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Abstract

We consider the automaticity of subsemigroups of free products of semigroups,
proving that subsemigroups of free products, with all generators having length
greater than one in the free product, are automatic. As a corollary, we show
that if S is a free product of semigroups that are either finite or free, then any
finitely generated subsemigroup of S is automatic. In particular, any finitely gener-

ated subsemigroup of a free product of finite or monogenic semigroups is automatic.

2000 Mathematics Subject Classification: 20M10

1 introduction

The notion of automatic group has recently been extended to semigroups and the basic
properties of this new class of semigroups have been established in [3]. The notion of
automatic semigroup does not correspond to a nice geometric property as in the case of
groups where being automatic is the same as having the fellow traveller property (see
[1, 2]). Nevertheless it is a natural class of semigroups where we have some interesting
computational properties, for example the word problem is solvable in quadratic time
(see [3]), and several results concerning automaticity of semigroups have been established
(see, for example [4, 7, 8, 9, 10]).

We are interested in the following general question:
When is a subsemigroup of an automatic semigroup automatic as well?

A general result concerning this problem was established in [9], where the authors
have proved the following:

Proposition 1.1 Let S be a semigroup and let T be a subsemigroup of S such that S\T
is finite. Then S is automatic if and only if T is automatic.



A description of the subsemigroups of the bicyclic monoid was obtained in [5] and, using
this description, the question above was answered (in [6]) for the bicyclic monoid and its

subsemigroups:

Proposition 1.2 All finitely generated subsemigroups of the bicyclic monoid are auto-

matic.

The question was also solved (in [3]) for free semigroups and their subsemigroups where

the following was shown:

Proposition 1.3 If F is a free semigroup and S is a finitely generated subsemigroup of

F, then S is automatic.

In this paper we extend this last result by considering subsemigroups of free products
of semigroups. We show that some subsemigroups of free products of arbitrary semi-
groups, including in particular finitely generated subsemigroups of free semigroups, are
automatic.

We start by introducing the definitions we require. Given a finite set A, which we
call an alphabet, we denote by A the free semigroup generated by A consisting of finite
sequences of elements of A, which we call words, under the concatenation, and by A*
the free monoid generated by A consisting of AT together with the empty word e. Let
S be a semigroup and ¥ : A — S a mapping. We say that A is a finite generating
set for S with respect to 1 if the unique extension of i to a semigroup homomorphism
¥ 1 AT — S is surjective. For u,v € AT we write u = v to mean that u and v are
equal as words and v = v to mean that u and v represent the same element in the
semigroup i.e. that uy = vi). We say that a subset L of AT, usually called a language, is
reqular if there is a finite state automaton accepting L. To be able to deal with automata
that accept pairs of words and to define automatic semigroups we need to define the set
A(2,8) = (AU{$}) x (AU{$}))\{(8,9%)} where $ is a symbol not in A (called the padding
symbol) and the function §4 : A* x A* — A(2,$)* defined by

Hf0=m=n

€
(a1,b1) ... (am,bm) if0<m=n

by by)oa =
(@1 am, by - bn)da (@1,51) - - (@ b)) (8, bnsn ) -+ (8,b) IO <m <n
(a1,b1) ... (an,bn)(ant1,8) ... (am,$) ifm>n>0.

Let S be a semigroup and A a finite generating set for S with respect to ¢ : AT — S.
The pair (A, L) is an automatic structure for S (with respect to ) if

e L is a regular subset of A* and Ly = S,
o I_={(o,B):a,8€ L,a=}d4 is regular in A(2,$)", and

o L, ={(a,8):,B € L,cva =}, is regular in A(2,$)" for each a € A.



We say that a semigroup is automatic if it has an automatic structure.
Given an alphabet A and a set K C AT we define

Pref(K) = {we A" :wuw' € K for some w’ € A*},
Suff(K) = {we A*:w'w e K for some v’ € A*},
Subw(K) = {we€ A" :wjwwy € K for some wy,ws € A"}

to be the sets of prefixes, suffixes and subwords of words in K, respectively.

If Sy,...,S, are semigroups with presentations (A; | R1),...,(A, | Ry) then their
free product, S = Sy *...% S, is the semigroup defined by the presentation (A; U...U
A, | R1U...UR,). Any element s € S can be identified with a sequence

81...8m (m>1)
of elements of (J;_, Sy such that,
$; €Sy = 841 ¢Sk (i=1,....m—1k=1,... n);

such a sequence we call a reduced sequence (of elements of | Ji._, Sk ). Given two elements

/

$ = 81...8m,8 = sj...s

P
Sm, 87 do not belong to a common factor Sy then the product ss’ is the concatenation

€ S, their product ss’ is the following: if the elements

of sequences and in this case we say simply that the product ss’ is the concatenation;
otherwise we have s,,, s} € Sy for some k and the product ss’ is the reduced sequence

S1 .- Sm—15055 .. s; where s, = s8] in Sk.

2 Main Result

Our main result is the following:

Theorem 2.1 Let S be a free product of finitely many semigroups. Let H be a subsemi-
group of S generated by a finite set X such that no element of X belongs to a non free
factor of S. Then H is automatic.

This result has the following equivalent formulation:

Theorem 2.2 Let S be a free product of finitely many semigroups
S=81*%...x8, «Ty x...xT,,

where Ty, ..., Ty, are free semigroups on finite sets Y1,...,Y,, respectively. Let H =<

t1,...,t; > be a subsemigroup of S where
t1,..,t1 € S\(S1U...US,).

Then H is an automatic semigroup.



Proof. Let us denote T; by S,1; fori =1,...,mand let Y = Y7 U...UY,,. Each
generator t; such that ¢; ¢ Ty U...UT,, can be written as a reduced sequence of elements
+ .
of U;nzln Sk.
li = 8i18i,2 - - - Sip(i)

with p(i) > 2. For each k € {1,...,n} we define
Ak = {kal,..., kark}

to be an alphabet in bijection with the following finite subset of Sk:

1
F, = U({Sw €Sk:j=1,...,p(0)}) U{sipu)sj1 € Sk 4,5 € {1,...,1}},
i=1
and let fy : Ay — F} be that bijection (we assume that the alphabets are disjoint). The
elements in Fj, are all those from S}, that may appear in a reduced sequence corresponding
to an element from H (here it is essential that no generator belongs to Si). They are
finitely many and each one corresponds now to a letter from Ay.
We define the alphabet
A=AU...UA, UY

and the language L C AT by

L={y1...yx: v €A U...UA,UYTU...UY},
yiEAj - yi+1¢Aj (i:l,...,kj—l;j:l,...,n),
peY = gy Yt (=1 k-Lji=1,...m)}

The bijections fi induce a homomorphism
f:AT =S

and we will now show that any element in H has a unique representative in L. Given an

element h € H it can be written as a product of the generators t1,...,¢;. Hence, when
we write h as a reduced sequence of elements of U;:lm

is either some s, ; or a product sy ,x)si,1 or belongs to a free semigroup 7. It follows
from the definition of the alphabets Ay,..., A, and from the definition of L that there

is a unique word w € L such that wf = h.

Sj: h =wui...u,, each element u;

Let v1,...,v be the unique words in L such that v,f =¢;, i = 1,...,l. Let X =
{z1,...,2;,1} be a new alphabet and p be the homomorphism defined by

pr(XU{SHT — A%z, — ;1,8 — e
We define the partial function

A:A* > LU{e}; ere,
w +— w € L if there is w € L such that w = w in S,



f
X P (X*p)NE} = H
A f
V =«
(X*p)Ne}

Figure 1: Diagram with p, f and A

which maps each word in A1 to the corresponding unique ”reduced word” in L if such
word exists. The domain of this partial function is not A* because there may for example
exist a,b € Ay, for some k, such that (af)(bf) ¢ Fj and in this case there is no word
w € L such that w = ab in S. Nevertheless, since we have

XTo\{e} ={Var -+ Yor 1 K ENja, .., € {1,...,1}},

the partial function X is defined on X Tp, and more generally, it is easy to see that it is
also defined on
Subw((XTpuU X+tp)™).

We observe that the set XTp\{e} € L C A% is in bijection with H since, given an
arbitrary h € H we have h = t, ...ts, if and only if h = (g, ...Za,)pf, and we
have already seen that there is a unique word in L representing h. Therefore, we can
identify the subsemigroup H with the set X—*p\{e} which is a semigroup, defining the
product of two words wy,wy € X+p\{e}, representing two elements s;,s, € H, to be
the word wiw, € ﬁ\{e}, which represents the element s;so € H. This semigroup
is generated by the words 71,...,7. We observe that this product may be simply the
concatenation or not, depending on the words wy,ws, but if it is not the concatenation,
it means that the last letter in w; multiplies by the first letter from wy and we have
[wiwz| = |[wiws| — 1. Figure 1 illustrates the use of our functions by showing a diagram
with the relevant subsets of their domains and ranges.
Let us consider the language K C X T defined by

K = { xa11\7a1|—1$a2 17'(a17a2)$a3 17'(%—2,%71)55% 1rlae—1,00) .

t>105€{1,...1},i=1,...,t}

where
oo ) el =1l = bl
r(i,j) = i
vl =2 if sl = bl = 1
We observe that |w| = [wp| for any word w € K. We can easily define a finite determin-

istic automaton that recognizes the language K and so K is a regular language.



We denote by H' the monoid obtained by adjoining an identity 1z to H and we iden-
tify this monoid with the monoid X+ p, obtained from the semigroup X+p\{e} defined

above, by adding the identity e. Hence, we consider X as a generating set for X *p with

respect to the unique extension of the function ¢ : X — X*p; = — zp to an homomor-
phism ¢ : X+ — X+p = H'. We will show that (X, K1) is an automatic structure for
H', where K! is the regular language K U {1} C X+,

‘We have
KL =K} =K_-U{(1,1)},

KL = K, U{(1,w)dx : w e K,wp=}.

The sets {(1,1)} and {(1,w)ds : w € K,wp = ~,;} are finite, since wWp = ~; implies

|w| = |y, and so we just have to prove that K_ and K,,, for each i, are regular
languages.
Denoting by ‘a, b, ...generic elements in A;, for wy,wy € A* we write wy > wy if

one of the following situations occur:

(wy € Pref(wsy) & wy € A*Y) or

(we € Pref(wy) & wy € A*Y) or

(w1 = w'a and wy = w bw’) for some i or
(

wy = w 'aw’ and we = w ) for some 1.

For w; <t we we define

(e, w) (wg = wrw, w1 € A*Y)

w, € w; = wow,ws € A¥Y
Rem(uy,ug) = ¢ (00 (= @AY

(‘a, tw') (w1 =waw=wbw,ic{l, ... k})

(‘aw’, ) (w; =wlaw',we =w'b,i € {1,...,k}).

Intuitively, for two words wy,ws € L we have wy <1 wo if one of the words is almost a
prefix of the other, in the sense that it may be possible to multiply the shorter word by
a word from L in order to obtain the longer word. The function Rem (which stands for
remainder) gives us the remainders of the two words: the two suffixes not belonging to
the common prefix.

The following result tells us that there is a finite set where we can store the remainders,

if we are dealing with words from our languages.

Claim 1 There is a finite set W C A* such that (wy,w2)dx € K= U (Ué:1 K,,) implies

that, for allt € N, we have w1 (t)p <1 w2 (t)p and Rem(w(t)p, w2(t)p) € W x W.

Proof. We take
N =max{|y|:i=1,...,1}

and we will prove that the result holds with

W ={w e Suff(X+p) : Jw| < N+ 1}.



Let wi,we € K and t < |wy|, |we|. By the definition of K, we can write ¢ < |w;(t)p| <
t+ N (j =1,2) and so we have

[lwi(#)p| = fwa()pl] < N.

If (w1, w2)dx € K- then wip = wap and therefore

w1 (E)p < wa(E)p.

Let Rem(wl(t)p,m) = (m1,m2) where 01,712 € A*. Since wy,wy € K C Xt we have
w1 (t)p,wa(t)p € XTp and so wy(t)p,ws(t)p € X+p. Therefore, by definition of Rem,
n1,m2 € Suff(X+p). Since |[wy(t)p| — [wa2(t)p|| < N, again by definition of Rem, we have
[l In2l < N + 1 and we conclude that (n1,72) € W x W.

Suppose now that (wy,w3)da € K,,. Then it is (w1p)y; = Wap and so

wy (t)p < wa(t)p

for any t € N. Since we have |wip| = |w1| and |wzp| = |wz| it may be |wa| = |wi| + |7i]

or |wa| = |wi| + || — 1 according to whether wipy; = (wip)vy; or not. For ¢ < |wy|

we have as above t < |w;(t)p] <t+ N (j = 1,2) and so ||wi(t)p| — |wa(t)p|| < N. For

|wi] <t < |wsa| we have

lwi (t)p| = [wip] = |wi|, t <|wa(t)p| < Jwi| + |l < |wi|+ N

and so [Jwa(t)p| — lwi(t)pl] < N. Again wi(t)p, wa(t)p € X*p, since wy,wy € K C X7,
and we have Rem(w1 (¢)p, wa(t)p) € W x W. O

From now on we assume that a set W satisfying the conditions of Claim 1 is fixed
and we will use this set to construct automata that allow us to prove the regularity of
our languages. We will prove that there is an automaton M such that K_ = £L(M) N
(K x K)dx and automata M, such that K,, = L(M;) N (K x K)dx. Let

M = (Q?B’(€7E)7l‘[”T)

where @ = W x W is the set of states, B = (X U{$}) x (X U{$}) is the alphabet, (e, €)
is the initial state, T = {(a,a) :a € Ay U...UA, U{e}} is the set of terminal states and
the transition p is the partial function from @ x B to @ defined by

(. 8) s, Rem(a(zp), Blyp)) if  alzp) = Blyp) and
Rem(a(zp), B(yp)) € W x W

for (o, 8) € Q and (x,y) € B. For i € {1,...,1} we define
Mi = (Q?B7(676)?/’l’7ﬂ)

where the set of terminal states T; is defined as follows. If v; = Jay, for some word
v, € A" then we define

T; = {(%, 'e}) : bJa = Jcin S;HuA{( R, kb%-) k£ 5HU{(e,v)}-



If v; € Y A* then we define

T; = {(*a, "av)} U{(e,7)}-

= Z1...%p, W2 = Y1...Yn, With z1,..,20,01,...,yn € X U {8}, and
(o, B), (e, 3) € W x W we write

(o, B) 222, (o, )

and we say that there is a path in the automaton from («,3) to (a’,’) labelled by
(w1, ws), if there are (ag, Bo) = (o, B), (@1, 51),- -, (an, Bn) = (/,3") € W x W such

that (ai—lvﬂi—l) (E“yl (O‘mﬂz) i = 1,...,77,
The following result, relates a path in the automata with the remainders of the pair
of words labelling the path.

Claim 2 For any wi,ws € (X U{$})T, with |wi| = |ws|, we have

(0, 8) 22 (61,62) = Rem(a(wip), Blwap)) = (61,62). (1)
Proof. We will prove this claim by induction on m = |wi| = |ws|. For m = 1 the
implication follows from the definition of u. Suppose the claim holds for words of length
u (01,62). Then we can

write w1 = wijx and wy = why where w] and w) are words of length m. We have

(w1,w2)

m and let wy,ws be words of length m + 1 with (a, 3)

(a, B) —— (wl’%) u (m,m2) and (n1,1m2) M# (01, 03) for some words 11,2 € W. By the
induction hypothesis and by definition of p it is (n1,72) = Rem(a(w}p), B(whp)) and
(01,02) = Rem(n (zp),n2(yp)). We can then write

a(wip) = w'n, m(zp) = w'oh,
B(wyp) = w'n, n2(yp) = w'oa,

for some words w’, w” € A*.

We will now show that

The equation holds trivially for 6; = e. If w’' # € the equation holds as well, since
w'f; € L. We will now consider the case where 6, # € and w’ =e. If w”’ € A*Y U {e}

then the equation clearly holds. Otherwise we have w” = w” ‘a

for some 4, it must
be 17 # € by the definition of Rem and, since w”n; € L, we have either 1, € Y A* or
m = by with i # j. Since 1, (xp) = 6; we have §; € YA* or 0, € A;A* with i # j
as well and, in either case, w6, = w”6; yielding again w”’w'6; = w"w'f;. A similar
argument shows that ww'fy = ww'hs.

Therefore we have

p)(zp) = awip)(zp) =
'm(xp) = w'w'd; = w'w'6y

a(wip) = alw
p)

(w
(w"ni)(zp) =

/
1P
w’



and

Bwsp) = Bwhp)(yp) = Bluwhp)(up) =
(w”nz)(yp) = ,w//n2 (yp> = w//w/92 = w//w/92_

Hence Rem(a(wyp), B(wap)) = (61,02) which concludes the proof of the claim. O

We will now use the two claims to prove that

K_ = L(M) N (K X K)(Sx,
K., = LM) N (K x K)dx (i=1,...,1),

by showing each of the four inclusions separately.

To prove that K— C L(M) let (w1, ws)dx € K— arbitrary. We have wip = Wap,
|w1| = |[wip| = |[wap| = |wa| and we can write w; = y1 ...y, and we = 21 ...z, with
Y1y -3 Yks 21 - -, 2k € X. Using the two claims and by definition of p we can construct

a unique path labeled by (wq,ws2),

(e;) L2 () L2, (g, ) L2, ),
with all 7;,n, € W. By Claim 2 it must be (nx, n;,) = Rem(wip, Wz2p). Since wip = Wap,
by definition of Rem we have (1, 7)) = (a,a) with a € A; U...UA,, U{e}, which means
that (w1, w2)04 € L(M).
To prove that LM) N (K x K)dx C K_ let wy,ws be arbitrary words in K such
that (w1, w2)dx € L(M). We can write wqy = y1...y, and wy = z1...2, where
Y15 Yq> 215 -+, 2 € X. So there is a path

) (Y1---Yk,21---2k) (

(e, € a,a)

in M where k = maz{q,7}, Yg+1=... =Y =241 =...=2zp =%anda € A U...U
A, U{e}. By Claim 2 and since $p = ¢, it is (a,a) = Rem(wip, wzp) which implies that
wy = we as elements of H and so (wq,ws)dx € K_.

To prove that K,, C L(M;) let (w1, w3)d4 € K,, be arbitrary. We have (w;p)y; =
wap and we write w1 = y1 ... Yk, Wo = 21 ...2, With y1,...,yx, 21, ..., 2, € X. We note
that r = |wa| = [wap| = |(w1p)vi| > [wWip| = |w1] = t. Using the previous claims and by
definition of ;1 we can construct a unique path in M, labeled by (w;$" =%, wy),

(y1,21) (y2,22)
(6,€) == (m,mh) =y (112,m5) — ..
(ylmzk) / ($7zk'+1) / ($az7") /
— n (Ukvnk) - n (nk+1a77k+1) AR ——"] (Nrs 1),

with all n;,7; € W. By Claim 2, (n,,7,) = Rem(wip,wp). If v; € YA* then, it
can be wip € A*Y and so (n,,n.) = (6,7:) € Ti, or Wip = w ¥a and then (n,,7n.) =

(*a, *ary;) € T; as well. Otherwise we have v; = Ja7y, and, since (w1p)y; = W2p, there
are three possibilities: it may be wip = w’' % and wzp = w' Jey! with b Ja = Je in
S;, and so Rem(wip,wap) = (b, Jevy]) € T;; it can also be wip = w' % (k # j) and
Wap = w' *by; and then Rem(wip, wzp) = (*, ¥y;) € Tj; finally it can be wip € A*Y



and then Rem(wip,wzp) = (€,7;) € T;. In any case (n,,1..) = Rem(wip,wzp) € T; and
so (wy,wq)dx € L(M;).

To prove that L(M;) N (K x K)ox C K,, let wy,ws € K arbitrary such that
(w1, w2)0x € L(M;). We can write w1 = y1...y, and wy = 21 ... 2, where y1,...,Yq,
21, ...,2r € X. There is a path

) (Y1--Yr,21.0-2k) (

(€€ n.n)

in M; where k = maz{q,r}, yg41 = ... = Yp = 241 = ... = 2z = $ and (n,7) € T;.
By Claim 2 we have (1,7') = Rem(wip, w2p). If 4; = Javy! then, by definition of T}, we
have either (n,n') = (%, Jev}) with JbJa = Jein Sj, or (n,7') = (*b, ¥by;) with k # 7,

or (n,n') = (&,7). In the first case we have wip = w b and Wwyp = w Jcry] for some

word w € A* and so we can write (w1p)v; = wbJay, = w ey, = Wep which means that

wyx; = wg in H. In the second case we have wip = w Ky and Wap = w kb’yi for some word

w € A* and so we can write (w1p)y; = w ¥y; = Wap and again wiz; = we in H. In the
third case we have wip € A*Y and so wap = wWipy; = W which implies wy = wyx; in
H. If we have 7; € Y A* then, by definition of T}, it may be Rem(wip, wap) = ( *a, *a~;)
or Rem(wip,wzp) = (€,7;). In the first case we have wip = w *a and wap = w Fary;

which implies that (w1p)y; = w *ay; = w ka%- = wWap and therefore wyx; = wy in H. In
the second case we have wip € A*Y and wzp = wipy; = m which implies again
wy = w1iz; in H. So in any case (w1, wz)dx € K,, and the inclusion is proved.

To conclude the proof of the theorem we observe that, since K— = L(M)N(K x K)d
and K,, = L(M;)N (K x K)§a, K_ and K,, are regular languages and so H'! is auto-

matic which implies that H is automatic. (]

3 Corollaries and Questions

We have the following consequence of our result, which concerns free products of free

and finite semigroups:

Corollary 3.1 If S is a free product of semigroups that are either finite or free then any

finitely generated subsemigroup of S is automatic.

Proof. Let S =Sy ... xS, Ty x...xT,, where Sq,...,S5, are finite semigroups and
T1,...,T,, are free semigroups. Let H be an (infinite) subsemigroup of S. Suppose that
H is generated by A = {t1,...,t} C S and, without loss of generality, that AN .S; =
{t1,...,tx} (0 < k <) . Since the semigroup U =< t1,...,t; > is a subsemigroup of S}
it is finite. Let H’ be the semigroup generated by the finite set

A = {U M UL UMy UL, U U
We observe that

AN(S1U...US,) 24 N(S1U...US,), AANS =0

10



and H\H' = U is finite. If A’ contains elements from Ss we can remove them the
same way obtaining a semigroup H” generated by a set A” that does not contain ele-
ments from S; U Sy and such that H\H" is finite. Repeating this process for every S;
that contains generators we will obtain a semigroup V generated by a set B such that
BN (S1U...US,) =0 and H\V is finite. Since V is in the conditions of the previous
theorem it is automatic. Since H\V is finite we can use Proposition 1.1 and conclude
the H is automatic. O

Corollary 3.2 Any finitely generated subsemigroup of a free product of finite semigroups

18 automatic.

Proof. This is a particular case of the previous corollary, worth stating separately. [
We say that a semigroup is monogenic if it is generated by a single element and we

have the following result:

Corollary 3.3 Any finitely generated subsemigroup of a free product of monogenic semi-

groups is automatic.

Proof. A monogenic semigroup is either free or finite and so we can use Corollary 3.1.[]

Defining a semigroup to be strongly automatic if all its finitely generated subsemi-

groups are automatic we may ask the following question:

Question 3.4 Is the free product of strongly automatic semigroups always strongly

automatic?

The answer to the same question for groups is ”yes” because we can use the Kurosh
Subgroup Theorem: If H is a subgroup of G * G5 then H is isomorphic to F * Hy * Hy
where F' is a free group, H; is isomorphic to a subgroup of G; and Hs is isomorphic to
a subgroup of G5. For semigroups it is still an open question.

By Proposition 1.2 the bicyclic monoid is strongly automatic and so we may also

consider the following question:

Question 3.5 Does Theorem 2.1 still hold if we allow generators to belong to factors

isomorphic to the bicyclic monoid?
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