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Abstract

In this paper we give a description of all subsemigroups of the bicyclic monoid
B. We show that there are essentially five different types of subsemigroups. One
of them is the degenerate case, and the remaining four split in two groups of two,
linked by the obvious anti-isomorphism of B. Each subsemigroup is characterized
by a certain collection of parameters. Using our description, we determine the reg-
ular, simple and bisimple subsemigroups of B. Finally we describe algorithms for

obtaining the parameters from the generating set.
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1 Introduction

The bicyclic monoid B is defined by the presentation (b,c¢ | bc = 1). A natural set of
normal forms is {¢'b7 : 4,57 > 0} and we shall identify B with this set. The normal forms

multiply according to the following rule:

R R
AR > k.

The bicyclic monoid is one of the most fundamental semigroups. It is one of the main
ingredients in the Bruck—Reilly extensions (see [7]), and also the basis of several general-
izations; see [1],[2],[5],[6]. In [8, Sec 3.4] references are given to a number of applications
of the bicyclic monoid to topics outside semigroup theory. The bicyclic monoid is known
to have several remarkable properties, one of which is that it is completely determined
by its lattice of subsemigroups; see [10] and [11]. Also, in [9] the authors study properties
of a specific subsemigroup of B. Slightly surprisingly, there seems to be little other work

in literature regarding the subsemigroups of B.



In this paper we give a description of all subsemigroups of B. We show that there are
essentially five different types of subsemigroups. One of them is the degenerate case of
subsets of {c'b’ : i > 0}, and the remaining four split in two groups of two, linked by the
obvious anti-isomorphism ~ : ¢'b/ — ¢/b? of B. Each subsemigroup is characterized by a
certain collection of parameters. We describe algorithms for obtaining these parameters
from the generating set.

The paper is organized as follows. In Section 2 we define a series of distinguished
subsets of B, which are then used as a kind of building blocks, and then we state our
main theorem in Section 3. Section 4 contains the auxiliary results needed to prove
the main theorem. In Sections 5 and 6 we respectively consider the two non-degenerate
types of subsemigroups. In Section 7 we determine, using our description, the regular,
simple and bisimple subsemigroups of B. Finally, Section 8 contains the algorithms for
the computation of parameters. The classification of subsemigroups is used in the forth-
coming paper [3] to investigate some properties of subsemigroups of B, such as finite

presentability and automaticity.

2 Distinguished subsets

In this section we introduce the notation we will need throughout the paper. In order to
define subsets of the bicyclic monoid we find it convenient to represent B as an infinite
square grid, as shown in Figure 1. We start by defining the functions ¢, ¥V, A : B — Ny
by ®(cit/) =i, U(c't/) = j and A(c'¥’) = |j — i| and by introducing some basic subsets
of B:

D = {c'b" : i > 0} — the diagonal ,

U={c'¥ :j>i>0}— the upper half,

R, ={c'® : j > p,i >0} — the right half plane (determined by p),
L,={cV :0<j<p,i>0}— the left strip (determined by p),
My ={c¥ :d|j—i;i,j >0} —the \-multiples of d,

for p >0 and d > 0.

We now define the function™: B — B by c't/ cibi = bt Geometrically ~ is
the reflection with respect to the main diagonal. So, for example, U is the lower half.
Algebraically this function is an anti-isomorphism (zy = yZ), as is easy to check.

By using the above basic sets and functions we now define some further subsets of B

that will be used in our description. For 0 < g < p < m we define the triangle
Tq7p=Lpﬁ]§;ﬁ(UUD):{cibj:q§i§j<p},

and the strips
Sq,p:Rpﬂé\qﬂi\p:{cibj 1q<i<p,j>p}
Sgp =Sap I Tp = {¢V :q<i<p,j>i},
Sqpm =Sqp N Ry ={cV : ¢ <i<p,j>m}
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Figure 1: The bicyclic monoid



Figure 2: The upper and lower halves U, [7, the triangle 77 4 and the strips S 4, 51,4



Note that for ¢ = p the above sets are empty. For i,m > 0 and d > 0 we define the lines

Ai:]/%\iﬂL/iI:{cibj:jZO},
Nipma =N N Ry N Mg ={c't? :d | j—i,j>m}

and in general for I C {0,...,m — 1},
Arma=Uier Nijma = {cW :iel,d]|j—i,j>m}.
Forp>0,d>0,r€[d ={0,...,d—1} and P C [d] we define the squares
S, =R, UR, = {¢V :i,j > p},
Ypdr = 2pN (G Apiriud) N ( [j AP/M\M@ = [eptrrudgptrred s ),

u=0 u=0

Spap =Upep Zpar = {PTTupTrHd s € Pru,v > 0.
Some of our subsetes are illustrated in Figures 2 and 3.

Finally, for X C S, we define «(X) = min(®(X NU)) (if X NU # 0) and x(X) =
min(V(X N0U)) (if XNU #0).

3 The main theorem
We now state our main theorem, that will be proved in the following sections.

Theorem 3.1 Let S be a subsemigroup of the bicyclic monoid. Then one of the following

conditions holds:
1. The subsemigroup is a subset of the diagonal; S C D.

2. The subsemigroup is a union of a subset of a triangle, a subset of the diagonal
above the triangle, a square below the triangle and some lines belonging to a strip
determined by square and the triangle, or the reflection of this union with respect
to the diagonal. Formally there exist ¢,p € Ng withq <p,d €N, I C{q,...,p—1}
withqe I, PC{0,...,d—1} with0€ P, Fp C DNL,, F CT,, such that S is

of one of the following forms:
(i) S=FpUFUA,aUY,qp;
(ii) S =FpUFUA;pqUSpap.

8. There exist d € N, I C No, Fp € DN Lyyin(ry and sets S; € Ay iq (1 € I) such that
S is of one of the following forms:

(i) S =FpulJSi;
el

(ii) 8 =FpulJSi;

icl
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Figure 3: The A-multiples of 3, M3, and the square ¥; 3 0,1}




where each S; has the form
Si=F, UM m,;.d

for some m; € Ny and some finite set F;, and
I=Iyu{r4+ud:re R,uecNy,r+ud>N}

for some (possibly empty) R C {0,...,d — 1}, some N € Ny and some finite set
Iy c{o,...,N —1}.

We start by observing that if S C D then there is nothing to describe because any
idempotent c‘b’ is an identity for the square ¥; below it.

Condition 2. corresponds to subsemigroups having elements both above and below
the diagonal; we call them two-sided subsemigroups. We observe that a subsemigroup
defined by condition 2.(7) is symmetric to the corresponding subsemigroup given by
condition 2.(7) with respect to the diagonal, and so we can use the anti-isomorphism ~ to
obtain one from the other. Therefore we only need to consider subsemigroups that fall
in one of these two categories. The description of two-sided subsemigroups is obtained
in Section 5.

We call upper subsemigroups those having all elements above the diagonal and lower
subsemigroups those having all elements below the diagonal. Condition &. corresponds
to upper and lower subsemigroups. Again conditions 3. (%) and 3. (i) give subsemigroups
symmetric with respect to the diagonal and so only one of them will have to be considered.

Upper subsemigroups are dealt with in Section 6.

4 Auxiliary results
In this section we will prove some useful properties of the subsets defined in Section 2.

Lemma 4.1 For any d € N the A-multiples of d, My, is a subsemigroup.

Proof. Let ¢'b/,c*b! € My. Thend |i—jand d | k—1. If j > k then ¢’/ c*bl = cip/ —F+
otherwise c'b’cFb! = ¢"=7+kp!. In any case c'b/cFb! € My because d | i —j + k — L. O

Lemma 4.2 For any p € N the right half plane R, and the strip S('),p are subsemigroups.

Proof. Let z = ¢'b?,y = kb € R, (j,1 > p). If j > k then xy = o/ **+ € R, since
j—k+1>1>p Ifj<kthen zy = ¢ It*pl € R, since | > p. Therefore R, is
a subsemigroup. Let z = b,y = cFbl € Sop (i k <p,j >i,0 > k). If j >k then
ay =cWF e §) sincei <pand j—k+41>j > If j <k then zy = "I 1Fpl € Sop
sincei—j+k<k<pandl>k>i—j+ k. Therefore S(’))p is also a subsemigroup. [J

In the following result we use the fact that the image of a subsemigroup under an

anti-isomorphism is also a subsemigroup.



Lemma 4.3 For any q,p, m € Ng with ¢ < p < m the following sets are subsemigroups:

(i) Sqp; (i1) S;’p; (i11) Xp;

() SgpUZp; (v) Sqpm; (vi) S;,UX,.
Proof. To prove (i) — (v) we will just write the sets as intersections of subsemigroups
given by the previous lemma and their images by the anti-isomorphism ™. We have
Sap = Sop N Ry M Ry, Sy, = S, N Ryy By = Ry N Ry, Syp U, = Ry N R, and
Sqp.m = S0, N Ry N Ry. To prove that S = S; ,UY, is a subsemigroup, it is sufficient
to show that, for z = ¢t/ € S) (¢ <i<p,j>1i)andy= bt e 2, (k,1 > p), we have
xy,yr € S. If j > k then 2y = ¢’ F+ € S, because i > gand j —k+1>1>p. If
j < k then xy = ¢"~7+Fpl € S, because i —j +k >4 > g and | > p. Since | > p > i we
have yz = b=+ € &, because k > p and | —i+j > 1 > p. O

The following lemma establishes some inclusions that will also be useful.

Lemma 4.4 For any p,q € Ny with ¢ < p the following inclusions hold:

(i) TqpSap C Sqp; (1) SqpTgp S Sqp;
(111) Ty pXp C Sqp Uy, () BTy C 3.

Proof. Let a = ¢'b/ € T, (¢ <i<j<p),B=c eSS, (q¢<k<pl>p) and
v =’ €%, (u,v > p). If j > k then af = '/ ~F*+ and, since j — k+1 > 1 > p,
aff € Sgp. If j < k then af = ¢/ 7%*bl and, since | > p and S, is a subsemi-
group, af € Syp. So (i) is proved. We have Ba = c*b!'=+J because i < p < [. Since
l—i+j >1>pwehave Ba € S, and so (i) is proved as well. We have ary = ¢'=7Tup?
because j < p < u and, since v > p and S(’Lp U X, is a subsemigroup, ay € S, , U, and
(iii) is proved. Finally, ya = ¢“b"*~% because i < p < v. We have ya € ¥, because
u > p, and (iv) is proved as well. O

Lemma 4.5 For any p € Nog, d € N and P C {0,...,d — 1}, the square ¥, 4p is a

subsemigroup.

Proof. Let a = cPtritudpptritod g — cptretusdpptratead ¢ 31 b where 11,79 € P;
u1,v1, U2,V € No. If p+r1 +vid > p+ 1o + usd then aff = ¢Ptmtudpptrit(vi—uatva)d,
Since we have p + r1 + vid > p + ro + uad, it follows that r; + vid — usd > ro > 0,
which implies 71 + (v1 — ug + v2)d > 0. So we have (v — ug + v9)d > —r1 > —d and
hence v1 + v2 —up > 0. Therefore aff € Xp g p. If p+ri +v1d < p+ 72 + uad then
aff = ptretlm—vitu)dpptratvad — Apalogously p 4+ 79 + usd > p + r1 + vid implies
ur —v1 +ug >0andsoaf €X,qp. O

Lemma 4.6 For any q,p € Ng with ¢ <p, d € N and P C{0,...,d — 1}, the set
Yp.d,pU (Md N S(;’p)

18 a subsemigroup.



Proof. Let H =%, 4 p U (MgN S('Lp). We know from the previous lemma that ¥, 4 p is
a subsemigroup. From Lemmas 4.1 and 4.3 we know that My N S,;’p is a subsemigroup
as well. Let a = PTrrudpptrtvd ¢ 53 5 poand let 8 = b4 € MyN S ,. We just have
to prove that a3, Ba € H. Since p+r +vd > p > i, aff = cprrivdpptrtvis)d ¢ 57 5.
We have fa = c'bitsdeptrtudpetrtvd We note that H C U = (3, U S, ) N My and,
using the same two lemmas, U is a subsemigroup. Therefore, if i + sd > p + r + ud then
Ba ¢ ¥, and, since U is a subsemigroup, Ba € S; ,N Mg C H. If i +sd < p+r+ud
and u — s < 0 we have again fSa € S(’LpﬂMd C H. Finally, if i + sd < p+r + ud and
u — s >0 then fo = cPHru=sldpptrtvd ¢ 5 5, O

Lemma 4.7 For anyp € Ng, d € N and I C {0,...,p — 1}, the set Ajpq is a subsemi-

group.

Proof. Let a = cbitud 3 = cpitvd € Ar, 4 (i,j < p;i +ud,j +vd > p). Then
aff = btV hecause i + ud > p > j. Since i + (u +v)d > i +ud > p we have
aﬁ € A[’p)d. O

Lemma 4.8 Let p € Ng, d e N, 0 A1 C{0,...,p—1}, 0 # P C {0,...,d — 1}, and
g=min(I). The set H =%, 4p U1, q is a subsemigroup if and only if

I'={p+r—ud:re PueNgp+r—ud>qtCI.

Proof. We will first assume that H is a subsemigroup and prove that I’ C I. Let
cipatdr cptrdpptr ¢ [ wwhere r € P and d; > 0 is a multiple of d. For any n,m € N
such that p+r-+md—nd; > q we have (c?bitd)n (cptrdpptrym — cptr+md—ndipp+r ¢ [y
and so p+r —ud € I for any r € P and u € N such that p+ r — ud > ¢q. Therefore
I’ C I. Let us assume now that I’ C I and prove that H is a subsemigroup. We know
that X, 4 p is a subsemigroup. Let a = cPtrtudpptrdvd ¢ 57 ) b (r € Pyu,v € Ny) and
B=cbth € Ay,q (i € I,dy € N,d | di). We have af = cPtriudpptrtvdtdi ¢ 53 )b,
If i +dy > p+r+ud then fa = cip+at—wd ¢ A; o because i +dy + (v — u)d >
p+r+uovd>p Ifi+d <p+r+udthen fa = cptrtud—dipptr+vd 1y this case, if
ud —dy > 0 then fa € ¥4 p and if ud — d; < 0 then p +r + ud — di > g because
HCS,,U%,and S,;, UZX, is a subsemigroup. Therefore p+r +ud —dy € I' C I,
implying Sa € Agp.a- O

5 Two-sided subsemigroups

In this section we describe subsemigroups that have elements both above and below the
diagonal. Let S be a subsemigroup of B with SNU # () and SN U # (. Without loss of
generality we can assume that ¢ = ¢(S) < k(S) = p observing that the other case is dual

to this by using the anti-isomorphism ~.



We now state our main result of this section:

Theorem 5.1 Let S be a subsemigroup of B such that SNU # 0, SNU # 0 and
g=uS) <k(S)=p. Thereexistde N, Fp CDNLy, FCT,, ICA{g,...,p—1},
P C{0,...,d—1} with 0 € P such that

S=FpU FUA[ypyd U Ep,d,P~

To prove this theorem we need the following elementary result from number theory,

the proof of which we include for completeness:
Lemma 5.2 Let ay,...,ar,b1,...,b;,79 € Ny be arbitrary with a; > 0, by > 0 and let

d= gcd(al,...,ak,bl,...,bl).

Then there exist numbers aq,...,ak, —01,...,—F; € Ny such that:
1. aqay + ... +agap + B1by + ...+ Giby = d;
2. ala"waka_ﬁla"'v_ﬂl ZTO-

Proof. We start by assuming, without loss of generality, that ay,...,ax,b1,...,0; > 0.
Since d = ged(ay, ..., ak,b1,...,b;), we can write d = Zle ola; + 25:1 B;b; for some
integers aq,...,ax, 01,...,0;. Let H be any positive integer and let

P=Hklay...apby...b, Q=P/k, R=P/L

We can then write

k ! k l
d = Zagai—l—ZB;bj = Za;ai—FP—P—i—Zﬁ;bj
i=1 j=1 i=1 j=1

k l k l
=Y (@i + Q)+ > _(Bib; —R) =D (af + Q/ai)ai + Y _ (Bj — R/b;)b;
i=1 j=1 i=1 j=1
k l
=Y aait ) fib;
i=1 j=1
It is clear that when H increases all numbers aq,...,ag, —B1,...,—0; increase as well
and so the result holds. O

Proof of Theorem 5.1. Let Fip = SNDNL; and S" = S\Fp. We have S’ =
SN (Mgn(S,,U%,)) where d = ged(A(S’)) and so S’ is a subsemigroup. We observe
that the elements cib® € Fp act as identities in S’. Let z € SN U and y € S’ N U such
that ®(z) = ¢(S) = ¢ and ¥U(y) = k(S) = p. Let Y C S’ be a finite set such that:

(i) =,y €Y;

(i) AsnS' NS, #0 = ANY #Qforie€{qg...,p—1} (Y contains at least one
representative for each line in the strip with elements in S’);

10



(iii) {(¢ —=p) modd : A,NY NXE, #0} = {(i —p) modd : ;NS N, # 0} (Y
contains at least one representative for each class of lines in the square having a

representative in S’);
(iv) ged(A(Y)) =d.

Such Y can be obtained by choosing a finite set Y7 (with at most p — ¢ + d elements)
satisfying (i) — (i47), and a finite set Y5 such that ged(A(Y3)) = ged(A(S”)), and letting
Y =Y1UYs. Let YN(DUU) = {cd, ... ci"b/r} where x = c1b/t, g =iy <ip < ... <
Gy j1 > d1,d2 > doy...yjr > iy and let Y NT = {ckibl, ... cFsbls} where y = cFibl,
p=hL <lb<...<lgand k1 > 1y,..., ks > Is.

We are going to show that

cPrdpp pprtd ¢ g7

Before proving this we will make an observation showing the importance of these two
elements. This observation is illustrated in Figure 4.

Let c'b’ be an element in MyN (S, ,UY,). We have ¢'b?cPbP+? = cipi+4 which means
intuitively that we can move d positions to the right in the grid using the element cPbP*?,
If i > p then we also have P T9Pc'b) = 't/ which means that we can move d positions
down. If j > p+d then we have ¢'b?cPt9cP = ¢'b/~?% which means that we can move left.
Finally, if i > p + d then we have cPbP+4cib = ¢~9p and so we can move up.

In order to prove that cP*4pP, cPbP+d € S’ we first note that d = ged{j; — i1, ..., jr —
ir k1 — l1,..., ks — I}, by (iv). Since i1 — j3 < 0 and k; — I > 0, Lemma 5.2 can be

applied and we can write
d=ai(ir—j1) + ...+ oy —jr) + Bi(kr — 1) + ... + Bs(ks — 1) (1)

with aq, ..., 0, B1,..., Bs = max{iy,..., i, 11,...,ls}. We can now consider the product
(b)) . (ctrbIr)? which is equal to

(Cil bil+0ll(j1—i1))(Cizbi2+(¥2(j2—i2)) o (cirbiTJraT(jT_iT)).
Since oy > max{iy,...,i-} and j; —i; > 1 we have 41 + ay(j1 — 41) > 41,...,%, and
therefore, we can compute the above product working from the left hand side to obtain

i bi1+a1(j1 —i1)+az(ja—i2)+...+ar (fr—ir) . (2)

We now consider the product (cFsbls)% ... (cF2b2)52 (cF1ph )P which is equal to

(Cls""ﬂs(ks_ls)bls) ) (clz+52(k2—lz)blz)<cll +[31(k1—11)bl1)_

Since 81 > max{ly,...,ls} and k; — 13 > 1 we have Iy + (k1 — l1) > l3,...,ls and we
can compute this product from the right to obtain

Cll+ﬁ1(kl—l1)+ﬁz(7€2—l2)+m+ﬁs(’fs—ls)bll ) (3)

11
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Figure 4: Moving using ¢?b?*? and cP+4pP
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Multiplying the elements (2) and (3) of S’ we obtain

ch bil-‘ral(jl —i1)+a2(j2—i2)+---+ar(jr—ir)cll+[31 (k1—=11)+B2(k2—l2)+...4Bs (ks_ls)bll

= chtdph = cptdpp

since ¢ = i; < I; = p and using equation (1). So ¢PT4b? € S'. Since d | (j; — i1) we
can write j; — i3 = td for some t € N. Since p > i1 we have p + td > j; and therefore
iy (cPFdpp)t = =i tptdpe — cPhP. We conclude that cPbP € S’ as well. We now take

the constants ay,..., ., B1,...,0s > max{ii,..., 4 11,...,ls} to be such that
d=ai(j1 —i1) + ... +ar(fr — i) + Br(ly — k1) + ... 4 Bs(ls — ks) (4)

and we consider the following element of S’:

PP i bi1+a1(jl*il)+a2(j2*i2)+~-~+a7-(j7~*i7-)cll+ﬁ1(kl*11)+52(k2*12)+m+ﬁ5(ks*ls)bll )

Since i1 = ¢ < p = [; this element can be written as

Cpbp+(l1(j1 —i1)+(12(j2—i2)+--~+ar(jr—ir)cp+51 (kl_ll)+ﬁ2(k2_12)+~~~+ﬁs(ks_ls)bp

and it is equal to c?bPT? by equation (4). Therefore we have cPbP+4, cP+dpr ¢ S as we
wanted to show.

We are now going to prove that S'N X, = ¥, ;p where P = {(i —p) mod d :
LiNY NY, # 0} We will first show that ¥, 4 p C S’. Let cptrtudpptrivd ¢ 5 b
By definition of Y there is ¢t/ € Y N ¥, such that (i — p) mod d = r. Therefore,
since Y C S’ C My, we have ¢'bf = cprru'dpptr+v'd  Ag we have seen we can move
from ¢'b7 to cPHrrudprtrtvd yging the elements cPb?te and PP which means that
cptrtudpptrivd helongs to S, because it can be written as a product of the elements
cbptd cptdpp cipi € S’ We will now show that S'N%, C %, 4p. Let cib/ € S’ NY,.
By definition of P and by (i) in the definition of Y we have (i — p) mod d =r € P.
Since S’ C M, we have c'bp/ = cPHrHudpptrivd for some u,v > 0 and so c'b? € 8, 4 p.
We conclude that S"NY, =3, 4 p.

We now prove that S’ NS,, = Ajp,a where I = {i : ¢ < i < p— 1, €
S’ for some j}. In fact, from any element ¢’/ € S’ NS, , we can move left and right
using the elements cPbPT¢ and ¢PTbP in order to obtain the whole line A;, 4. Since
S’ C M, it follows that S" N Sy, = Arpa. We conclude that S" = FUX, 4 p UAf 4
where F' = S N1T,, is a finite set, and this implies S = Fp UF UX, 4p U A1, 4 as
required. O

6 Upper subsemigroups

In this section we consider subsemigroups whose elements are above (and on) the diago-
nal. The case where all elements are below the diagonal is again obtained by using the

anti-isomorphism .
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Lemma 6.1 Let q,p,d € Ny with ¢ <p and d > 0, and let X C Sc/m be a finite set with
1(X) =q and gcd(A(X)) = d. For any x € X there exists m € Ng such that

A‘P(w),m,d - <X>

Proof. Let S = (X) and let Y = X NU = {chrpirtdr ... cinpintdn} with ¢ = i) < iy <
... <lp;di,...,d, € N. For each j € {1,...,n} choose a; € N such that i; + a;d; > p
and d = ged(dy,...,d,) = ged(ands, ..., and,). We can take aq,...,q, to be large
enough distinct primes not appearing in the decomposition of d in prime factors. It is
well known that given numbers x1,...,2, € N, such that ged{x1,...,2z,} = d, there is
a constant k such that all multiples of d greater then k can be obtained as combinations
of x1,...,x, with coefficients in N. Let & € N be such that

{td : td > k,t € N} C {y1(c1d1) + ...+ nlandyn) : y1,...,7n € N}

Let m = p + k. We are going to prove that Agy)ma € S for any x € X. Let x € X,
i=®(x)e{q,....,pr—1}andt e Nwith i +td >m. Thentd >m—i=p+k—i>k.
Therefore we can write

td = yi(aidy) + ...+ Yn(andy,)

with v1,...,v, € N. If 2 = ¢ %t € Y then we have

Cibi—i-td — Cijbij-i-td — (Cijbi7+ajdj )’yj . (Cilbil"l‘aldl)')’l.

1<i<n

#J

If z ¢ Y then o = ¢'b’ and so we have c'b' T4 = cipi(chrpirtardi)yn  (cinpintandn)im ¢
S. O

Theorem 6.2 Let S be a subsemigroup of B such that SN U=0and SNU # (. There
exist d € N, I CNo, Fp € DN Lyin(ry, and sets S; € Ni;.q (1 € I) such that

S=Fpul S

iel

where each S; has the form
Si =F UM ;.4

for some m; € Ny and some finite set F;, and
=Lhu{r+ud:reR,uecNyr+ud>N}

for some (possibly empty) R C {0,...,d — 1}, some N € Ny and some finite set Iy C
{0,...,N —1}.

Proof. Let ¢ = «(S), Fp = SNDNL,, "= S\Fp, so that we have S = FpUS’, and let
d = ged(A(S")). Since S C (U U D) N My, letting I = ®(S’), we have S = Fp UJ,;c; Si
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where S; = S’ N A; ;4 for i € I. For any ¢ € I we can consider a finite set X; C 5" with
i € ®(X;) and ged(X;) = d and conclude, by using Lemma 6.1, that A; ,,, 4 C S for some
m; € No. If I is finite then we can take R = 0, Iy = I and N = max(I) + 1. We will
now consider the case where I is infinite. Let X = {cf1pirtdsr . cikpiktdr} C S’ such
that d = ged(A(X)), i1 > ia > ... > ip. By Lemma 6.1, there is a constant M such that
td > M implies ¢ b1 +t? € §'. Define a set R C {0,...,d — 1} by

reR < [{ieN:A;NS #0 & imodd=r}| = oo
Then there exists a constant K such that
Y eSS &i>K = (imodd) € R.
Let N = max{i1, K} and
In={i:q<i<N-1,A;NS #0}.
We claim that
I=L)yuU{r4+ud:reRuecNyr+ud>N}

The direct inclusion is obvious, as is Iy C I. Now consider an arbitrary r+ud > N, r € R.
Choose an arbitrary ¢"tvdprtvdtwd ¢/ quch that t = v —u > M/d. From td > M it
follows that ¢1birttd ¢ §' and so ¢hryirttdertvdprtvdtwd — rtudprtvdtwd ¢ G/ hecause

r+vd=r-+ud+td> N +td > i1 + td. We conclude that r + ud € I. O

Remark. In the case where I is finite (R = ), the subsemigroup can be written as a union
of two finite sets and finitely many lines all starting from the same column. Formally
there exist ¢,p,m € Ng with ¢ < p < m, finite sets Fp C DN Lq, F CS; \S;p.m and a
set I C{q,...,p— 1} such that

SZFDUFUALmJ.

7 Corollaries

In this section we use our classification of subsemigroups of B to describe which of them
are regular (and hence inverse), simple or bisimple. We use the standard semigroup
theory terminology and notation as found in [7]. In particular, it is well known that in
B we have

VLY sj=1, VW RINNei=k cVHFNSsi=k&j=I,
D=J=BxB.

We see that B is a bisimple semigroup (i.e. it has a unique D-class, the egg-box of which
is the familiar square grid used in the previous sections). Since the idempotents are the
elements in the diagonal, an element ¢’b’ has the unique inverse ¢/b’ and B is an inverse
semigroup. Hence, a subsemigroup S of B is regular if and only if it is inverse if and
only if it satisfies ¢’b’ € S = /b’ € S. Therefore we have:
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Theorem 7.1 A subsemigroup S of B is reqular (and hence inverse) if and only if it
has the form FpUX, q p where Fp is a finite subset of the diagonal and either of Fp or
P may be empty.

Given a regular subsemigroup S of B we have
L5=rBNnSx8), RI=RBN(SxS), H =HBN(Sx59) (5)
(see [7, Propositon 2.4.2]) and so we have the following:

Corollary 7.2 A D-class of a regular subsemigroup of B is either isomorphic to B or

it is a trivial group.

Proof. Using (5) we see that a D-class of a regular subsemigroup S = Fp UX, 4 p is
either a single idempotent from Fp or a set of the form X, 4, with » € P. The latter is
isomorphic to B via ¢Ptrtudpptrivd  cupy, O

To determine the simple subsemigroups of B we need the following result, proved in
[9):

Lemma 7.3 A subset of the form I, = {c'b? : 0 <i < 4,7 > p} (p € No) is an ideal of
U.

Theorem 7.4 The simple subsemigroups of B are precisely those of the forms Arp g U
Ypap and ArpqUX, g p (with non-empty P).

Proof. An upper (or diagonal) subsemigroup S is not simple since, for p large enough
the set S NI, is a proper ideal of .S; similarly, a lower subsemigroup is not simple. A
two-sided subsemigroup S of the form FpUFUA; ), 4UY, 4 p is not simple if Fp UF # ()
because in this case Ajp.qUX, 4 p is a proper ideal of S. This proves that a simple sub-
semigroup of B must be of the form Ay , qUX, 4 p or A/IEUEPJ,F. For the converse we
will now show that a semigroup S of the form Ay , 4UX, 4 p is always simple by showing
that, for an arbitrary s = ckb! € S, we have S C S'sS'. Let t = ¢'b’ € S arbitrary.
Taking a = ¢b* € S with u > max(k,j + k — 1) we have as = ¢'b*~**. Hence, with
B=cPtipP € S and v = (u—k +1 — j)/d, we have asf3® = c'bpv~kFicptvdpr = ¢, O

Theorem 7.5 A subsemigroup of B is bisimple if and only if it has the form X, 4.

Proof. Let S be an arbitrary simple subsemigroup of B. Without loss of generality as-
sume that S is of the form S = Ay, 4 U X, g p with 0 € P. If S contains two elements
a=c'b, 3 = c*b such that i —p mod d # k —p mod d then S is not bisimple. Indeed,
suppose that that a and § are D-related in S. Then there is s € S such that « RS s
and s R® (. This implies that o £B s and s R® § and so s = ¢*/. But d does not

divide k — j and so s ¢ S, a contradiction. So for S to be bisimple it is necessary that
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P = {0} and, by using Lemma 4.8, that I = {p — ud : p — ud > k} for some k > 0. Next
notice that the elements ¢?b? and P~ %P are not L-related in S because for any cFbt € S
we have [ > p and so c¢*b'cP=9bP = cFplte +£ cPbP. Suppose that cPbP DS P=dpP. Then
we would have ¢?b? £%s and s R¥cP~4bP for some s € S and therefore ¢?b? £LBs and
s RBeP=4pP which implies s = ¢~ and so cPb? £’ cP~%P, a contradiction. So for S
to be bisimple it is in fact necessary that I = () and P = {0}. Since X, 4 is isomorphic

to B it is bisimple, completing the proof. ]

We now describe two-sided subsemigroups as finite unions of semigroups.

Theorem 7.6 A two-sided subsemigroup is a finite union of copies of B and subsemi-

groups of Ny.

Proof. Assume without loss of generality that S is of the form S = FpUFUAf , ¢UYp q,p.
We have S = Uf;ol (SN Aiia) UlU,ep Ep,a,r and, since A;; 4 is isomorphic to Ny via
Abitud sy and X, 4, is isomorphic to B, the result follows. 0

We say that M is a special subsemigroup of Ny if M = {n : n > k} for some k.

Corollary 7.7 A subsemigroup of B is:

1. Regular if and only if it is obtained by adjoining successively finitely many identities

to a finite union of copies of B.

2. Simple if and only if it is a finite union of copies of B and special subsemigroups
Of No.

8. Bisimple if and only if it is isomorphic to B.

8 Computation of parameters and examples

In this section we will show how to compute the parameters that appear in our main
theorem, given a finite generating set for the subsemigroup. We will first consider two-
sided subsemigroups defined by condition 2.(7) in the main theorem and then we will
consider finitely generated upper subsemigroups defined by condition 3.(i), observing
again that subsemigroups defined by 2. (%) and 3.(ii) can be obtained from these two by
using the anti-isomorphism ~. We observe that, given a finite set X, we can determine

which kind of subsemigroup it generates:
1) (X) C D if and only if X C D;
2) (X) is a two-sided subsemigroup if and only if X NU # @) and X N U+ 0;
3) (X) is an upper (respectively lower) subsemigroup if and only if X N U # 0 and

is
XNU =0 (respectively X NU = 0 and X N T # ).
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Theorem 8.1 Let S = FpUFUA, 4UY, 4 p be a two-sided subsemigroup of B defined
by condition 2.(i) in the main theorem. Let X be a finite generating set for S. Then we
have:

(i) g =u(X), p=r(X), d=ged(A\(X));
(1)) Fp =X NDNLgy;

(iii) P={(i—p) modd: \;NX NI, #0};

M
(iv) F=|J(XNTyp) NT,, where M = (p—q+1)(p — q)/2;

i=1
(v) Defining
In={p+r—ud:re PueNop+r—ud>qtU{i: ;N (FU(XNS,,)) #0}

and the left action . : B x Ng — Ny by

dyp=] tHI=k
1 — J + k otherwise

we have
p—q

I=|JF"I.

n=0
Proof. Let ¢ = «(X), p' = k(X), d = ged(AM(X)), F, =X NDNLy and X' = X\Fp.
Then we have S = F, U(X’) and the elements of F}, act as identities in (X'). If ¢’ < p’
then X' C MqN (S, ,,UE,) and, by Lemmas 4.1 and 4.3, this last set is a subsemigroup
and so (X') € Mg N (S, UY,y), implying ¢ = ¢/, p=p'. If ¢ > p’ then analogous
reasoning gives (X') C My N (S/c,/; U X,) from which follows that p = ¢’ < p’ = ¢
which contradicts our assumption on the shape of S. So we have ¢ = ¢/, p = p’ and
then it immediately follows that Fp = Fj, = X N DN Ly = X N DN Ly. Finally, from
S =(X) C My (since My is a subsemigroup) it follows that d = d’. This proves (i) and
(ii).

We know that P = {(: —p) mod d: A,NSNXE, # 0} Let P = {(i —p) modd:
AiNX'NE, # 0}. Ttis clear that P* C P. We also have X' C Zp,d’pU(MdﬂS;’p) =T. But
T is a subsemigroup by Lemma 4.6, and so (X') = S\Fp C T. Therefore SN, CTNL,
which is equivalent to X, 4 p € X, 4 p and so in fact P = P’, proving (iii).

To prove (iv) we observe that the inclusions in Lemma 4.4 imply that A, sUX, 4 p
is an ideal of S. It then follows that the elements of F' can be obtained by forming
the appropriate products of the generators of X that belong to Ty ,. Since Ty, has
(p—q+1)(p—q)/2 elements the desired formula follows. In practice we do not need to
form all these products. Again using the fact that Ay, q U3, g p is an ideal we see that
F can be be computed by the following simple orbit algorithm:
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Xo:=XNT,,

F:=Xj

while not (FXoN1T,, C F) do
F:=FU((FX,NT,,)

od.

To prove (v) we will first show that Iy C I. Since SN (S, UX,) = ArpaUXpap is
a subsemigroup, it follows from Lemma 4.8 that {p+r—ud:r € P,u € No,p+r —ud >
q} C 1. Given ¢’V € FU(XNS,,) we can multiply this element on the right by a power
of an element of the form c?b9t% with d; > 0 (such an element must exist by definition
of ¢) in order to obtain an element in SN (A; US, ;). From this element we can obtain
the whole line A; , 4 by using the elements cPbP*? cP+4pP € T and so Iy C I.

We will now show that T'= Ay, , 4UX, 4 p is a right ideal (T'S* C T'). We know that
T is a subsemigroup, by Lemma 4.8. By the way we have defined Io we have XNS;, C T.
We also have X N¥, C T because SN, =X, qp =1 N, It remains to show that
T(XNTyp) UFp) CT. Let c*b! € T, ¢+ € (X NT,,) U Fp. Since I > i, we have
cfvicivitds = ckpitdi ¢ T, Therefore T is a right ideal. Clearly if Iy C I’ C I then
T =AppaUZpqp is aright ideal as well.

Finally we observe that, although multiplying two elements in F' we can obtain an
element in a line belonging to I'\Iy, we do not have to consider these products in order
to obtain I. If ¢'b7,cFb! € F and ¢’/ c¥b' = ¢i=IT*p! where i — j + k € I\Iy, then Iy
contains line £ and so line ¢ — j + k can also be obtained from F.I;. We conclude that I

can be obtained by running the orbit algorithm, starting from Iy:

I:= IO
while not (F.I C I) do
I.=IUF]T
od.
This algorithm must stop in no more then p — ¢ iterations because it generates a strictly
ascending chain of sets contained in {g,...,p— 1} (normally far fewer iterations are nec-
essary), concluding the proof of (v). a

We will now consider finitely generated upper subsemigroups. Let X C U U D be a
finite set such that X NU # 0 and let S = (X). As already remarked after Theorem 6.2,
we are in the case where I is finite (R = (}) in condition 3.(%) of the main theorem, and

our subsemigroup has the form
S=FpUFUA ;4.
Similarly as in the proof of Theorem 8.1 we can see that
q=uX), p=max(®(X))+1, I C{g,....,p— 1},

Fp=XNDNLy, d=ged(A(X)).
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We need to obtain the parameters F', I, and m from the generating set. Since the
elements in Fp act as identities in (X’), where X' = X\ Fp, we will assume, without
loss of generality, that Fip = () and so X = X' C S} . We will define an algorithm to
obtain these parameters that consists in forming a sequence of unions of powers of the
generating set, X, X U X2 X U X2 U X?,..., until we have a subsemigroup of the form
FUAf g For that we need a sufficient condition, that can be checked by an algorithm,
for a finite subset of a strip S, , to give us a subsemigroup of this form.

Lemma 8.2 Let Y C S , be a finite set with ged(Y') = d and It € Y for some
dy € N. Suppose that for any i € I = ®(Y") there is m; € Ny such that

Ao it AT ey, G ¢ Y.

Let m = max{m; : i € I} and F =Y N (S, ,\Sqpm)- If FF N (S, ,\Sqpm) C F and
FICI then (Y)=FUAp,,q. Moreover m is minimum such that Afm, q C (Y).

Proof. We start by showing that F'U Af,,q C (Y) = S. For any ¢ € I, we have
Nim;.a C (o™, .. ch?™i=i=) hecause any element in A; ,,, 4 can be written in the
form ¢b%(c'b™)* for some k € Ny, and u € Ny such that i + (m; — i) = m; < u <
2m; —i—d = i+ 2(m; — i) —d. We conclude that A; ;¢ C S for any ¢ € I and
therefore FF'UAf g € S with m = max{m; : ¢ € I}. It is clear that Y C F U A 1, 4,
because Y C My and I = ®(Y), and so to prove the other inclusion we just have to
show that F'U Ap,, 4 is a subsemigroup. We have F'F'N (S(’I,p\Sq’p,m) CF,FICIby
hypothesis and, since ®(F) C I, we also have ®(FF) C F.I C I and we conclude that
FF C FUA4. It is also clear that Aj  g(Arma U F) C Af g Finally, F.T C T
implies FA[,m’d - AI,m,d~ ]

Clearly, it can be checked by an algorithm whether a finite set ¥ C S;ﬁp satisfies
the conditions of Lemma 8.2; let us call such a procedure iscomplete(Y). Also, provided
that Y does satisfy these conditions, there is a straightforward procedure parameters(Y)
returning the triple (F, I,m). Given these two procedures, an algorithm to compute the

parameters F, I, m given any finite generating set X is:

Y:i=X

while not iscomplete(Y') do
Y:=YUYX

od

(F,I,m) := parameters(Y).

Note that if we are simply interested in the index set I of lines occurring in .S, we can

use a much more efficient orbit algorithm:

I:=9(X)
while not X.I C I do
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I=TUX.I
od.

We conclude the paper by presenting two examples: one of a two-sided subsemigroup

and one of an upper subsemigroup.
Example 8.3 Let S be the subsemigroup of B generated by the set
X = {Cb C4b7 ClOb13 018b24 623617}.

Then S is clearly a two-sided subsemigroup of the form S = Fp U FUA;, U X, 4 p.
From the generating set we see that Fp = {c¢b}, ¢ =4, p =17, d = 3 and P = {0,1}.
The remaining parameters have been obtained using our implementation of the above
algorithms in the system GAP (see [4]), and they are I = {4,5,6,7,8,9,10,11,12,14,15}
and

F = {47,410, 4b13, c4p16, Th13, (Thl6, (L0p13 (105161,

This subsemigroup is shown in Figure 5.
Example 8.4 Let S to be the subsemigroup of B generated by the set
X = {cb, *b'3, °b%, *0b16}.

Then S is clearly an upper subsemigroup of the form S = Fp U FUA ,, ¢ and from the
generating set we see that Fp = {cb} and d = 2. Using again our implementation in
GAP we have obtained m = 20, I = {3,5,6,10} and

F = {3013, 317, 3019, 352, 5b13, 5b17, 5b19, Sb16, ¢10p161.
This subsemigroup is shown in Figure 6.
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