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Monoidal topology

Monoidal topology

Monoidal topology (MT) is a branch of categorical topology.

MT is based in a monad (T) and a quantale (V ).

MT studies the category (T,V )-Cat of generalized topological
structures and their respective structure-preserving maps.
Examples of (T,V )-Cat include the categories
Set (sets),
Ord (preordered sets),
Met (premetric spaces),
ProbMet (probabilistic metric spaces),
Top (topological spaces),
App (approach spaces),
Cls (closure spaces),
Clns (closeness spaces).
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Monoidal topology

Change-of-base functors

Given a lax homomorphism of quantales V1
ϕ−→ V2, there exists

the change-of-base functor (T,V1)-Cat
Bϕ−−→ (T,V2)-Cat.

This technique gives rise to the following pairs of functors:
Ord −→ Set −→ Ord,
Met −→ Ord −→Met,
ProbMet −→Met −→ ProbMet,
App −→ Top −→ App,
Clns −→ Cls −→ Clns.
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Monoidal (co)nuclei

Quantic (co)nuclei

Quantic (co)nuclei provide a convenient technique to obtain quo-
tients of quantales (subquantales).

Theorem 1

Every quantic (co)nucleus V
h−→ V gives rise to a quantale Vh =

{u ∈ V | h(u) = u} and also a quantale homomorphism V
h−→ Vh

(Vh
h−→ V ). Every surjective (injective) quantale homomorphism can

be represented in this form.

Theorem 2 (Quantale representation theorem)

Every (unital) quantale V has a semigroup (monoid) S and a quantic
nucleus j on the free quantale P(S) over S such that V ∼= P(S)j .
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Monoidal (co)nuclei

Monoidal (co)nuclei

(Unital) quantic (co)nuclei are lax quantale homomorphisms.

A (unital) quantic (co)nucleus h, compatible with the monad T,

gives the change-of-base functor (T,V )-Cat
Bh−→ (T,V )-Cat.

This talk presents the monoidal analogue of Theorem 1, replac-
ing the quantale V with the category (T,V )-Cat, and calling
a compatible quantic (co)nucleus monoidal (co)nucleus.

Based in the developed technique of monoidal nuclei, we show
a monoidal analogue of the quantale representation theorem.
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Quantale-valued relations

Quantales

Definition 3

A quantale V is a
∨

-semilattice, equipped with an associative binary

operation V × V
⊗−→ V (multiplication) such that v ⊗ (

∨
S) =∨

s∈S(v ⊗ s) and (
∨
S)⊗v =

∨
s∈S(s⊗v) for every v ∈ V , S ⊆ V .

Definition 4

A quantale V is unital provided that its multiplication has a unit k .
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Quantale-valued relations

Quantale-valued relations

Definition 5

Given a unital quantale V , V -Rel is the category, whose objects are

sets, and whose morphisms are V -relations X �r //Y , which are

maps X × Y
r−→ V . The composition with a V -relation Y �s //Z

is defined by (s · r)(x , z) =
∨

y∈Y r(x , y)⊗ s(y , z). Given a set X ,
the identity morphism 1X on X is provided by the V -relation

1X (x , y) =

{
k , x = y

⊥V :=
∨
∅, otherwise.

A V -relation X �r //Y has the converse V -relation Y �r
◦
//X ,

which is defined by r◦(y , x) = r(x , y).
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Quantale-valued relations

Maps as relations

Proposition 6

1 There exists a functor Set
(−)◦−−−→ V -Rel, which takes a map

X
f−→ Y to the V -relation X �f◦ //Y given by

f◦(x , y) =

{
k, f (x) = y

⊥V , otherwise.

2 If k 6= ⊥V , then (−)◦ is a non-full embedding.

For the sake of simplicity, we will identify a map X
f−→ Y and its

respective relation X �f◦ //Y , employing the notation f for both.
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Monoidal topology

Lax extensions of functors

V -Rel is a quantaloid, in which
∨

on hom-sets are given by the
pointwise evaluation of maps.

Definition 7

Given a functor Set T−→ Set, a lax extension T̂ of T to V -Rel takes

a V -relation X �r //Y to a V -relation TX �T̂ r
//TY such that

1 r 6 s implies T̂ r 6 T̂ s for every V -relations X
�r //�
s
// Y ;

2 T̂ s · T̂ r 6 T̂ (s · r) for every V -relations X �r //Y �s //Z ;

3 Tf 6 T̂ f and (Tf )◦ 6 T̂ (f ◦) for every map X
f−→ Y .
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Monoidal topology

Lax extensions of monads

Definition 8

Given a monad T = (T ,m, e) on Set, a lax extension T̂ = (T̂ ,m, e)
of T to V -Rel consists of a lax extension T̂ of T to V -Rel such that
T̂ T̂

m−→ T̂ and 1V -Rel
e−→ T̂ are lax natural transformations, i.e.,

TTX
mX //

_T̂ T̂ r
��

6

TX

_ T̂ r
��

TTY mY

// TY

and X
eX //

_r

��

6

TX

_ T̂ r
��

Y eY
// TY

for every V -relation X �r //Y .
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Monoidal topology

(T,V )-categories

Let T̂ be a lax extension of a monad T.

Definition 9

A (T,V )-category is a pair (X , a), comprising a set X and a V -

relation TX �a //X such that

TTX
mX //

_T̂ a
��

6

TX

_ a

��

TX �
a
// X

and X

1X

6

!!

eX // TX

_ a

��

X .
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Monoidal topology

(T,V )-functors

Definition 10

A (T,V )-functor (X , a)
f−→ (Y , b) is a map X

f−→ Y such that

TX
Tf //

_a

��

6

TY

_ b
��

X
f
// Y .

(T,V )-Cat is the construct of (T,V )-categories and (T,V )-
functors (skipping T in the notations for the identity monad).

Examples of (T,V )-Cat are the categories Ord (preordered
sets), Met (premetric spaces), ProbMet (probabilistic metric
spaces), Top (topological spaces), App (approach spaces).

On monoidal (co)nuclei and their applications Sergejs Solovjovs Brno University of Technology 14/51



Introduction Preliminaries Monoidal nuclei and conuclei Examples Conclusion References

Monoidal topology

(T,V )-functors

Definition 10

A (T,V )-functor (X , a)
f−→ (Y , b) is a map X

f−→ Y such that

TX
Tf //

_a

��

6

TY

_ b
��

X
f
// Y .

(T,V )-Cat is the construct of (T,V )-categories and (T,V )-
functors (skipping T in the notations for the identity monad).

Examples of (T,V )-Cat are the categories Ord (preordered
sets), Met (premetric spaces), ProbMet (probabilistic metric
spaces), Top (topological spaces), App (approach spaces).

On monoidal (co)nuclei and their applications Sergejs Solovjovs Brno University of Technology 14/51



Introduction Preliminaries Monoidal nuclei and conuclei Examples Conclusion References

Monoidal topology

(T,V )-functors

Definition 10

A (T,V )-functor (X , a)
f−→ (Y , b) is a map X

f−→ Y such that

TX
Tf //

_a

��

6

TY

_ b
��

X
f
// Y .

(T,V )-Cat is the construct of (T,V )-categories and (T,V )-
functors (skipping T in the notations for the identity monad).

Examples of (T,V )-Cat are the categories Ord (preordered
sets), Met (premetric spaces), ProbMet (probabilistic metric
spaces), Top (topological spaces), App (approach spaces).

On monoidal (co)nuclei and their applications Sergejs Solovjovs Brno University of Technology 14/51



Introduction Preliminaries Monoidal nuclei and conuclei Examples Conclusion References

Change-of-base functors

Lax homomorphisms of quantales

Definition 11

A lax homomorphism of unital quantales (V ,⊗, k)
ϕ−→ (W ,⊗, l) is

a map V
ϕ−→W such that

1
∨
ϕ(S) 6 ϕ(

∨
S) for every S ⊆ V ;

2 ϕ(u)⊗ ϕ(v) 6 ϕ(u ⊗ v) for every u, v ∈ V ;
3 l 6 ϕ(k).

The first condition is equivalent to ϕ being order-preserving.
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Change-of-base functors

Lax homomorphisms and relations

Theorem 12

Every lax homomorphism of unital quantales V
ϕ−→ W provides a

lax functor V -Rel
ϕ−→W -Rel defined by ϕ(X �r //Y ) = X �ϕr //Y ,

where ϕr is the composition of the maps X ×Y
r−→ V and V

ϕ−→W .

Lemma 13

Given a lax homomorphism of unital quantales V
ϕ−→ W , maps

X
f−→ Y , W

g−→ Z , and V -relations Y �r //Z , U �s //X ,

f 6 ϕf , f ◦ 6 ϕ(f ◦), ϕ(g◦ · r · f ) = g◦ · ϕr · f , f · ϕs 6 ϕ(f · s).

If ϕ is a homomorphism, then the three inequalities are equalities.
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Change-of-base functors

Compatible lax homomorphisms

Definition 14

Given lax extensions T̂ and Ť of a functor T on Set to the cate-
gories V -Rel and W -Rel, respectively, a lax homomorphism of unital
quantales V

ϕ−→W is said to be compatible with T̂ and Ť provided
that Ť (ϕr) 6 ϕ(T̂ r) for every V -relation r , which means

V -Rel T̂ //

ϕ

��

6

V -Rel
ϕ

��

W -Rel
Ť
//W -Rel.

ϕ is strictly compatible if the above inequalities are equalities.
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Change-of-base functors

Change-of-base functors

Theorem 15

Let T̂, Ť be lax extensions of a monad T on Set to V -Rel, W -Rel.
1 A compatible lax homomorphism of unital quantales V

ϕ−→ W

induces a functor (T,V )-Cat
Bϕ−−→ (T,W )-Cat defined by

Bϕ((X , a)
f−→ (Y , b)) = (X , ϕa)

f−→ (Y , ϕb).
2 If ϕ is injective (resp. a

∨
-preserving order-embedding), then

Bϕ is a (resp. full) embedding.

Bϕ is called the change-of-base functor associated to ϕ.
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Change-of-base functors

Change-of-base functor adjunctions

Definition 16

Given partially ordered sets (X ,6), (Y ,6) and order-preserving

maps (X ,6)
f // (Y ,6),
g
oo g is said to be right adjoint to f (de-

noted f a g) provided that 1X 6 gf and fg 6 1Y (pointwise).

Theorem 17

Let T̂, Ť be lax extensions of a monad T on Set to V -Rel, W -Rel,

and let V
ϕ
//W

ψ
oo be compatible lax homomorphisms of unital

quantales. If ϕ a ψ, then Bψ is a right adjoint functor to Bϕ.

On monoidal (co)nuclei and their applications Sergejs Solovjovs Brno University of Technology 19/51
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Change-of-base functors

Change-of-base functor adjunctions

Definition 16

Given partially ordered sets (X ,6), (Y ,6) and order-preserving

maps (X ,6)
f // (Y ,6),
g
oo g is said to be right adjoint to f (de-

noted f a g) provided that 1X 6 gf and fg 6 1Y (pointwise).

Theorem 17
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(Co)nuclei in ordered categories

Nuclei in ordered categories

Definitions 18

Given an ordered category C, CB is a subcategory of C, with the
same objects, and whose morphisms V

ϕ−→ W are such that there

is a C-morphism W
ψ−→ V with ϕ a ψ in C, i.e., 1V 6 ψ · ϕ and

ϕ · ψ 6 1W . The right adjoint of a CB-morphism ϕ is denoted ϕB.

Definitions 19

A morphism V
j−→ V of an ordered category C is called a C-nucleus

on V provided that j is idempotent (j ·j = j) and expanding (1V 6 j).
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(Co)nuclei in ordered categories

Factorizations of nuclei

Definition 20

An ordered category C has equalizers of nuclei provided that for every

C-nucleus V
j−→ V , there exists an equalizer of the pair (j , 1V ).

Theorem 21

Let C be an ordered category with equalizers of nuclei, and let j be

a C-nucleus on V . There exists a CB-morphism V
j∗−→ Vj such that

V
j

//

j∗ ��

V

Vj

j∗B

??

commutes, and, moreover, j∗ · j∗B = 1Vj
(i.e., j∗ is a C-retraction).
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(Co)nuclei in ordered categories

Nuclei versus epimorphisms

Theorem 22

Let C be an ordered category, which has equalizers of nuclei, and
let V

α−→ W be a CB-morphism, which is a C-epimorphism (and
therefore, α is a C-retraction).
1 For the adjunction α a αB, j := αB · α is a C-nucleus on V .
2 There exists a unique CB-isomorphism Vj

γ−→W , which makes
the next diagram commute

V
j∗

//

α

��

Vj

γ

xx

j∗B

��

W
αB

// V .
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(Co)nuclei in ordered categories

Categorical conuclei and their factorizations

Definition 23

A morphism V
g−→ V of an ordered category C is called a C-conuc-

leus on V provided that g is idempotent and contracting (g 6 1V ).

Theorem 24

Let C be an ordered category with equalizers of conuclei, let g be a

C-conucleus on V . There is a CB-morphism Vg
g∗
−→ V such that

V
g

//

g∗B
  

V

Vg

g∗

>>

commutes, and, moreover, g∗B · g∗ = 1Vg (i.e., g∗ is a C-section).
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(Co)nuclei in ordered categories

Conuclei versus monomorphisms

Theorem 25

Let C be an ordered category, which has equalizers of conuclei, and
let V

α−→ W be a CB-morphism, which is a C-monomorphism (and
therefore, α is a C-section).
1 For the adjunction α a αB, g :=α ·αB is a C-conucleus on W .

2 There exists a unique CB-isomorphism Wg
γ−→ V , which makes

the next diagram commute

W
g∗B

//

αB

��

Wg

γ

ww

g∗

��

V α
//W .
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Quantic (co)nuclei

Folklore lemma

Let LQuant (LUQuant) be the category of (unital) quantales
and lax-homomorphisms of (unital) quantales.

Lemma 26 shows that the category LQuantB (LUQuantB) is
precisely the category Quant (UQuant) of (unital) quantales
and (unital) quantale homomorphisms.

Lemma 26

A lax homomorphism of (unital) quantales (V ,⊗, k)
ϕ−→ (W ,⊗, l)

has a right adjoint ϕB, which is, additionally, a lax homomorphism
of (unital) quantales, iff ϕ is a (unital) quantale homomorphism.
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Quantic (co)nuclei

Quantic (co)nuclei

Definition 27

A quantic nucleus on a quantale V is a map V
j−→ V such that for

every u, v ∈ V ,
1 if u 6 v , then j(u) 6 j(v);
2 u 6 j(u);
3 jj(u) = j(u);
4 j(u)⊗ j(v) 6 j(u ⊗ v).

Definition 28

A quantic conucleus on a quantale V is a map V
g−→ V , which

satisfies conditions (1), (3), (4) of Definition 27, and also the con-
dition g(u) 6 u for every u ∈ V . A quantic conucleus g on a unital
quantale (V ,⊗, k) is said to be unital provided that k 6 g(k).

On monoidal (co)nuclei and their applications Sergejs Solovjovs Brno University of Technology 26/51



Introduction Preliminaries Monoidal nuclei and conuclei Examples Conclusion References

Quantic (co)nuclei

Quantic (co)nuclei

Definition 27

A quantic nucleus on a quantale V is a map V
j−→ V such that for

every u, v ∈ V ,
1 if u 6 v , then j(u) 6 j(v);
2 u 6 j(u);
3 jj(u) = j(u);
4 j(u)⊗ j(v) 6 j(u ⊗ v).

Definition 28

A quantic conucleus on a quantale V is a map V
g−→ V , which

satisfies conditions (1), (3), (4) of Definition 27, and also the con-
dition g(u) 6 u for every u ∈ V . A quantic conucleus g on a unital
quantale (V ,⊗, k) is said to be unital provided that k 6 g(k).

On monoidal (co)nuclei and their applications Sergejs Solovjovs Brno University of Technology 26/51



Introduction Preliminaries Monoidal nuclei and conuclei Examples Conclusion References

Quantic (co)nuclei

Quantic (co)nuclei categorically

Quantic nuclei are exactly LQuant-nuclei or LUQuant-nuclei.

Quantic conuclei are exactly LQuant-conuclei.

Every LUQuant-conucleus is a quantic conucleus. The con-
verse implication though does not hold. As a counterexample,
consider, e.g., the quantale V = ([0, 1],∧, 1) and the map
V

g−→ V defined by g(u) = u ∧ 12 . Then g is a quantic conu-
cleus, but it is not an LUQuant-conucleus, since g(1) = 1

2 < 1.

Unital quantic conuclei are exactly LUQuant-conuclei.
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Quantic (co)nuclei

Equalizers of (co)nuclei

Proposition 29

The category LQuant has equalizers of (co)nuclei. The category
LUQuant has equalizers of nuclei and unital conuclei.

Proof.

Given a quantic nucleus V
j−→ V , Vj := {u ∈ V | j(u) = u} is a

(unital) quantale, in which
∨

j S = j(
∨
S) for every S ⊆ Vj , and

u ⊗j v = j(u ⊗ v) for every u, v ∈ Vj (kj = j(k)). The inclusion

Vj
� � e // V is an equalizer of (j , 1V ) in LQuant (LUQuant).

Proposition 29 ensures the validity of the factorization properties
of categorical (co)nuclei in the categories LQuant and LUQuant.
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Monoidal nuclei

Monoidal nuclei

Definition 30

Given a lax extension T̂ of a monad T on Set to the category V -Rel,

a quantic nucleus V
j−→ V is said to be compatible with T̂ provided

that T̂ (jr) 6 j(T̂ r) for every V -relation r .

(Strictly) compatible quantic nuclei are called (strict) T-nuclei or
(strict) monoidal nuclei.
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Monoidal nuclei

Lax extensions of monads through surjections

Proposition 31

Let T̂ be a lax extension of a monad T on Set to V -Rel, and let
V

ϕ−→W be a surjective unital quantale homomorphism.

1 If ϕBϕ is a T-nucleus, then the correspondence W -Rel
T̂ϕ−−→

W -Rel defined by T̂ϕ(X �r //Y ) = TX �ϕT̂ (ϕBr)
//TY pro-

vides a lax extension T̂ϕ of the monad T to W -Rel.
2 Let Ť be a lax extension of T to W -Rel. Then ϕ and ϕB are

compatible with T̂ and Ť iff ϕBϕ is a T-nucleus and Ť = T̂ϕ.
3 If ϕBϕ is a T-nucleus, then (Bϕ,BϕB) is a Galois correspon-

dence between (T,V )-Cat and (T,W )-Cat, in which Bϕ is
surjective on morphisms.
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Monoidal nuclei

From nuclei to quotients

Theorem 32

Let j be a T-nucleus on a unital quantale V .

1 The correspondence Vj -Rel
T̂j−→ Vj -Rel, T̂j(X

�r //Y ) =

TX �j∗T̂ (j∗Br)
//TY is a lax extension T̂j of T to Vj -Rel.

2 Both V
j∗−→ Vj and Vj

j∗B−−→ V are compatible lax homomor-
phisms of unital quantales, and thus, there is a factorization

(T,V )-Cat
Bj

//

Bj∗ ''

(T,V )-Cat

(T,Vj)-Cat.
Bj∗B

77

3 (Bj∗ ,Bj∗B) is a Galois correspondence between (T,V )-Cat,
(T,Vj)-Cat, in which Bj∗ is surjective on morphisms.
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Monoidal nuclei

From quotients to nuclei

Theorem 33

Let T̂ and Ť be lax extensions of a monad T on Set to the categories
V -Rel and W -Rel, let V

α−→ W be a surjective unital quantale
homomorphism, and let α a αB be the corresponding adjunction, in
which both α and αB are compatible with the lax extensions.
1 j := αBα is a T-nucleus on V .
2 There exists a unique unital quantale isomorphism Vj

γ−→ W ,
which makes the next diagram commute

(T,V )-Cat
Bj∗

//

Bα
��

(T,Vj)-Cat
Bγ

uu

Bj∗B

��

(T,W )-Cat
BαB

// (T,V )-Cat.
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Representation theorem for the categories (T, V )-Cat

Quantale representation theorem

Given a semigroup (S ,⊗) (monoid (S ,⊗, k)), the powerset
P(S) is the free (unital) quantale over S , in which

∨
are given

by the set-theoretic unions, and A⊗B = {a⊗b | a ∈ A, b ∈ B}
for every A,B ∈ P(S) (the unit is given by the singleton {k}).
Given a (unital) quantale V , one has the underlying semigroup
(monoid) of V . The quantic nucleus of the quantale represen-
tation theorem is given by the following commutative diagram

P(V )
j

//

ϕ:=
∨

""

P(V )

V ,
ϕB:=↓

<<

with
∨
a ↓ the adjunction provided by arbitrary joins and lower

sets, where
∨

is a surjective (unital) quantale homomorphism.
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Representation theorem for the categories (T, V )-Cat

Representation of the categories (T,V )-Cat

Proposition 34

Let Ť be a lax extension of a monad T on Set to W -Rel, and let
V

ϕ−→W be a surjective unital quantale homomorphism.

1 The correspondence V -Rel Ťϕ−−→ V -Rel, Ťϕ(X �r //Y ) =

TX �ϕBŤ (ϕr)
//TY is a lax extension Ťϕ of T to V -Rel.

2 Both ϕ and ϕB are strictly compatible with Ťϕ and Ť .
3 ϕBϕ is a strict Ťϕ-nucleus.

Theorem 35 (Representation theorem)

Given a category (T,V )-Cat, there exist a monoid S , a lax exten-
sion of T to P(S)-Rel, and a strict T-nucleus j on P(S) such that
(T,V )-Cat ∼= (T,P(S)j)-Cat.
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TX �ϕBŤ (ϕr)
//TY is a lax extension Ťϕ of T to V -Rel.
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Monoidal conuclei

Lax extensions of monads through injections

Proposition 36

Let Ť be a lax extension of a monad T on Set to W -Rel, and let
V

ϕ−→W be an injective unital quantale homomorphism.

1 If ϕϕB is a T-conucleus, then the correspondence V -Rel
Ťϕ−−→

V -Rel defined by Ťϕ(X �r //Y ) = TX �ϕBŤ (ϕr)
//TY pro-

vides a lax extension Ťϕ of the monad T to V -Rel.
2 Let T̂ be a lax extension of T to V -Rel. Then ϕ and ϕB are

compatible with T̂ and Ť iff ϕϕB is a T-conucleus and T̂ = Ťϕ.
3 If ϕϕB is a T-nucleus, then (Bϕ,BϕB) is a Galois correspon-

dence between (T,V )-Cat and (T,W )-Cat, in which Bϕ is a
full embedding.
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Monoidal conuclei

From conuclei to subobjects

Theorem 37

Let g be a T-conucleus on a unital quantale V .

1 The correspondence Vg -Rel
Ťg−→ Vg -Rel, Ťg (X �r //Y ) =

TX �g∗BŤ (g∗r)
//TY , is a lax extension Ťj of T to Vg -Rel.

2 Both Vg
g∗
−→ V and V

g∗B
−−→ Vg are compatible lax homomor-

phisms of unital quantales, and thus, there is a factorization

(T,V )-Cat
Bg

//

Bg∗B ''

(T,V )-Cat

(T,Vg )-Cat.
Bg∗

77

3 (Bg∗ ,Bg∗B) is a Galois correspondence between (T,V )-Cat,
(T,Vg )-Cat, and Bg∗ is a full embedding.

On monoidal (co)nuclei and their applications Sergejs Solovjovs Brno University of Technology 36/51



Introduction Preliminaries Monoidal nuclei and conuclei Examples Conclusion References

Monoidal conuclei

From subobjects to conuclei

Theorem 38

Let T̂ and Ť be lax extensions of a monad T on Set to the categories
V -Rel and W -Rel, let V

α−→ W be an injective unital quantale
homomorphism, and let α a αB be the corresponding adjunction, in
which both α and αB are compatible with the lax extensions.
1 g := ααB is a T-conucleus on W .
2 There exists a unique unital quantale isomorphism Wg

γ−→ V ,
which makes the next diagram commute

(T,W )-Cat
Bg∗B

//

BαB
��

(T,Wg )-Cat
Bγ

uu

Bg∗

��

(T,V )-Cat
Bα

// (T,W )-Cat.
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Preordered sets

Preordered sets

Example 39

For 2 = {⊥,>}, 2-Cat is the category Ord of preordered sets.

The quantic nucleus 2
j−→ 2, where j(⊥) = j(>) = >, provides

the commutative triangle

Ord
Bj

//

Bj∗ ##

Ord

Set.
Bϕ

;;
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Premetric spaces

Premetric spaces

Example 40

For P+ = ([0,∞]op,+, 0), P+-Cat is the category Met of
premetric spaces.

The quantic nucleus P+
j−→ P+ given by

j(u) =

{
∞, u =∞
0, otherwise

provides the commutative triangle

Met
Bj

//

Bj∗ ##

Met

Ord.
Bϕ

;;
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Probabilistic metric spaces

Probabilistic metric spaces

Example 41

For ∆ = {[0,∞]
f−→ [0, 1] | f is monotone and f (x) =

∨
y<x

f (y)},

∆-Cat is the category ProbMet of probabilistic metric spaces.

The quantic nucleus ∆
j−→ ∆ given by

(j(f ))(x) =

{
0, x 6 sup{y ∈ [0,∞] | f (y) = 0}
1, sup{y ∈ [0,∞] | f (y) = 0} < x

provides the commutative triangle

ProbMet
Bj

//

Bj∗ &&

ProbMet

Met.
Bϕ

88
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Generalized approach spaces

Complete distributivity

Definition 42

A complete lattice V is completely distributive provided that for ev-
ery family {Si | i ∈ I} of subsets of V ,

∧
i∈I

∨
Si =

∨
f ∈F

∧
i∈I f (i),

where F is the set of choice maps I
f−→

⋃
i∈I Si with f (i) ∈ Si .
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Generalized approach spaces

Generalized approach spaces . . .

Let U be the ultrafilter monad on Set, and let V be a unital quantale
with the following properties:
1 V is completely distributive;
2 u ⊗ v = ⊥V implies u = ⊥V or v = ⊥V , for every u, v ∈ V ;
3 ⊥V <

∧
(V \{⊥V }).

The quantale P+ satisfies (1) and (2), but not (3).

Example 43

By (1), V -Rel Û−→ V -Rel defined on a V -relation X �r //Y
by (Ûr)(x, y) =

∧
A∈x,B∈y

∨
x∈A,y∈B r(x , y) is a lax extension

of U to V -Rel. (U, 2)-Cat ((U,P+)-Cat) is isomorphic to the
category Top of topological spaces (App of approach spaces).
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Generalized approach spaces

. . . and their quotient

Example 43 (cont.)

By (2), the map V
j−→ V defined by

j(u) =

{
⊥V , u = ⊥V

>V :=
∧
∅, otherwise

is a quantic nucleus on V .

(3) provides compatibility of j and the commutative triangle

(U,V )-Cat
Bj

//

Bj∗ %%

(U,V )-Cat

Top.
Bϕ

99
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Approach spaces

Approach spaces

We can not represent Top as a monoidal quotient of App.
Top can be represented as a monoidal subobject of App.

Example 44

The unital quantic conucleus P+
g−→ P+ given by

g(u) =

{
0, u = 0

∞, otherwise

provides the commutative triangle

App
Bg

//

Bg∗B ##

App

Top.
Bg∗

;;
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V -closure spaces

V -closure spaces . . .

Let P be the powerset monad on Set, and let V be a unital quan-
tale, which satisfies the properties from the previous example.

Example 45

By (1), V -Rel P̂−→ V -Rel defined on a V -relation X �r //Y
by (P̂r)(A,B) =

∧
y∈B

∨
x∈A r(x , y) is a lax extension of P to

V -Rel (the canonical extension of G. Seal).

(P, 2)-Cat (resp. (P,P+)-Cat) is isomorphic to the category
Cls of closure spaces (resp. Clns of closeness spaces).

(P,V )-Cat = V -Cls (V -closure spaces of G. Seal).
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V -closure spaces

. . . and their quotient

Example 45 (cont.)

By (2), the map V
j−→ V defined by

j(u) =

{
⊥V , u = ⊥V

>V , otherwise

is a quantic nucleus on V .

(3) provides compatibility of j and the commutative triangle

V -Cls
Bj

//

Bj∗ $$

V -Cls

Cls.
Bϕ

::
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Closeness spaces

Closeness spaces

We can not represent Cls as a monoidal quotient of Clns.
Cls can be represented as a monoidal subobject of Clns.

Example 46

The unital quantic conucleus P+
g−→ P+ given by

g(u) =

{
0, u = 0

∞, otherwise

provides the commutative triangle

Clns
Bg

//

Bg∗B ##

Clns

Cls.
Bg∗

;;
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Final remarks

Conclusion

Motivated by the convenient technique of obtaining quantic
quotients (subobjects) with the help of quantic (co)nuclei, this
talk presented the technique of obtaining monoidal quotients
(subobjects) with the help of monoidal (co)nuclei.

Given a category (T,V )-Cat and a monoidal (co)nucleus on its
underlying unital quantale V , one gets a category (T,W )-Cat,
which is a monoidal quotient (subobject) of (T,V )-Cat.

As the main consequence, one gets new categories from the
already existing ones, saving thus the effort for their definition.

With the technique of monoidal nuclei in hand, we provided a
representation theorem for the categories (T,V )-Cat.
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Future work

Open problem

Every surjective (injective) quantale homomorphism can be repre-
sented with the help of a quantic (co)nucleus.

Problem 47

What kind of concrete functors (T,V )-Cat F−→ (T,W )-Cat can be
represented with the help of monoidal (co)nuclei?
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Thank you for your attention!
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