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Eilenberg-Moore category
T = (T, m,e) on Set

e Eilenberg-Moore algebras (T-algebras)
(X, a) with a: TX — X a map satisfying

TTX 2> TX and X % TX

mxl ja \ la
1x

TX 2 - X X

@ T-homomorphisms
f:(X,a) = (Y, b) satisfying

X 1 TY
T
X y
f-a=b-Tf
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(T,2) — Cat
T = (T, m, e) on Set, laxly extended to Rel by T' = (T, m, e)

@ relational T-algebras
(X, a) with a: TX—— X a relation satisfying

TTX 207X and X -2 TX

LT N

X —2 =X X

- Transitivity:
%(fa);&;axémx(%)ax VXeTTX,Vre TX,Vxe X

- Reflexivity:
ex(x)ax ¥xeX

@ morphisms
f:(X,a) = (Y,b) satisfying

f-a<b-Tf
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Some specific relational T-algebras

o (,2)—Cat=Top (Barr, 1970)
- Ultrafiltermonad 4 Barr-extension
- Transition:

UaxsU — x

- Topological spaces characterized by 2 axioms on ultrafilters

o (F,2) — Cat = Top (Seal, 2005)
- Filtermonad + Kleisli-extension (power-enriched)
- Transition:

Faxes F—x

- Topological spaces characterized by 2 axioms on filters
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Regularity

@ Consider relational T-algebras as spaces
a: TX—— X describes a notion of convergence

@ Introduced by Mobus

A. Mobus, relational-algebren, PhD thesis, Universitat Diisseldorf, 1981. J

@ Monoidal topology
- Definition for T-regularity in (T,)) — Cat
- Results for -regularity

o New results

- Results for power-enriched monads (I and F as an example)
- Results for B
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Definition T-regularity

Definition

An object (X, a) in (T,2) — Cat is T-regular if
X (Ta)r & mx(X)az =raz

VX € TTX, Ve € TX,Vz € X.

Note: comparison with formula of transitivity
%('T'a)z: &raz =mx(X)az

Example: -regularity (Monoidal Topology)

- (X,a) -regular < corresponding topological space is regular
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Power-enriched monads

T = (T, m,e) is power-enriched if there exists a monad morphism

P=PJ{H-T

such that

f<;g=my -TfF< . my -Tg vi,g : X = TY

(T, 7) power-enriched monad:

@ The order on TX associated to 7 is defined as follows

r<yemx-mrx({r,n})=v, VepeTX

@ The order makes TX a complete lattice and mx and Tf become
sup-maps.

@ The improper element p = the least element of TX
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Kleisli-extension

Given a power-enriched monad (T, 7)

The Kleisli-extension T to Rel

Given a: TX—— X, then Ta: TTX—— TX is defined by

XTaxex<a(x), VXeTTX,VXeTX.

e a" :=mrx - T(rrx - ab)
e 2’ : X — PTX defined as

Xed(x)e Xax

Karen Van Opdenbosch (VUB) T-regularity 8 /25



Motivation for abandoning improper

Let (T, 7) be a power-enriched monad with its Kleisli extesion to Rel.

(X, a) is T-regular < (X,a) indiscrete

v

(X, a) relational T-algebra, X # 0.

T-regularity:

(X (Ta)r& mx(X)az=>raz|

Take r € TX and z € X arbitrary.
Take X the improper element of TTX.
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Restricting to proper elements

o T,X =TX\ {p} all proper elements of TX
@ jx : TpX — TX the canonical injection

@ Under certain assumptions: T, subfunctor of T
o NOT necessarily a submonad!
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T ,-regularity

Definition
An object (X, a) in (T,2) — Cat is Tp-regular if

X (Ta)r & mx(X)az =raz

VX € Tjx(TT,X) with mx(X) € ToX,Vr € TpX,Vz € X.
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T,-regularity for power-enriched monads

Assume p # ex(z),Vz € X.

(X, a) Tp-regular < (X, a) indiscrete
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Sketch of the proof

(X, a) satisfies all conditions (X # ().
Let z € X arbitrary.
q = largest element of TX
Define ap : ToX—— X by ap = a- jx
Consider X = Tjx (a} - ex(z)).

o X € Tix(TT,X)

o mx(X)eTpX

Karen Van Opdenbosch (VUB) T-regularity 13 /25



& ex(z) = (rrx - a) T - ex(2) = m1,x - a)(2)

Application of several properties related to the power-enrichment
X < a"(ex(2))
@ Since ex(z) <q
o Left-unitary:
Tp-Regularity:

Take X € TX arbitrary
Right-unitary:
X<q&qaz=Xaz
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[F-regularity
(X,a) F —regular & (X,a) Fp—regular < (X, a) indiscrete
Solution: Restriction to pairs of selections
X P(G)=F
4
A
Fp X o(G)=75F
such that o(z) — ¥(z),Vz € A

F(FA) F&I§—+x=F =x

becomes
XF o x=F = x
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Approach spaces

F — x is replaced by

A FX = [0,00)X: F = AF

QO M\ (x)=0,Vx e X
Q@ GCF=INF<)AG
Q@o:A-FX,0:A>XGEFA:

AXo(G) < Mp(G) + sup Ao(z2)(2)

INTERPRETATION: A\F(x) = ‘the distance that x is away from being a
limit point of F’
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The category App

@ Objects: (X, \)

e Morphisms: f: (X, ) — (Y, \) with

NF(F)-f <\F
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Functional ideals

An order-theoretic ideal J in [0, 00]X is called a functional ideal if

@ all functions in J are bounded
@ J is saturated. For yu € [0, o0]:

Ve>0dpeJ:ulp+te=>pneJ

{vel0,0)f |FpeT:v<pu+a} a<oo
[0, 0o] X a =00

j@a::{
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The functional ideal monad |

o | : Set — Set

- IX ={J | J functional ideal on X}

CUFIX S 1Y L T ()

with
velf(J)ev-feJ
o ex(x) = {n € [0, 00l | u(x) = 0}
o mx(®) = {u€[0,00X |/, €D},
with
Ly 1IX — [0,00]:
J = L(J)=inflacl0,00]|peTda}l
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Approach spaces as relational algebras

o | is power-enriched by 7 : P — | with

x(A) = {p € [0,00] | pya = 0}

o <, = reverse inclusion order
— [0,oo]ff = improper element
Kleisli-extension

(1,2) — Cat = App

Transition:

J axeVace [c(T),] : Ma(T)(x) <a
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A new example

X,a) | —regular & (X, a) |, — regular & (X, a) indiscrete
P
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Restriction to pairs of functional ideals, generated by

selections
X lW(T)=K
>
J A\
X Is(J) = &
such that s(z) — ¢(z),Vz € A
¢ (Ta) K & mx(®) = x = K — x
becomes

mx(®) - x =K — x
Still too strong
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Extra conditions

e c(s(z))=0,vze A
0 Vo >0:5(z) D0 — ¢(z) then LD I — x

= regular approach spaces (Robeys, Brock & Kent)

MP(G) < Ao (G) + sup Ao (z)y(z)

zeA
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The case for the prime functional ideal monad

Prime functional ideal

A functional ideal $) on X is prime if for all bounded functions u, v

pAVEHN=>pENO VESH

B submonad |

not power-enriched
initial extension to Rel
(B,2) — Cat = App
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Results

@ BX is not a complete lattice, but has a least element (IMPROPER)
(X, a) B —regular < (X, a) indiscrete
@ Bp,-regularity gives interesting results
(X, a) Bp-regular < (X, a) regular topological space

@ weakening the conditions gives regularity in App
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