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A tour through n-permutability

The aim of this talk is to gather the, more or less, recent results concerning n-

permutable categories that we have developed in the past few years. As so, it is a

joint work with the authors listed in the references below.

For n > 2, an n-permutable category is a regular category such that the compo-

sition of (effective) equivalence relations R and S on a same object is n-permutable:

RSR · · · = SRS · · · , each composite involving n factors. The 2-permutable categories

are better known as Mal’tsev categories, while the strictly weaker 3-permutable cate-

gories are usually called Goursat categories. For each n, an n-permutable category is

necessarily an (n + 1)-permutable, but the converse fails to be true.

The Mal’tsev (=2-permutability) property has been widely studied over the past

years; first in a varietal context, then later generalised to a categorical one. As

first in the list, they are naturally endowed with simplest property: RS = SR, the

commutativity of the composition of (effective) equivalence relations R and S on a

same object. As a consequence, their study developed remarkably and lead to a big

contribution to categorical algebra.

Next in the list we have Goursat categories (=3-permutable categories). Although

closely related to Mal’tsev categories, Goursat categories turned out to be more dif-

ficult to handle and were therefore less popular. Two natural question arising are:

Which are the typical properties of Goursat categories? Which properties known for

Mal’tsev categories still hold in Goursat categories? We answer these question by

providing some new characterisations of Goursat categories in terms of natural con-

structions involving pushouts and pullbacks, by investigating the internal categorical

structures, and by establishing some new homological type lemmas. Some of these

results are then extended to a context where pointed and non-pointed algebra can be

treated simultaneously, while others are extended further to the general context of

n-permutable categories.
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