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Abstract 
A number of wax models are currently in use by the oil 
industry which are based on parameters that were empirically 
determined to match available data for black oils. These data 
are often not very precise. The recently developed model of 
Coutinho is, however, based on high accuracy thermodynamic 
data. 

The paper describes how the Coutinho model can be used 
in conjunction with conventional equations of state to perform 
wax equilibrium calculations for black oils. Examples are 
given showing how well the model can predict both wax 
appearance temperature and the amount of wax precipitated at 
varying temperatures with or without n-paraffin analyses. The 
examples include the effect of pressure on live oils. 

Improved thermodynamic modelling of wax formation in 
turn allows better prediction of wax deposition rates for flow 
assurance. 
 
Introduction 
With the on-going trend to deep water developments, flow 
assurance has become a major technical and economic issue. 
The avoidance or remediation of wax deposition is one key 
aspect of flow assurance. The ability to predict wax deposition 
rates depends on a number of factors one of which is 
examined in this paper: the thermodynamic equilibrium 
between oil and wax. 

Wax is a solid phase formed from the components of the 
oil that have the highest melting points. For temperatures of 
operational interest, i.e. above ~0�C, wax consists 
predominantly of the C20+ n-paraffins. A number of 
engineering models have been proposed for calculating oil-

wax equilibria, for example the work of Won [1], Hansen et al. 
[2], Erickson et al. [3], Pedersen [4], Rønningsen et al.[5], 
Lira-Galeana et al. [6] and Pan et al. [7]. The authors of all 
these models propose a number of correlations to predict the 
key thermodynamic parameters, but there is no direct 
experimental evidence to show that the assumptions made are 
correct. Instead the authors rely on experimental data for wax 
formation from oils to validate their models, predominantly 
measurements of wax appearance temperature (WAT). 
However, in a recent survey for Deepstar, Monger-McClure 
[8] suggested that uncertainties in WAT for good modern 
measurements may be ±5�F. For older measurements the 
uncertainties can be considerably higher. Thus using data of 
this kind can only provide an approximate method to evaluate 
proposed models; it is not possible on this basis to 
discriminate in any detail between models. 

In order to put wax calculations on a firmer footing, 
Coutinho and co-workers have developed a wax model that is 
directly based on high-quality laboratory data for the 
properties of liquid and solid hydrocarbons and their mixtures 
[9,10]. The model is summarised in the Appendix. Coutinho 
went on to show that the model accurately predicts the waxing 
behaviour of diesel fuels, jet fuels [11] and crude oils [12]. 
The Coutinho model exists in two variants, the Wilson and 
Uniquac wax models. The Wilson model is simpler to apply as 
it treats the wax phase as a single solid solution of n-paraffins. 
The Uniquac model is more realistic in that it predicts that the 
wax phase splits into a number of coexisting solid solution 
phases; experimental evidence confirms this to be the case 
[13]. Both variants require the n-paraffin distribution of the oil 
to be specified; however, in cases where this is not available, it 
can be estimated from the total wax content using a method 
devised by Coutinho and Daridon [12]. The method can 
therefore make optimum use of whatever data are available for 
a particular oil. 

In order to calculate the correct equilibrium between oil 
and wax phases, it is obviously necessary to use an accurate 
thermodynamic description of the wax phase. However, it is 
equally important that to have an accurate thermodynamic 
model for the oil phase. In particular, the solution behaviour of 
the n-paraffins in the oil is a crucial controlling factor. This 
problem is usually ignored as conventional PVT modelling 
focuses on vapour-liquid equilibrium, i.e. the solution 
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behaviour of the light components on the oil. 
Up till now, the Coutinho model has not been used with 

conventional equations of state for the fluid phases. In this 
work we investigated how to do this. To characterise the oil 
for wax calculations it was split it into two distributions, one 
for the n-paraffins and one for all other components. Using 
standard correlations such as the Twu method [14] to calculate 
the critical properties, we used the SRK equation [15] to find 
the activity coefficients for the n-paraffins. The activity 

coefficient of component i0φ  can be derived from the 

equation of state fugacity coefficients as follows: 

iii 0/φφγ =      (1) 

where iφ  is the fugacity coefficient of component i  in the oil 

and i0φ  is the fugacity coefficient of the hypothetical pure 

liquid component i  at the same temperature and pressure. 
Figure 1 shows results for the n-paraffin activity coefficients 
for a typical crude oil. Coutinho and Daridon [12] have shown 
that good waxing results can be obtained by assuming the oil 
phase is an ideal solution; for an ideal solution, the log activity 
coefficients of all components are equal to zero. The figure 
shows that the equation of state deviates so extremely from the 
expected behaviour that no wax predictions are possible. A 
fundamental requirement is therefore to find a way to apply a 
conventional equation of state to give reasonable solution 
behaviour. 

Figure 2 shows the calculated activity coefficients for the 
non-n-paraffins in the same oil. The calculated values are 
reasonable. Our investigations show that the cubic equations 
(SRK and PR) will only predict reasonable solution behaviour 
for SCN cuts assigned average properties to represent all the 
constituents of an oil. Any attempt to introduce realistic 
critical properties for the n-paraffins causes the solution model 
to fail as discussed above. In order to proceed, it is necessary 
to adopt an empirical approximation. The method we propose 
is to set up a distribution of components with average 
properties to represent the non-n-paraffins; we used the Riazi 
and Al-Sahhaf correlations [16] for molecular weight and 
specific gravity followed by the Twu correlations [14] for the 
critical properties. The n-paraffins are represented by a 
component from the non-n-paraffin distribution with the same 
molar density as the n-paraffin in question. Figure 3 shows the 
resulting n-paraffin activity coefficients again for the same oil; 
using this procedure, the n-paraffins form a near ideal mixture. 

 
Applying the Model 
To illustrate the performance of the Coutinho model, Oil 3 
from the paper of Rønningsen et al. [17,18] was selected. The 
n-paraffin distribution was not measured for this sample, so 
the distribution was estimated using Coutinho and Daridon’s 
method. Figure 4 gives a comparison between the results for 
the Wilson wax models using the equation of state 
methodology described above and the ideal solution 
assumption. The experimental values for amount of wax 
precipitated are the original nuclear magnetic resonance 

(NMR) measurements quoted by Rønningsen et al. and values 
calculated by Coutinho and Daridon [12] from differential 
scanning calorimetry (DSC) traces for the same oil. The close 
agreement shows that the equation of state method is a 
practical way to proceed. 

Figure 5 compares the Wilson wax model with the 
Uniquac wax model for Oil 3. The figure marks where the 
Uniquac model predicts the formation of additional wax 
phases. The simpler Wilson model gives only one wax phase 
but otherwise the results are similar. 

In Figures 4 and 5, all the n-paraffins were individually 
included in the calculation. Usually it is desirable to reduce the 
number of components by lumping the SCN cuts into a 
smaller number of pseudocomponents. Figure 6 shows the 
result for Oil 3 using the Uniquac wax model with 15 n-
paraffin pseudocomponents. Lumping the n-paraffins causes 
the wax precipitation curve to develop ‘steps’ corresponding 
to points where a new wax phase starts to form. We believe 
that this behaviour is an artifact of the lumped model. Figure 7 
shows the effect of lumping the n-paraffins in Oil3 into 15 
pseudocomponents using the Wilson wax model. The 
predicted amount of wax precipitated and the WAT increase 
slightly but the shape of the curve remains realistic. Lumping 
the non-n-paraffins has virtually no effect on the wax 
calculations. 

The simplicity of the Wilson wax model combined with its 
stable behaviour when the n-paraffins are lumped makes it an 
excellent model for many engineering calculations. All 
subsequent examples are calculated with the Wilson wax 
model combined with above-mentioned procedure for 
applying the SRK equation to the oil phase. The Peng-
Robinson equation can also be used with very similar results. 
 
Results and Discussion 
 
Dead Oils 
The Rønningsen data are one of the largest collections of 
petroleum wax data in the public domain. It consists of wax 
precipitation curves for 13 different crude oils for which 
analyses are also reported. Figures 8-19 show the wax curves 
predicted by the model for most of the Rønningsen data apart 
from Oil 3 which has already been discussed. The 
experimental data were calculated by Coutinho and Daridon 
from the reported NMR traces for the oils; this is thought 
probably to be the most accurate way of obtaining the amount 
of wax precipitated [12]. As no measured n-paraffin 
distributions are available, it was necessary to estimate them in 
every case with the Coutinho and Daridon method. The results 
are entirely predictive; none of the calculated wax curves has 
been fitted to the data. The general agreement is excellent 
especially as the n-paraffin distributions are estimated. This 
result was already obtained by Coutinho and Daridon; the 
main difference in this work was that the oil was modelled 
with a conventional equation of state. 

To obtain the most reliable wax calculations, it is best to 
use measured rather than estimated n-paraffins concentrations. 
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However, even though modern gas chromatograms can 
determine the n-paraffin part of each SCN cut at virtually no 
extra cost, this information is seldom reported. There are only 
a few examples in the public domain. Figure 20 shows the 
calculated and experimental wax curves for Oil 6 from 
Erickson et al. [3]. The reported analysis goes to C30 and 
includes the n-paraffin components. The n-paraffin 
distribution was then extrapolated to higher carbon numbers 
assuming an exponential decay. In this example the highest n-
paraffin component is n-C55. Agreement is good apart from 
the location of the WAT. The reported value of 23�C is about 
11�C lower than the calculated value. 

WAT is the most difficult point on the precipitation curve 
to measure as it is theoretically the point where the first 
infinitesimally small amount of wax is formed. In practice it is 
only possible to detect a finite amount of wax; different 
experimental methods differ in their ability to detect small 
amounts of wax. WAT is also the most difficult point to 
calculate accurately as it is strongly influenced by the traces of 
the heaviest n-paraffins present in the oil. Bearing this in 
mind, the divergence between calculated and experimental 
WAT in Figure 20 is not surprising. At 23�C, the model 
predicts that only 0.025wt% wax will precipitate from the oil 
which may well be on the limit of detection; the true WAT 
could well be higher. 

Another example where n-paraffin content was measured 
is the oil Brut X reported by Calange [19]. The n-paraffin 
analysis goes to C40 and it was extrapolated as for the 
example from Erickson et al. Figure 21 gives the results. 
Agreement is excellent. 
 
Live oils 
A major benefit of the proposed model is that it uses an 
equation of state to describe the fluid phases. It can therefore 
be used to calculate oil-wax equilibria at elevated pressures. 
Above the bubble point, there is a two phase equilibrium 
between live oil and wax. As the pressure increases, the WAT 
also increases slightly. This  is a simple thermodynamic effect 
that an increase in pressure always shifts the equilibrium in 
favour of the denser phase, here the wax phase. 

Below the bubble point, a three phase gas-oil-wax 
equilibrium exists that must be calculated using a multiple 
phase equilibrium algorithm, e.g. the Multiflash algorithm 
discussed by Counsell et al. [20]. The phase behaviour is now 
far more complex. Besides the effect of pressure, the n-
paraffin solubility in the oil is altered by the changing 
concentrations of light hydrocarbons in the oil phase. 

There is a shortage of wax formation data for live oils. 
Recently Daridon et al. [21] reported data for two North Sea 
oils which included n-paraffin analyses. The uncertainty of 
these data is about 2K. Figure 22 shows the measured and 
calculated WATs for Oil B. The trend with pressure above the 
bubble point is well reproduced; the model results below the 
bubble point are also reasonable. The calculations are again a 
prediction and are not fitted to the data. Figure 23 shows the 
result for Oil A. The calculated trends are also in good 

agreement with the data but all predicted WATs are slightly 
high although still within the error band suggested by Monger-
McClure et al. [8]. As already remarked, WAT is very 
sensitive to the heaviest n-paraffins. To illustrate this: if the 
reported upper limit of the n-paraffin distribution for Oil A is 
reduced by a carbon number of 1 or 2, the dashed curves are 
obtained in Figure 23 which are in better agreement with 
experiment. 

Figure 24 shows the results for the live oil A-1 reported by 
Hammami and Raines [22]. The reported n-paraffin analysis 
was not consistent with the total wax content, so in this case 
we used the Coutinho and Daridon method to estimate the n-
paraffin distribution from the total wax content. The calculated 
WAT is about 3�C lower than the value found by cross polar 
microscopy (CPM) and field data, but higher than the values 
found from SDS. The SDS method is less sensitive and detects 
the point where a finite amount of wax forms. The calculated 
line for 0.16wt% wax precipitation is in close agreement with 
the SDS data. Live oils A-2 and A-10 shown in Figures 25 and 
26 are similar. For A-2 agreement is not quite so good; the 
SDS measurements correspond to 0.43wt% wax precipitation 
from the model. For A-10 the calculated WAT is 1.7�C higher 
than the CPM measurement. The SDS measurements 
correspond to 0.19wt% wax precipitation from the model. 

Rønningsen et al. report some measurements for a live oil 
(Oil 10 in [5]) as shown in Figure 27. Here there is a major 
discrepancy between experiment and the model. However, the 
experimental technique depends on measuring a discontinuity 
in pressure drop across a 1 micron filter. We expect that this 
method would not be very sensitive and could only detect the 
presence of a relatively large amount of wax. The calculated 
line for 1wt% wax precipitation corresponds with the 
measured points. 
 
Importance for Wax Deposition 
A major application of wax calculations for crude oils is flow 
assurance. Here the rate of wax deposition is the key factor. 
Industry standard methods are based on Fick's Law of 
diffusion to estimate the kinetics of the deposition process, 
(although the observed deposition rates are often inconsistent 
with the expected values for the diffusion coefficient [23]). 

In order to perform a diffusion calculation, it is necessary 
to know the underlying thermodynamic driving force towards 
equilibrium. If this is not accurately known, the calculated 
deposition rate will also be inaccurate. The driving force not 
only depends on the value of the WAT, but also on the oil-wax 
equilibrium below the WAT. The Coutinho wax model has 
been shown to give reliable predictions of wax precipitation 
over a range of temperatures; it is therefore a very appropriate 
choice for the thermo dynamic component for wax deposition 
modelling. 
 
Conclusions 
The Coutinho wax model is the only current engineering 
model for wax equilibrium calculations that is directly based 
on accurate thermodynamic data. It has been shown to predict 
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the waxing behaviour of diesel fuels, jet fuels and crude oils. 
This paper shows that the Coutinho model can be used in 
conjunction with conventional equations of state for the fluid. 
The model requires the n-paraffin distribution of the fluid, but 
if this is not available a method exists to estimate it. Using the 
Wilson version of the model, it is also possible to lump n-
paraffins into a reduced number of pseudocomponents and still 
obtain reasonable results. 

Flow assurance calculations require more than a 
thermodynamic model for wax precipitation; they also require 
a kinetic model to estimate the rate of wax deposition. 
However, accurate thermodynamics is a key requirement for 
deposition calculations as the thermodynamic driving force is 
a major factor controlling the kinetics. Developing a 
physically realistic description of the kinetics of the wax 
deposition process will be the subject of a future paper. 
 
Nomenclature 

EG  Excess Gibbs energy 
G∆  Gibbs energy change 
H∆  Enthalpy change 

n  Mole number 
N  n-Paraffin carbon number 
q  Uniquac model area parameter 

r  Uniquac model volume parameter 
R  Gas constant 
T  Absolute temperature 
x  Mole fraction 
α  Wilson model binary correction parameters 
γ  Activity coefficient 

φ  Fugacity coefficient 

λ  Wilson/Uniquac interaction parameters 
Superscripts: 
O  Oil 
W  Wax 
Subscripts: 

ji,  Component numbers 

m  Normal melting point 
tr  Solid phase transition point 
sub  Sublimation 
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Appendix 
Coutinho and co-workers have investigated the 
thermodynamics of oil-wax equilibria over a number of years 
[9,10]. In order to achieve a greater level of confidence in the 
predicted results, they have broken the problem down and 
investigated each aspect of wax formation by making use of 
high-accuracy thermodynamic data for mixtures of n-paraffins 
in both the oil and the wax phase. In this way, all assumptions 
in the model can be justified. 

There are three main factors controlling the 
thermodynamics of wax formation. These are the solution 
behaviour of the  n-paraffin molecules in the oil phase, the 
solid transition properties (normal melting point, enthalpy of 
melting, etc.) of each n-paraffin and the solution behaviour of 
the n-paraffins in the wax phase. 

Coutinho suggests that when wax precipitates from a real 
crude oil, the n-paraffins solidify to form an orthorhombic 
solid solution. Using available thermodynamic data for phase 
transitions for n-paraffins with a carbon number of 42 or more, 
the normal melting point can be correlated as: 

( )( )07194.018945.7exp63.193611263.421 −−−= NTm     (A1) 

and the enthalpy of melting as: 
( )654.127791.31000 −=∆ NHm       (A2) 

where N  is the carbon number. This leads to a Gibbs energy 
change of: 

( )1/ −∆=∆ TTHG mm        (A3) 

where T  is the absolute temperature. For n-paraffins below a 
carbon number of 42 (but above one of 8 ) the phase transition 
is more complicated. At the melting point they form a rotator 
phase. The melting temperature is again given by Equation A1 
but the enthalpy of fusion must be obtained from the following 
correlation: 

( )5391.186209.32376.000355.01000 23 +−+−=∆ NNNHm  
         (A4) 
A second solid phase transition from rotator to orthorhombic 
phase then occurs at a slightly lower temperature. The 
transition temperature is given by: 

( )( )14627.0592.6344.4exp42.13478442.420 +−−= NTtr  (A5) 
and the transition enthalpy by: 

( )814.344.72376.000355.01000 23 −+−=∆ NNNHtr   (A6) 
The Gibbs energy change is now: 

( ) ( )1/1/ −∆+−∆=∆ TTHTTHG trtrmm      (A7) 

In addition at high pressures, a small correction term should be 
added to Equations A3 or A7 which is described in [24]. 

After systematic investigation, Coutinho concluded that 
the wax phase is a solid solution of mainly n-paraffins that 
deviates significantly from ideal mixing. Using experimental 
data for solid solutions of n-paraffins, he showed that the wax 
solution behaviour could be modelled by a form of the Wilson 
equation: 

( )∑ ∑ 





−−=
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E xnRTG λλexpln/      (A8) 

where EG  is the excess Gibbs energy, R  is the gas constant, 

W
in  and W

ix  are the mole number and mole fraction of 

component i  in the wax phase and the Wilson parameters are 
estimated from: 

( )RTH isubii −∆−= ,
3

1λ        (A9) 

where isubH ,∆  is the enthalpy of sublimation of component i ; 

reference [9] details how the enthalpy of sublimation can be 
calculated. The expression for the cross-terms is: 

( )jjiiijij λλαλ ,min=        (A10) 

ijα  is a correction factor close to unity. (See below.) 

The Wilson wax model gives good results but has the 
limitation that it predicts that the wax always remains as a 
single solid solution. However, waxes consist of many crystals 
each one of which is a separate solid solution. The 
experimental evidence suggests that the range of carbon 
numbers found within a single n-paraffin solid solution is no 
more than about 5-6. In order to represent this, Coutinho 
proposed an alternative expression for the wax phase based on 
the Uniquac equation: 
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         (A11) 
where the Uniquac parameters for component i  are estimated 
from: 

1141.01.0 += Nqi        (A12) 

0672.01.0 += Nri        (A13) 

For the Uniquac model: 
( )jjiiij λλλ ,min=         (A14) 

The Uniquac wax equation predicts that the wax phase splits 
into a number of separate solid solution phases with limited 
ranges of n-paraffin carbon number. In this respect, the 
Uniquac wax model is more physically realistic. Generally the 
Uniquac model seems to give slightly more accurate results; 
compared with the Wilson model, it predicts slightly lower 
amounts of wax precipitated and slightly lower WAT. 
However, for engineering applications, the Wilson model has 
the advantage of being easier to use as it treats the wax as a 
single phase. In this work we used the correction factor ijα  in 

the Wilson model to bring the results as close as possible to 
those from the Uniquac model. The expression used was: 

jsubisubij HH ,,
71081 ∆−∆×−= −α       (A15) 

The final aspect of wax modelling is to obtain an accurate 
representation of the solution behaviour of the n-paraffins in 
the oil phase. Coutinho investigated the thermodynamics of 
liquid mixtures of n-paraffins and found that they show small 

negative deviations from ideal mixing; i.e. EG  is slightly 
negative. Originally he used the Unifac model to describe the 
oil phase; however, this model is not normally used for oil and 
gas applications. For crude oils, Coutinho and Daridon showed 
that good results can be obtained by assuming that a dead oil 
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forms an ideal solution. This assumption was also made by 
Erickson et al. In the absence of further experimental 
evidence, the ideal mixing assumption is the most practical 
way to proceed. 

An ideal solution is one for which 0=EG . By definition, 
the activity coefficient of component i  is: 









∂
∂=

RT

G

n

E

i
iγln         (A16) 

Thus for an ideal solution, all the activity coefficients are 
equal to unity. 

To apply the model it is necessary to compute the oil-wax 
equilibrium. This occurs when the activities of all n-paraffin 
components are equal in both phases: 

W
i

W
i

O
i

O
i xx λγ =         (A17) 

where superscripts O  and W  denote the oil and wax phases 

respectively. O
iγ  is obtained from the equation of state for the 

oil using Equation 1. For the wax phase, the activity 
coefficients (relative to the oil phase) are made up of the solid 
transition Gibbs energy change defined by Equation A7 plus 
the contribution from the excess Gibbs energy of the wax 
phase as defined either by Equation A8 or A11: 









∂

∂+∆=
RT

G

nRT

G E

W
i

W
iγln        (A18) 

A standard phase equilibrium algorithm is used to find the 
conditions where Equation A17 is satisfied. 
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Figure 1.  N-paraffin activity coefficients in typical waxy oil 

(SRK model, Twu correlation ) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.  Non-n-paraffin activity coefficients in typical waxy oil 

(SRK model, Twu correlation ) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.  Wilson + EOS wax model compared with ideal mixing 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.  N-paraffin activity coefficients in typical waxy oil 

(SRK model, Infochem characterisation) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.  Wilson & Uniquac + EOS wax models compared 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.  Uniquac + EOS wax model with and without lumping 
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Figure 7.  Wilson + EOS wax model with and without lumping 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 8.  Rønningsen Oil 2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 9.  Rønningsen Oil 4 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 10.  Rønningsen Oil 5 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 11.  Rønningsen Oil 7 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 12.  Rønningsen Oil 8 
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Figure 13.  Rønningsen Oil 9 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 14.  Rønningsen Oil 10 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 15.  Rønningsen Oil 12 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 16.  Rønningsen Oil 14 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 17.  Rønningsen Oil 15 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 18.  Rønningsen Oil 16 
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Figure 19.  Rønningsen Oil 17 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 20.  Erickson et al. Oil 6 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 21.  Calange Brut X 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 22.  Daridon et al. Oil B 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 23.  Daridon et al. Oil A 
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Figure 24.  Hammami and Raines Oil A - 1 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 25.  Hammami and Raines Oil A - 2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 26.  Hammami and Raines Oil A - 10 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 27.  Rønningsen et al. [5] Oil 10 
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