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On the “Smith is Huq” condition in S-protomodular categories

The “Smith is Huq” condition, which says that two equivalence relations on the

same object centralize each other (in the Smith-Pedicchio sense [1, 2]) as soon as their

normalizations commute (in the Huq sense [3]), has proved to have several important

algebraic consequences. For example, it allows to simplify the description of internal

categories, internal groupoids and crossed modules: see [4] for a detailed account of

these properties in semi-abelian categories, and [5] for an extension to the case of

pointed Mal’tsev categories.

In this talk we consider a relative version of the “Smith is Huq” condition in

the context of pointed S-protomodular categories [6]: two S-equivalence relations

centralize each other as soon as their normalizations commute. As proved in [6], in

a S-protomodular category the fact that two S-equivalence relations centralize each

other is a property, like for equivalence relations in Mal’tsev categories. We show

that the categories of monoids, of semirings, and, more generally, all categories of

monoids with operations (in the sense of [7]) are S-protomodular categories satisfying

the “Smith is Huq” condition. We explore then some consequences dealing with the

description of internal structures.
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