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ABSTRACT 

 
In the last years we have attended to the development of a kind 
of web-based educational systems, Adaptive Hypermedia 
Systems, which are able to adapt their contexts and 
presentations according to the student’s background knowledge, 
goals and preferences. This paper describes the analysis and 
design stages for transforming a web-based courseware in Plane 
Geometry into an adaptive course.  Special emphasis to the 
domain model and the student model is given. The domain 
model is divided into two components: the cognitive model for 
knowledge representation and the course model for course 
representation. The cognitive model embodies both the 
conceptual and procedural knowledge. The former is 
represented through concept hierarchies. The latter relies on the 
van Hiele model of geometrical thinking. The course model is 
represented through three-layered structure: the goal layer, the 
topic layer and the resource layer. The last one represents 
learning activities related to each course’s topic, such as: 
explanations, examples, simulations, etc.  An overlay model 
represents the student model. We describe how these 
representations of the domain and the student model allow to 
adapt the course structure and contexts taking in account the 
student’s learning needs.  
Keywords: adaptive hypermedia systems, knowledge 
representation, van Hiele model, geometrical reasoning, domain 
model, and student modeling. 
 

1. INTRODUCTION 
 
The Web-based courseware in Plane Geometry [2] was planned 
for math students of the University of Aveiro and corresponds 
to one of the disciplines that compose the curriculum of the 
B.Sc. of Teaching of Mathematics. It includes the course index, 
a glossary of terms, animations, dynamic theorem’s proofs, 
simulations, etc.  
The referred Web-based courseware was initially oriented for 
established on-campus audience, but taking into account that 
the web diffusion makes it usable by a wider variety of users, 
with completely distinct knowledge backgrounds, goals, 
comprehension levels and scholarship aptitudes we start its 
transforming into an Adaptive Hypermedia System (AHS).  
An AHS is a hypermedia system that builds a model of goals, 
preferences and knowledge of each student, and use this model 
throughout the interaction with the student to adapt itself to 
his/her learning needs. A more extended discussion of such 
systems can be found in [3]. 
Most domains dealing with graphical entities such as Geometry 
benefit from multimedia based content representation. Sounds, 

animated pictures, and videos give rise to sophisticated graphic 
environments that are excellent for simulations of geometric 
constructions, proofs, etc.  On the other hand, an adaptive 
course makes possible that all these multimedia resources can 
be adapted to the user’s learning needs, thus being able to be 
used by a much wider variety of users.  
The keys for adaptation in AHS are the domain model and the 
student model.  The domain model represents the knowledge 
about the subjects to be learned and serves as the base for 
structuring the hypermedia contents. The student model stores 
information about the user’s knowledge, goals, preferences, etc. 
The system uses the information stored in both models to 
implement adaptive algorithms and techniques. 
Student modeling [9] is the process of creating and updating a 
student model. Without a student model a computer-based 
learning system will perform in exactly the same way for all 
users, since there is no basis for determining otherwise.  
The aim of this paper is to give a brief exposition of the analysis 
and design stages for transforming a web-based courseware in 
Plane Geometry into the Geometry Intelligent Adaptive System 
(GIAS). Our goals are to generate different course views in 
Geometry based on the same knowledge representation for 
students with different goals and knowledge, and to change the 
course navigation and context dynamically according to the 
student’s performance.  
Due to the complexity of the geometric knowledge 
representation, in this paper we give special attention to the 
domain representation, which has an intrinsic connection with 
educational psychological and cognitive science research. 
The paper is organized as follows. First, the system architecture 
that supports the course is presented. Section 3 provides a 
detailed exposition of the domain model, which explicitly 
separates the knowledge representation from the course 
representation. Section 4 describes the student model. Finally, 
conclusions and future work are outlined. 
 

2. SYSTEM ARCHITECTURE 
 
System architecture has been developed to support the   
adaptation of the course. The basic components of GIAS are 
shown in figure 1 and described below: 

 
� Domain model (DM): it represents information related to 

the course subject matter. To include multiple course views 
on the same knowledge, it is divided into two components: 
the cognitive model for knowledge representation and the 
course model for course representation. The former 
embodies both the declarative (concepts) and the 
procedural (skills) knowledge. The latter is supported by a 



 

 
 

three-layered course representation: the goal layer, the 
curriculum layer and the topic layer. The topic layer has 
associated a set of different types of learning activities such 
as explanations, exercises, proofs, simulations, diagnostic 
tests and problem solving, which are supported in different 
multimedia resources.  

 
FIGURE 1.  System Architecture 

 
� Student model (SM): it records all the necessary information 

about the student to make possible a personalized 
instruction. This information includes a repository of system 
beliefs about the student’s domain knowledge, personal 
information (profile) including the student goals and 
preferences, and a history describing how well (s)he is 
performing on the material being taught. For each student 
his/her own student model is instanced. 

� Instructional Module (IM): it is the component of the 
system that decides about the adaptive actions, based on the 
information stored in the student model and in the domain 
model. IM makes decisions about how and what to adapt, 
implementing a rule-based reasoning. Specifically, the IM 
executes the following main processes: course generation, 
adaptive annotation and topic generation.  

2.1 Typical Course’s Scenarios 
� A new student: the system requests each new student to fill a 

registration form to collect her/his personal data, learning 
goals and preferences. To acquire the student beliefs about 
the domain knowledge a diagnostic test should be answered. 
According to the results of the diagnostic test, the student is 
classified into three levels of expertise (how much (s)he 
knows/doesn’t know the geometric concepts) and into five 
levels of geometrical thinking (see 3.1.2 for more details). A 
new student model is created. After that, the IM generates 
an individual course structure for the student based on 
his/her classification, learning goals and preferences. Then a 
welcome page is returned that lets the student to proceed 
with the main course page.  

� A registered student: after entering his/her log-in 
information, the IM recovers his/her student model and 

then executes the adaptive processes over the individual 
course structure to send back the main course page with 
the adaptive link annotations [3], [11]. The student may 
navigate freely trough all course topics, inclusive trough 
those ones for which link annotations indicate that are not 
ready to be visited. When a student gets a topic, the IM 
executes rule-based processes to generate the topic 
contexts according to the information recorded in the SM. 
The system automatically states in the SM that the student 
has visited this topic. When the student answers to the 
questions associated to a topic, the beliefs about his/her 
knowledge of the outcomes concepts/skills of this topic are 
updated and propagated, and consequently the course 
structure and the links annotations can be changed. During 
the course session, a student can always visualize his/her 
model. 

 
3. THE DOMAIN MODEL (DM) 

 
As it was stated before, the DM is divided into two interrelated 
components: the cognitive model for knowledge representation 
and the course model for course representation. 

3.1 The Cognitive Model 
One of the most complex tasks in instructional design [12] is to 
model the cognitive structure, i.e., to identify what type of 
knowledge is there, and how it is structured and interrelated. 
The choice of suitable knowledge representation is guided by 
the nature of the discipline’s subject matter, the various 
learning’s level as well as the nature of the course to be 
implemented. Since our fundamental objective is the 
implementation of different individual courses based on the 
student’s learning goals and preferences, the cognitive model 
must represent all knowledge types in order to support a more 
conceptual, more practical, or more theoretical course. 
GIAS’s cognitive model relies on the Anderson distinction [1] 
about two basic knowledge types: declarative (conceptual) and 
procedural, related to the domain of geometry.  Hiebert and 
Lefevre [7] state that the crucial characteristic of conceptual 
knowledge lays in the rich relationships between the specific 
pieces of information that it contains. This may be considered as 
a well-connected web of knowledge, accessing and detaching 
information flexibly. In contrast, procedural knowledge can be 
characterised as a form of sequential knowledge, constructed in 
a succession of steps. 

3.1.1. Representing Conceptual Knowledge 
The cognitive complexity of Geometry is based on its dual 
nature. Geometry studies the physic space with geometric 
figures, their properties and interrelations.  On the other hand, 
like mathematical science, Geometry relies on an axiomatic 
system, that may be used as a base for deductive reasoning. [5] 
Taking into consideration the dual nature of Geometry we 
represent the geometric declarative knowledge into two inter-
related representations: object representation to describe the 
geometric objects, its properties and relationships and axiomatic 
representation to describe definitions, assumptions, postulates, 
theorems, and other math knowledge items. 
In the object representation the basic knowledge item is a 
geometric object, which can be described through two kind of 
properties: (1) qualitative properties: to describe geometric 
object as a physics entity, which may be composed by other 
primitive objects; (2) quantitative properties: to describe 
quantitative measurements of the objects. On the other hand, the 
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basic knowledge items in the axiomatic representation are 
definitions, postulates, assumptions and theorems.  

 
FIGURE 2.  Conceptual Knowledge Representation 

For example, a triangle is composed by 3 sides, so a triangle’s 
qualitative property can be: its 3 sides, a quantitative property 
can be:  its perimeter.  
The choice of knowledge representation depends on the nature 
and the type of knowledge to be stored. We represent the 
geometric conceptual knowledge using concept hierarchies. 
Concept hierarchies organize concepts in hierarchical forms, 
which helps expressing knowledge and concept relationships. 
We have organized these hierarchies along four dimensions: 
aggregation, pre-requisite, abstraction and analogy.  
Into the aggregation dimension different groups (clusters) of 
relevant qualitative/quantitative properties can be defined to 
provide different views of a same geometric object. For 
instance, the concept of an equilateral triangle as having three 
congruent sides and three congruent angles can be represented 
through two different clusters, making possible to analyse it in 
two ways: according its sides or according its angles.  These 
clusters are depicted as arcs. 
For instance, in Figure 3, refinements of polygons, such as 
triangles and refinements of triangles, such as equilateral 
triangles are exemplified. On the other hand, the polygon’s 
aggregation parts are clustered according to its sides or its 
angles. A triangle fixes a polygon’s property, i.e., it is a polygon 
with  “3 sides”. Similarly, an equilateral triangle is a triangle 
with “3 congruent sides”. 
For instructional objectives, these concept hierarchies can be 
traversed along any dimension: pre-requisite, aggregation, 
abstraction or analogy. Indeed, the instructional processes can 
traverse the aggregation dimension to teach first about each 
component of a concept and then teach how to combine them 
into a whole. In the same way these processes can traverse the 
abstraction dimension to move from more specific concepts to 
more abstract or in the opposite direction from more abstract to 
more specific. Similarly, these can traverse the pre-requisite 
dimension to compose the curriculum sequence or to move in 
opposite direction, for remedial proposals. Finally, and due to 
the dual nature of Geometry, these can move trough the analogy 
dimension to obtain another point of view (more visual or more 
symbolic) about a same concept, helping students to develop 
their conceptual knowledge by connecting visualization and 
symbolism.   
 
 
 

FIGURE 3. Fragment of the abstraction and aggregation 
hierarchies corresponding to an equilateral triangle.  

3.1.2. Representing Procedural Knowledge 
In addition to the conceptual knowledge representation, the 
cognitive model embodies also the procedural knowledge, 
which is used essentially for problem solving. 
In GIAS, the procedural knowledge representation relies on the 
van Hiele Model of the geometrical thinking [10]. In this 
model, the geometric concepts are learned through a hierarchy 
of five levels of thinking: (level 1): recognition – figures as a 
whole versus components; (level 2): analysis – figures by their 
properties, the students start to discover properties/rules of 
whole class of figures, (level 3): informal deduction – the 
student logically interrelates previously discovered 
properties/rules by giving or following informal argument; 
(level 4): deduction - the roles of the elements of an axiomatic 
system and of deduction are understood; (level 5)  rigor – the 
comparison of various deductive systems can be undertaken. 
Progress from one level to the next ones involves five 
instructional phases: information, guided orientation, 
explicitation, free orientation and integration. 
Thus, the procedural knowledge in the GIAS’s cognitive model 
is represented into a hierarchy of these five levels of 
geometrical thinking. For each of these levels a set of skills is 
associated. Between skills pre-requisite and aggregation 
relationships are defined.  
3.1.3. The Cognitive Model and the Cognitive Processes 
Let us put a simple question:  “Which of these figures is an 
equilateral triangle? Explain it.”  To answer this question 
correctly the student must know the concept “equilateral 
triangle” as a particular case of a more abstract one - triangle. 
Otherwise, he/she must have the ability to analyze geometric 
figures by their properties, i.e., (s)he must be in the second level 
of geometric development. 
This example shows that, the representation of conceptual and 
procedural knowledge makes possible the cognitive diagnosis 
of two pedagogical aspects of the student: his/her current level 
of knowledge (how good does (s)he know or (s)he doesn’t know 
the geometric concepts) and his/her current level of geometrical 
thinking (how much skill has (s)he developed in Geometry 
according to the van Hiele levels). 
Note also that Geometry involves three kinds of cognitive 
processes: (1) visualization; (2) construction;  (3) reasoning to 
discursive processes (using natural speech for argumentation 
and deductive reasoning). As Duval states in [6] all these three 
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processes are closely connected and their synergy is cognitively 
necessary for proficiency in Geometry. 
Based on the proposed cognitive model, GIAS can accomplish 
more efficiently these cognitive processes. Evidently, 
visualization and construction processes are supported mostly 
by the object representation. On the other hand, deductive 
reasoning is more related with the axiomatic knowledge 
representation. Finally, these three cognitive processes are 
supported by the procedural knowledge representation, based 
on the van Hiele model. 

3.2 The Course Model 
As it is shown in the figure 4 we represent the Geometry course 
into a three-layered model:  

FIGURE 4. The Course Model 
 

(1) the goal layer: it includes the goals of the educational 
process.  Each learning goal is associated with a weighted 
list of topics. Achievement of these goals is supported by 
the learning activities included in the topics. 
 For example, an instructional goal for Plane Geometry 
course for secondary school children may be “to recognize 
and represent 2D shapes from different perspectives”.  

(2) the topic layer:  it consists of a set of course’s topics. Each 
course topic may have associated a weighted list of outcome 
concepts/skills, which the students must acquire when 
he/she finishes studying this topic. For knowledge 
acquisition a set of learning activities is associated to each 
topic.  Between the topics aggregation relationships are 
defined to warrant the curriculum’s sequence.  

(3) the resource layer: it is composed by different types of 
learning activities related to each course’s topic, such as: 
(1) activities to explain the new concepts:  explanations; (2) 
activities to exemplify the new concepts: examples, 
simulations; (3) activities to support the cognitive 
processes: problem solving, theorem proofs; (4) activities to 
help, to critic or to coach the student: helps, advisors, etc; 
(5) activities to evaluate the knowledge: diagnostic tests, 
exercises. These activities are named learning resources. 
Each learning resource is described by the following 
attributes:  (1) Resource ID; (2) Description; (3) Topic; (4) 
Activity type; (5) Resource type: text, image, animated 
image, animated image with voice, video, etc.; (6) Difficulty 

Level: low, medium, high; (7) Thinking level: 1-5 van 
Hiele’s level; (8) Concept/skill list.  

The process of acquisition of conceptual knowledge is different 
to the process of acquisition of procedural knowledge. For the 
former, teaching of the concept requires the presentation of 
activities explaining this concept and tests for evaluating the 
acquisition. For the latter, geometric thinking skills involves 
more exercises and problem solving.  
Obviously, different learning resources may support a same 
learning activity. These resources are discriminated according 
to its type, difficulty level and thinking level. The choice of the 
optimal learning resource for each learning activity depends on 
the knowledge level and preferences of each student.  
For example, a geometric theorem proof can be supported by a 
static text that describes this proof, or by an animated image 
with voice that explains this proof step by step. For a student 
who prefers visual representation, this proof should be 
presented as an animated image with voice. On the contrary, for 
a student who prefers verbal presentation the proof should be 
presented as a text. Finally, for a student, with a Van Hiele level 
lower than 2 a theorem proof should not be presented.  Several 
studies [8] recommend that students with a Van Hiele level 
lower than 2 should not be placed in a proof-oriented course 
and those with a level higher than 2 (and possible even with 
level 2) should not be placed in a course without proof. 
Whenever it is possible, we include links to those resources that 
were not selected during the topic generation. GIAS is based in 
a free navigation style, i.e., when a topic is generated, those 
optimal resources, that are more adequate to the student’s 
preferences and knowledge, are automatically presented, but the 
student has free access to another resources.  

FIGURE 5.  An UML Class Diagram  
 
The figure above corresponds to a simplified class diagram of 
the entities and relationships that compose the course model. 
Following the aggregation relationships it is easy to see that the 
course’s curriculum is composed by topics, learning resources 
composes each topic. On the other hand, each learning goal is 
associated to many topics and each topic includes a weighted 
list of outcomes concepts/skills. 
The IM uses the information stored in the DM together with the 
information recorded in the SM to generate an individual course 
for each student. For this purposes three main rule-based 
processes are implemented: (1) course generation; (2) adaptive 
annotation; (3) topic generation.  A brief description about 
these processes is given next: 
(1) Course generation: it is carried out when a new student 

requests a Geometric course or automatically when a 
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student has finished the proposed course, and then the 
system should propose to go on to a more advanced level. 
Based on the goals selected by the student and the student’s 
knowledge level GIAS generates a personalized course for 
each student. 

(2) Adaptive link annotation: it takes place whenever the 
system updates the beliefs about the student’s knowledge. 
We use traffic lights metaphor, similar to those used in 
ELM-ART[13], Interbook [3] to annotate links visually:  a 
green arrow  indicating that a topic is suggested to be 
visited, a red arrow indicating that a topic is not ready to be 
visited, and a yellow arrow indicating that a topic has been 
visited already. A student is ready to visit a topic when all 
the pre-requisite concepts/skills of the all outcomes 
concepts/skills are inferred as acquired.  A concept/skill is 
inferred as acquired when its system beliefs reach a value 
superior to a threshold previously defined.  

(3) Topic generation: it is realized in two stages: (1º) to select 
the optimal types of learning activities to include in this 
topic; (2º) by each learning activity, to select the optimal 
learning resources that will be presented.  

 
4. THE STUDENT MODEL 

 
The student model (SM) is intended to provide information 
about the individual student who is using the adaptive system. 
The system uses the SM to support personalized learning. 
Student modeling is the process of creating a student model [9] 
and it constitutes a complex task requiring complex diagnosis 
algorithms.  
The SM in GIAS is represented by an overlay model, in which 
the student’s knowledge is considered to be a subset of the 
domain’s knowledge.  
The process of building a student model involves the definition 
of a set of dimensions: (1) Target - Who is being modeled? An 
individual student or a group of students); (2) Propose - What is 
the SM used for? For diagnostic, for prediction; (3) Information 
– What kind of information is stored? (4) Representation - How 
is the SM modeled?  
Following the dimensions above mentioned we describe the 
GIAS’s SM: 
(1) Target: individual student, for each student is instanced his 

own student model.  

(2) Propose: actually we use the student model for diagnostic, 
to infer the beliefs about the knowledge level given the 
student’s responses to the diagnostic tests.  

(3) Information:  it is divided into three components:  
i.  the profile model - it stores personal information about 

the student such as name, age, scholarships, as well as 
his/her learning goals, learning styles [7]; 

ii. the cognitive overlay- it records the system beliefs of the 
student knowledge about the domain cognitive model 

iii. the course overlay: it stores the information gathered by 
the system about the student’s interaction with the course 
such as: the current states about the individualized course 
structure (how many times each topic has been visited, the 
topic’s system beliefs, etc), the student’s performance in 
the diagnostic tests and exercises, etc. 

As it was stated before, taking in account the beliefs 
recorded into the cognitive model, the student is classified 
into 3 levels of expertise: novice, intermediate, expert 
(Expertise Level) and into the 5 levels of Van Hiele model 
of geometrical thinking (Thinking Level). This information 
is summarized into the cognitive overlay and is specially 
used by the IM during the topic contents generation. 

(4) Representation - due to the complexity and vagueness of the 
notion of “a student has/hasn’t acquired a concept/skill” we 
choice the Bayesian Networks to represent our SM. 
Bayesian Networks provide a rigorous formal approach to 
student modeling in contrast to ad-hoc approaches and to 
others techniques from the reasoning under uncertainty, 
such as neural networks, the Dempster-Shafer theory, fuzzy 
logic, etc. We leave the details about the Bayesian Student 
Model for future works. 

The user modeling includes three processes:  
(1) Acquisition - how is the SM acquired?  
(2) Updating – how is the SM updated when new 

evidences arrive? 
(3) Propagation – when does a new updating take place, 

which propagation mechanisms are fired to draw all 
the consequences resulting from this updating?  

The profile model is acquired explicitly inquiring the student. 
The acquisition of the prior knowledge is realized through a 
diagnostic test.  Since we represent the SM using a BN, the 
updating and propagation processes implement the algorithms 
for propagation of evidences developed into the BN framework. 
In GIAS evidences are the student’s answers to the diagnostic 
tests and exercises.  We have developed a prototype of the 
adaptive diagnostic tests for Geometry courseware. The results 
obtained are described in [4].  
The IM can consult each instance of the SM for accessing to the 
current state about the student in order to adapt the course to the 
his/her needs. Also, the same student can always browse his/her 
own model during the course’s session.  
 

5. CONCLUSIONS AND FUTURE WORK 
 
In this work we have described the analysis and design stages 
for transforming a web-based courseware in Plane Geometry 
taking in consideration our main goal: to generate different 
course views in Geometry based on the same knowledge base 
for students with different backgrounds, goals and preferences 
knowledge. In order to reach this goal the domain model 
explicitly separate the knowledge representation of the course 
representation. The knowledge representation uses concept 
hierarchies, which constitute useful tools for cognitive 
processes. 
Particularly important, in the design of any AHS, is the 
possibility of developing accurate models of individual students 
to support personalized learning. Future research will focus on 
the Bayesian student model, and the implementation of learning 
algorithms for adjusting the parameters of this model.  
Actually, a GIAS’s prototype is being implemented.   
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