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I
Prolog

The theory presented in this report has its roots in [Lawvere, 1973] where Lawvere makes the

point that “. . . the kinds of structures which actually arise in the practice of geometry and analysis

are far from being ‘arbitrary’ . . . , as concentrated in the thesis that fundamental structures are

themselves categories.”. While it is trivial to regard an individual group or an individual ordered

set as a category, Lawvere made the fundamental observation that, within a natural generalisation

of the definition of category, one also obtains metric spaces. For his leading example, he considers

the points of a metric space X as the objects of a category X and lets the distance

a(x, y) ∈ [0,∞]

play the role of the hom-set of x and y. In fact, the basic laws

0 > a(x, x) and a(x, y) + a(y, z) > a(x, z)

remind us immediately of the operations “choosing the identity” and “composition”

1→ hom(x, x) and hom(x, y)× hom(y, z)→ hom(x, z)

of a category. Moreover, Lawvere shows that categorical notions and results translate into significant

ones about metric spaces, “so that enriched category theory can suggest new directions of research

in metric space theory and conversely” [Lawvere, 1973]. Although Lawvere’s suggestions were

not embraced by analysists, they did resonate with theoretical computer scientists and led to a

substantial body of work as it can be seen, for instance, from [Wagner, 1994; Flagg et al., 1996;

Rutten, 1998; Bonsangue et al., 1998; Waszkiewicz, 2009].

In this report we follow the nomenclature of [Lawvere, 1973] and require a metric only to satisfy

the two axioms above; then a classical metric space becomes a separated (d(x, y) = 0 = d(y, x)

implies x = y), symmetric (d(x, y) = d(y, x)) and finitary (d(x, y) <∞) metric space. Furthermore,

with this categorical interpretation, a “functor” between metric spaces (X, a) and (Y, b) is a map

f : X → Y satisfying a(x, y) > b(f(x), f(y)) for all x, y ∈ X, that is, f : (X, a) → (Y, b) is

non-expansive. The category of metric spaces and non-expansive maps is denoted by

Met.

In a similar way, our work with topological spaces presented as convergence structures shaped

the idea that topological spaces are categories, and therefore can be studied using notions and

techniques from Category Theory. Here we consider the points of a space X as the objects of our
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category, and interpret the convergence x → x of an ultrafilter x on X to a point x ∈ X as a

morphism in X. With this interpretation, the convergence relation

→: UX ×X → 2

becomes the “hom-functor” of X; however, we have to make the concession that a morphism in

X does not just have an object but rather an ultrafilter of objects as domain. Nevertheless, our

intuition is supported by the observation (due to Barr in 1970) that a relation x → x between

ultrafilters and points of a set X is the convergence relation of a topology on X if and only if

eX(x)→ x and (X→ x & x→ x) ⇒ mX(X)→ x, (∗)

for all x ∈ X, x ∈ UX and X ∈ UUX; where mX(X) is the filtered sum of the filters in X and

eX(x) =
�
x the principal ultrafilter generated by x ∈ X. Note that the second condition of (∗)

talks about the convergence of an ultrafilter of ultrafilters X to an ultrafilter x, which comes from

applying the ultrafilter functor U to the relation a : UX−→7 X. In general, for a relation r : X−→7 Y

from X to Y and ultrafilters x ∈ UX and y ∈ UY , one puts

x (Ur) y whenever ∀A ∈ x, B ∈ y ∃x ∈ A, y ∈ B . x r y,

and obtains this way an extension of the Set-functor U to a 2-functor U : Rel → Rel. In our

interpretation, the first condition of (∗) postulates the existence of an “identity arrow” on x,

whereby the second one requires the existence of a “composite” of “composable pairs of arrows”.

Furthermore, a function f : X → Y between topological spaces is continuous whenever x → x in

X implies f(x) → f(x) in Y , that is, f associates to each object in X an object in Y and to each

arrow in X an arrow in Y between the corresponding (ultrafilter of) objects in Y . In the sequel

Top

denotes the category of topological spaces and continuous maps.

Yes, I have drawn the conclusion; now, however, does it draw me.

Friedrich Nietzsche, from “Thus spoke Zarathustra”.

These categorical perspectives suggest two features which usually play no prominent role in

Topology: firstly, both categories Top and Met are actually 2-categories; secondly, the notion of

distributor enters the scene. In fact, one amazing insight of [Lawvere, 1973] is a characterisation

of the notion of Cauchy completeness for metric spaces using adjoint distributors, giving further

evidence to MacLane’s motto “adjoints occur almost everywhere” MacLane [1971]. Eventually,

this characterisation amounts to saying that a metric space is Cauchy complete if and only if it

admits suprema of right adjoint distributors; here supremum has to be understood in the sense of

weighted colimit of enriched category theory [Eilenberg and Kelly, 1966; Kelly, 1982]. Other types

of distributors specify other properties of metric spaces: forward Cauchy nets can be represented

by flat distributors (see [Vickers, 2005], called flat modules there) and their limit points as suprema

of these distributors, and the formal ball model of a metric space relates to its cocompletion with

respect to yet another type of distributors (see [Rutten, 1998; Kostanek and Waszkiewicz, 2011]).

Similarly, a topological T0-space is sober if and only if it has suprema of right adjoint distributors

(suitably defined, see [Clementino and Hofmann, 2009a]), and a continuous lattice (introduced in

[Scott, 1972]) can be described as a topological T0-space admitting colimits of all distributors. Due

to the analogy with categories, our study of spaces is primary based on concepts and results like

distributor, colimit, adjunction, dual space and the Yoneda lemma; however, we stress that this path
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leads us naturally to more traditional topics such as compact, locally compact and stably compact

spaces, to the filter space and the Vietories construction, and to sober spaces and continuous

lattices. We hope to be able to show in this report that this perspective is very fruitful for the

study of topological and other kind of spaces.

Last but not least, the title of this report is reminiscent of the chapter Ordered sets via adjunction

by Wood of the book [Pedicchio and Tholen, 2004]. This chapter is largely based on Wood’s joint

work with Rosebrugh which constitutes a continuing source of inspiration for our investigation of

spaces.



vi Prolog



II
Models of topological theories

In this chapter we describe our general framework, namely that of a topological theory T =

(T,V, ξ) consisting of a monad T = (T,m, e) on Set, a quantale V and a T-algebra structure

ξ : TV → V on V. The associated notion of T-category embodies several types of spaces such as

topological, metric or approach spaces, and together with T-functors and T-distributors defines the

categories T-Cat and T-Dist respectively. We recall succinctly the main constructions and some

fundamental results.

The study of T-categories, under the designation (T,V)-categories, (T,V)-algebras or lax al-

gebras, started with the papers [Clementino and Tholen, 2003; Clementino and Hofmann, 2003]

which synthesise the notion of relational algebra (see [Barr, 1970; Manes, 1974]) with Lawvere’s

presentation of metric spaces as enriched categories.

II.1. Topological theories

Our starting point is the concept of topological theory as introduced in [Hofmann, 2007]. More

precise, what we define here is called strict topological theory there; however, in this report all

theories are assumed to be strict and therefore we use the term topological theory in the stronger

sense.

Definition II.1.1. A topological theory T = (T,V, ξ) consists of

(1). a monad T = (T,m, e) on Set (with multiplication m and unit e),

(2). a commutative and unital quantale V = (V,⊗, k) and

(3). a function ξ : TV → V
such that

(a). T preserves weak pullbacks and each naturality square of m is a weak pullback,

(b). the pair (V, ξ) is an Eilenberg–Moore algebra for T and the monoid structure on V in

(Set,×, 1) lifts to a monoid structure on (V, ξ) in (SetT,×, 1), that is, the diagrams

T (V × V)
T (−⊗−)

//

〈ξ·Tπ1,ξ·Tπ2〉
��

TV

ξ

��

T1

!
��

T (k)
oo

V × V
−⊗−

// V 1
k

oo

commute and,

(c). writing PV : Set→ Ord for the functor that sends a function f : X → Y to the left adjoint

of the “inverse image” function f−1 : VY → VX , ϕ 7→ ϕ·f (where VX is the set of functions

1



2 Chapter II. Models of topological theories

from X to V, with pointwise order), the functions ξX : V X → V TX , f 7→ ξ · Tf (for X in

Set) are the components of a natural transformation (ξX)X : PV → PVT .

Throughout we will always assume that V is non-trivial, that is, ⊥ 6= k. Consequently, since V
is assumed to be a T-algebra, the monad T must be non-trivial. We recall here that there are two

trivial monads T = (T,m, e) on Set: one with TX = 1 for every set X, and one with TX = 1 for

every non-empty set and T∅ = ∅; a monad T = (T,m, e) on Set different from these two is called

non-trivial.

The algebra structure ξ : TV → V is also compatible with the internal hom in V defined by

x⊗ y ≤ z ⇐⇒ x ≤ hom(y, z),

as shown in [Hofmann, 2007, Lemma 3.2]:

Lemma II.1.2. For every topological theory T = (T,V, ξ),

T (V × V)
T (hom)

//

〈ξ·Tπ1,ξ·Tπ2〉
��

≥

TV

ξ

��
V × V

hom
// V.

Our leading examples are the following:

Examples II.1.3. (1). For any quantale V we can consider the theory whose monad-part is the

identity monad on Set and where ξ : V → V is the identity function. We write this trivial

topological theory as IV .

(2). Let V be the 2-element chain 2, and consider the ultrafilter monad U = (U,m, e) on Set.

This together with the “identity” function ξ : U2 → 2 is a topological theory which we

denote by U2.

(3). More generally, for a non-trivial monad T = (T,m, e) on Set where T preserves weak pull-

backs and each naturality square of m is a weak pullback and every completely distributive

complete lattice V (considering ⊗ = ∧ and k = >), (T,V, ξ) is a topological theory where

ξ : TV → V, x 7→
∨
{v ∈ V | x ∈ T (↑v)}.

(4). In particular, for the ultrafilter monad U = (U,m, e) on Set and the complete lattice [0,∞]

ordered by the “greater or equal” relation > (so that the infimum of two numbers is their

maximum and the supremum of S ⊆ [0,∞] is given by inf S), we write P∧ = ([0,∞],max, 0)

for the corresponding quantale and UP∧ = (U,P∧ , ξ) for the corresponding theory where

ξ : U([0,∞])→ [0,∞], x 7→ inf{v ∈ [0,∞] | [0, v] ∈ x}.

Also note that

hom(u, v) =

0 if u > v,

v otherwise

in P∧ .

(5). Let V be the quantale P+ = ([0,∞],+, 0) of extended non-negative real numbers ordered

by the “greater or equal” relation (see [Lawvere, 1973]), and consider again the ultrafilter

monad U = (U,m, e) on Set. Together with the function ξ : U([0,∞]) → [0,∞] as above
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this makes up a topological theory, denoted as UP+ . For later use we record here that the

internal hom of the quantale P+ is given by truncated minus:

hom(u, v) = v 	 u := max{v − u, 0}.

(6). For any quantale V, the word monad L = (L,m, e) on Set together with the function

ξ : L(V)→ V, (v1, . . . , vn) 7→ v1 ⊗ . . .⊗ vn, ( ) 7→ k

determine a topological theory.

II.2. Syntactic constructions

The components of a topological theory T = (T,V, ξ) allow for a sequence of constructions and

definitions which we describe now.

Firstly, we can form the quantaloid V-Rel with sets as objects, and a morphism r : X−→7 Y from

X to Y is a V-relation r : X × Y → V (called V-matrix in [Betti et al., 1983]). The composition

of V-relations r : X−→7 Y and s : Y−→7 Z is defined as matrix multiplication

s · r(x, z) =
∨
y∈Y

r(x, y)⊗ s(y, z),

and the identity arrow 1X : X−→7 X is the V-relation which sends all diagonal elements (x, x) to k

and all other elements to the bottom element ⊥ of V. The set V-Rel(X,Y ) of all V-relations from

X to Y becomes a complete ordered set by putting

r ≤ r′ whenever ∀x ∈ X ∀y ∈ Y . r(x, y) ≤ r′(x, y),

for V-relations r, r′ : X−→7 Y ; and suprema of V-relations are calculated pointwise. For every

V-relation t : X−→7 Z, the composing-with-t functions

− · t : V-Rel(Z, Y )→ V-Rel(X,Y ) and t · − : V-Rel(Y,X)→ V-Rel(Y, Z)

preserve suprema and therefore have respective right adjoints

(−) •− t : V-Rel(X,Y )→ V-Rel(Z, Y ) and t −• (−) : V-Rel(Y,Z)→ V-Rel(Y,X).

Here, for V-relations r : X−→7 Y and s : Y−→7 Z,

(r •− t)(z, y) =
∧
x∈X

hom(t(x, z), r(x, y)) (t −• s)(y, x) =
∧
z∈Z

hom(t(x, z), s(y, z)).

We call r •− t the extension of r along t, and t −• s the lifting of s along t. The category

V-Rel has an involution (r : X−→7 Y ) 7→ (r◦ : Y−→7 X) where r◦(y, x) = r(x, y), satisfying

1◦X = 1X , (s · r)◦ = r◦ · s◦, r◦◦ = r,

as well as r◦ ≤ s◦ whenever r ≤ s. Finally, there is a faithful functor

Set→ V-Rel, (f : X → Y ) 7→ (f : X−→7 Y )

sending a map f : X → Y to its graph f : X−→7 Y defined by

f(x, y) =

k if f(x) = y,

⊥ else.

In the sequel we will not distinguish between the function f and the V-relation f and simply write

f : X → Y . We also note that f a f◦ in the quantaloid V-Rel.
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Secondly, the Set-functor T extends to a 2-functor Tξ : V-Rel→ V-Rel. Here, Tξ assigns to each

V-relation r : X × Y → V the unique V-relation Tξr : TX × TY → V satisfying, for every map

s : TX × TY → V,

ξ · Tr ≤ s · 〈Tπ1, Tπ2〉 ⇐⇒ Tξr ≤ s.

TX × TY

Tξr

""

≤

T (X × Y )

〈Tπ1,Tπ2〉

OO

ξ·Tr
// V

In other words, regarding TX, TY and TX × TY as discrete ordered sets, Tξr is the left Kan

extension in Ord of ξ · Tr along 〈Tπ1, Tπ2〉. Hence, for x ∈ TX and y ∈ TY ,

Tξr(x, y) =
∨{

ξ · Tr(w)
∣∣∣ w ∈ T (X × Y ), Tπ1(w) = x, Tπ2(w) = y

}
.

Theorem II.2.1. The 2-functor Tξ preserves the involution in the sense that Tξ(r
◦) = Tξ(r)

◦ (and

we write Tξr
◦) for each V-relation r : X−→7 Y , m becomes a natural transformation m : TξTξ → Tξ

and e an op-lax natural transformation e : 1 → Tξ, that is, eY · r ≤ Tξr · eX for all r : X−→7 Y in

V-Rel.

Examples II.2.2. For T = U2, the extension above coincides with the one given in Chapter I; and

for T = UP+ and T = UP∧ one obtains

Uξr(x, y) = sup
A∈x,B∈y

inf
x∈A,y∈B

r(x, y)

for all r : X−→7 Y , x ∈ UX and y ∈ UY (see also [Clementino and Tholen, 2003]).

Finally, of particular interest to us will be V-relations of the form α : TX−→7 Y . We refer to

these relations as T-relations and think of α as an arrow α : X −⇀7 Y . Given two T-relations

α : X −⇀7 Y and β : Y −⇀7 Z, their Kleisli convolution β ◦ α : X −⇀7 Z is defined as

β ◦ α = β · Tξα ·m◦X .

This operation is associative and has the T-relation e◦X : X −⇀7 X as a lax identity:

a ◦ e◦X = a and e◦Y ◦ a ≥ a,

for any a : X −⇀7 Y . A T-relation α : X −⇀7 Y is called unitary whenever e◦Y ◦ a = a. We denote

the 2-category of sets and unitary T-relations with Kleisli convolution as compositional structure

by

T-URel.

Example II.2.3. Unitary U2-relations are characterised in Hofmann [2005] as precisely those U2-

relations a : X −⇀7 Y where, for each y ∈ Y , {x ∈ UX | x a y} ⊆ UX is closed in UX with respect

to the Zariski closure. Recall that a ∈ UX belongs to the Zariski closure of A ⊆ UX whenever⋂
A ⊆ a.

We note that an arbitrary infimum of unitary T-relations X −⇀7 Y is again unitary, hence

T-URel(X,Y ) is a complete lattice. Moreover, for every unitary T-relation α : X −⇀◦ Y , the com-

position function − ◦ α has a right adjoint

(−) ◦ α a (−) ◦− α
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where, for a given unitary T-relation γ : X −⇀◦ Z, the extension γ ◦− α : Y −⇀◦ Z is constructed in

V-Rel as the extension γ •− (Tξα ·m◦X).

TX �γ //

_m◦X
��

Z

TTX

_Tξα
��

TY

K

EE

Unfortunately, in general liftings need not exist in T-URel.

II.3. Categories, functors and distributors

We turn now our attention to models of topological theories.

Definition II.3.1. A T-category is a pair (X, a) consisting of a set X and a T-relation a : X −⇀7 X

on X such that e◦X ≤ a and a ◦ a ≤ a.

We note that the T-relation a : X −⇀7 X of a T-category is necessarily unitary. Furthermore,

employing the adjunctions eX a e◦X and mX a m◦X in V-Rel, the two conditions e◦X ≤ a and a◦a ≤ a
can be written as the lax Eilenberg–Moore axioms 1X ≤ a · eX and a · Tξa ≤ a ·mX . Expressed

elementwise, these two conditions read as

k ≤ a(eX(x), x) and Tξa(X, x)⊗ a(x, x) ≤ a(mX(X), x),

for all X ∈ TTX, x ∈ TX and x ∈ X.

Definition II.3.2. A function f : X → Y between T-categories (X, a) and (Y, b) is a T-functor

whenever f · a ≤ b · Tf .

Since f a f◦ in V-Rel, this condition is equivalent to a ≤ f◦ · b · Tf , and in pointwise notation

the latter inequality becomes

a(x, x) ≤ b(Tf(x), f(x)),

for all x ∈ TX, x ∈ X. The category of T-categories and T-functors is denoted by

T-Cat.

For the identity theory IV , a IV -category is just a V-category and IV -functor means V-functor in

the sense of [Eilenberg and Kelly, 1966]. Therefore we write V-category instead of IV -category,

V-functor instead of IV -functor, and

V-Cat

instead of IV -Cat.

Examples II.3.3. (1). Clearly, 2-Cat is concretely isomorphic to the category Ord of ordered

sets and monotone maps, P+-Cat to the category Met of metric spaces and non-expansive

maps (in the sense of [Lawvere, 1973]) and P∧-Cat to the category UMet of ultrametric

spaces and non-expansive maps. Similarly to our nomenclature for metric spaces, an order

relation is only assumed to be reflexive and transitive, and an ultrametrics a on X needs

only to satisfy

0 > a(x, x) and max{a(x, y), a(y, z)} > a(x, z).
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(2). The main result of [Barr, 1970] states that U2-Cat is concretely isomorphic to the category

Top of topological spaces and continuous maps.

(3). Another inspiring source for our study we found in approach theory initiated by Lowen in

1989; for an extensive presentation we refer to [Lowen, 1997]. By definition, an approach

space is a set X together with a function δ : PX × X → [0,∞] (here PX denotes the

powerset of X) subject to

(a) δ({x}, x) = 0,

(b) δ(∅, x) =∞,

(c) δ(A ∪B, x) = min{δ(A, x), δ(B, x)},
(d) δ(A(ε), x) + ε > δ(A, x);

for all A,B ⊆ X, x ∈ X and ε ∈ [0,∞]. Here A(ε) = {x ∈ X | ε > δ(A, x)}. For

δ : PX × X → [0,∞] and δ′ : PY × Y → [0,∞], a map f : X → Y is called non-

expansive if δ(A, x) > δ′(f [A], f(x)), for all A ⊆ X and x ∈ X. Approach spaces and

non-expansive maps are the objects and morphisms of the category

App;

and it is shown in [Clementino and Hofmann, 2003] that App is concretely isomorphic to

UP+ -Cat.

There is a canonical forgetful functor App→ Top sending an approach space (X, a) to

the topological space with the same underlying set X and with the convergence relation

defined by

x→ x whenever 0 > a(x, x).

This functor has a left adjoint Top→ App which one obtains by composing the convergence

relation UX ×X → 2 of a topological space with 2 ↪→ [0,∞] where 1 7→ 0 and 0 7→ ∞.

(4). The category UP∧ -Cat can be identified with the full subcategory UApp of App defined by

all those approach spaces (X, a) which satisfy

max(Uξa(X, x), a(x, x)) > a(mX(X), x),

for all X ∈ UUX, x ∈ UX and x ∈ X.

In the sequel we always refer to these presentations when talking about Ord, Met, UMet, Top,

App or UApp.

Besides functors, there is another important type of morphisms between categories, called

distributors. The notion of distributor was introduced by Bénabou in the 1960’s and provides “a

generalisation of relations between sets to ‘relations between (small) categories’ ” (see [Bénabou,

2000]). Below we provide a corresponding notion for T-categories which is due to [Clementino and

Hofmann, 2009a].

Definition II.3.4. A T-relation ϕ : X −⇀7 Y between T-categories X = (X, a) and Y = (Y, b) is a

T-distributor , written as ϕ : X −⇀◦ Y , whenever ϕ ◦ a ≤ ϕ and b ◦ ϕ ≤ ϕ.

Hence, a T-distributor ϕ : X −⇀◦ Y comes with a right action of the T-relation a and a left

action of b. This perspective motivates the designation bimodule or module used by some authors.

Note that we always have ϕ ◦ a ≥ ϕ and b ◦ ϕ ≥ ϕ, so that the T-distributor conditions above are

in fact equalities. T-categories and T-distributors form a 2-category, denoted by

T-Dist,
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with Kleisli convolution as composition and with the 2-categorical structure inherited from V-Rel.

The identity in T-Dist on a T-category X = (X, a) is given by a : X −⇀◦ X. As before, we write

V-Dist

whenever T = IV is an identity theory, and use ϕ : X−→◦ Y instead of ϕ : X −⇀◦ Y in this case.

Let (X, a) and (Y, b) be T-categories. Each map f : X → Y induces T-relations

f~ = b · Tf : Y −⇀7 X and f~ = f◦ · b : Y −⇀7 X;

moreover, one has b ◦ f~ ≤ f~ and f~ ◦ b ≤ f~. These T-relations are actually T-distributors

precisely when f is a T-functor:

Lemma II.3.5. The following are equivalent, for T-categories (X, a) and (Y, b) and a map f : X →
Y .

(i). f is a T-functor f : (X, a)→ (Y, b).

(ii). f~ is a T-distributor, that is, f~ ◦ a ≤ f~.

(iii). f~ is a T-distributor, that is, a ◦ f~ ≤ f~.

In fact, these assignments define functors

(−)~ : T-Cat→ T-Dist and (−)~ : T-Catop → T-Dist

which leave objects unchanged.

For a V-functor f : X → Y we will, however, use the traditional notation f∗ : X−→◦ Y and

f∗ : Y−→◦ X. This distinction is convenient since at some occasions we will consider simultaneously

a T-distributor and a V-distributor induced by the same T-functor f : (X, a)→ (Y, b).

Example II.3.6. We describe now Lawvere’s elegant characterisation of Cauchy complete metric

spaces mentioned already in Chapter I. To this end, let X be a metric space. Each Cauchy sequence

(xn)
n∈N in X induces P+-distributors

ϕ : G−→◦ X, ϕ(x) = lim
n→∞

d(xn, x) and ψ : X−→◦ G, ψ(x) = lim
n→∞

d(x, xn),

moreover, ϕ a ψ in P+-Dist. Conversely, every adjunction ϕ a ψ of P+-distributors ϕ : G−→◦ X and

ψ : X−→◦ G is of this form, and Cauchy sequences induce the same adjunction if and only if they

are equivalent. Furthermore, (xn)
n∈N converges to x if and only if the corresponding adjunction is

of the form x∗ a x∗. Hence, X is Cauchy complete if and only if for every left adjoint P+-distributors

ϕ : G−→◦ X there is some x ∈ X with ϕ = x∗.

II.4. Fundamental properties

The aim of this section is to collect some important properties of T-categories and T-functors.

The forgetful functor OT : T-Cat → Set sending (X, a) to its underlying set X is topological,

hence it has a left and a right adjoint. Here the free T-category on a set X is given by (X, e◦X).

In particular, the T-category G = (1, e◦1) is a generator in T-Cat and OT : T-Cat→ Set is naturally

isomorphic to the covariant hom-functor T-Cat(G,−). We conclude that T-Cat is complete and

cocomplete and the forgetful functor OT : T-Cat→ Set preserves limits and colimits. For example,

the product of T-categories (X, a) and (Y, b) can be constructed by first taking the Cartesian

product X × Y of the sets X and Y , and then equipping X × Y with the structure c defined by

c(w, (x, y)) = a(Tπ1(w), x) ∧ b(Tπ2(fw), y),

for all w ∈ T (X × Y ), x ∈ X and y ∈ Y .
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More important to us is, however, a different structure c on X × Y derived from the tensor

product of V, namely

c(w, (x, y)) = a(Tπ1(w), x)⊗ b(Tπ2(w), y),

where w ∈ T (X × Y ), x ∈ X, y ∈ Y . We write

(X, a)⊗ (Y, b) = (X × Y, c),

and this construction is in an obvious way part of a functor ⊗ : T-Cat × T-Cat → T-Cat. The

T-category E = (1, k) is a ⊗-neutral object, where 1 is a singleton set and k : T1 × 1 → V the

constant relation with value k ∈ V. In general, this construction does not result in a closed structure

on T-Cat; however, it does so when defined in the larger category T-Gph of T-graphs and T-graph

morphisms (see [Clementino et al., 2003]). Here a T-graph is a pair (X, a) consisting of a set X and

a T-relation a : X −⇀7 X which is only required to satisfy the reflexivity axiom eX ≤ a; T-graph

morphisms are defined as T-functors. There is an obvious full embedding

T-Cat ↪→ T-Gph

which preserves all limits (in fact, has a left adjoint) and all coproducts.

Examples II.4.1. By definition, a U2-graph is a pseudo-topological space as introduced in [Cho-

quet, 1948] and a U2-graph morphism is a continuous map, that is, U2-Gph is concretely iso-

morphic to the category PsTop of pseudo-topological spaces and continuous maps. Similarly,

UP+ -Gph = UP∧ -Gph is concretely isomorphic to the category PsApp the category of pseudo-approach

spaces and non-expansive maps (see [Lowen and Lowen, 1988]).

For T-graphs X = (X, a) and Y = (Y, b), their tensor product X ⊗ Y is defined as above, but

now X ⊗ − : T-Gph → T-Gph has a right adjoint (−)X : T-Gph → T-Gph (see [Hofmann, 2007])

where the structure d on

Y X = {f : X → Y | f is a T-functor of type G⊗X → Y }

is given by

d(p, h) =
∧

q∈T (Y X×X),x∈X
q7→p

hom(a(Tπ2(q), x), b(T ev(q), h(x))).

Here ev denotes the evaluation map ev : Y X ×X → Y, (h, x) 7→ h(x). The following result can be

found in [Hofmann, 2007].

Proposition II.4.2. Let X = (X, a) be a T-category with a · Tξa = a · mX . Then, for each T-

category Y , the structure d on Y X is transitive. Hence, X ⊗− : T-Cat→ T-Cat has a right adjoint

(−)X : T-Cat→ T-Cat. Moreover, for all h, h′ ∈ Y X ,

d0(h′, h) =
∧
x∈X

b0(h′(x), h(x))).

Definition II.4.3. A T-category X = (X, a) is called core-compact whenever a · Tξa = a ·mX .

The designation “core-compact” is motivated by the case of topological spaces. Classically, a

topological space X with topology O is called core-compact whenever, for all A ∈ O and all x ∈ A,

there exists some B ∈ O with x ∈ B and B is relatively compact in A; the latter meaning that

very open cover of A includes a finite sub-cover of B, or, equivalently, every ultrafilter on B has a

convergence point in A. It is shown in [Möbus, 1983; Pisani, 1999] that X is core-compact if and

only if its convergence structure a : UX−→7 X satisfies a · Uξa = a ·mX . Every locally compact
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space is core-compact, and for weakly sober spaces also the converse is true. A very nice exposition

of the theory of core-compact spaces and function spaces in Topology can be found in [Isbell, 1986]

The category T-Cat becomes a 2-category by transporting the order-structure on hom-sets from

T-Dist to T-Cat via the functor (−)~ : T-Catop → T-Dist: for T-functors f, g : (X, a) → (Y, b) we

define (see [Hofmann and Tholen, 2010, Lemma 4.7])

f ≤ g in T-Cat :⇐⇒ f~ ≤ g~ in T-Dist ⇐⇒ g~ ≤ f~ in T-Dist

⇐⇒ ∀x ∈ X . k ≤ b0(f(x), g(x))

⇐⇒ f∗ ≤ g∗ in V-Dist ⇐⇒ g∗ ≤ f∗ in V-Dist.

We call f, g : X → Y equivalent , and write f ' g, if f ≤ g and g ≤ f . Hence, f ' g if and only if

f~ = g~ if and only if f~ = g~, and also if and only if f∗ = g∗ if and only if f∗ = g∗. A T-functor

f : (X, a) → (Y, b) is called fully faithful whenever f~ ◦ f~ = a. Note that f is fully faithful if

and only if, for all x ∈ TX and x ∈ X, a(x, x) = b(Tf(x), f(x)).

Since T-Cat is locally ordered, the forgetful functor OT ' T-Cat(G,−) lifts to a 2-functor

ÕT : T-Cat → Ord. Furthermore, there is a concrete 2-functor (−)0 : T-Cat → V-Cat which sends

a T-category X = (X, a) to the V-category X0 = (X, a0) where a0 = a · eX ; and (−)0 : T-Cat →
V-Cat has a concrete left adjoint which sends a V-category (X, c) to (X, e◦X · Tξc). Combining

(−)0 : T-Cat→ V-Cat with ÕV : V-Cat→ Ord yields ÕT : T-Cat→ Ord.

Remark II.4.4. The underlying order of a topological space X is characterised by

x ≤ y ⇐⇒ �
x→ y,

which is equivalent to saying that every neighbourhood of y contains x. Hence we obtain the dual

of the specialisation order which is often employed in Domain Theory.

A T-category X is called separated (see [Hofmann and Tholen, 2010]) whenever f ' g implies

f = g, for all T-functors f, g : Y → X with codomain X. One easily verifies that it is enough

to consider the case Y = G, so that X is separated if and only if the ordered set T-Cat(G,X) is

anti-symmetric. The full subcategory of T-Cat consisting of all separated T-categories is denoted

by

T-Catsep.

Separateness captures precisely the notion of anti-symmetry in ordered sets and the T0-axiom in

topological spaces; and a metric space X = (X, d) is separated if and only if, for all x, y ∈ X,

d(x, y) = 0 = d(y, x) implies x = y.

The 2-categorical structure on T-Cat allows us to consider adjoint T-functors: a T-functor

f : X → Y is left adjoint if there exists a T-functor g : Y → X such that 1X ≤ g · f and

1Y ≥ f · g. Considering the corresponding T-distributors, f is left adjoint to g in T-Cat if and only

if g~ a f~ in T-Dist, that is, if and only if f~ = g~. More generally, thanks to Lemma II.3.5, if

f : X → Y and g : Y → X are maps with f~ = g~, then f and g are T-functors and f a g in T-Cat.
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III
Representable categories

This chapter is devoted to the important notions of representable T-category and dualisable

T-graph. Our interest in representable T-categories derives from the fact that these are precisely

those T-categories for which the associated dual T-graph is a T-category. For topological T0-

spaces, the concept of representability specialises to the classical notion of stably compact space

which is closely related to Nachbin’s ordered compact Hausdorff spaces introduced in [Nachbin,

1950]. The designation “representable” is borrowed from [Hermida, 2000, 2001] where the notion

of representable multicategory via a “monadic 2-adjuntion between the 2-category of strict monoidal

categories and that of multicategories” is introduced and analised. In comparison to the topological

case, strict monoidal categories are to multicategories what ordered compact Hausdorff spaces are

to topological spaces.

III.1. Extending the monad

Based on the lax extension of the Set-monad T = (T,m, e) to V-Rel described in Section II.2,

the Set-monad T admits a natural extension to a monad on V-Cat, in the sequel also denoted as

T = (T,m, e) (see [Tholen, 2009]). Here the functor T : V-Cat→ V-Cat sends a V-category (X, a0)

to (TX, Tξa0), and with this definition eX : X → TX and mX : TTX → TX become V-functors for

each V-category X. We also note that T : V-Cat→ V-Cat is actually a 2-functor: if f∗ ≤ g∗, then

(Tf)∗ = Tξ(f
∗) ≤ Tξ(g∗) = (Tg)∗. The Eilenberg–Moore algebras for this monad can be described

as triples (X, a0, α) where (X, a0) is a V-category and (X,α) is an algebra for the Set-monad T

such that α : T (X, a0) → (X, a0) is a V-functor. For T-algebras (X, a0, α) and (Y, b0, β), a map

f : X → Y is a homomorphism f : (X, a0, α) → (Y, b0, β) precisely if f preserves both structures,

that is, whenever f : (X, a0)→ (Y, b0) is a V-functor and f : (X,α)→ (Y, β) is a T-homomorphism.

Since the extension Tξ of T commutes with the involution (−)◦, with (X, a0, α) also (X, a◦0, α) is a

T-algebra. It follows from Lemma II.1.2 that the internal hom in V combined with the T-algebra

structure ξ induces the Eilenberg–Moore algebra V = (V, hom, ξ) for the monad T on V-Cat.

There is a canonical functor

K : (V-Cat)T → T-Cat.

which associates to each X = (X, a0, α) in (V-Cat)T the T-category KX = (X, a) where a = a0 ·α.

Note that (a0 ·α)0 = a0, hence our notation remains consistent. The category (V-Cat)T is actually

a 2-category with the order relation on hom-sets inherited from V-Cat, and one easily verifies that

K is a 2-functor. Applying K to V = (V,hom, ξ) produces the T-category V = (V,homξ) where

homξ : TV × V → V, (v, v) 7→ hom(ξ(v), v).

11
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We note that V = (V,homξ) is separated since T-Cat(G,V) ' V in Ord. In the topological case, 2 is

the Sierpiński space where {1} is closed and {0} is open; and in the approach case we obtain the

Sierpiński approach space P+ with approach convergence structure defined by λ(x, x) = x	 ξ(x)
(see [Lowen, 1997, Example 1.8.33(2)]).

Theorem III.1.1. The functor K : (V-Cat)T → T-Cat has a left adjoint M : T-Cat → (V-Cat)T

sending a T-category (X, a) to (TX, Tξa ·m◦X ,mX) and a T-functor f to Tf . Moreover, M is a

2-functor.

Via the adjunction M a K one obtains a lifting of the Set-monad T = (T,m, e) to a monad on

T-Cat, also denoted as T = (T,m, e). As it turns out, this monad has a very pleasant property.

Proposition III.1.2. The monad T = (T,m, e) on T-Cat is of Kock-Zöberlein type.

III.2. Representable categories

Since the monad T = (T,m, e) on T-Cat is of Kock-Zöberlein type, an algebra structure α :

TX → X on a T-category X is left adjoint to the unit eX : X → TX. However, unless X is

separated, a left adjoint α : TX → X to eX is in general only a pseudo-algebra structure on X,

that is,

α · eX ' 1X and α · Tα ' α ·mX .

Definition III.2.1. We call a T-category X representable whenever eX : X → TX has a left

adjoint in T-Cat. A T-functor f : X → Y between representable T-categories X and Y , with left

adjoint α : TX → X and β : TY → Y respectively, is called a pseudo-homomorphism whenever

β · Tf ' f · α.

Of course, if Y is separated, then one has equality above. Furthermore, since T is of Kock-

Zöberlein type, every left adjoint T-functor between representable T-categories is a pseudo-homomorphism.

We also note that X is representable if and only if there exists a T-functor α : TX → X with

α · eX ' 1X , then necessarily α a eX and α ·Tα ' α ·mX . We denote the category of representable

T-categories and pseudo-homomorphism by

T-ReprCat,

and its full subcategory defined by the separated representable T-categories by T-ReprCatsep. For a

separated representable T-category X, the left adjoint α : TX → X is actually an algebra structure

for T and therefore (X, a) 7→ (X,α) defines a functor

T-ReprCatsep → SetT

which commutes with the underlying Set-functors.

Below we give a characterisation of representable T-categories.

Proposition III.2.2. The following assertions are equivalent, for a T-category (X, a).

(i). (X, a) is representable.

(ii). (X, a) is core-compact and there is a map α : TX → X such that a = a0 · α.

Examples III.2.3. For T = U2, a topological space X is representable if and only if X is core-

compact and every ultrafilter on X has a smallest convergence point in X with respect to the

underlying order. It is well-known that the T0-spaces satisfying these properties are precisely the
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stably compact spaces (= locally compact sober spaces where finite intersections of compact

down-sets are compact); and f : X → Y is a pseudo-homomorphism if and only if f−1(K) is

compact, for every compact down-set K ⊆ Y . For more information we refer to [Gierz et al., 1980;

Simmons, 1982; Jung, 2004; Lawson, 2011]. Similarly, as observed in [Gutierres and Hofmann,

2013], an approach space (X, a) is representable if and only if (X, a) is weakly sober, core-compact

and has the property that a(x,−) is an approach prime element, for every x ∈ UX. We refer to

[Banaschewski et al., 2006] and [Van Olmen, 2005] for the theory of sober approach space.

III.3. Dualisable graphs

Our next aim is to introduce a concept of dual T-category which generalises the notion of dual

V-category. It turns out to be convenient to consider more generally certain T-graphs.

Definition III.3.1. A T-graph (X, a) is called dualisable whenever the reflexive V-relation a0 =

a · eX is also transitive and a = a0 · α, for some map α : TX → X.

For a dualisable T-graph X = (X, a), we write X0 to denote its underlying V-category (X, a0).

We consider TX as a discrete V-category so that α : TX → X0 is a V-functor. With this notation,

a0 · α = α∗ and, if also a = a0 · β = β∗ for some map β : TX → X, then necessarily α∗ = β∗ and

therefore

a◦0 · α = (α∗)◦ = (β∗)◦ = a◦0 · β.

Lemma III.3.2. Let X = (X, a) be a dualisable T-graph. Then (X, a◦0 · α) is a dualisable T-graph

as well, and the underlying V-category of (X, a◦0 · α) is (X0)op.

Definition III.3.3. Let X = (X, a) be a dualisable T-graph. Then the dual T-graph of X is

Xop = (X, a◦0 · α).

By the discussion before Lemma III.3.2, this definition is independent of the choice of α. Of

course, the dual of a V-category in the sense above is just the usual dual. Also note that, even if

X is a T-category, Xop need not be a T-category.

Example III.3.4. For a topological space X, the pseudo-topological space 2X is dualisable. We

can identify 2X with the set of all closed subsets of X, then the underlying order of 2X is given by

subset inclusion. We write O for the collection of all open subsets of X, and O(x) for the set of all

open neighbourhoods of x ∈ X. For any subset V ⊆ X, we put

V ♦ = {A ∈ 2X | A ∩ V 6= ∅}.

With this notation, for an ultrafilter p on 2X , the smallest convergence point µ(p) of p can be

calculated as

µ(p) = {x ∈ X | ∀V ∈ O(x) . V ♦ ∈ p}.

By definition, the convergence in (2X)op is described by

p→ A ⇐⇒ A ⊆ µ(p) ⇐⇒ ∀V ∈ O . (A ∈ V ♦ ⇒ V ♦ ∈ p);

hence it is induced by {V ♦ | V ∈ O} and therefore (2X)op is actually a topological space. This

topology on the set of closed subsets of a topological space is known as the lower Vietoris

topology (see [Clementino and Tholen, 1997], for instance). We find it remarkable that, albeit 2X

belongs to Top if and only if X is core-compact (see [Schwarz, 1984]), its dual (2X)op is always a

topological space.
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Similarly, for an approach space X, the pseudo-approach space PX
+

is dualisable where (−)X

is the right adjoint to − ⊗ X and the approach structure λ on P+ is given by λ(v, v) = v 	 ξ(v),

for v ∈ UP+ and v ∈ P+ . As for topological spaces, PX
+

is an approach space if and only if X is

core-compact, while (PX
+

)op is for every X an approach space. Note that we cannot use here the

same argument as for topological spaces since it relies on the description of a topology via open

subsets; the crucial observation is that the convergence structure c : U(PX
+

)−→7 PX
+

can be described

as a lifting in P+-Rel. In fact, it is shown in [Hofmann, 2014] that a corresponding result holds for

every topological theory T = (T,V, ξ) where T1 = 1.

Proposition III.3.5. Let X = (X, a) be a T-category where a = a0 ·α, for some map α : TX → X.

Then the following assertions are equivalent.

(i). The T-graph Xop is actually a T-category.

(ii). X is core-compact.

(iii). X is representable.

In conclusion, taking duals gives a functor (−)op : T-ReprCat → T-ReprCat which makes the

diagram

T-ReprCat

(−)0
��

(−)op
// T-ReprCat

(−)0
��

V-Cat
(−)op

// V-Cat

commutative.

III.4. Distributors revisited

By Propositions II.4.2 and III.2.2, every representable T-category is ⊗-exponentiable. For a

T-category X, its presheaf T-category PTX is defined as PTX := V(TX)op with structure rela-

tion denoted J−,−K. Proposition II.4.2 implies that the underlying V-category (PTX)0 is a full

subcategory of the presheaf V-category of (MX)0, where, for ψ,ψ′ ∈ PTX,

[ψ,ψ′] := JePTX(ψ), ψ′K =
∧

x∈TX
hom(ψ(x), ψ′(x)).

A slight adaptation of [Clementino and Hofmann, 2009a, Theorem 2.5] gives the following

characterisation of T-distributors.

Theorem III.4.1. Let ϕ : X −⇀7 Y be a T-relation. The following assertions are equivalent.

(i). ϕ is a T-distributor ϕ : X −⇀◦ Y .

(ii). ϕ : (TX)op ⊗ Y → V is a T-functor.

(iii). pϕq : Y → PTX is a T-functor.

The following result (see [Hofmann, 2011]) turns out to be crucial for calculating with T-

distributors.

Theorem III.4.2. Let ψ : X −⇀◦ Z and ϕ : X −⇀◦ Y be T-distributors. Then, for all z ∈ TZ and

y ∈ Y ,

JT pψq(z), pϕq(y)K = (ϕ ◦− ψ)(z, y).
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For each T-category X = (X, a), a : X −⇀◦ X is a T-distributor which gives us the Yoneda

functor

yX = paq : X → PTX.

As a special case of Theorem III.4.2 we obtain:

Corollary III.4.3. For each ψ ∈ PTX and each x ∈ TX, ψ(x) = JT yX(x), ψK. Consequently,

yX : X → PTX is fully faithful.

The Yoneda functor yX = paq : X → PTX is the X-component of a natural transformation

y : 1→ PT. Furthermore, for every T-category X = (X, a), the V-category structure â = Tξa ·m◦X :

TX−→7 TX on TX is actually a T-distributor â : X −⇀◦ TX. Hence, â corresponds to a T-functor

Y X : TX → PTX and this construction yields a natural transformation Y : T → PT.

By definition, the underlying ordered set of PTX can be identified with T-Dist(X,G). Every

T-distributor ϕ : X −⇀◦ Y induces monotone maps − ◦ ϕ : PTY → PTX and − ◦− ϕ : PTX → PTY

which are both T-functors as − ◦ ϕ is the mate of the T-distributor (yY )~ ◦ ϕ : X −⇀◦ PTY , and

− ◦− ϕ is the mate of ( pϕq)~ : Y −⇀◦ PTX. In the sequel we write PTϕ to denote − ◦ ϕ, note

that we have an adjunction PTϕ a − ◦− ϕ in T-Cat. Clearly, this construction defines a 2-functor

PT : T-Distop → T-Cat.

Theorem III.4.4. The functor PT : T-Distop → T-Cat is right adjoint to (−)~ : T-Cat→ T-Distop.

The unit and counit of this adjunction are given by (yX)X and (yX~)X respectively.

The adjunction of the theorem above induces a monad PT = (PT,m , y) on T-Cat where PT :

T-Cat→ T-Cat sends a T-functor f to PTf := − ◦ f~, hence PT is a 2-functor. Moreover, for every

f : X → Y in T-Cat one has T-functors

PTX

PTf

⊥ &&

(− ◦− f~)

⊥ 88
PTY,(−◦f~)oo

hence PTf ≤ (− ◦− f~). Also note that ψ ◦− (yX)~ = J−, ψK = ψ~, hence − ◦− (yX)~ = yPTX and

therefore PT yX ≤ yPTX . Consequentely:

Theorem III.4.5. The monad PT = (PT,m , y) on T-Cat is of Kock-Zöberlein type. The natural

transformation Y : T → PT is actually a monad morphism Y : T→ PT.

Example III.4.6. For T = U2, it is shown in [Hofmann and Tholen, 2010] that the topological

space PU2X is homeomorphic to the space Fo(X) of all filters (including the improper one) on the

lattice OX of open sets of X, where the topology on Fo(X) has

{f ∈ Fo(X) | A ∈ f} (A ⊆ X open)

as basic open sets (see [Escardó, 1997]). Here we can identify an element ψ ∈ PU2X = 2(UX)op with

a closed subset A of UX and, with this identification, the maps

PU2X
ΦX−−−→ Fo(X), A 7→ (

⋂
A) ∩ OX and Fo(X)

ΠX−−−→ PU2X, f 7→ {x ∈ UX | f ⊆ x}

are indeed continuous and inverse to each other. Furthermore, ΦX ·yX(x) is the open neighbourhood

filter, for every topological space X and every x ∈ X; and Φ = (ΦX)X is a natural transformation.

Therefore, since both monads are of Kock-Zöberlein type, the monad PU2 on Top ' U2-Cat is

isomorphic to the filter-of-opens monad Fo on Top.
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A U2-distributor ψ : X −⇀◦ G is right adjoint if and only if the corresponding filter of opens is

completely prime. A U2-distributor ϕ : G−⇀◦ X corresponds to a continuous map ϕ : X → 2 which

we can identify with a closed subset A of X; here x~ corresponds to {x}. Furthermore, ϕ : G−⇀◦ X
is left adjoint if and only if A is irreducible. Hence, a topological space X is weakly sober if and

only if every left adjoint U2-distributor ϕ : G−⇀◦ X is of the from ϕ = x~, for some x ∈ X.

This description of weakly sober spaces is obtained in [Clementino and Hofmann, 2009a] and, with

Example II.3.6 in mind, suggests to think of these spaces as the “Cauchy complete topological

spaces”.

Since (−)~ : T-Cat → T-Distop is surjective on objects, T-Distop is equivalent to the Kleisli

category of PT. In the next chapter we will analyse the Eilenberg–Moore category of PT = (PT,m , y).

III.5. Compactness

In Section III.1 we have seen that the syntactic object V becomes naturally a T-category.

Furthermore, several maps induced by the components of a topological theory are indeed T-functors:

Proposition III.5.1. (1). For each set I, the map
∧

: VI → V is a T-functor.

(2). homξ : (TV)op ⊗ V → V is a T-functor.

(3). ⊗ : V ⊗ V → V is a T-functor.

A special role plays the map induced by suprema in V: the study of its functoriality leads us to

a study of compact T-categories. Motivated by the notion of 0-compactness in approach theory (see

[Lowen, 1997, Section 6.1]), the degree of compactness of a T-category X = (X, a) is defined as

comp(X) =
∧

x∈TX

∨
x∈X

a(x, x),

and we call X compact if comp(X) ≥ k. Before stating the main result, we recall that (−)X

denotes the right adjoint to −⊗X; and note that this functor takes values in T-Gph.

Theorem III.5.2. A T-category X is compact if and only if the map
∨

: VX → V is actually a

T-graph morphism.

For topological spaces, the result above is essentially due to [Nachbin, 1992] and [Escardó,

2004]. It implies the rather surprising fact that not only finite but also compact union of closed

sets is closed. It also provides an elegant argument for the Kuratowski-Mrówka characterisation of

compactness (see [Escardó, 2004, Theorem 9.15], [Kuratowski, 1931] and [Mrówka, 1959]), as we

explain next.

A map f : X → Y between topological spaces is closed if it sends closed subsets to closed subsets,

or, in terms of characteristic maps, if Pf : 2X → 2Y sends continuous maps to continuous maps.

With this in mind, we call a map f : X → Y between T-categories closed if PV(f) : PV(X)→ PV(Y )

(see Definition II.1.1) sends T-functors to T-functors.

Proposition III.5.3. A T-category X is compact if and only if, for each T-category Y , the projec-

tion map π2 : X ⊗ Y → Y is closed.

To prove the left-to-right implication, the crucial observation is that

PV(π2)(ϕ) =
∨
· pϕq,

for every T-functor ϕ : X ⊗ Y → V; and, if X is compact, the composite

Y
pϕq

−−→ VX
∨
−→ V
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is a T-functor.

Remark III.5.4. A Kuratowski-Mrówka type characterisation of compact approach spaces is given

in [Colebunders et al., 2005]; however, their result differers from the approach version of our result

as it uses the categorical product X × Y instead of the tensor product X ⊗ Y .
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IV
Cocomplete categories

In this chapter we explain the notions of weighted colimit and cocompleteness for T-categories

and develop some aspects of their theory. This was first done in Hofmann [2011]; Clementino

and Hofmann [2009b] following closely the theory of V-categories as pioneered in [Eilenberg and

Kelly, 1966]. The classical theory of enriched categories is extensively described in the monograph

[Kelly, 1982]; unfortunately, without making use of the powerful notion of distributor. This is in

our opinion a pity as the “distributor viewpoint” adds considerable clarity to the subject. In fact,

the notion of cocompleteness can be described roughly as follows: move from V-Cat to V-Dist via

(−)∗ : V-Cat→ V-Dist, solve the problem in V-Dist using the quantaloid structure; a V-category is

cocomplete if the “solution distributor” comes from a V-functor, i.e. is of the form f∗. This idea

is formalised in the context of quantaloid-enriched categories in [Stubbe, 2005, 2006] which also

influenced our definitions.

Furthermore, we stress that the T-case presents a fundamental difference. Whereby in the

classical case of enriched categories it is enough to consider distributors with codomain the generator

G, for T-categories it is necessary to consider weights with arbitrary codomain. This fact forces

us to distinguish between cocomplete T-categories and totally cocomplete T-categories. Below we

present various results about totally cocomplete T-categories and expose in particular the tight

connection with the theory of continuous lattices.

IV.1. Weighted colimits

We start by introducing the pertinent notions. A weighted colimit diagram in a T-category

X is given by a T-functor d : D → X and a T-distributor ψ : D−⇀◦ G.

D

◦ψ
�

d // X

G

A colimit of such a weighted diagram is an element x ∈ X which represents d~ ◦− ψ : G−⇀◦ X,

that is, x~ = d~ ◦− ψ. If such an element x exists, it is unique up to equivalence, and we call

x a ψ-weighted colimit of d and write x ' colim(d, ψ). We say that a T-functor f : X → Y

preserves the ψ-weighted colimit x of d if f(x) is the ψ-weighted colimit of f · d, that is, if

f(x)~ = (f · d)~ ◦− ψ. A T-functor f : X → Y is called cocontinuous if it preserves all weighted

colimits which exist in X, and a T-category X is cocomplete if every weighted colimit diagram in

X has a colimit in X.

19
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Cocompleteness of X follows from the existence of colimits along identities: for any weight

ψ : D−→◦ G, the ψ-weighted colimit of d exists if and only if the (ψ ◦ d~)-weighted colimit of

1X : X → X exists, and in that case one has colim(d, ψ) ' colim(1X , ψ◦d~). Moreover, a T-functor

f : X → Y preserves the ψ-weighted colimit of d if and only if it preserves the (ψ ◦ d~)-weighted

colimit of 1X . In the sequel we will write SupX(ψ) or simply Sup(ψ) instead of colim(1X , ψ).

Remark IV.1.1. If ψ : X −⇀◦ G is right adjoint, then 1~ ◦− ψ : G−⇀◦ X is necessarily the left

adjoint of ψ. Hence, by Example II.3.6, a metric space X is Cauchy complete if and only if every

right adjoint distributor ψ : X−→◦ G has a supremum in X.

Example IV.1.2. For T-distributors ϕ : X −⇀◦ Y and ψ : Y −⇀◦ Z, with the help of Theorem III.4.2

one shows that the mate pψ ◦ ϕq of the composite of ψ and ϕ is the colimit of the diagram

Y

◦ψ
�

pϕq
// PTX.

Z

Hence, for every T-category X = (X, a), every T-distributor ψ ∈ PX is the colimit of the weighted

diagram

X

◦ψ
�

yX // PTX

G

since paq = yX .

Example IV.1.3. For a topological space X, a U2-distributor ψ : X −⇀◦ G corresponds to a filter

f in the lattice of opens of X (see Example III.4.6), and x ∈ X is a supremum of ψ if and only

if x is a smallest convergence point of f with respect to the underlying order of X. Hence, X is

cocomplete if and only if every filter of opens of X has a smallest convergence point in X.

IV.2. Totally cocomplete categories

For a cocomplete T-category X, the map defined by ψ 7→ SupX(ψ) turns out to be left adjoint

to the yX : X0 → (PTX)0 in V-Cat; and, if T1 = 1, the existence of such a left adjoint guarantees

also cocompleteness of X. However, Example 5.7 of [Hofmann and Waszkiewicz, 2011] shows that

SupX does not need to be a T-functor.

Definition IV.2.1. A T-category X is called totally cocomplete whenever yX : X → PTX has a

left adjoint SupX : PTX → X in T-Cat; that is, if X is a pseudo-algebra for PT.

It follows from the general theory of Kock–Zöberlein monad that the totally cocomplete T-

categories are precisely the injective ones, where a T-category X is called injective if, for all

T-functors f : A→ X and fully faithful T-functors i : A→ B, there exists a T-functor g : B → X

such that g · i ' f . Clearly, for a separated T-category X we have then g · i = f .

Curiously, total cocompleteness can be characterised by the existence of a slighly more general

type of colimits, as we explain next. From now on we let in a weighted colimit diagram the weight

ψ : D−⇀◦ A be a T-distributor with arbitrary codomain. A colimit of such a diagram is a T-

functor g : A → X which represents d~ ◦− ψ : A−⇀◦ X in the sense that g~ = d~ ◦− ψ, and we

write g ' colim(d, ψ). We note that one still has colim(d, ψ) ' colim(1X , ψ ◦ d~). A T-functor
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f : X → Y preserves the ψ-weighted colimit g of d if f · g is the ψ-weighted colimit of f · d, that

is, if (f · g)~ = (f · d)~ ◦− ψ. We write

T-CoCts

to denote the category of totally cocomplete T-categories and weighted colimit preserving T-

functors, and T-CoCtssep for its full subcategory defined by the separated T-categories. As before,

in the V-case we use the designations V-CoCts and V-CoCtssep.

Theorem IV.2.2. The following assertions are equivalent, for a T-category X.

(i). X is injective.

(ii). yX : X → PTX has a left inverse SupX : PTX → X in T-Cat, that is, SupX · yX ' 1X .

(iii). yX : X → PTX has a left adjoint SupX : PTX → X in T-Cat.

(iv). X has all weighted colimits (in the generalised sense).

Theorem IV.2.3. Let f : X → Y be a T-functor between totally cocomplete T-categories. Then the

following assertions are equivalent.

(i). f preserves all weighted colimits (in the generalised sense).

(ii). f preserves all weighted colimits with weight of type D−⇀◦ G.

(iii). The diagram

PTX
PTf //

SupX
��

'

PTY

SupY
��

X
f

// Y

commutes up to equivalence.

From the two results above we infer immediately:

Theorem IV.2.4. The category T-CoCtssep is precisely the category (T-Cat)PT of Eilenberg–Moore

algebras for the monad PT = (PT,m , y) on T-Cat. In particular, T-CoCtssep is complete.

We also have the expected connection with left adjoint T-functors.

Proposition IV.2.5. Every left adjoint T-functor is cocontinuous. A T-functor between totally

cocomplete T-categories is left adjoint if and only if it is cocontinuous.

From Theorem III.4.5 we infer that every totally cocomplete T-category is representable and

that every cocontinuous T-functor between representable T-categories is a pseudo-homomorphism.

Therefore we obtain forgetful functors

T-CoCts→ T-ReprCat and T-CoCtssep → T-ReprCatsep.

IV.3. Monadicity results

We have seen in the previous section that injective separated T-categories are algebras over

T-Cat. In Example III.4.6 we have seen that the monad PU2 on Top is isomorphic to the filter-of-

opens monad Fo on Top, and it is shown in [Day, 1975, Theorem 4.5] that TopFo “is precisely the

category of continuous lattices with maps preserving directed suprema and all infima”. The objects

of the latter category where earlier introduced in [Scott, 1972] in order to give a mathematical model

for the λ-calculus of Church and Curry. Scott actually considers injective T0-spaces and shows that

their specialisation order determines their topology and characterises them as particular complete
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lattices, namely the continuous ones. Since in this report the underlying order of a space is dual

to the specialisation order (see Remark II.4.4), it is more convenient to consider the isomorphic

category of op-continuous lattices (i.e. those lattices whose dual is a continuous lattice) and maps

preserving directed infima and all suprema. By the results of the previous section, this category

is concretely isomorphic to the category of T0-spaces admitting all weighted colimits and colimit-

preserving continuous maps, denoted as

CoCtsTopsep.

Another important result of [Day, 1975] is the fact that continuous lattices are the Eilenberg–

Moore algebras for the filter monad on Set. In this section we provide a similar result for T-categories

and show that the forgetful functor

G : T-CoCtssep → Set

is monadic (see [Hofmann, 2011]). Clearly, G has a left adjoint, namely the composite

Set
discrete−−−−−−−−→ T-Cat

P−−−−→ T-CoCtssep;

and one also easily verifies that G : T-CoCtssep → Set reflects isomorphisms. In order to verify

Duskin’s criterion (see [MacDonald and Sobral, 2004, Corollary 2.7]), the main difficulty lies in the

proof of the following result.

Proposition IV.3.1. T-CoCtssep has and G : T-CoCtssep → Set preserves coequaliser of G-equivalence

relations.

To see this, consider morphisms π1, π2 : R ⇒ X in T-CoCtssep which define an equivalence

relation on the set X. Let q : X → Q the coequaliser of π1, π2 in T-Cat. The crucial observation

here is that

PTR
PTπ1 //

PTπ2

// PTX
Pq
// PTQ (†)

is a split fork in T-Cat; the splitting maps are given by q~◦− : PTQ→ PTX and π~1 ◦− : PTX → PTR.

Therefore (†) is a coequaliser diagram in T-Cat , which implies that q : X → Q is also the coequaliser

of π1, π2 in T-CoCtssep as indicated in the diagram below:

R
π1 //
π2

//

yR

��
1R

""

X
q

//

yX

��

Q

yQ

��
1Q

||

PTR
PTπ1 //

PTπ2

//

SupR

��

PTX
PTq //

SupX

��

PTQ

SupQ

��
R

π1 //
π2

// X
q

// Q.

All told:

Theorem IV.3.2. The forgetful functor G : T-CoCtssep → Set is monadic. Hence, T-CoCtssep is

also cocomplete.

The induced monad on Set we also write as PT = (PT,m , y). Once monadicity over Set is

established, one easily obtains:
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Corollary IV.3.3. The canonical forgetful functors T-CoCtssep → V-Cat and T-CoCtssep → Ord

are monadic.

Recall from Section III.2 hat there is a canonical functor T-ReprCatsep → SetT which, when

composed with T-CoCtssep → T-ReprCatsep of Section IV.2, yields a functor

T-CoCtssep → SetT.

Since both T-CoCtssep and SetT are monadic over Set, general results about Set-monads imply (see

[Linton, 1969]):

Corollary IV.3.4. The functor T-CoCtssep → SetT is monadic.

Manes proved in 1969 that SetU ' CompHaus, and monadicity of CoCtsTopsep over CompHaus is

shown in [Wyler, 1981]. The monad on CompHaus induced by the functor CoCtsTopsep → CompHaus

corresponding to the one of Corollary IV.3.4 is the Vietoris monad whose functor part was originally

studied in [Vietoris, 1922]. We have explored this theme in [Hofmann, 2014].

We believe that one of the virtues of our approach is the fact that it automatically provides us

with metric and other variants of results originally proven for topological spaces and ordered sets.

In the next section we have a closer look at injective approach spaces which in our opinion define

an interesting metric counterpart to (op-)continuous lattices.

IV.4. Continuous metric spaces

Lawvere’s presentation of metric spaces as enriched categories has motivated much work on the

reconciliation of order, metric and category theory. In fact, many order theoretic notions can be

appropriately translated into the metric context, for instance

• a non-empty up-closed subset of X can be identified with a monotone map ϕ : X → 2

satisfying ∃x ∈ X .ϕ(x); in a metric space we could now talk about a non-expansive map

ϕ : X → [0,∞] with 0 > infx∈ϕ ϕ(x);

• a subset with characteristic map ϕ : X → 2 is directed if it is non-empty and, for all

x, y ∈ X,

ϕ(x) &ϕ(y) ⇒ ∃z ∈ X . (x ≤ z& y ≤ z&ϕ(z));

which in the metric world could be written as

ϕ(x) + ϕ(y) > inf
z∈X

(d(x, z) + d(y, z) + ϕ(z)).

Hence, the notion of order ideal and eventually the order theoretic definition of continuous lattice

can be brought into the realm of metric spaces. These analogies led indeed to many interesting

results, see for instance [Waszkiewicz, 2009, 2002], [Flagg et al., 1996] and [Wagner, 1994]. But

continuous lattices live at the border between Order Theory, Topology and Algebra, here we take

injectivity as primitive notion and define:

Definition IV.4.1. A metric space is called continuous if it underlies an injective approach space.

We hasten to remark that the use of approach spaces in Quantitative Domain Theory was

already advocated in [Windels, 2001, 2000]. Our first goal is to show that this is indeed a property

rather then an additional structure in the sense that there is at most one such approach space.

Proposition IV.4.2. For a metric space X = (X, d), there exists at most one injective approach

space X = (X, a) so that d(x, y) = a(
�
x, y), for all x, y ∈ X.
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More precise, each injective approach space is a metric compact Hausdorff space whose com-

pact Hausdorff topology is the Lawson topology of the underlying order of the metric. The full

subcategory of App consisting of all injective approach spaces we denote as

ContMet.

By the proposition above, ContMet can be also viewed as a (non-full) subcategory of Met which

justifies our notation. Clearly, ContMet inherits products from App, we are now going to show

that ContMet is Cartesian closed which resembles the fact that the full subcategory of Top defined

by all injective topological spaces is Cartesian closed (see [Scott, 1972]). A first step towards this

result is the following characterisation of exponentiable approach spaces obtained in [Hofmann,

2006; Hofmann and Seal, 2013].

Theorem IV.4.3. The following assertions are equivalent for an approach space (X, a).

(i). (X, a) is exponentiable in App.

(ii). For X ∈ UUX, x ∈ X and v, u ∈ [0,∞] with v + u = a(mX(X), x),

a(mX(X), x) > inf{max{Ua(X, x), v}+ max{a(x, x), u} | x ∈ UX}.

(iii). For X ∈ UUX, x ∈ X with a(mX(X), x) <∞ and v, u ∈ [0,∞) with v+u = a(mX(X), x),

for each ε > 0 there exists an ultrafilter x ∈ UX such that

v + ε > Ua(X, x) and u+ ε > a(x, x).

Corollary IV.4.4. Every exponentiable approach space is core-compact.

It is shown in [Hofmann, 2013, Theorem 5.14] that every injective approach space satisfies the

conditions of Theorem IV.4.3. That is:

Corollary IV.4.5. Every injective approach space is exponentiable in App.

For an exponentiable approach space X, we write [X,−] for the right adjoint of − × X. A

categorical standard argument (see [Johnstone, 1986, Lemma 4.10]) shows that with Y also [X,Y ]

is injective. Therefore:

Theorem IV.4.6. ContMet is Cartesian closed.

We turn now our attention to the category

CoCtsAppsep

of separated totally cocomplete (=injective) approach spaces and cocontinuous non-expansive maps,

hence CoCtsAppsep = App
PUP+ . By the results of the previous section, CoCtsAppsep is also monadic

over CompHaus, Met, Ord and Set. Furthermore, the canonical forgetful functor App → Top

preserves injectives since its left adjoint preserves fully faithfulness, and therefore restricts to a

(necessarily monadic) functor

CoCtsAppsep → CoCtsTopsep.

Consequently, separated continuous metric spaces can be also seen as op-continuous lattices with

an algebra structure. More precise, as we explain now, they are the op-continuous lattices equipped

with an unitary and associative action of [0,∞].
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Proposition IV.4.7. The category CoCtsTopsep admits a tensor product which represents bimor-

phisms. That is, for all X,Y in CoCtsTopsep, the functor

Bimorph(X × Y,−) : CoCtsTopsep → Set

is representable by some object X � Y in CoCtsTopsep.

We write

CoCtsTop[0,∞]
sep

for the category whose objects are op-continuous lattices X equipped with a unitary and associative

action + : X� [0,∞]→ X in CoCtsTopsep, and whose morphisms are those CoCtsTopsep-morphisms

f : X → Y which satisfy f(x+u) = f(x) +u, for all x ∈ X and u ∈ [0,∞]. As shown in [Gutierres

and Hofmann, 2013]:

Theorem IV.4.8. CoCtsAppsep is concretely isomorphic to CoCtsTop
[0,∞]
sep .
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V
Epilog

In the aforegoing pages we have described some “micro-aspects of Categorical Topology” based

on viewing an individual space as a category. Our picture is by no means complete, and below we

list further topics and connections with other work.

• A radically different approach to some topics of this report is developed in [Seal, 2009,

2010]. Seal considers monads T on Set equipped with a power-enrichment, that is, a monad

morphism τ : P → T from the powerset monad P to T. This additional structure allows

for an extension of T to Rel (called Kleisli extension) and consequently for the definition of

lax Eilenberg–Moore algebras. These lax algebras can be equivalently described as monoids

(called Kleisli monoids) in the Kleisli 2-category of T, and the category of injective objects

and left adjoints is concretely isomorphic to SetT. For example, the monad PT on Set turns

out to be power-enriched, and the associated Kleisli monoids are precisely the T-categories.

Therefore Seal’s approach gives an alternative route to our Theorem IV.3.2 which, however,

needs the knowledge of the monad PT beforehand. As a side-effect we see that T-categories

can be always presented as lax Eilenberg–Moore algebras for a (possibly complicated) Set-

monad extended to Rel. For approach spaces, this fact was first observed in [Lowen and

Vroegrijk, 2008] and further studied in [Colebunders et al., 2011].

• In [Hofmann, 2007] we introduced a notion of morphism between topological theories which,

however, we neglected in the subsequent development. These morphisms induce functors

between the categories of models of these theories, along our way we have encountered

some of them like the canonical forgetful functors

ÕT : T-Cat→ Ord, (−)0 : T-Cat→ V-Cat and App→ Top.

So far there is no systematic treatment of these functors and their properties.

• In this report we have only considered T-categories admitting all weighted colimits. Further

important categories of spaces are captured when requiring only the existence of weighted

colimits where the weight belongs to a certain choice of distributors. Many results of

Chapter IV remain true in this context, as shown in [Clementino and Hofmann, 2009b].

• Along the way we talked about sober spaces which are identified in Example III.4.6 as the

“Cauchy complete topological T0-spaces” since, in the language of distributors, they satisfy

the same condition as Cauchy complete metric spaces (see Example II.3.6). However, sober

27
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spaces typically appear as fixed points of the adjunction

Topop >

O
((

Spec

hh Frm

between the dual of the category Top and the category Frm of frames and homomorphisms

(see [Isbell, 1972]). Similarly, sober approach spaces are introduced in [Banaschewski et al.,

2006] via an adjunction

Appop >
((

hh AFrm

between the dual of App and the category of approach frames and homomorphisms; and

are extensively studied in the Ph.D. thesis [Van Olmen, 2005]. With these examples in

mind, we studied duality theory for T-categories in [Hofmann and Stubbe, 2011]. Since the

definition of frame involves finite infima, one major difficulty here is to understand what

“finite” should mean depending on the theory T. The solution offered in [Hofmann and

Stubbe, 2011] is motivated by the results presented in Section III.5: T-finite means compact.

A rather different approach to duality theory for T-categories inspired by [Rosebrugh and

Wood, 1994, 2004] is presented in [Hofmann, 2013].

• The main theme of this report is the study of cocomplete T-categories. Their designation

suggests that there should be a dual(?) concept of completeness. Of course, complete V-

categories are precisely the duals of cocomplete ones, but the general T-case needs further

elaboration. We have started this task in [Hofmann, 2014] under the assumption T1 = 1;

in particular it is shown there that a T-category X is

– cocomplete if and only if X is complete, and

– totally cocomplete if and only if Xop is totally complete.

We also note that a totally complete T-category need not be totally cocomplete.
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