2

b)
(@iϕ)∗

@i∼ϕ
(Id2

∗b)(iii)

(ii) @kψ is a literal; ψ[i/j] means replace in ψ all occurrences of i with j;

(iii) ϕ = 〈π〉j, where j ∈ Nom, π ∈ Mod.

Once again these extra rules are sound and ensure that we have all literals that

are b-satisfied in our model. Observe that invoking the ∼ operator introduced

in QH logic in the rule (Id2
∗b) is crucial in order to accomplish this task.

Consider only the open branches.

3. In order to determine minimal models with a certain number of worlds, combine

nominals and/or add them to suit the number of worlds desired.

For example: if an open branch of the tableau has two nominals occurring, i

and j, then in order to obtain models with a single world, add to the branch

the formula @ij; for models with two worlds, split the branch into two and

add to one of them the formula @i¬j and to the other the formulas @ij, @i¬k,

where k is a new nominal.

4. Depending on if you are determining s- or b-models, apply the rules mentioned in

step 2, treating the formulas introduced in 3. as if they were root formulas, until

a terminal tableau is reached.
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Repeat the instructions on step 3 about combining nominals in order to suit the

number of worlds already determined.

Consider only the open branches.

5. A bistructure is completely described only when the transitions between worlds are

explicitly defined. Thus to each open branch add information about transitions

by making use of formulas of the form @i〈π〉j, @i[π]¬j, for all nominals i and j

and modalities π occurring on the branch. Each new branch created considers a

possible way of combining pairs of nominals, thus defining the family of accessi-

bility relations (Rπ)π∈Mod. Observe that for n distinct nominals there are 2n×n

possibilities.

Apply the tableau rules of the system chosen plus those indicated in step 2. until

a terminal tableau is reached.

Then, for each open branch copy the literals into a set which will be the para-

consistent diagram of a model for ∆. Take the minimal models from the models

created.

Maybe it is worth mentioning that our paraconsistent diagram could be defined

without comprising the literals of the form @i¬j, @i[π]¬j, for the simple reason that

nominals and the accessibility relation between worlds have a classical behaviour. Thus,

in a simpler version, our diagram would be such that if @ij /∈ PDiag(M), then M 1s @ij,

or equivalently, M s @i¬j, and analogously if @i〈π〉j /∈ PDiag(M), then M 1s @i〈π〉j,
or equivalently, M s @i[π]¬j, for i, j ∈ Nom, π ∈ Mod.4 In that case, the rules (¬Idx),

(Bridge2
x) and (Id2

∗b), with x ∈ {s,b}, would be unnecessary. However, in this chapter

we opted by giving full attention to all literals.

Proposition 3.3.6. There are no minimal models for ∆ other than those that are ob-

tained from this algorithm.

Proof. Let x ∈ {s, b}.
Suppose that M is the paraconsistent diagram of a bistructure M which is a minimal

x-model for ∆ and is such that M 6⊆ Θ for all open branches Θ, in the sense that for

each branch Θ there exists a literal ϕ such that ϕ ∈ Θ and ϕ /∈M.

Thus, for M under the conditions described, M 1x Θ for all Θ.

Recall that by the soundness theorems 3.1.28 and 3.2.14, for each rule
∆

Σ1| . . . |Σn
and for any bistructure M, M x ∆ implies M x Σ1 or . . . M x Σn. Therefore it

4Observe that, since we are evaluating literals, the use of s even if M is a b-model is not a problem.
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follows that M 1x ∆. So M is not an x-model for ∆, and therefore M cannot be a

minimal x-model. Hence there is no such M.

Next we will present several examples that illustrate how to create s-models and

b-models as sets of literals for a set of formulas ∆. Be aware that each example has a

particular feature that seemed worthy of explaining, and furthermore the abundance of

examples serves also the purpose of familiarizing the reader with the algorithm presented.

Example 3.3.7. Let ∆ = {@i(p ∧ q),@j(¬p ∧ p)}.
Let us use the algorithm introduced in order to determine minimal s-models of ∆:

◦ Steps 1. and 2.

The terminal tableau with root ∆ comes as follows:

@i(p ∧ q), @j(¬p ∧ p) 1.

@ip, @iq, @j¬p, @jp 2. by (∧s) rule on 1

@ii, @jj 3. by (Ids)

�

◦ Steps 3. and 4. – |W | = 1

Now, given that two nominals occur in the tableau, if we want to determine minimal

models with a single world, we must add to the tableau the formula @ij, meaning that the

nominals i and j name the same world. In this case the tableau is extended as follows:

@ij 4. by step 3. of the algorithm

@ji 5. by (Noms) rule on 4 and 3

@jq, @i¬p 6. by (Noms) rule on 4 and 3, 5 and 2

�

◦ Step 5.

Last step is to determine the transitions between worlds; however, since there are no

modalities occurring in the tableau, there is no way we can talk about “transitions”, so

our minimal models are bistructures over a hybrid similarity type such that Mod = ∅.

The minimal s-model for ∆ with one world is:

M1 = {@ip,@i¬p,@iq,@jp,@j¬p,@jq,@ii,@ij,@jj,@ji}

Its graphical representation is as follows:
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If, however the goal was to determine minimal s-models with two worlds:

◦ Steps 3. and 4. – |W | = 2

One could either add to the tableau the formula @i¬j or the formulas @ij,@i¬k,

where k is a new nominal and would end up with the following terminal tableau:

@i(p ∧ q), @j(¬p ∧ p) 1.

@ip, @iq, @j¬p, @jp 2. by (∧s) rule on 1

@ii, @jj 3. by (Ids)

@i¬j @ij,@i¬k 4. by applying step 3. of the algorithm

@j¬k 5. by (Noms) rule on 4

@j¬i @k¬i,@k¬j 6. by (¬Ids) rule on 4 and 5

@kk 7. by (Ids) rule

@ji 8. by (Noms) rule on 4 and 3

@i¬p,@jq 9. by (Noms) rule on 4/7 and 2

� �

◦ Step 5.

Once again, there is no information about modalities, so there is nothing to do about

it.

The minimal s-model of ∆ extracted from the left branch is:

M2 = {@ip,@iq,@j¬p,@jp,@ii,@jj,@i¬j,@j¬i}

M2 is graphically represented as follows:

,
1 2

,

The minimal s-model of ∆ extracted from the right branch is:

M3 = {@ip,@iq,@i¬p,@jp,@jq,@j¬p,@ii,@ij,@i¬k,@ji,@jj,

@j¬k,@k¬i,@k¬j,@kk}

M3 is graphically represented as follows:
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1 2

Observe that in this example minimal s-models and minimal b-models coincide.

Example 3.3.8. Let ∆ = {@i[π]p,@i[π]¬p}.
Let us use the algorithm described in order to extract minimal s-models for ∆ with

|W | = 1:

@i[π]p, @i[π]¬p 1.

@ii 2. by (Ids) rule

� terminal tableau with one open branch

@i〈π〉i @i[π]¬i 3. by applying step 5. of the algorithm

@ip 4. by ([π]s) rule on 1 and 3

@i¬p
� �

There are exactly two minimal s-models with domain W such that |W | = 1, namely:

M1 = {@i[π]¬i,@ii}; and

M2 = {@i〈π〉i,@ip,@i¬p,@ii}.

The minimal s-models M1 and M2 have the following graphical representations:

(a) M1

,
(b) M2

Once again, minimal s-models and minimal b-models coincide.

Example 3.3.9. Let ∆ = {@i(p ∨ q),@i¬p,@j〈π〉¬q}.
The terminal tableau with root ∆ is as follows:

@i(p ∨ q), @i¬p, @j〈π〉¬q 1.

@j〈π〉t, @t¬q 2. by (〈π〉s) rule on 1

@ii, @jj, @tt 3. by (Ids) rule

@ip @ip @ip @ip @iq @iq @iq 4. by (∨s) rule on 1

(@i¬p)∗ (@i¬p)∗ @iq @iq (@i¬p)∗ (@i¬q)∗ @ip

(@i¬q)∗ (@i¬q)∗ (@i¬q)∗ (@i¬p)∗

× × � � × � ×
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Let us determine minimal s-models with a single world. This condition implies that

@ij,@it must be added to the tableau. Taking solely the open branches we get that:

@i(p ∨ q), @i¬p, @j〈π〉¬q 1.

@j〈π〉t, @t¬q 2. by (〈π〉s) rule on 1

@ii, @jj, @tt 3. by (Ids) rule

@ip @ip @iq 4. by (∨s) rule on 1

@iq @iq (@i¬q)∗

(@i¬q)∗

@ij,@it @ij,@it @ij,@it 5. by step 3. of the algorithm

@ti @ti @ti 6. by (Noms) rule on 5 and 3

@i¬q @i¬q @i¬q 7. by (Noms) rule on 6 and 2

× @ji,@jt,@tj × 8. by (Noms) and (Bridge1
s) rules

@j¬p,@t¬p,@j¬q
@jp,@tp,@jq,@tq

@i〈π〉i,@i〈π〉j,@i〈π〉t,@j〈π〉i
@j〈π〉j,@t〈π〉i,@t〈π〉j,@t〈π〉t

�

Thus the minimal s-model for ∆ with a single world is:

M = {@ip,@iq,@jp,@tp,@jq,@tq,

@i¬p,@i¬q,@j¬p,@j¬q,@t¬p,@t¬q,
@ii,@jj,@tt,@ij,@it,@ji,@jt,@ti,@tj,

@i〈π〉i,@i〈π〉j,@i〈π〉t,@j〈π〉i,@j〈π〉j,
@j〈π〉t,@t〈π〉i,@t〈π〉j,@t〈π〉t}.

, , , ,,

Example 3.3.10. Let ∆ = {@i〈π〉j ∨@j〈π〉i,@i〈π〉(p ∨ q),@i[π]¬q,@i[π]¬j,@i¬q}.
Let us construct the terminal tableau with root ∆:
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@i〈π〉j ∨@j〈π〉i, @i〈π〉(p ∨ q)
@i[π]¬q, @i[π]¬j, @i¬q 1.

@i〈π〉j @j〈π〉i @i〈π〉j, @j〈π〉i 2. by (∨s) rule on 1

[repeated branches are omitted]

@j¬j @j¬j 3. by ([π]s) rule on 2 and 1

× ×

Given that 2 out of 3 branches already closed, let us focus on the open branch and

continue applying the tableau rules:

@i〈π〉j ∨@j〈π〉i, @i〈π〉(p ∨ q)
@i[π]¬q, @i[π]¬j, @i¬q 1.

@j〈π〉i 2.

@i〈π〉t, @t(p ∨ q) 3.

@t¬j, @t¬q 4.

@ii, @jj, @tt 5.

@tp @tp @tp @tp @tq @tq @tq 6.

(@t¬p)∗ (@t¬p)∗ @tq @tq (@t¬p)∗ (@t¬q)∗ @tp

(@t¬q)∗ (@t¬q)∗ (@t¬q)∗ (@t¬p)∗

× @j¬t × @j¬t × × @j¬t 7.

� � �

Rules applied:

2. by (∨s) rule on 1 [omission of closed branches in previous tableau]

3. by (〈π〉s) rule on 1

4. by ([π]s) rule on 1 and 3

5. by (Ids) rule

6. by (∨s) rule on 3

7. by (¬Ids) rule on 4

There are no s-models for ∆ with one world due to the imposition that @t¬j.
For models with 2 worlds, we may consider @ij or @it:
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@i〈π〉j ∨@j〈π〉i, @i〈π〉(p ∨ q)
@i[π]¬q, @i[π]¬j, @i¬q 1.

@j〈π〉i 2.

@i〈π〉t, @t(p ∨ q) 3.

@t¬j, @t¬q 4.

@ii, @jj, @tt 5.

@tp, (@t¬p)∗ @tp, @tq @tq, @tp, (@t¬p)∗ 6.

@j¬t @j¬t @j¬t 7.

@ij @it @ij @it @ij @it 8.

@j [π]¬j @t[π]¬j @j [π]¬j @t[π]¬j @j [π]¬j @t[π]¬j 9.

@i¬j @i¬j @i¬j 10.

@j¬j @j¬j @j¬j 11.

× @t〈π〉t × @t〈π〉t × @t〈π〉t 12.

@ti @ti @ti 13.

@i¬j @i¬j @i¬j 14.

@ip @ip, @iq @ip, @iq 15.

@j¬i @j¬i @j¬i 16.

@t〈π〉i, @i〈π〉i @t〈π〉i, @i〈π〉i @t〈π〉i, @i〈π〉i 17.

@j〈π〉t @j〈π〉t @j〈π〉t 18.

� � �

Rules applied:

2. by (∨s) rule on 1 [omission of closed branches two tableaux ago]

3. by (〈π〉s) rule on 1

4. by ([π]s) rule on 1 and 3

5. by (Ids) rule

6. by (∨s) rule on 3 [omission of closed branches in previous tableau]

7. by (¬Ids) rule on 4

8. by applying step 3. of the algorithm

9. by (Noms) rule on 1 and 8

10. by ([π]s) rule on 9 and 2

11. by (Noms) rule on 8 and 10

12. by (Noms) rule on 8 and 3

13. by (Noms) rule on 8 and 5

14. by (Noms) rule on 13 and 4

15. by (Noms) rule on 13 and 6
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16. by (¬Ids) rule on 14

17. by (Bridge1
s) rule on 12/3 and 13

18. by (Bridge1
s) rule on 2 and 8

The only connection missing a mention is that of @j〈π〉j or @j [π]¬j. The addition

of none of these closes the open branches.

In the last tableau, we verify that the set of literals in the first open branch is a subset

of those in the second and those in the third open branches, thus there will be exactly two

minimal s-models:

M1 = {@i¬q,@t¬q,@ip,@tp,

@i〈π〉i,@i[π]¬j,@i〈π〉t,@j〈π〉i,@j〈π〉j,
@j〈π〉t,@t〈π〉i,@t[π]¬j,@t〈π〉t,
@ii,@i¬j,@it,@j¬i,
@jj,@j¬t,@ti,@t¬j,@tt}

M2 = {@i¬q,@t¬q,@ip,@tp,

@i〈π〉i,@i[π]¬j,@i〈π〉t,@j〈π〉i,@j [π]¬j,
@j〈π〉t,@t〈π〉i,@t[π]¬j,@t〈π〉t,
@ii,@i¬j,@it,@j¬i,@jj,

@j¬t,@ti,@t¬j,@tt}

, ,
1 2

(a) M1

, ,
1 2

(b) M2

In this example, minimal s-models and minimal b-models coincide again.

Example 3.3.11. Let ∆ = {@i((p ∧ q) ∨ r),@i¬p}.
Let us determine minimal s-models of ∆:

@i((p ∧ q) ∨ r),@i¬p 1.

@ii 2.

@i(p ∧ q) @i(p ∧ q) @i(p ∧ q) @i(p ∧ q) @ir @ir @ir 3.

(@i(¬p ∨ ¬q))∗ (@i(¬p ∨ ¬q))∗ (@i¬r)∗ @ir (@i(¬p ∨ ¬q))∗ (@i¬r)∗ (@i(¬p ∨ ¬q))∗

(@i¬r)∗ @ir (@i¬r)∗ @i(p ∧ q)
i ii iii iv v vi vii
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Rules applied:

2. by (Ids)

3. by (∨s) rule on 1

Let us focus on each branch at a time:

i & ii have a very similar behaviour, except that i includes the formula (@i¬r)∗ while

ii does not. However, it does not affect the closure of the branches:

@i((p ∧ q) ∨ r),@i¬p 1.

@ii 2.

@i(p ∧ q) 3.

(@i(¬p ∨ ¬q))∗

[(@i¬r)∗]
@ip,@iq 4.

(@i¬p)∗ @ip @iq 5.

(@i¬q)∗ (@i¬q)∗ (@i¬p)∗

× � ×

Rules applied:

4. (∧s) rule on 2

5. (∨∗s) rule on 2

iii & iv also differ in the presence of the formula (@i¬r)∗ which, once again, does

not affect the closure of the branches:

@i((p ∧ q) ∨ r),@i¬p 1.

@ii 2.

@i(p ∧ q) 3.

[(@i¬r)∗]
@ir

@ip,@iq 4.

�

Rules applied:

4. (∧s) rule on 3

v comes as follows:
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@i((p ∧ q) ∨ r),@i¬p 1.

@ii 2.

@ir 3.

(@i(¬p ∨ ¬q))∗

(@i¬r)∗

(@i¬p)∗ @ip @iq 4.

(@i¬q)∗ (@i¬q)∗ (@i¬p)∗

× � ×

Rules applied:

4. (∨∗s) rule on 3

vi is a terminal open branch.

vii is similar to i, if instead of (@i¬r)∗ one considers @ir.

Then, from branch i, we extract

M1 = {@ip,@iq,@i¬p,@ii}

which is a minimal s-model of ∆.

However, if one wants to determine b-models, it follows that:

@i((p ∧ q) ∨ r),@i¬p 1.

@ii 2.

@i(p ∧ q) @i(p ∧ q) @i(p ∧ q) @i(p ∧ q) @ir @ir @ir 3.

(@i¬(p ∧ q))∗ (@i¬(p ∧ q))∗ (@i¬r)∗ @ir (@i¬(p ∧ q))∗ (@i¬r)∗ (@i¬(p ∧ q))∗

(@i¬r)∗ @ir (@i¬r)∗ @i(p ∧ q)
(@i¬p)∗ (@i¬p)∗ (@i¬p)∗ � (@i¬p)∗ 4.

(@i¬q)∗ (@i¬q)∗ (@i¬q)∗ (@i¬q)∗

× × @ip @ip × × 5.

@iq @iq

� �

Rules applied:

2. by (Idb) rule

3. by (∨b) rule on 1

4. by (¬∧∗b) rule on 3

5. by (∧b) rule on 4
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For models with a single world, and since Mod = ∅, the tableau procedures stop here.

The only minimal b-model of ∆ is

M2 = {@i¬p,@ir,@ii}.

Note that M2 is a subset of literals in the first and second open branches of the last

tableau presented, and for that reason M2 is the only minimal b-model.

Therefore, observe that although being a minimal s-model of ∆, M1 is not a minimal

b-model.

The models M1 and M2 are graphically represented as follows for comparison:

,

(a) M1

, ,

(b) M2

Example 3.3.12. Let ∆ = {@i(p ⊃ q), 〈π〉p, i}.
Due to the format of ∆, we can only obtain minimal b-models; the algorithm runs

as follows:

@i(p ⊃ q), 〈π〉p, i 1.

@i〈π〉p, @ii 2. by (@b
I ) rule on 1

@i〈π〉t, @tp 3. by (〈π〉b) rule on 2

@t〈π〉p, @ti 4. by (@b
I ) rule on 1

@tt 5. by (Idb) rule

@ip, @it 6. by (Nomb) rule on 4 and 3/2 – t ⊆b
Θ i

@t〈π〉t 7. by (Nomb) rule on 6 and 3

@t〈π〉i, @i〈π〉i 8. by (Bridge1
b) rule on 7/3 and 4

(@ip)
∗ @iq 9. by (⊃b) rule on 1

× @tq 10. by (Nomb) rule on 9 and 6

�

For minimal b-models with one world the algorithm terminates here.

The minimal b-model for ∆ is

M = {@ip,@tp,@iq,@tq,@ii,@it,@ti,@tt,@i〈π〉i,@i〈π〉t,@t〈π〉i,@t〈π〉t}.

Its graphical representation is as follows:
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3.4 Inconsistency measures

The idea of measuring the amount of inconsistent information in paraconsistent struc-

tures has been discussed for a while, and has been widely addressed in [49], [50] and [51],

where different measures have been proposed by a range of different authors; this subject

has been studied in a coalitional game theory paradigm in [56], and has been explored

in terms of complexity and expressivity in [77], [76].

An inconsistency measure is a function that assigns a nonnegative real value to every

set of formulas. Each inconsistency measure is a strategy for analysing inconsistent

information by showing how conflicting a set of formulas is. Some measures are more

fine-grained than others, but in general what they do is they allow us to compare between

sets of information.

Inconsistency measures can be classified in various ways and may satisfy certain

properties. One distinction is between absolute measures that measure the total amount

of contradictions and relative measures that use a ratio to determine how much of the

knowledgebase is inconsistent. A few inconsistency measures for bistructures represented

by their paraconsistent diagrams will be presented next, as well as a few inconsistency

measures for databases.

Absolute measures for bistructures

Given a bistructure M whose paraconsistent diagram PDiag(M) we will represent

by M, the simplest inconsistency measure one can think of is an absolute measure that

counts how many contradictions are in M.

Formally,

MInc1(M) =
∣∣∣{(p, w) ∈ Prop×W | {@ip,@i¬p} ⊆M where N(i) = w

}∣∣∣.
Observe that we use pairs (p, w) with p ∈ Prop, w ∈ W instead of (p, i) with

p ∈ Prop, i ∈ Nom because a world can be named by more than one nominal, and thus

an inconsistency at a world could be counted more than once, which is not desirable.

MInc1 is monotonic in the following sense:
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Lemma 3.4.1. Let M1,M2 be two bistructures and M1,M2 be their representations.

If M1 ⊆M2, then MInc1(M1) ≤ MInc1(M2).

The following measure counts the number of inconsistencies in a particular connected

component of a bistructure M represented by M, which is given by:

Connected(M, N(i)) =
{
u ∈W | ∃j1, . . . , jn ∈ Nom

(
∃π ∈ Mod(@i〈π〉j1 ∈M

or @j1〈π〉i ∈M),

and ∃π ∈ Mod (@j1〈π〉j2 ∈M or @j2〈π〉j1 ∈M) , . . . ,

and ∃π ∈ Mod
(
@jn−1〈π〉jn ∈M or @jn〈π〉jn−1 ∈M

)
,

and N(jn) = u
)}
∪ {N(i)}

Clearly
⋃

i∈Nom

Connected(M, N(i)) = W .

The second measure of inconsistency comes as:

MInc2(M, N(i)) =
∣∣∣{(p, u) ∈ Prop× Connected(M, N(i)) | {@tp,@t¬p} ⊆M,

where N(t) = u
}∣∣∣.

As MInc1, MInc2 is monotonic too.

We may also be interested in counting the number of inconsistencies we can find on

a path starting at a specific point. Let us define for a bistructure M the path starting

at a particular point N(i) as follows:

Path(M, N(i)) =
{
u ∈W | ∃j1, . . . , jn ∈ Nom, ∃π1, . . . , πn ∈ Mod

((
@i〈π1〉j1,

@j1〈π2〉j2, . . . ,@jn−1〈πn〉jn ∈M
)

and N(jn) = u
)}
∪ {N(i)}

The third absolute measure of inconsistency proposed is analogous to the previous

ones and is given as follows:

MInc3(M, N(i)) =
∣∣∣{(p, u) ∈ Prop× Path(M, N(i)) | {@tp,@t¬p} ⊆M,

where N(t) = u
}∣∣∣.

Once again, this measure is monotonic.

101



Observe that Path(M, N(i)) ⊆ Connected(M, N(i)).

The following expresses the link between the three measures introduced:

Lemma 3.4.2. Let M be a bistructure represented by M. Then

MInc3(M, N(i)) ≤ MInc2(M, N(i)) ≤ MInc1(M) for all i ∈ Nom.

In a nutshell, MInc2 counts the number of inconsistencies in a component where a

certain world N(i) belongs. We can view each connected component as a sub-bistructure

of the original one, where the domain is restricted to the worlds in the connected compo-

nent. Thus for a bistructure represented by M with n connected components M1, . . . ,Mn,

MInc1(M) is equal to the sum of MInc1(Mi) for all 1 ≤ i ≤ n.

On the other hand, MInc3 counts the number of inconsistencies on every possible

trajectory, using any kind of modality, starting from a certain world N(i). Nonetheless,

we could have restricted our attention to paths following a particular modality.

Another concern is the fact that some information might be more relevant than other,

or some states might be more relevant than others. A weighted measure is therefore

desirable.

Given a bistructure M represented by M, and vectors

weightProp =
[
weightp1

. . . weightp|Prop|

]
and

weightW =
[
weightw1

. . . weightw|W |

]
whose entries are positive real numbers, let MInc4 be such that:

MInc4(M) =
∑

(p,w): @ip,@i¬p∈M,
where N(i)=w

weightPropp
× weightWw

Relative measures for bistructures

One relatively standard relative measure is the one that takes the number of incon-

sistencies in a bistructure and divides it over the number of possible inconsistencies.

This measure gives a ratio between 0 and 1 and tells us how much of a portion of the

bistructure is inconsistent.
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Given a bistructure M represented by M this inconsistency measure comes in the

form:

MInc5(M) =
MInc1(M)

|Prop| × |W |

This measure is neither monotonic nor anti-monotonic for the following reason:

– if M1 ⊆ M2 and the bistructures that are represented by M1 and M2 have the

same domain W and consider the same set of propositional variables Prop, then

MInc5(M1) =
MInc1(M1)

|Prop| × |W |
≤ MInc1(M2)

|Prop| × |W |
= MInc5(M2)

since from previous results we already had that MInc1(M1) ≤ MInc1(M2);

– if, however that is not the case, we may end up having the reverse.

Consider the following short example: let M1 and M2 be two bistructures such

that

o W1 = {w1} and W2 = {w1, w2},
o (R1π)π∈Mod = (R2π)π∈Mod = ∅,
o N1(i) = N2(i) = w1, N2(j) = w2,

o V +
1 (p) = V −1 (p) = V +

2 (p) = V −2 (p) = w1

Then M1 = {@ip,@i¬p,@ii} and M2 = {@ip,@i¬p,@ii,@i¬j,@j¬i,@jj}. Clearly

M1 ⊂M2 and MInc1(M1) = MInc1(M2) = 1.

Thus MInc5(M1) =
1

1
≥ 1

2
= MInc5(M2).

Analogously we could take the weighted measure MInc4 and divide it over the total

weight of the bistructure. Given a bistructure M represented by M this inconsistency

measure is as follows:

MInc6(M) =
MInc4(M)∑

p∈Prop,w∈W
weightPropp

× weightWw

MInc6 is also neither monotonic nor anti-monotonic.

Example 3.4.3. Let us evaluate these measures of inconsistency for the examples given

in the previous section:

From example 3.3.7,
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– for M1:

|W | = 1, |Prop| = 2

MInc1(M1) = 1

MInc2(M1, N(i)) = 1

MInc3(M1, N(i)) = 1

Let weightp = 2,weightq = 1,weightw = 1; then

MInc4(M1) = 2× 1 = 2

MInc5(M1) =
1

2

MInc6(M1) =
2

3

– for M2:

MInc1(M2) = 1

|W | = 2, |Prop| = 2

MInc2(M2, N(i)) = 0

MInc2(M2, N(j)) = 1

MInc3(M2, N(i)) = 0

MInc3(M2, N(j)) = 1

Let weightp = 2,weightq = 1,weightw1
= 1,weightw2

= 3; then

MInc4(M2) = 2× 3 = 6

MInc5(M2) =
1

4

MInc6(M2) =
6

12
=

1

2

– for M3:

MInc1(M3) = 1

|W | = 2, |Prop| = 2

MInc2(M3, N(i)) = MInc3(M3, N(i)) = 1

MInc2(M3, N(j)) = MInc3(M3, N(j)) = 1

MInc2(M3, N(k)) = MInc3(M3, N(k)) = 0

Let weightp = 2,weightq = 1,weightw1
= 1,weightw2

= 3; then
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MInc4(M3) = 2× 1 = 2

MInc5(M3) =
1

4

MInc6(M3) =
2

12
=

1

6

From example 3.3.8

– for M1:

MInc1(M1) = 0

|W | = 1, |Prop| = 1

MInc2(M1, N(i)) = 0

MInc3(M1, N(i)) = 0

Independently of weight vectors,

MInc4(M1) = 0

MInc5(M1) = 0

MInc6(M1) = 0

– for M2:

MInc1(M2) = 1

|W | = 1, |Prop| = 1

MInc2(M2, N(i)) = 1

MInc3(M2, N(i)) = 1

Let weightp = 3,weightw = 1; then

MInc4(M2) = 3× 1 = 3

MInc5(M2) =
1

1
= 1

MInc6(M2) =
3

3
= 1

From example 3.3.9
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– for M:

MInc1(M) = 2

|W | = 1, |Prop| = 2

MInc2(M, N(i)) = 2

MInc3(M, N(i)) = 2

Let weightp = 3,weightq = 2,weightw = 1; then

MInc4(M) = 3× 1 + 2× 1 = 5

MInc5(M) =
2

2
= 1

MInc6(M) =
5

5
= 1

From example 3.3.10

– for M1:

MInc1(M1) = 0

All other measures have value 0.

– The measures for M2 have exactly the same values.

From example 3.3.11

– for M1:

MInc1(M1) = 0

All other measures have value 0.

– for M2:

MInc1(M2) = 1

|W | = 1, |Prop| = 2

MInc2(M2, N(i)) = 1

MInc3(M2, N(i)) = 1

Let weightp = 1,weightq = 2,weightw = 2; then

MInc4(M2) = 1× 2 = 2

106



MInc5(M2) =
1

2

MInc6(M2) =
2

5

From example 3.3.12

– for M1:

MInc1(M) = 0

– All other measures have value 0.

Measures for databases

Now, we may want to know whether one source is more inconsistent than another

— so whether ∆1 is more inconsistent than ∆2 and in particular determine which is

the least inconsistent of the sources and so identify a minimal ∆ in this inconsistency

ordering. We may then view this minimal knowledgebase as the least problematical or

most reliable source of information.

First, let us consider minimal models with the least number of inconsistencies, which

we will call preferred models.

Definition 3.4.4. The set of preferred s-models, respectively preferred b-models, with

(non-empty) domain W for an appropriate set of hybrid formulas ∆5 is the set

PrefS(∆,W ), respectively PrefB(∆,W ), defined as:

PrefX(∆,W ) = {Mx ∈ MinX(∆,W ) | for all Mx′ ∈ MinX(∆,W ),

MInc1(Mx) ≤ MInc1(Mx′)}, for X ∈ {S,B}.

We define a measure of inconsistency for a database ∆ over a hybrid (multimodal)

similarity type Lπ and a consequence relation x where x ∈ {s, b}, MInc7(∆,X), as a se-

quence 〈r1, . . . , rn, . . .〉 where rn = MInc5(M) if there exists a model M ∈ PrefX(∆,Wn)

with Wn a domain of size n, and rn = ∗ otherwise. We use ∗ as kind of a null value.

These sequences capture how the relative measure of inconsistency of preferred mod-

els for a database ∆ over a hybrid (multimodal) similarity type Lπ evolves with increasing

domain size. At one extreme, there are cases where all preferred x-models for a database

∆ do not have inconsistencies for any domain size: we call those databases x-consistent ;

for example for the trivial case when ∆ = ∅, MInc7(∆,X) = 〈0, 0, . . .〉, for X ∈ {S,B}.
5Recall that in the case of s-models, ∆ must be a set of hybrid formulas in negation normal form.
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At the other extreme, there are databases ∆ for which all models are inconsistent; for

example for ∆ = {p ∧ ¬p}, MInc7(∆,X) = 〈1, 1, . . .〉, for X ∈ {S,B}.

Example 3.4.5. Some examples on the computation of MInc7 for some databases:

1. Let ∆ = {@i¬p ∨@jp,@ip}.

MInc7(∆,X) = 〈0, 0, 0, 0, . . . 〉, for X ∈ {S,B}.

Thus ∆ is a consistent database.

2. Let ∆ = {@i¬p,@j¬q, p ∧ ¬p ∧ q}.

MInc7(∆,X) =

〈
1,

3

4
,
4

6
,
5

8
, . . . ,

n+ 1

2n
, . . .

〉
, for X ∈ {S,B}.

3. Let ∆ = {@i¬j}.

MInc7(∆,X) = 〈∗, 0, 0, 0, . . .〉, for X ∈ {S,B}.

4. Let ∆ = {i ∨ j ∨ k,@i¬j}.

MInc7(∆,X) = 〈∗, 0, 0, ∗, ∗, ∗, . . .〉, for X ∈ {S,B}.

5. Let ∆ = {@i((p ∧ q) ∨ r),@i¬p,@i¬r}.

MInc7(∆,S) =

〈
1

3
,
1

6
,
1

9
, . . . ,

1

3n
, . . .

〉
;

MInc7(∆,B) =

〈
2

3
,
2

6
,
2

9
, . . . ,

2

3n
, . . .

〉
.

There can be adopted a lexicographic ordering, denoted by the symbol � over the

tuples generated by the MInc7 function:

Definition 3.4.6. Let ∆1,∆2 be two databases. Let MInc7(∆1,X) = 〈r1, r2, . . . 〉 and

MInc7(∆2,X) = 〈s1, s2, . . . 〉 for X ∈ {S,B}. One says that MInc7(∆1,X) � MInc7(∆2,X)

if and only if for all i ≥ 1, ri ≤ si or ri = ∗ or si = ∗.
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Writting MInc7(∆1,X) ≺ MInc7(∆2,X) abbreviates MInc7(∆1,X) � MInc7(∆2,X)

and MInc7(∆1,X) 6= MInc7(∆2,X).

In case MInc7(∆1,X) � MInc7(∆2,X), one says that ∆1 is less or equally x-inconsis-

tent as ∆2 and denote this by ∆1 ≤incx ∆2.

Example 3.4.7. Let ∆1 = {@ip} and ∆2 = {@ip,@i¬p}. For X ∈ {S,B} we have that:

MInc7(∆1,X) = 〈0, 0, 0, . . . 〉

MInc7(∆2,X) =

〈
1

1
,
1

2
,
1

3
, . . .

1

n
, . . .

〉
Thus ∆1 ≤incx ∆2.

MInc7 is monotonic in the following sense: given ∆1,∆2 such that ∆1 ⊆ ∆2,

MInc7(∆1,X) � MInc7(∆2,X), for X ∈ {S,B}.
This is a straightforward result since additional statements may add but cannot

subtract inconsistencies.

We define equivalence between databases in the next definition.

Definition 3.4.8. Let ∆1,∆2 be two databases. ∆1 and ∆2 are x-equivalent, where

x ∈ {s, b}, if for all M

M is an x-model of ∆1 iff M is an x-model of ∆2.

This definition yields the following result:

Proposition 3.4.9. Let ∆1,∆2 be two databases. If ∆1 and ∆2 are x-equivalent, where

x ∈ {s, b}, then

MInc7(∆1,X) = MInc7(∆2,X)

where X = S if x = s and X = B if x = b.

Proof. Let MInc7(∆1,X) = 〈r1, r2, . . .〉 and MInc7(∆2,X) = 〈s1, s2, . . .〉.
Since ∆1 and ∆2 are x-equivalent, any preferred x-model M of ∆1 with a domain of

size n is an x-model of ∆2. In fact, M is a preferred x-model for ∆2 as well, for if it were

not, then it could not be a preferred x-model of ∆1.

Therefore, rn = sn for all n and thus MInc7(∆1,X) = MInc7(∆2,X).
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3.5 Paraconsistent bisimulation

In this section the notion of bisimulation for hybrid structures is extended to bistruc-

tures.

Definition 3.5.1. Let M = (W, (Rπ)π∈Mod, N, V
+, V −) and M = (W, (Rπ)π∈Mod, N,

V +, V −) be two hybrid bistructures over the same hybrid (multimodal) similarity type

Lπ = 〈Prop,Nom,Mod〉.
A relation Z ⊆W ×W is a paraconsistent bisimulation if Z is a bisimulation be-

tween the hybrid structures M1 = (W, (Rπ)π∈Mod, N, V
+) and M1 = (W, (Rπ)π∈Mod, N,

V +) and also a bisimulation between M2 = (W, (Rπ)π∈Mod, N, V
−) and M2 = (W,

(Rπ)π∈Mod, N, V −).

In more detail, Z is a paraconsistent bisimulation if the following conditions are met:

– N(i)ZN(i) for all i ∈ Nom;

– if (w,w′) ∈ Z, then:

∗ atomic conditions:

o w ∈ V +(p) iff w′ ∈ V +(p), for all p ∈ Prop;

o w ∈ V −(p) iff w′ ∈ V −(p), for all p ∈ Prop;

o N(i) = w iff N(i) = w′, for all i ∈ Nom;

∗ if wRπu for some u ∈ W , then there is some u′ ∈ W such that w′Rπu
′ and

uZu′ (Zig);

∗ if w′Rπu
′ for some u′ ∈ W , then there is some u ∈ W such that wRπu and

uZu′ (Zag).

Two pointed hybrid bistructures (M, w) and (M, w′) are paraconsistent bisimilar if

there is a paraconsistent bisimulation Z between M and M′ such that wZw′.

Theorem 3.5.2. Quasi-hybrid (multimodal) logic, respectively belnapian hybrid logic,

is invariant under paraconsistent bisimulation: let Lπ be a hybrid similarity type; if

two pointed hybrid bistructures (M, w) and (M, w′) are paraconsistent bisimilar, then for

any ϕ ∈ FormNNF(@)(Lπ), respectively ϕ ∈ Form@,⊃(Lπ), M, w s ϕ iff M, w′ s ϕ,

respectively M, w b ϕ iff M, w′ b ϕ.

Proof. The proof is by induction on ϕ.

Suppose that (M, w) and (M, w′) are paraconsistent bisimilar, thus wZw′.

Let x ∈ {s, b}.
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For ϕ = p, where p ∈ Prop,

M, w x p ⇔ w ∈ V +(p)

⇔ w′ ∈ V +(p) (atomic condition)

⇔ M, w′ x p

For ϕ = ¬p, where p ∈ Prop,

M, w x ¬p ⇔ w ∈ V −(p)

⇔ w′ ∈ V −(p) (atomic condition)

⇔ M, w′ x ¬p

For ϕ = i, where i ∈ Nom,

M, w x i ⇔ w = N(i)

⇔ w′ = N(i) (atomic condition)

⇔ M, w′ x i

Induction Hypothesis: let us assume that the result holds for the formulas ψ, δ

and ∼ψ,∼δ, respectively and ¬ψ,¬δ.
For ϕ a boolean case the proof is immediate, let us only check the case of disjunction:

For ϕ = ψ ∨ δ, with ψ, δ ∈ FormNNF(@)(Lπ),

M, w s ψ ∨ δ ⇔ (M, w s ψ or M, w s δ)

and (M, w s ∼ψ implies M, w s δ)

and (M, w s ∼δ implies M, w s ψ)

⇔
(
M, w′ s ψ or M, w′ s δ

)
and

(
M, w′ s ∼ψ implies M, w′ s δ

)
and

(
M, w′ s ∼δ implies M, w′ s ψ

)
(I.H.)

⇔ M, w′ s ψ ∨ δ

For the case of belnapian hybrid logic, when ψ, δ ∈ Form@,⊃(Lπ), the steps are

analogous.

For ϕ = 〈π〉ψ, with ψ ∈ FormNNF(@)(Lπ), respectively ψ ∈ Form@,⊃(Lπ),
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M, w x 〈π〉ψ ⇔ ∃v ∈W (wRπv and M, v x ψ)

⇔ ∃v′ ∈W (w′Rπv
′ and M, v′ x ψ)

(Zig/Zag + I.H.)

⇔ M, w′ x 〈π〉ψ

For ϕ = [π]ψ, with ψ ∈ FormNNF(@)(Lπ), respectively ψ ∈ Form@,⊃(Lπ), the proof

is analogous.

Finally, in case ϕ = @iψ, with ψ ∈ FormNNF(@)(Lπ), respectively ψ ∈ Form@,⊃(Lπ),

M, w x @iψ ⇔ M, N(i) x ψ

⇔ M, N(i) x ψ

(for all i ∈ Nom, N(i)ZN ′(i) + I.H.)

⇔ M, w′ x @iψ

In the belnapian case, the proof for when ϕ = ¬θ, with θ ∈ Form@,⊃(Lπ), is exhaus-

tive but simple, resorting to the previous cases.

As in classical hybrid logic, the reciprocal is not true in general, but we can consider

a restriction to image-finite bistructures, i.e. bistructures such that for each world u and

each modality π the set {v ∈W | uRπv} is finite:

Theorem 3.5.3. Let Lπ be a hybrid (multimodal) similarity type, M and M image-

finite structures over L and w ∈ W,w′ ∈ W . The pointed structures (M, w) and

(M, w′) are paraconsistent bisimilar if and only if M, w s ϕ ⇔ M, w′ s ϕ, for all

ϕ ∈ FormNNF(@)(Lπ); analogously if and only if M, w b ϕ ⇔ M, w′ b ϕ, for all

ϕ ∈ Form@,⊃(Lπ).

Proof. Analogous to the proof of Theorem 2.4.4.

A brief example of two paraconsistent bisimilar bistructures:

Example 3.5.4. Let Lπ = 〈{p, q}, {i}, {π}〉 be a hybrid similarity type and M =

(W,Rπ, N, V
+, V −) and M = (W,Rπ, N, V +, V −) be two hybrid bistructures over Lπ

such that:

– W = {w1, w2, w3}, W = {w′1, w′2},

– Rπ = {(w2, w3), (w3, w2)}, Rπ = {(w′2, w′2)},

– N(i) = w1, N(i) = w′1
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– V +(p) = V −(p) = {w1}, V +(q) = {w2, w3}, V −(q) = ∅, V +(p) = V −(p) = {w′1},
V +(q) = {w′2}, V −(q) = ∅

Then Z = {(w1, w
′
1), (w2, w

′
2), (w3, w

′
2)} is a paraconsistent bisimulation between M

and M, represented in the following figure:

, ,

The definition of bisimulation between hybrid structures implies that a structure

where all worlds are named is only paraconsistent bisimilar with itself. The same applies

to hybrid bistructures. Thus when we represent a bistructure by its paraconsistent

diagram, which automatically adds nominals for worlds that were not previously named,

this result is rather prosaic as there are no paraconsistent bisimular bistructures to be

compared in terms of number of inconsistencies nor other properties. On the other

hand, if we were to allow a bisimulation that does not take into account conditions for

nominals, we would lose all that we have been longing for and we would be staring at a

regular modal setting.
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Chapter 4

Inconsistencies at the level of the

accessibility relations

There have been suggested some paraconsistent version of modal logic where the

accessibility relation is allowed to have some degree of inconsistency. Namely the works

of Wansing and Odintsov with BKFS logic and Rivieccio and Jung with modal billatice

logic MBL, [66] and [73] respectively.

Even though any of these versions could be exploited to incorporate nominals, they

would not capture the idea behind dyadic-belnapian hybrid logic, which is introduced

in this chapter. The difference between dyadic-belnapian hybrid logic and those logics

goes beyond the fact that neither BKFS nor MBL consider disjunctive syllogism. The

thing is that when working on a paraconsistent environment, it seems rather suspicious

to keep considering the classical equivalence between modal operators, 〈π〉ϕ ≡ ¬[π]¬ϕ.

It seems as though negation concerns only the non-modal part of the formula, and not

the modal operator itself. We propose a paraconsistent version of hybrid logic where

both @i〈π〉j, meaning that there is information about the presence of a transition via a

modality π from i to j, and @i¬〈π〉j meaning that there is information about the absence

of a transition via a modality π from i to j might be satisfiable; the interpretation for

@i¬〈π〉j will be distinguished from that of @i[π]¬j, which will mean that whenever there

is information about the presence of a transition via a modality π from i to a certain

world, that world must not be named by j. This approach focuses on the relation rather

than the world that is reached. In order to do that, and analogously to what has been

done in order to allow inconsistencies at the level of the propositional variables, there

will be considered two families of accessibility relations, (R+
π )π∈Mod and (R−π )π∈Mod, to

deal with inconsistencies at the level of the accessibility relations.
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4.1 Dyadic-belnapian hybrid logic

Definition 4.1.1. A hybrid multistructure, G, is a tuple (W, (R+
π )π∈Mod, (R

−
π )π∈Mod, N,

V +, V −), where:

– W is a non-empty domain whose elements are called states or worlds;

– each R+
π and R−π is a binary relation, called respectively the positive and the neg-

ative π-accessibility relation, and they are such that R+
π , R

−
π ⊆W ×W ;

– N : Nom → W is a function called hybrid nomination that assigns nominals to

elements in W such that for any nominal i, N(i) is the element of W named by i;

– V + and V − are hybrid valuations, both with domain Prop and range P(W ), such

that V +(p) is the set of worlds where the propositional variable p holds, and V −(p)

is the set of worlds where ¬p holds.

We will view each R+
π as the set of pairs of worlds for which there is evidence of

the presence of a transition via a modality π and of R−π as the set of pairs of worlds for

which there is evidence of the lack of a transition via a modality π.

Semantics is formalized as follows:

Definition 4.1.2. The dyadic-belnapian satisfaction (for short d-satisfaction) relation

d, between a multistructure G = (W, (R+
π )π∈Mod, (R

−
π )π∈Mod, N, V

+, V −), a world

w ∈W , and a formula in Form@,⊃(Lπ) is set as follows:

– G, w d p iff w ∈ V +(p);

– G, w d i iff w = N(i);

– G, w d ¬p iff w ∈ V −(p);

– G, w d ¬i iff w 6= N(i);

– G, w d > always;

– G, w d ⊥ never;

– G, w d ¬¬ϕ iff G, w d ϕ;

– G, w d ϕ ∧ ψ iff G, w d ϕ and G, w d ψ;

– G, w d ¬(ϕ ∧ ψ) iff G, w d ¬ϕ or G, w d ¬ψ;

– G, w d ϕ ⊃ ψ iff G, w d ϕ implies G, w d ψ;

– G, w d ¬(ϕ ⊃ ψ) iff G, w d ϕ and G, w d ¬ψ;
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– G, w d ϕ ∨ ψ iff [G, w d ϕ or G, w d ψ]

and [G, w d ¬ϕ implies G, w d ψ]

and [G, w d ¬ψ implies G, w d ϕ];

– G, w d ¬(ϕ ∨ ψ) iff [G, w d ¬ϕ and G, w d ¬ψ]

or [G, w 6d ϕ and G, w d ¬ψ]

or [G, w 6d ψ and G, w d ¬ϕ];

– G, w d 〈π〉ϕ iff ∃w′(wR+
πw
′ and G, w′ d ϕ);

– G, w d [π]ϕ iff ∀w′(wR+
πw
′ implies G, w′ d ϕ);

– G, w d ¬〈π〉ϕ iff ∀w′(G, w′ d ϕ implies wR−πw
′);

– G, w d ¬[π]ϕ iff ∃w′(w��R−πw′ and G, w′ d ¬ϕ);

– G, w d @iϕ iff G, w′ d ϕwhere w′ = N(i);

– G, w d ¬@iϕ iff G, w′ d ¬ϕ,where w′ = N(i).

G, w d ϕ should be read as “ϕ is dyadically satisfied (for short d-satisfied) in the

multistructure G at the world w”.

We say that ϕ is globally dyadically satisfied, for short globally d-satisfied if G d ϕ,

where G d ϕ if and only if G, w d ϕ for all w in W.

Let ∆ be a set of formulas in Form@,⊃(Lπ). We say that a multistructure G is a

dyadic-belnapian model (for short d-model) of ∆ if and only if G d δ for all δ ∈ ∆.

In this logic, formulas of the form 〈π〉ϕ, [π]ϕ and their negations have a new inter-

pretation:

– 〈π〉ϕ holds in a multistructure G at a world w if and only if there is evidence of a

transition via a modality π from the world w to a world w′ where ϕ holds;

o thus if the formula @i〈π〉j holds, then it means that there exists evidence of

a transition via a modality π from the world named by the nominal i to the

world named by the nominal j, N(i)R+
πN(j);

– [π]ϕ holds in a multistructure G at a world w if and only if whenever there is

evidence of a transition via a modality π from the world w to a world w′, ϕ holds

at w′;

o thus if the formula @i[π]¬j holds, then it means that there is not evidence of

a transition via a modality π from the world named by the nominal i to the

world named by the nominal j, N(i)��R+
πN(j);
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– ¬〈π〉ϕ holds in a multistructure G at a world w if and only if whenever ϕ holds at

a world w′, there is evidence of the lack of a transition via a modality π from the

world w to the world w′;

o thus if the formula @i¬〈π〉j holds, then it means that there is evidence of the

lack of a transition via a modality π from the world named by the nominal i

to the world named by the nominal j, N(i)R−πN(j);

– ¬[π]ϕ holds in a multistructure G at a world w if and only if there is a world w′

such that there is not a negative transition from w to w′ and where ϕ holds;

o thus if the formula @i¬[π]¬j holds, then it means that there is not evidence

of the lack of a transition via a modality π from the world named by the

nominal i to the world named by the nominal j, N(i)��R−πN(j);

So, in this setting we have multistructures that not only allow local inconsistencies at

the level of propositional variables – those where @ip and @i¬p may both hold without

trivializing the system – but also consider it possible to have inconsistencies at the level of

the accessibility relations – those where @i〈π〉j and @i¬〈π〉j might both hold. Moreover,

it is possible to have incomplete information at the level of propositional variables – when

for example neither @ip nor @i¬p hold – and at the level of the accessibility relations –

when for example neither @i〈π〉j nor @i¬〈π〉j hold.

Dyadic belnapian hybrid logic owes its name to the fact that we can extract a

four-valued behaviour for propositional variables as well as for the underlying

π-accessibility relations.

Instead of considering multistructures which rely on positive and negative

π-accessibility relations and positive and negative valuations, one could consider

dyadic-belnapian structures with four-valued π-accessibility relations and a single

four-valued valuation, as follows:

Definition 4.1.3. A (hybrid multimodal) dyadic-belnapian structure D is a tuple (W,

(Rπ)π∈Mod , V ), where:

– W is a non-empty domain;

– each Rπ is an accessibility function such that Rπ : W ×W → 41; and

– V is a belnapian valuation, i.e., a function with domain Prop∪Nom×W and range

4 such that V (i, w) = t for a unique w ∈W and V (i, w′) = f for every other world

w′.
1Recall that 4 is the usual set of belnapian truth values: {t, f,>,⊥}.
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Given the same domain W one can in an undifferentiated manner choose to work

with either a dyadic-belnapian structure or a multistructure. The relation between the

use of a dyadic-belnapian structure D = (W, (Rπ)π∈Mod , V ) and of a multistructure

G = (W, (R+
π )π∈Mod , (R

−
π )π∈Mod , N, V

+, V −) is as depicted:

– Rπ(w,w′) = t iff (w,w′) ∈ R+
π and (w,w′) /∈ R−π

– Rπ(w,w′) = f iff (w,w′) /∈ R+
π and (w,w′) ∈ R−π

– Rπ(w,w′) = > iff (w,w′) ∈ R+
π and (w,w′) ∈ R−π

– Rπ(w,w′) = ⊥ iff (w,w′) /∈ R+
π and (w,w′) /∈ R−π

– V (p, w) = t iff w ∈ V +(p) and w /∈ V −(p)

– V (p, w) = f iff w /∈ V +(p) and w ∈ V −(p)

– V (p, w) = > iff w ∈ V +(p) and w ∈ V −(p)

– V (p, w) = ⊥ iff w /∈ V +(p) and w /∈ V −(p)

– V (i, w) = t iff w = N(i)

– V (i, w) = f iff w 6= N(i)

– V (i, w) = > never

– V (i, w) = ⊥ never

for all w,w′ ∈W , π ∈ Mod, p ∈ Prop, i ∈ Nom.

The definition of semantics from this perspective comes as previously for belnapian

hybrid logic and belnapian structures, Definition 3.2.4, except for the modal formulas of

the form ϕ = 〈π〉ψ and ϕ = [π]ψ, in which case it comes as follows:

Definition 4.1.4. The dyadic-belnapian satisfaction relation, d, is defined between

a dyadic-belnapian structure D = (W, (Rπ)π∈Mod , V ), a world w ∈ W and a formula

ϕ ∈ Form@,⊃(Lπ) as follows:

D, w d ϕ iff V (ϕ,w) ∈ {t,>},

where V (ϕ,w) is extended to all formulas as in Definition 3.2.4, except when ϕ = 〈π〉ψ
and ϕ = [π]ψ, in which cases V is defined as:

o V (〈π〉ψ,w) = sup
≤t

{Rπ(w,w′) ~ V (ψ,w′), w′ ∈ W} where ~ is defined by the

following matrix:
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~ t f > ⊥
t t f t f

f f f f f

> > f > f

⊥ ⊥ f ⊥ f

o V ([π]ψ,w) = inf
≤t

{Rπ(w,w′) # V (ψ,w′), w′ ∈ W} where # is defined by the

following matrix:

# t f > ⊥
t t f > ⊥
f t t t t

> t ⊥ t ⊥
⊥ t > > t

Due to the relation between a dyadic-belnapian structure D and a multistructure G,

and due to the definition of d in these two environments, it is easy to check that

D, w d ϕ iff G, w d ϕ, for all ϕ ∈ Form@,⊃(Lπ).

This logic differs from Wansing and Odintsov’s BKFS [66] and Rivieccio and Jung’s

modal bilattice logic [73], for short MBL, in several aspects2, namely:

• Neither BKFS nor MBL incorporate the notion of disjunctive syllogism in the

definition of semantics for the disjunction, as dyadic-belnapian logic (and previous

ones) do.

• The satisfaction relation � defined between a BKFS-model S = (W,R,R′, v+, v−)

– where W 6= ∅, R,R′ ⊆W ×W , v+, v− : Prop→ P(W ) whose approach is similar

to that we have been using – a world w and a modal formula is such that:

S, w � ¬¬ϕ iff S, w � ϕ

S, w � 3ϕ iff ∃u ∈W (wRu and S, u � ϕ);

S, w � ¬3ϕ iff ∀u ∈W (wR′u implies S, u � ¬ϕ);

S, w � 2ϕ iff S, w � ¬3¬ϕ; and

S, w � ¬2ϕ iff S, w � 3¬ϕ.

2Observe that Wansing’s and Rivieccio’s logics were constructed for the case with a single modality,
which for simplicity is ommitted in their works and in what follows.
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This definition associates the formula 3ϕ with the relation R and the formula 2ϕ

with the relation R′, something which is not so common, and that furthermore

breaks the intuition behind the operators 3 and 2 which usually are interpreted

over the same relation.

For that same reason, a BKFS-model S = (W,R,R′, v+, v−) where the formulas

3¬p and 2p are satisfied is not necessarily a model where there is an inconsis-

tency, for suppose W = {w,w′}, R = {(w,w)}, R′ = {(w,w′)}, w′ ∈ v+(p) and

w ∈ v−(p). It is easily verified that S, w � 3¬p and S, w � 2p.

In opposition, in dyadic-belnapian hybrid logic, a multistructure where 3¬p and

2p 3 are d-satisfied at a certain world w always yields that there is a world w′ such

that there is evidence of a transition from w to w′, where p and ¬p hold.

• For the case of MBL, a Kripke model is defined as a tuple K = (W,R, V ) such that

W 6= ∅, R : W ×W → 4, V : Fm ×W → 4, where Fm is the usual set of modal

formulas.

A satisfaction relation between a Kripke model in MBL, a world w and a modal

formula is defined such that:

K, w � ϕ iff v(ϕ,w) ∈ {t,>}

and v(2ψ,w) and v(3ψ,w) are defined as follows:

v(2ψ,w) := inf
≤t

{R(w,w′) −→ v(ψ,w′), w′ ∈W}

v(3ψ,w) := sup
≤t

{R(w,w′) ∗ v(ψ,w′), w′ ∈W}

where −→ and ∗ are defined by the following matrices:

−→ t f > ⊥ ∗ t f > ⊥
t t f f ⊥ t t f t ⊥
f t t t t f f f f f

> t f > ⊥ > t f > ⊥
⊥ t ⊥ ⊥ t ⊥ ⊥ f ⊥ f

Observe that v(3ψ,w) = v(¬2¬ψ,w).

3Without any loss, we are considering that |Mod| = 1 and we are dropping the modality symbol.
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What is troublesome about this system is that when we add nominals to it in order

to evolve into hybrid logic, the following happens for the case ψ = i:

∗ t f

t t f

f f f

> t f

⊥ ⊥ f

So, even though we can obtain the value ⊥ for the valuation of 3i, it is never the

case that one can obtain >.

If we consider v the extension of v to nominals, for a particular case where

R(w,w) = >, and N(i) = w, v(3i, w) = t. Thus it is not possible to express

with a hybrid formula the fact that there is information about a transition from

w to w at the same time that there is information about the lack of a transition

from w to w.

Dyadic-belnapian hybrid logic overcomes this problem, and allows us to represent

multistructures via diagrams, as will be introduced in a while.

4.2 Consequence relation and a tableau-based decision pro-

cedure

In this section we introduce a dyadic consequence relation and a tableau-based deci-

sion procedure in order to check if a formula is a dyadic consequence of a set of formulas.

This new system will be built on top of the system TB; we will employ the rules

that were then introduced, all of them but (〈π〉b), ([π]b), (¬〈π〉b), (¬[π]b) and respective

starred versions.

This system will be proved to be sound and complete.

Definition 4.2.1 (Dyadic consequence relation). Let ∆ be a finite set of hybrid formulas

called database, and ϕ be a hybrid formula called query. We say that ϕ is a dyadic

consequence of ∆, for short d-consequence, if and only if, for all multistructure G where

all formulas in ∆ are globally d-satisfied, ϕ is globally d-satisfied.

Formally,

∆ D ϕ iff ∀G (G d ∆⇒ G d ϕ)
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In other words, ϕ is a dyadic consequence of ∆ if and only if ϕ is globally d-satisfied

in all multistructures that are d-models of ∆. It is clear that the consequence relation

D is non-trivializable.

This consequence relation has exactly the same properties discussed for B, namely

D is such that disjunctive syllogism, double negation elimination, transitivity and the

rule of weakening hold, and disjunction introduction and reduction ad absurdum fail.

Before moving on to defining a tableau system and a decision procedure to verify if a

formula ϕ is a dyadic consequence of a set of formulas ∆, some definitions are in order:

Definition 4.2.2. Given a hybrid (multimodal) similarity type Lπ = 〈Prop,Nom,Mod〉,
consider the set of signed formulas Form∗@,⊃(Lπ) defined as

Form∗@,⊃(Lπ) = Form@,⊃(Lπ) ∪ {ϕ∗ | ϕ ∈ Form@,⊃(Lπ)}.

The notion of d-satisfiability for a starred formula ϕ∗ is the dual of the notion of

d-satisfiability for the formula ϕ:

Definition 4.2.3. We extend the satisfaction relation d to starred formulas as follows:

G, w d ϕ
∗ iff G, w 6d ϕ

Global d-satisfiability for the new formulas is defined following the same approach,

i.e.:

G d ϕ
∗ iff G 6d ϕ

It easy to see that G d ϕ
∗ if and only if it is false that ∀w ∈ W, G, w d ϕ if and

only if ∃w ∈W : G, w 6d ϕ if and only if ∃w ∈W : G, w d ϕ
∗.

In order to keep notation clear, and since most of the rules in the tableau system that

will be denoted TD would have the same format as those in TB, we will refer to the latter

system whenever it is adequate. So, TD is composed by the rules (@b
I ), (@b

E), (¬¬b),

(∧b), (∨b), (⊃b), (¬@b), (¬∧b), (¬∨b), (¬ ⊃b), (Idb), (Nomb), (¬>b), (@∗I
b), (@∗E

b),

(∧∗b), (∨∗b), (⊃∗b), (¬@∗b), (¬¬∗b), (¬∧∗b), (¬∨∗b), (¬ ⊃∗b), and (Id∗b) together with

new rules for formulas involving modal operators as follows:
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For non-starred formulas:

@i[π]ϕ,@i〈π〉j
@jϕ

([π]d)
@i〈π〉ϕ
@i〈π〉t
@tϕ

(〈π〉d)(i)

@i¬[π]ϕ

@i¬[π]¬t
@t¬ϕ

(¬[π]d)(ii)
@i¬〈π〉ϕ,@i¬[π]¬j

(@jϕ)∗
(¬〈π〉d)

For starred formulas:

(@i[π]ϕ)∗

@i〈π〉t
(@tϕ)∗

([π]∗d)(iii)
(@i〈π〉ϕ)∗,@i〈π〉j

(@jϕ)∗
(〈π〉∗d)

(@i¬[π]ϕ)∗,@i¬[π]¬j
(@j¬ϕ)∗

(¬[π]∗d)
(@i¬〈π〉ϕ)∗

@i¬[π]¬t
@tϕ

(¬〈π〉∗d)(iii)

(i) ϕ is not a nominal, t is a new nominal

(ii) ϕ 6= ¬i for all i ∈ Nom, t is a new nominal

(iii) t is a new nominal

The rules copied from the tableau system TB maintain the same distinction between

destructive and non-destructive rules. In addition, the rules ([π]d), (¬〈π〉d), (〈π〉∗d)

and (¬[π]∗d) are classified as non-destructive and the rules (〈π〉d), (¬[π]d), ([π]∗d) and

(¬〈π〉∗d) are classified as destructive.

A tableau in this system will be denoted TD.

Using the same notion of subformula as in Definition 3.2.9, the tableau system TD

satisfies the following subformula property:

Theorem 4.2.4 (Subformula property). If @iϕ ∈ TD, where ϕ is not a nominal,

ϕ 6= 〈π〉j and ϕ 6= ¬[π]¬j for π ∈ Mod, j ∈ Nom or if (@iϕ)∗ ∈ TD, then in case

ϕ = ¬ψ, either ϕ or ψ is a subformula of a root formula, otherwise ϕ is a subformula

of a root formula.

Proof. The proof can be obtained by checking each rule.
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As a consequence of this lemma, for any given tableau TD, the sets

Πi = {ϕ | ϕ 6= j, 〈π〉j,¬[π]¬j, for j ∈ Nom, π ∈ Mod and @iϕ ∈ TD};
Π∗i = {ϕ | (@iϕ)∗ ∈ TD}

are finite.

Consider the previously introduced binary relation between nominals naming the

same worlds, ∼b
Θ, as well as the definition for the inclusion of nominals, and consequently

that of the relation ⊆b
Θ.

Definition 4.2.5 (Tableau construction). Given a finite database ∆ ⊆ Form@,⊃(Lπ)

and a query ϕ ∈ Form@,⊃(Lπ), one wants to verify if ϕ is a d-consequence of ∆. In

order to do so, we define by induction a sequence T0
D,T

1
D,T

2
D, · · · of finite tableaux in

TD, each of which is embedded in its successor.

Let T0
D be the finite tableau constituted by the formulas in ∆ and ϕ∗. Tn+1

D is obtained

from TnD if it is possible to apply an arbitrary rule to TnD obeying the following three

restrictions:

1. If a formula to be added to a branch by applying a rule already occurs on the branch,

then the addition of the formula is simply omitted.

2. After the application of a destructive rule to a formula occurrence ϕ on a branch,

it is recorded that the rule was applied to ϕ with respect to the branch and the rule

will not again be applied to ϕ with respect to the branch or any extension of it.

3. The existential rules (〈π〉d), (¬[π]d), ([π]∗d) and (¬〈π〉∗d) are not applied to @i〈π〉ϕ,

@i¬[π]ϕ, (@i[π]ϕ)∗ nor to (@i¬〈π〉ϕ)∗ on a branch Θ if there exists a nominal j

such that i ⊆b
Θ j.

Thus a formula cannot occur more than once on a branch, a destructive rule can-

not be applied more once to the same formula and the third restriction are loop-check

conditions.

The next theorem states that TD is sound:

Theorem 4.2.6 (Soundness). The tableau rules are sound in the following sense: for

any rule
Λ

Σ1 · · · Σn

, n ≥ 1, and any multistructure G,

G d Λ implies G d Σ1 or . . . or G d Σn

for Λ, Σ1, . . . ,Σn sets of formulas in Form∗@,⊃(Lπ).
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Proof. The proof can be obtained by checking each rule.

We have already proved soundness of the system TB in Theorem 3.2.14 thus the

proof of soundness for the rules from that system that are being used in the new system

TD is elementary.

So we will prove soundness only for the rules (〈π〉d), ([π]d), (¬〈π〉d), (¬[π]d), (〈π〉∗d),

([π]∗d), (¬〈π〉∗d) and (¬[π]∗d):

• @i〈π〉ϕ
@i〈π〉t
@tϕ

(〈π〉d)

for t a new nominal, ϕ /∈ Nom.

Let G be a multistructure such that G d @i〈π〉ϕ. Then:

G d @i〈π〉ϕ
⇔ G, w d @i〈π〉ϕ, for all w ∈W
⇔ G, N(i) d 〈π〉ϕ
⇔ ∃w′ ∈W (N(i)R+

πw
′ and G, w′ d ϕ)

⇔ (G d @i〈π〉t and G, w′ d ϕ), where t is a new nominal such that N(t) = w′

⇔ (G d @i〈π〉t and G d @tϕ), where t is a new nominal such that N(t) = w′

⇒ G d @i〈π〉t and G d @tϕ, for a new nominal t

• @i[π]ϕ,@i〈π〉j
@jϕ

([π]d)

Let G be a multistructure such that G d @i[π]ϕ and G d @i〈π〉j. Then:

G d @i[π]ϕ and G d @i〈π〉j
⇔ G, w d @i[π]ϕ and G, w d @i〈π〉j, for all w ∈W
⇔ G, N(i) d [π]ϕ and G, N(i) d 〈π〉j
⇔ ∀w′ ∈W (N(i)R+

πw
′ implies G, w′ d ϕ) and ∃w′′ ∈W (N(i)R+

πw
′′ and G, w′ d j)

⇔ ∀w′ ∈W (N(i)R+
πw
′ implies G, w′ d ϕ) and ∃w′′ ∈W (N(i)R+

πw
′′ and w′′ = N(j))

⇒ G, w′′ d ϕ and w′′ = N(j)

⇔ G d @jϕ

• @i¬〈π〉ϕ,@i¬[π]¬j
(@jϕ)∗

(¬〈π〉d)

Let G be a multistructure such that G d @i¬〈π〉ϕ and G d @i¬[π]¬j. Then:

G d @i¬〈π〉ϕ and G d @i¬[π]¬j
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⇔ G, w d @i¬〈π〉ϕ and G, w d @i¬[π]¬j, for all w ∈W
⇔ G, N(i) d ¬〈π〉ϕ and G, N(i) d ¬[π]¬j
⇔ ∀w′ ∈W (G, w′ d ϕ implies N(i)R−πw

′) and ∃w′′(N(i)��R−πw
′′ and G, w′′ d ¬¬j)

⇔ ∀w′ ∈W (N(i)��R−πw
′ implies G, w′ 1d ϕ) and ∃w′′(N(i)��R−πw

′′ and G, w′′ d j)

⇔ ∀w′ ∈W (N(i)��R−πw
′ implies G, w′ 1d ϕ) and ∃w′′(N(i)��R−πw

′′ and w′′ = N(j))

⇒ G, w′′ 1d ϕ and w′′ = N(j)

⇔ G 1d @jϕ

⇔ G d (@jϕ)∗

• @i¬[π]ϕ

@i¬[π]¬t
@t¬ϕ

(¬[π]d)

for t a new nominal, ϕ 6= ¬i, i ∈ Nom.

Let G be a multistructure such that G d @i¬[π]ϕ. Then:

G d @i¬[π]ϕ

⇔ G, w d @i¬[π]ϕ, for all w ∈W
⇔ G, N(i) d ¬[π]ϕ

⇔ ∃w′ ∈W (N(i)��R−πw
′ and G, w′ d ¬ϕ)

⇔ (N(i)��R−πN(t) and G, N(t) d ¬ϕ), where t is a new nominal such that N(t) = w′

⇒ G d @i¬[π]¬t and G d @t¬ϕ, for a new nominal t

• (@i〈π〉ϕ)∗,@i〈π〉j
(@jϕ)∗

(〈π〉∗d)

Let G be a multistructure such that G d (@i〈π〉ϕ)∗ and G d @i〈π〉j. Then:

G d (@i〈π〉ϕ)∗ and G d @i〈π〉j
⇔ G 1d @i〈π〉ϕ and G d @i〈π〉j
⇔ G, w 1d @i〈π〉ϕ for some w ∈W and G, w′ d @i〈π〉j, for all w′ ∈W
⇔ G, N(i) 1d 〈π〉ϕ and G, N(i) d 〈π〉j
⇔ false(∃w′ ∈W (N(i)R+

πw
′ and G, w′ d ϕ)) and (∃w′′ ∈W (N(i)R+

πw
′′ and G, w′′ d j))

⇔ (∀w′ ∈W (N(i)��R+
πw
′ or G, w′ 1d ϕ)) and (∃w′′ ∈W (N(i)R+

πw
′′ and w′′ = N(j)))

⇔ (∀w′ ∈W (N(i)R+
πw
′ implies G, w′ 1d ϕ)) and (∃w′′ ∈W (N(i)R+

πw
′′ and w′′ = N(j)))

⇒ G, w′′ 1d ϕ and w′′ = N(j)

⇔ G 1d @jϕ

⇔ G d (@jϕ)∗
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• (@i¬〈π〉ϕ)∗

@i¬[π]¬t
@t¬ϕ

(¬〈π〉∗d)

for t a new nominal.

Let G be a multistructure such that G d (@i¬〈π〉ϕ)∗. Then:

G d (@i¬〈π〉ϕ)∗

⇔ G 1d @i¬〈π〉ϕ
⇔ G, w 1d @i¬〈π〉ϕ, for some w ∈W
⇔ G, N(i) 1d ¬〈π〉ϕ
⇔ false(G, N(i) d ¬〈π〉ϕ)

⇔ false(∀w′ ∈W (G, w′ d ϕ implies N(i)R−πw
′))

⇔ ∃w′ ∈W (G, w′ d ϕ and N(i)��R−πw
′)

⇔ (G, N(t) d ϕ and N(i)��R−πN(t)), where t is a new nominal such that N(t) = w′

⇒ G d @tϕ and G d @i¬[π]¬t, for a new nominal t

• (@i[π]ϕ)∗

@i〈π〉t
(@tϕ)∗

([π]∗d)

for t a new nominal.

Let G be a multistructure such that G d (@i[π]ϕ)∗. Then:

G d (@i[π]ϕ)∗

⇔ G 1d @i[π]ϕ

⇔ G, w 1d @i[π]ϕ, for some w ∈W
⇔ G, N(i) 1d [π]ϕ

⇔ false(G, N(i) d [π]ϕ)

⇔ false(∀w′ ∈W (N(i)R+
πw
′ implies G, w′ d ϕ))

⇔ ∃w′ ∈W (N(i)R+
πw
′ and G, w′ 1d ϕ)

⇔ (N(i)R+
πN(t) and G, N(t) 1d ϕ), where t is a new nominal such that N(t) = w′

⇒ G d @i〈π〉t and G 1d @tϕ, for a new nominal t

⇔ G d @i〈π〉t and G d (@tϕ)∗, for a new nominal t

• (@i¬[π]ϕ)∗,@i¬[π]¬j
(@j¬ϕ)∗

(¬[π]∗d)

Let G be a multistructure such that G d (@i¬[π]ϕ)∗ and G d @i¬[π]¬j. Then:

G d (@i¬[π]ϕ)∗ and G d @i¬[π]¬j
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⇔ G 1d @i¬[π]ϕ and G, w d @i¬[π]¬j, for all w ∈W
⇔ G, w 1d @i¬[π]ϕ, for some w ∈W and G, w′ d @i¬[π]¬j, for all w′ ∈W
⇔ G, N(i) 1d ¬[π]ϕ and G, N(i) d ¬[π]¬j
⇔ false(G, N(i) d ¬[π]ϕ) and G, N(i) d ¬[π]¬j
⇔ false(∃w′ ∈W (N(i)��R−πw

′ and G, w′ d ¬ϕ))

and ∃w′′ ∈W (N(i)��R−πw
′′ and G, w′′ d ¬¬j)

⇔ ∀w′ ∈W (N(i)R−πw
′ or G, w′ 1d ¬ϕ)

and ∃w′′ ∈W (N(i)��R−πw
′′ and w′′ = N(j))

⇔ ∀w′ ∈W (N(i)��R−πw
′ implies G, w′ 1d ¬ϕ)

and ∃w′′ ∈W (N(i)��R−πw
′′ and w′′ = N(j))

⇒ G, w′′ 1d ¬ϕ and w′′ = N(j)

⇔ G 1d @j¬ϕ
⇔ G d (@j¬ϕ)∗

Termination is ensured by a similar approach as before and the notions of open and

closed branch, open, closed and terminal tableau are exactly the same as well.

We will now move on to proving completeness of the systematic tableau construction

algorithm by proving that if a tableau has an open branch Θ, then there exists a model

Gd
Θ and a world w where all root formulas are d-satisfied. We determine Gd

Θ given an

open branch Θ next.

From now on, Θ is a branch of a terminal tableau.

We will resort to the same definitions as before for Ub and ≈b.

We let R+d
π be the binary relation on Ub defined by iR+d

π j if and only if there exists

a nominal j′ ≈b j such that one of the following conditions is satisfied:

1. @i〈π〉j′ ∈ Θ; or if

2. there exists a nominal k ∈ NomΘ such that @i〈π〉k ∈ Θ and k ⊆b
Θ j′.

On the other hand, we let R−d
π be the binary relation of Ub such that iR−d

π j if and

only if i��̂R−d
π j (observe that R̂−d

π is the complement of R−d
π ), and iR̂−d

π j if and only if

there exists a nominal j′ ≈b j such that one of the following conditions is satisfied:

1. @i¬[π]¬j′ ∈ Θ; or if

2. there exists a nominal k ∈ NomΘ such that @i¬[π]¬k ∈ Θ and k ⊆b
Θ j′.
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Note that the nominal k referred to in the second items is not an element of Ub. It

follows from Θ being closed under the rule (Nomb) that R+d
π and R−d

π are compatible

with ≈b in the first argument and it is trivial that they are compatible with ≈b in

the second argument. We let R+d
π , respectively R−d

π , be the binary relation on Ub
/≈b

defined by [i]≈b R+d
π [j]≈b , respectively [i]≈b R−d

π [j]≈b , if and only if iR+d
π j, respectively

iR−d
π j. Analogously, we let [i]≈b R̂−d

π [j]≈b be the binary relation on Ub
/≈b defined by

[i]≈b R̂−d
π [j]≈b if and only if iR̂−d

π j.

Given a branch Θ, let Gd
Θ =

(
Ub
/≈b ,

(
R+d
π

)
π∈Mod

,
(
R−d
π

)
π∈Mod

, Nb, V +
b , V −b

)
, for

Nb, V +
b and V −b as they were defined for the case of belnapian hybrid logic.

We will omit the reference to the branch in Gd
Θ if it is clear from the context.

Theorem 4.2.7 (Model Existence). Assume that the branch Θ is open. For any sat-

isfaction statement @iϕ which contains only nominals from Ub the following conditions

hold:

(i) if @iϕ ∈ Θ, then Gd, [i]≈b d ϕ;

(ii) if (@iϕ)∗ ∈ Θ, then Gd, [i]≈b 6d ϕ.

Proof. The proof is by induction on the complexity of ϕ.

• The base step for when ϕ is a nominal, a propositional variable, the negation of

one of these, > or ⊥ is analogous to that in the proof of Theorem 3.1.20.

Induction Hypothesis: let us assume that the result holds for the formulas ψ

and ¬ψ.

We will prove this result for the cases when ϕ = 〈π〉ψ, ϕ = ¬〈π〉ψ, ϕ = [π]ψ, and

ϕ = ¬[π]ψ. All other cases follow the same steps as in the proof of Theorem 3.2.15.

• ϕ = 〈π〉ψ

(i) ∗ if ψ = j, j ∈ Nom:

@i〈π〉j ∈ Θ, then [i]≈bR+d
π [j]≈b . By definition of d-satisfaction,

Gd, [i]≈b d 〈π〉j.
∗ if ψ is not a nominal:

@i〈π〉ψ ∈ Θ, then by the application of the rule (〈π〉d), @i〈π〉t,@tψ ∈ Θ,

for a new nominal t. Then:

· if t ∈ Ub, [i]≈bR+d
π [t]≈b and Gd, [i]≈b d 〈π〉ψ.
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· if t /∈ Ub, ∃a such that t ⊆b
Θ a. Assume that there is no b such

that a ⊆b
Θ b, i.e., a ∈ Ub. Since @tψ ∈ Θ, from Lemma 3.2.10 it

follows that if ψ = ¬δ either ψ or δ is a subformula of a root formula

otherwise ψ is a subformula of a root formula; this, together with the

definition of t ⊆b
Θ a implies that @aψ ∈ Θ.

By induction hypothesis, Gd, [a]≈b d ψ and by definition

[i]≈bR+d
π [a]≈b .

So, Gd, [i]≈b d 〈π〉ψ.

In conclusion, if @i〈π〉ψ ∈ Θ, then Gd, [i]≈b d 〈π〉ψ.

(ii) whether ψ is a nominal or not:

(@i〈π〉ψ)∗ ∈ Θ. We want to prove that Gd, [i]≈b 1d 〈π〉ψ, i.e., that for all

[k]≈b such that [i]≈bR+d
π [k]≈b , Gd, [k]≈b 1d ψ.

Let k be a nominal such that [i]≈bR+d
π [k]≈b . By definition [i]≈bR+d

π [k]≈b

implies that ∃k′ : k′≈bk that satisfies one of the following conditions:

∗ @i〈π〉k′ ∈ Θ, which then by applying the rule (〈π〉∗b), implies that

(@k′ψ)∗ ∈ Θ. By induction hypothesis, Gd, [k′]≈b 1d ψ.

Since [k′]≈b = [k]≈b , then Gd, [k]≈b 1d ψ.

It follows that Gd, [i]≈b 1d 〈π〉ψ.

∗ ∃a ∈ NomΘ such that @i〈π〉a ∈ Θ and a ⊆b
Θ k′, then by applying (〈π〉∗)

it follows that (@aψ)∗ ∈ Θ. From Lemma 3.2.10, if ψ = ¬δ either ψ or δ

is a subformula of a root formula otherwise ψ is a subformula of a root

formula. Since a ⊆b
Θ k′, (@k′ψ)∗ ∈ Θ.

By induction hypothesis, Gd, [k′]≈b 1d ψ. Thus Gd, [i]≈b 1d 〈π〉ψ.

In conclusion, if (@i〈π〉ψ)∗ ∈ Θ, then Gd, [i]≈b 1d 〈π〉ψ.

• ϕ = ¬〈π〉ψ

(i) @i¬〈π〉ψ ∈ Θ. We want to prove that Gd, [i]≈b d ¬〈π〉ψ, i.e., that for all

[k]≈b such that [i]≈b�
��R−d
π [k]≈b , Gd, [k]≈b 1d ψ.

Let k be a nominal such that [i]≈b�
��R−d
π [k]≈b . That is the case if and only if

[i]≈bR̂−d
π [k]≈b , which by definition implies that ∃k′ : k′≈bk that satisfies one

of the following two conditions:

∗ @i¬[π]¬k′ ∈ Θ which then, by applying the rule (¬〈π〉d), implies that

(@k′ψ)∗ ∈ Θ and by induction hypothesis, Gd, [k′]≈b 1d ψ.

Since [k′]≈b = [k]≈b , then Gd, [k]≈b 1d ψ.
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It follows that Gd, [i]≈b d ¬〈π〉ψ.

∗ ∃a ∈ NomΘ such that @i¬[π]¬a ∈ Θ and a ⊆b
Θ k′, then by applying rule

(¬〈π〉d), (@aψ)∗ ∈ Θ. From Lemma 3.2.10 if ψ = ¬δ either ψ or δ is

a subformula of a root formula, otherwise ψ is a subformula of a root

formula. Since a ⊆b
Θ k′, (@k′ψ)∗ ∈ Θ.

By induction hypothesis, Gd, [k′]≈b 1d ψ.

Since [k]≈b = [k′]≈b , Gd, [k]≈b 1d ψ.

It then follows that Gd, [i]≈b d ¬〈π〉ψ.

(ii) (@i¬〈π〉ψ)∗ ∈ Θ, thus by application of the rule (¬〈π〉∗b), @i¬[π]¬t,@tψ ∈ Θ,

for a new nominal t. Then:

∗ if t ∈ Ub, [i]≈bR̂−d
π [t]≈b . By induction hypothesis, Mb, [t]≈b b ψ. Thus

Gd, [i]≈b 1d ¬〈π〉ψ.

∗ if t /∈ Ub, ∃a such that t ⊆b
Θ a. Assume that there is no b such that

a ⊆b
Θ b, i.e., a ∈ Ub. From @tψ ∈ Θ, using Lemma 3.2.10, if ψ = ¬δ

either ψ or δ is a subformula of a root formula, otherwise ψ is a subformula

of a root formula. Since t ⊆b
Θ a, @aψ ∈ Θ.

By induction hypothesis, Gd, [a]≈b d ψ and by definition [i]≈bR̂−d
π [a]≈b .

It follows that Gd, [i]≈b 1d ¬〈π〉ψ.

• ϕ = [π]ψ

(i) @i[π]ψ ∈ Θ. We want to prove that Gd, [i]≈b d [π]ψ, i.e., that for all [k]≈b

such that [i]≈bR+d
π [k]≈b , Gd, [k]≈b d ψ.

Let k be a nominal such that [i]≈bR+d
π [k]≈b . By definition, [i]≈bR+d

π [k]≈b

implies that ∃k′ : k′≈bk that satisfies one of the following two conditions:

∗ @i〈π〉k′ ∈ Θ which then, by applying the rule ([π]d), implies that @k′ψ ∈ Θ

and by induction hypothesis, Gd, [k′]≈b d ψ.

Since [k′]≈b = [k]≈b , then Gd, [k]≈b d ψ.

It follows that Gd, [i]≈b d [π]ψ.

∗ ∃a ∈ NomΘ such that @i〈π〉a ∈ Θ and a ⊆b
Θ k′, then by applying rule

([π]d), @aψ ∈ Θ. From Lemma 3.2.10 if ψ = ¬δ either ψ or δ is a sub-

formula of a root formula, otherwise ψ is a subformula of a root formula.

Since a ⊆b
Θ k′, @k′ψ ∈ Θ.

By induction hypothesis, Gd, [k′]≈b d ψ.

Since [k]≈b = [k′]≈b , Gd, [k]≈b d ψ.

It then follows that Gd, [i]≈b d [π]ψ.
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(ii) (@i[π]ψ)∗ ∈ Θ, thus by application of the rule ([π]∗d), @i〈π〉t, (@tψ)∗ ∈ Θ,

for a new nominal t. Then:

∗ if t ∈ Ub, [i]≈bR+d
π [t]≈b . By induction hypothesis, Gd, [t]≈b 1b ψ. Thus

Gd, [i]≈b 1d [π]ψ.

∗ if t /∈ Ub, ∃a such that t ⊆b
Θ a. Assume that there is no b such that

a ⊆b
Θ b, i.e., a ∈ Ub. From (@tψ)∗ ∈ Θ, using Lemma 3.2.10, if ψ = ¬δ

either ψ or δ is a subformula of a root formula, otherwise ψ is a subformula

of a root formula. Since t ⊆b
Θ a, (@aψ)∗ ∈ Θ.

By induction hypothesis, Gd, [a]≈b 1d ψ and by definition [i]≈bR+d
π [a]≈b .

It follows that Gd, [i]≈b 1d [π]ψ.

• ϕ = ¬[π]ψ

(i) @i¬[π]ψ ∈ Θ, then by the application of the rule (¬[π]d), @i¬[π]¬t,@t¬ψ ∈ Θ,

for a new nominal t. Then:

∗ if t ∈ Ub, [i]≈bR̂−d
π [t]≈b . By induction hypothesis, Gd, [t]≈b d ¬ψ. Thus

Gd, [i]≈b d ¬[π]ψ.

∗ if t /∈ Ub, ∃a such that t ⊆b
Θ a. Assume that there is no b such that

a ⊆b
Θ b, i.e., a ∈ Ub. From @t¬ψ ∈ Θ, using Lemma 3.2.10, either ¬ψ or

ψ is a subformula of a root formula. Since t ⊆b
Θ a, @a¬ψ ∈ Θ.

By induction hypothesis, Gd, [a]≈b d ¬ψ.

It follows that Gd, [i]≈b d ¬[π]ψ.

(ii) (@i¬[π]ψ)∗ ∈ Θ. We want to prove that Gd, [i]≈b 1d ¬[π]ψ, i.e., that for all

[k]≈b such that [i]≈bR̂−d
π [k]≈b , Gd, [k]≈b 1d ¬ψ.

Let k be a nominal such that [i]≈bR̂−d
π [k]≈b . By definition [i]≈bR̂−d

π [k]≈b

implies that ∃k′ : k′≈bk that satisfies one of the following two conditions:

∗ @i¬[π]¬k′ ∈ Θ, which then by applying the rule (¬[π]∗d), implies that

(@k′¬ψ)∗ ∈ Θ. By induction, Gd, [k′]≈b 1d ¬ψ.

Since [k′]≈b = [k]≈b , then Gd, [k]≈b 1d ¬ψ.

It follows that Gd, [i]≈b 1d ¬[π]ψ.

∗ ∃a ∈ NomΘ such that @i¬[π]¬a ∈ Θ and a ⊆b
Θ k′, then by applying

(¬[π]∗) follows that (@a¬ψ)∗ ∈ Θ. From Lemma 3.2.10, either ψ or ¬ψ
is a subformula of a root formula. Since a ⊆b

Θ k′, (@k′¬ψ)∗ ∈ Θ.

By induction hypothesis, Gd, [k′]≈b 1d ¬ψ.

Thus Gd, [i]≈b 1d ¬[π]ψ.
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From this theorem and the soundness theorem we have the following decision proce-

dure:

Decision Procedure: Given a database ∆ and a query ϕ whose dyadic consequence

from ∆ we want to decide, let TD be a terminal tableau generated by the tableau construc-

tion algorithm. If the tableau is closed, then ϕ is a dyadic consequence of ∆. Analogously,

if the tableau is open, then ϕ is not a dyadic consequence of ∆.

Example 4.2.8. Let ∆ = {@i〈π〉p,@i[π]j,@i¬〈π〉p} be a database and consider a query

ϕ = @i¬〈π〉j.
Let us check if ϕ is a dyadic consequence of ∆ using the tableau-based decision pro-

cedure described:

@i〈π〉p, @i[π]j, @i¬〈π〉p, (@i¬〈π〉j)∗ 1.

@i〈π〉t, @tp 2. by (〈π〉d) rule on 1

@tj 3. by ([π]d) rule on 1 and 2

@jp 4. by (Nomb) rule on 3 and 2

@i¬[π]¬u,@uj 5. by (¬〈π〉∗d) rule on 1

@ii,@jj,@tt,@uu 6. by (Idb) rule

@ju 7. by (Nomb) rule on 5 and 6

@up 8. by (Nomb) rule on 7 and 4

(@up)
∗ 9. by (¬〈π〉d) rule on 1 and 5

×

Since the tableau is closed, ϕ is a dyadic consequence of ∆.

Let us give some intuituion behind this result: (i) in a multistructure where @i〈π〉p
holds, there is a world w′, which will be named by a nominal t such that N(i)R+

πN(t)

and @tp holds; (ii) from @i[π]j, we get that all positive π-transitions from N(i) must

lead to N(j), thus t and j must name the same world; (iii) then since @jp holds, from

the fact that @i¬〈π〉p must hold as well, it follows that N(i)R−πN(j).

Example 4.2.9. Let ∆ = {@i〈π〉(p ∧ q),@i[π]i} be a database and consider a query

ϕ = @i〈π〉(¬[π]p).

Let us check if ϕ is a dyadic consequence of ∆ using the tableau-based decision pro-

cedure described:
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@i〈π〉(p ∧ q), @i[π]i, (@i〈π〉(¬[π]p))∗ 1.

@i〈π〉t, @t(p ∧ q) 2. by (〈π〉d) rule on 1

@tp, @tq 3. by (∧b) rule on 2

@ti 4. by ([π]d) rule on 1 and 2

@ii, @tt 5. by (Idb) rule

@it 6. by (Nomb) rule on 4 and 5

@t〈π〉t 7. by (Nomb) rule on 6 and 2

@ip, @iq 8. by (Nomb) rule on 4 and 3

(@t¬[π]p)∗ 9. by (〈π〉∗d) rule on 1 and 2

�

Since we reached a terminal tableau with an open branch, ϕ is not a dyadic conse-

quence of ∆.

A multistructure that d-satisfies the formulas in ∆ is such that the only positive

transition that leaves the world named by i leads to itself, and at that world both p and

q hold. This clearly does not imply that there is no negative transition from the world

named by i to a certain world t where ¬p holds.

Formally, consider a multistructure G such that W = {w1, w2}, R+
π = {(w1, w1)},

R−π = ∅, N(i) = w1, V +(p) = {w1}, V +(q) = {w1}, V −(p) = V −(q) = ∅. Note that

G d @i〈π〉(p ∧ q) and G d @i[π]i, and nonetheless, G,1d @i〈π〉(¬[π]p).

Observe that the Example 3.2.18 would have exactly the same format in this tableau

system, which yields that the distribution axiom K is valid in dyadic-belnapian hybrid

logic.

4.3 Representation of models via diagrams

In this section we will update the notion of paraconsistent diagram so that multi-

structures can have a similar representation to that for bistructures.

In order to do so, we will once again assume that Prop, Nom and Mod are finite

sets for any hybrid (multimodal) similarity type Lπ = 〈Prop,Nom,Mod〉, as well as the

domain W of any multistructure.

We use the same expansion of Lπ to Lπ(W ) to ensure that all worlds are named by a

nominal and G(W ) denotes the natural expansion of the multistructure G to the hybrid

multimodal similarity type Lπ(W ).

In an effort to keep the new notion of diagram as simple as possible, it will be

constituted by positive evidence only, and thus the definition of dyadic literal comes as
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follows:

Definition 4.3.1. For a hybrid (multimodal) similarity type Lπ = 〈Prop,Nom,Mod〉,
we define

Dyadic literals over Lπ:

DLit(Lπ) = {@ip,@i¬p,@ij,@i〈π〉j,@i¬〈π〉j | i, j ∈ Nom, p ∈ Prop, π ∈ Mod}

Definition 4.3.2. Let Lπ = 〈Prop,Nom,Mod〉 be a hybrid (multimodal) similarity

type, and G = (W, (R+
π )π∈Mod, (R

−
π )π∈Mod, N, V

+, V −) be a multistructure over Lπ. The

dyadic diagram of G, denoted by DDiag(G), is the set of literals over Lπ(W ) that hold

in G(W ), i.e.,

DDiag(G) = {α ∈ DLit(Lπ(W )) | G(W ) d α}

Two distinct multistructures over Lπ with the same domain W induce two dis-

tinct dyadic diagrams (over Lπ(W )). Thus the dyadic diagram DDiag(G) uniquely

defines the multistructure G. In the sequel we will represent a (finite) multistructure

G = (W, (R+
π )π∈Mod, (R

−
π )π∈Mod, N, V

+, V −) by its (finite) dyadic diagram DDiag(G).

We will use D(∆,W ) to denote the set of dyadic diagrams of multistructures that

are d-models of ∆ with domain W over the hybrid multimodal similarity type Lπ(W ),

where Lπ contains the symbols occurring in ∆.

Recall that the domain and the hybrid multimodal similarity type are considered to

be finite. This implies that the multistructures are finite and consequently the represen-

tations of models are also finite. This fact will be relevant when discussing measures of

inconsistency.

The syntactic representations of models will be generically denoted by M, M1, etc.

Let M be the representation of a d-model G with domain W . For w ∈ W , we write

M, w d ϕ if G, w d ϕ and M d ϕ if G d ϕ.

Next we define the set of satisfied literals in a set of models.

Definition 4.3.3. Let Lπ be a hybrid (multimodal) similarity type. For a subset K of

d-models over the same domain W , the set of globally d-satisfied literals in K is the set

GlobSLitd(K) defined as follows:

GlobSLitd(K) = {α ∈ DLit(Lπ(W )) | ∀M ∈ K, M d α}.

Observe that if K ′ ⊆ K then GlobSLitd(K) ⊆ GlobSLitd(K ′).

The definition of a minimal d-model is analogous to previous definitions of s- and

b-models.
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Definition 4.3.4. The set of minimal d-models with domain W for a set of hybrid

formulas ∆ is the set MinD(∆,W ) defined as:

MinD(∆,W ) = {M ∈ D(∆,W ) | if M ⊂M then M /∈ D(∆,W )}.

Clearly, every d-model contains a minimal d-model, i.e., for every d-model M1, there

is a minimal d-model M2 such that M2 ⊆M1; and if a variable p ∈ Prop does not occur

in ∆, then p does not occur in any minimal d-model.

When we use MinD(∆,W ) instead of D(∆,W ), we do not lose any useful information,

according to the next theorem:

Theorem 4.3.5. For a set of hybrid formulas ∆ and a domain W ,

GlobSLitd(D(∆,W )) = GlobSLitd(MinD(∆,W )).

Proof. The proof follows roughly the same steps as in Theorem 3.3.4.

Given a set ∆ of hybrid formulas, there is a procedure that allows us to extract

minimal d-models for ∆, each of them already represented by its dyadic diagram. The

procedure will resort to the tableau rules introduced for the consequence relation D

and comes as follows:

1. Build a terminal tableau whose root consists uniquely of all elements of ∆ by

applying the tableau rules of system TD, where condition (iii) is restated as follows:

(iii) for @iϕ a dyadic literal;

together with the following extra rule:

@ij,@kψ

@k(ψ[i/j])
(Bridged)(i)

(i) @kψ is a dyadic literal; ψ[i/j] means replace in ψ all occurrences of i with j.

These extra rule is sound and ensures that we have indeed all dyadic literals that

are d-satisfied in our model.

Consider only the open branches from now on.

2. In order to determine minimal models with a certain number of worlds, combine

nominals and/or add them in order to suit the number of worlds desired.
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3. Apply the rules mentioned in step 1., treating the formulas introduced in step 2.

as if they were root formulas, until a terminal tableau is reached.

Repeat the instructions on step 2. about combining nominals in order to suit the

number of worlds previously set.

Consider only the open branches.

4. Finally, with the purpose of defining the positive and negative transitions between

worlds, split each branch into subbranches such that each subbranch contains one

way of combining the formulas @i〈π〉j, @i[π]¬j and @i¬〈π〉j, @i¬[π]¬j for all

nominals i and j and modalities π occurring on the branch.

Apply the rules indicated in step 1. until a terminal tableau is reached. Each new

open branch defines the families of positive and negative accessibility relations

(R+
π )π∈Mod and (R−π )π∈Mod.

For each open branch copy the dyadic literals into a set which will be the dyadic

diagram of a model for ∆. Take the minimal models from among those.

Proposition 4.3.6. There are no minimal d-models for ∆ other than those that are

obtained from this algorithm.

Proof. Analogous to the proof of Proposition 3.3.6.

We present an example as a means to illustrate the algorithm developed:

Example 4.3.7. Let ∆ = {@i〈π〉p,@i¬〈π〉q,@iq}.
Let us use the algorithm introduced in order to determine minimal d-models of ∆:

◦ Step 1.

The terminal tableau with root ∆ comes as follows:

@i〈π〉p, @i¬〈π〉q, @iq 1.

@i〈π〉t, @tp 2. by (〈π〉d) rule on 1

@ii, @tt 3. by (Idb)

�

◦ Steps 2. and 3. – |W | = 1

Now, given that two nominals occur in the tableau, if we want to determine minimal

models with a single world, we must add to the tableau the formula @it, meaning that the

nominals i and t name the same world. In this case the tableau is extended as follows:
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@it 4. by step 2. of the algorithm

@ti, @tq, @t〈π〉t 5. by (Noms) rule on 4 and 3/1/2

@ip 6. by (Noms) rule on 5 and 2

@i〈π〉i, @t〈π〉i 7. by (Bridged) rule on 5 and 2/5

�

◦ Step 4.

Last step is to determine the positive and negative transitions between worlds. From

the tableau constructed so far, we have that there is a positive transition from the world

named by both i and t to itself. Thus the only information missing is if there is or there

is not a negative transition from the world named by both i and t to itself. So we split

the open branch of the tableau into two in the following way:

@i¬〈π〉i @i¬[π]¬i 8. by step 4. of the algorithm

(@tq)
∗ 9. by rule (¬〈π〉d) on 8 and 1

@i¬〈π〉t × 10. by rule (Bridged) on 8 and 4

@t¬〈π〉i 11. by rule (Nomb) on 8 and 4

@t¬〈π〉t 12. by rule (Bridged) on 11 and 4

�

The minimal d-model for ∆ with one world is:

M = {@iq,@tq,@ip,@tp,@ii,@tt,@it,@ti,

@i〈π〉i,@i〈π〉t,@t〈π〉i,@t〈π〉t,
@i¬〈π〉t,@i¬〈π〉t,@t¬〈π〉i,@t¬〈π〉t}

Its graphical representation is as follows:

, ,

In the graphical representation the ordinary arrow intends to represent R+
π and the

arrow with multiple × on top is intended to represent R−π .

Note that this algorithm gives rise to much more elaborate tableaux than the one

introduced for extracting s- and b-models. The reason lies in step 4., which introduces

a lot more branches to a tableau, namely when considering n worlds, we split each open
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branch up to 4n×n subbranches. Nonetheless, the complexity of this problem is solely

on how to deal with tableaux so big, the application of rules is still pretty simple.

4.4 Inconsistency measures

We extend the inconsistency measures introduced in the previous chapter to multi-

structures. Basically, on top of counting the number of local inconsistencies, our new

measures will count the number of inconsistencies at the level of the π-accessibility re-

lations.

Absolute measures for multistructures

Given a multistructure G whose dyadic diagram DDiag(G) we will represent by M,

an absolute measure that counts how many inconsistencies are in M is given as follows:

MIncd
1(M) =

∣∣{(p, w) ∈ Prop×W : {@ip,@i¬p} ⊆M where N(i) = w
}∣∣

+
∑

π∈Mod

∣∣{(w,w′) ∈W ×W : {@i〈π〉j,@i¬〈π〉j} ⊆M where N(i) = w

and N(j) = w′
}∣∣

Observe that each part of this measure could be considered as an absolute measure

by itself.

MIncd
1 is monotonic:

Lemma 4.4.1. Let G1,G2 be two bistructures and M1,M2 be their representations.

If M1 ⊆M2, then MIncd
1(M1) ≤ MIncd

1(M2).

A version of MInc2 for multistuctures counts the number of inconsistencies in a par-

ticular connected component, whose definition is analogous to the one for bistructures.

Then MIncd
2 comes as:

MIncd
2(M, N(i)) =∣∣{(p, u) ∈ Prop× Connected(G, N(i)) : {@tp,@t¬p} ⊆M,

where N(t) = u
}∣∣

+
∑

π∈Mod

∣∣{(w,w′) ∈ Connected(G, N(i))× Connected(G, N(i)) :

{@i〈π〉j,@i¬〈π〉j} ⊆M where N(i) = w and N(j) = w′
}∣∣

As MIncd
1 , MIncd

2 is monotonic too.
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A version of MInc3 for multistuctures counts the number of inconsistencies in a

particular path via a modality π, whose definition is analogous to the one for bistructures.

The measure comes as follows:

MIncd
3(M, N(i)) =∣∣{(p, u) ∈ Prop× Path(G, N(i)) : {@tp,@t¬p} ⊆M,

where N(t) = u
}∣∣

+
∑

π∈Mod

∣∣{(w,w′) ∈ Path(G, N(i))× Path(G, N(i)) :

{@i〈π〉j,@i¬〈π〉j} ⊆M where N(i) = w and N(j) = w′
}∣∣

Once again, this measure is monotonic.

Observe that Path(G, N(i)) ⊆ Connected(G, N(i)), thus the following lemma holds:

Lemma 4.4.2. Let G be a multistructure represented by M. Then

MIncd
3(M, N(i)) ≤ MIncd

2(M, N(i)) ≤ MIncd
1(M), for all i ∈ Nom.

A weighted measure requires weight vectors for propositional variables and worlds

and a matrix detailing the weight of each transition:

weightProp =
[
weightp1

. . .weightp|Prop|

]
and

weightW =
[
weightw1

. . .weightw|W |

]
and

weightW×W =


weightw1,w1

weightw1,w2
. . . weightw1,wn

weightw2,w1
weightw2,w2

. . . weightw2,wn

...
...

...

weightwn,w1
weightwn,w2

. . . weightwn,wn


all entries are positive real numbers.

Let MIncd
4 be such that:
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MIncd
4(M) =

∑
(p,w): @ip,@i¬p∈M,

where N(i)=w

weightPropp
× weightWw

+
∑

π∈Mod

 ∑
(w,w′): @i〈π〉j,@i¬〈π〉j∈M,

where N(i)=w,N(j)=w′

weightW×Ww,w′


Relative measures for multistructures

Taking the number of inconsistencies in a multistructure and dividing it over the

number of possible inconsistencies gives us a relative measure whose result is a ratio

between 0 and 1 that tells us how much of a portion of the multistructure is inconsistent.

Given a multistructure G represented by M, this inconsistency measure comes in the

form:

MIncd
5(M) =

MIncd
1(M)

|Prop| × |W |+ |Mod| × |W | × |W |

Similarly to MInc5, this measure is neither monotonic nor anti-monotonic.

Let us take the weighted measure MIncd
4 and divide it over the total weight of the

multistructure: given a multistructure G represented by M this inconsistency measure is

as follows:

MIncd
6(M) =

MIncd
4(M)∑

p∈Prop,w∈W
weightPropp

× weightWw + |Mod| ×
∑

w,w′∈W
weightW×Ww,w′

MIncd
6 is also neither monotonic nor anti-monotonic.

Example 4.4.3. Let us evaluate these measures of inconsistency for the example in the

previous section:

From example 4.3.7,

|W | = 1, |Prop| = 2, |Mod| = 1

MIncd
1(M1) = 1

MIncd
2(M1, N(i)) = 1

MIncd
3(M1, N(i)) = 1

Let weightp = 2,weightq = 1,weightw = 1,weightw,w = 3; then

MIncd
4(M1) = 2× 1 + 3 = 5
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MIncd
5(M1) =

1

2 + 1
=

1

3

MIncd
6(M1) =

5

6

Measures for databases

If the goal is to compare between different databases, we need to first of all consider

minimal d-models with the least number of inconsistencies, which we will call preferred

d-models.

Definition 4.4.4. The set of preferred d-models with domain W for a set of hybrid

formulas ∆ is the set PrefD(∆,W ) defined as:

PrefD(∆,W ) = {M ∈ MinD(∆,W ) | for all M ∈ MinD(∆,W ),

MIncd
1(M) ≤ MIncd

1(M)}}.

We define MInc7(∆,D), as a sequence 〈r1, . . . , rn, . . .〉 where rn = MIncd
5(M) if there

exists a model M ∈ PrefD(∆,Wn) with Wn a domain of size n, and rn = ∗ otherwise.

We use ∗ as kind of a null value.

MInc7(∆,D) captures how the relative measure of inconsistency of preferred d-models

for a database ∆ evolves with increasing domain size. Again, there are databases ∆ for

which all minimal models contain 0 inconsistencies, and others for which all minimal

models are inconsistent.

Example 4.4.5. Let us compute MInc7(∆,D) for ∆ the database in Example 4.3.7:

MInc7(∆,D) =

〈
1

3
, 0, 0, 0, . . .

〉
.

Observe that the preferred d-model for ∆ with |W | = 2 is a multistructure G such

that W = {w1, w2}, R+
π = {(w1, w2)}, R−π = {(w1, w1)}, N(i) = w1, N(j) = w2,

V +(p) = {w2}, V −(p) = ∅, V +(q) = {w1}, V −(q) = ∅.

The lexicographic ordering, �, introduced previously can be used in this setting in

the same manner. And analogously, in case MInc7(∆1,D) � MInc7(∆2,D), one says

that ∆1 is less or equally d-inconsistent as ∆2 and denote this by ∆1 ≤incd ∆2.

Example 4.4.6. Let ∆1 = {@i〈π〉p,@i¬〈π〉q,@iq} and ∆2 = {@ip,@i¬p}. Then:

MInc7(∆1,D) =

〈
1

3
, 0, 0, . . . , 0, . . .

〉
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MInc7(∆2,D) =

〈
1

1
,
1

2
,
1

3
, . . .

1

n
, . . .

〉
Thus ∆1 ≤incd ∆2.

MInc7 is monotonic: given ∆1,∆2 such that ∆1 ⊆ ∆2, then, since additional state-

ments may add but cannot subtract inconsistencies, MInc7(∆1,D) � MInc7(∆2,D).

We define d-equivalence between databases in the next definition.

Definition 4.4.7. Let ∆1,∆2 be two databases. ∆1 and ∆2 are d-equivalent if for all

M

M is a d-model of ∆1 iff M is a d-model of ∆2.

This definition yields the following result:

Proposition 4.4.8. Let ∆1,∆2 be two databases. If ∆1 and ∆2 are d-equivalent, then

MInc7(∆1,D) = MInc7(∆2,D).

Proof. Analogous to the proof of Proposition 3.4.9.

4.5 Dyadic bisimulation

In this section the notion of bisimulation for hybrid structures is extended to multi-

structures.

Definition 4.5.1. Let G =
(
W, (R−π )π∈Mod , (R

−
π )π∈Mod , N, V

+, V −
)

and G =
(
W,(

R+
π

)
π∈Mod

,
(
R−π
)
π∈Mod

, N, V +, V −
)

be two hybrid multistructures over the same hy-

brid (multimodal) similarity type Lπ = 〈Prop,Nom,Mod〉.
A relation Z ⊂W ×W ′ is a dyadic bisimulation if Z:

– is a bisimulation between the hybrid structures G1 =
(
W, (R+

π )π∈Mod , N, V
+
)

and

G1 =
(
W,
(
R+
π

)
π∈Mod

, N, V +
)

,

– a bisimulation between the hybrid structures G2 =
(
W, (R−π )π∈Mod , N, V

+
)

and

G2 =
(
W,
(
R−π
)
π∈Mod

, N, V +
)

,

– a bisimulation between the hybrid structures G3 =
(
W, (R+

π )π∈Mod , N, V
−) and

G3 =
(
W,
(
R+
π

)
π∈Mod

, N, V −
)

,
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– and also a bisimulation between the hybrid structures G4 =
(
W, (R−π )π∈Mod , N, V

−)
and G4 =

(
W,
(
R−π
)
π∈Mod

, N, V −
)

.

In more detail, Z is a dyadic bisimulation if the following conditions are met:

– N(i)ZN ′(i) for all i ∈ Nom;

– if (w,w′) ∈ Z, then:

∗ atomic conditions:

o w ∈ V +(p) iff w′ ∈ V +(p), for all p ∈ Prop;

o w ∈ V −(p) iff w′ ∈ V −(p), for all p ∈ Prop;

o N(i) = w iff N ′(i) = w′, for all i ∈ Nom;

∗ if wR+
π u for some u ∈ W , then there is some u′ ∈ W ′ such that w′R+

π u′ and

uZu′ (Zig+);

∗ if wR−π u for some u ∈ W , then there is some u′ ∈ W ′ such that w′R−π u′ and

uZu′ (Zig−);

∗ if w′R+
π u′ for some u′ ∈ W ′, then there is some u ∈ W such that wR+

π u and

uZu′ (Zag+);

∗ if w′R−π u′ for some u′ ∈ W ′, then there is some u ∈ W such that wR−π u and

uZu′ (Zag−).

Two pointed hybrid multistructures (G, w) and (G, w′) are dyadic bisimilar if there

is a dyadic bisimulation Z between G and G′ such that wZw′.

Theorem 4.5.2. Dyadic-belnapian hybrid logic is not invariant under dyadic bisimula-

tion.

Proof. Take the following pointed hybrid multistructures:

– (G, w), where G is such that W = {w}, R+
π = ∅, R−π = {(w,w)}, Nom = ∅ thus N

is the empty fucntion, V +(p) = {w} and V −(p) = ∅; and

– (G, w′), where G is such that W = {w′, v′}, R+
π = ∅, R−π = {(w′, v′), (v′, v′)},

Nom = ∅ thus N is the empty function, V +(p) = {w′, v′} and V −(p) = ∅.

Observe that (G, w) and (G, w′) are dyadic bisimilar, and the dyadic bisimulation Z

is Z = {(w,w′), (w, v′)}, represented in the following figure:
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Nonetheless, G, w d ¬〈π〉p whereas G, w′ 1d ¬〈π〉p.

So, although this seems like a natural definition for dyadic bisimulation it is not an

adequate one since we lose invariance. In the future, an improved version preserving

variance shall be targeted.

Note that, as occurred with bistructures and paraconsistent bisimulation, a multi-

structure where all worlds are named is only dyadic bisimilar with itself.
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Chapter 5

Conclusion, applications & future

work

Working on this thesis seemed like fighting Hydra, for each topic chopped off, two

others emerged! Overall, we acknowledged that inconsistency is an unavoidable topic

in data and knowledge management. Instead of avoiding it, we embraced it: hopefully

this is a nice contribution linking paraconsistency with hybrid logics. Recall that we

presented three different logics: two of them allow inconsistent information locally at

the level of the propositional variables, and one of them allowing, on top of that, incon-

sistencies on the accessibility relations. For each of these logics we introduced sound and

complete tableau-based procedures to check if a consequence relation defined between a

set of formulas and a particular formula holds; we represented models via diagrams and

discussed measures of inconsistency for both models and databases. Finally we presented

notions of bisimulation for these new logics.

Applications

We have used hybrid formulas and paraconsistent diagrams to describe particular

stages in the diagnose of patients when visiting a hospital, and whole paths starting from

the moment a patient enters until he leave the hospital. We resorted to paraconsistency

to deal with the fact that two different physicians might not agree on a patient’s diagnose

and we have discussed measures of inconsistency in order to compare different hospitals

in terms of effectiveness. This has been discussed in [33, 32].

We have also discussed the possibility of using quasi-hybrid logic as a means to deal

with a robot that, for some reason, is given, or even captures, inconsistent information.
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One example when that might occur is when a robot has two sensors that are not syn-

chronized with each other and thus produce incorrect measurements. A paraconsistent

logic would allow contradictory data in the process of figuring out what the robot should

do next; for example, if the robot is moving and detects that in front of it there is by

the information of one sensor an obstacle, while the other sensor says there is not an

obstacle, then, what should be the robot’s approach, [34]?

Future work

Without much further ado, for future work, and as a natural extension of the work

presented, (i) inconsistencies at the level of the nominals should be studied. This topic

might seem deceitfully easy, but it has a lot of philosophical implications. First things

first, what is considered an inconsistency at the level of a nominal: does it mean that

at a world w we have information that i names it and that i does not name it, or does

it mean that there are more than one world named by the same nominal? For the first

scenario, maybe decoupling the hybrid nomination into N+ and N− could be useful,

but then, should it be imposed some limit on the number of worlds named by a nominal

as previously, i.e., should |N+(i)| = 1 and n − 1 ≤ |N−(i)| ≤ n, for all nominal i and

where n = |W |? That seems to be going somewhere, but then, in a structure with a

single world such that there is a transition from that world to itself, and such that both

i and ¬i hold there, how should we evaluate @i2¬i? This will certainly constitute a

nice challenge.

In its early stages is (ii) a work re-purposing quasi-hybrid logic in a fuzzy setting and

presented at Logic, Algebra and Truth Degrees (LATD) in August 2018. Namely, instead

of considering that p/¬p hold or do not hold at a world, we will consider how much of

p/¬p hold at a world. The “fuzzyfied” version of quasi-hybrid logic proposed uses also two

valuations, but now, in addition to the propositional variable being evaluated, valuations

have embedded a local perspective, as follows: V ∗ : Prop×W→ [0, 1], ∗ ∈ {+,−}. So,

we can define thresholds a, b ∈ [0, 1] such that @ip holds in a fuzzy bistructure if and

only if V +(p, w) > a, where w is the world named by the nominal i and it is false if

V −(p, w) > b. V + and V − cannot be extended to formulas as usual.

Observe that a and b do not need to be equal, that one could even set different

thresholds for each propositional variable and world, and that one could eventually

consider the relation ≥, and each of these possibilities give rise to a different logic.

In some sense, V +(p, w) can be regarded as evidence that supports p at w and

V −(p, w) as evidence that denies p at w. The higher the thresholds a and b, the more
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we demand on the certainty of the information.

We can analyze the connection between V +(p, w) and V −(p, w) from two perspec-

tives: first in terms of the quality of the information, and second in terms of quantity.

For the former we have that:

– if V +(p, w) > a and V −(p, w) ≤ b, then p is true at w;

– if V +(p, w) ≤ a and V −(p, w) > b, then p is false at w;

– if V +(p, w) > a and V −(p, w) > b, then p is both true and false at w, thus p is

said to be inconsistent at w;

– if V +(p, w) ≤ a and V −(p, w) ≤ b, then p is neither true nor false at w, thus p is

said to be incomplete at w.

For the second perspective,

– if V +(p, w) + V −(p, w) = 1, then we have the expected amount of information;

– if V +(p, w) + V −(p, w) > 1, then we have more information than expected about

p at w, and we call it overinformation;

– if V +(p, w) + V −(p, w) < 1, then we have less information than expected about p

at w, and we call it misinformation.

The figure below sketches the two perspectives overlapping, with a+ b > 1.

1

1

0.5 

0.5 0

We can derive very interesting – and sometimes very intriguing – conclusions when

using this logic. In the previous example, there are regions which correspond to full

information (even overinformation) and yet neither p nor ¬p hold and that is because

we are demanding a lot with the thresholds set as they were.

Given a set of formulas ∆, we can always find a model such that all formulas in

∆ are satisfied. Consider the following example: let ∆ = {@i〈π〉¬p,@i[π]p} and let

p hold at a world w if and only if V +(p, w) > 0.6 and ¬p hold at a world w if and
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only if V −(p, w) > 0.3. A model for ∆ is M = (W,Rπ, N, V
+, V −) where W = {w},

Rπ = {(w,w)}, N is such that N(i) = w, V +(p, w) = 0.61 and V −(p, w) = 0.31.

Observe that, however, it is not always the case that we can find a model where

V +(p, w) + V −(p, w) = 1 for all p ∈ Prop, w ∈W .

We can describe several measures of inconsistency for a model M, either absolute or

relative ones, from the combination of the perspectives enumerated above. One that we

would like to address, regarding quantity of information, is the following:

MQuant(M) =

∑
p∈Prop,w∈W

abs(V +(p, w) + V −(p, w)− 1)

|Prop| × |W |
.

From the point of view of the quality of information, consider the following:

MIncons(M) = |{(p, w) | V +(p, w) > ap,w & V −(p, w) > bp,w}|

and

MIncomp(M) = |{(p, w) | V +(p, w) ≤ ap,w & V −(p, w) ≤ bp,w}|.

where ap,w and bp,w are the thresholds for which p and ¬p hold at a world w, respectively.

Thus for this perspective, we propose the following relative measure:

MQual(M) =
MIncons(M) + MIncomp(M)

|Prop| × |W |
.

For the example given, we get the next results:

MQuant(M) =
0.08

1
= 0.08

MQual(M) = 1
1 = 1

In the future one would like to study some applications in which this approach might

be useful, namely when valuations V + and V − correspond to information obtained by

the use of sensors that measure complementary notions, in which case getting values

such that V + + V − 6= 1 reveals that at least one of them is malfunctioning.

Another topic under development is (iii) the composition of programs in belnapian

dynamic logic [74]. In this setting we are considering a mixture between modal bilat-

tice logic and dynamic logic and we are trying to check what happens when we define

programs such as choice, sequence and iteration, over relations that are four-valued.

On a more practical direction, (iv) implementing the tableau systems proposed in
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this thesis is a major goal.

We must still figure out (v) an improved version of dyadic bisimulation which pre-

serves invariance.
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