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0 Introduction

The main aim of this paper is to prove for the eigenvalues of the Stokes operator
certain results corresponding to some that are well-known for the eigenvalues of
the Dirichlet Laplacian (and of other elliptic operators) — cf. [8].

We take a priori for the underlying set €2 any non-empty bounded open subset
of IR", no matter how irregular its boundary 0f2 is. In the case of the Dirichlet
Laplacian, it is known that the fractality of 02 plays an important role in the
asymptotics of the eigenvalues of the operator. Here we want to show that the
same seems to be true for the asymptotics of the eigenvalues of the Stokes operator.

As far as we know, the results that have been obtained for these asymptotics
deal only with the situation when 0f2 is smooth. Thus we have the determination
by Métivier [11] of the first term for the counting function N()) associated with

the problem in the case €2 is Lipschitz, namely

Qln
N(\) ~ (|27T|>n(n —1)|B"|, A2 as A — 00, (0.1)
where N () is defined as the number of eigenvalues not exceeding A, | - |, stands
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for Lebesgue measure in IR™ and B" is used to denote the Fuclidean unit ball of
R".
Formula (0.1) can also be written in the form

12l
(2m)"

which prompts us for the improvement of the estimate of the remainder.

N(X) (n — 1)|B"|,,A"/? = o(A\"/?) as A\ — 00, (0.2)

Actually, Babenko [1] showed that, for n = 3 and smooth 99, the o(\"/?)

An/2

in (0.2) can be improved to O(5—

), and Kozhevnikov [7] even got the estimate
O(A"=1/2) for the remainder if 9 is assumed to be infinitely smooth.

In [2] we conjectured, again in the case when (Q is assumed to be Lipschitz,
that the little o estimate in (0.2) could be replaced by O(A~/%/2) (and we even
suggested that O(A(™~Y/2) might also hold). It is a fact, however, that Levendorskit
[9] had already proved that the estimate O(A™~%/2) for any § € (0,1/2), holds in
this case.

As a by-product of the results proved in the present work, we in fact show that,
in the case ( is Lipschitz, the remainder in (0.2) is a O(A™=D/2In )\).

We prove more than this, however.

First of all, we obtain (0.1) for any bounded open non-empty subset € of R"
such that |09, = 0 (see (6.5)). Secondly, we show that the remainder in (0.2) is
O(AP/?) whenever 02 has (inner) Minkowski dimension equal to D € (n — 1,n)]
and its D-dimensional upper (inner) Minkowski content is finite (cf. Corollary
1.3). Actually, we even show something broader than this, as we also get a similar
result for some more general dimension functions used instead of the standard
power dimension function associated with D (cf. Theorem 1.2).

The approach used is the same as Métivier’s [10] — as was the case in [8] —

for elliptic operators, which is well adapted to the situation where the boundary
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of € is extremely irregular.
As will be apparent in section 1, when defining the Stokes operator we take the

point of view of using the space
{u € (Hy(Q)" : divu = 0}

for the V-space that appears in the literature on the Navier-Stokes equations (cf.
[12, 4], for example). It is known (cf. [12, p.23]) that this might not be the same
as considering the closure of {u € (C§°(Q))" : divu = 0} in (Hj(Q))" for the
V-space, mainly if 0€) is not smooth — which is the case we are more interested
in. However, it is not difficult to see that our results are blind to this distinction
— the same kind of arguments could be applied were we to consider the other
setting (in section 4 we don’t even need to distinguish between the two, because
there we deal only with the case when € is a n-cube).

Since there are some general procedures that we repeat several times along the
text, we would like to make the following conventions.

Whenever we consider the closure A of a subset in a Hilbert space B, the inner
product to be considered in A is, if nothing is said to the contrary, the one naturally
inherited (i.e., by restriction) from B. Also, whenever we consider product spaces
of Hilbert spaces, the inner product to be considered in the product space is, if
nothing is said to the contrary, the one we can build naturally (cf., e.g., (1.4),
which defines (-, ) g(q))-

As to the notation, (+,-)4 and || - || 4 stand, respectively, for the inner product
and norm in A. Also, the letter ¢, possibly with subscripts and/or superscripts, is
used for a positive constant, the precise value of which is unimportant for us. And,
though we have made an effort to use different ¢’s in neighbouring formulae, the

use of the same letter ¢ in two of them does not necessarily mean that the two ¢’s

3



represent the same value.

1 Setting of the problem and main results

Let IR™ be the n-dimensional Euclidean space (with n > 2) and let €2 stand for an
arbitrary bounded open non-empty subset of IR".

We shall use the standard notation L(€2) for the space of (equivalence classes
of) complex measurable functions on 2 which are square-integrable with respect
to the Lebesgue o-field and measure. Moreover, H'(€) will stand for the Sobolev
space consisting of the functions of Lo(£2) which have first order weak partial
derivatives also in Ly(€2).

These spaces are endowed with the usual Hilbert structures, by means of the

usual inner products, namely

(U, V) = /u(:v)v(a:)da:, (1.1)

Q

(u, V) ) = (U,0)1,0 +Z/8gj 8 )dw (1.2)
j

L
Also as usual, H}(€2) will denote the closure of C§°(Q2) (the space of infinitely
continuously differentiable complex functions with compact support on ) in H*(€2).
The Stokes operator arises when we consider the variational form of Stokes’
problem. In order to define it, we need thus to consider the following sesquilinear

form a:

a(u, v) zzz/ a1_]( )axj (2)dz, (1.3)

for u = (u;)
of HY(Q).

We note that (H'(92))", which will be denoted more simply by H(Q), is a

Hilbert space for the natural inner-product we can define in a product space of
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Hilbert spaces:

n

(u,v)m(0) = Z(Uz, Vi) H1(9)- (1.4)

i=1
Analogously, L(€2) will denote the Hilbert product space (Lz(£2))"™ with the natural

inner product given by

(u, U)L(Q) = Z(Uz, Ui)LQ(Q)-

i=1

The form a in H(2) is obviously Hermitian, continuous and coercive with

respect to L(€) (cf. footnotes 1 and 2 in section 2), as we have, for all u,v € H(),

a(u,v) = a(v,u), (1.5)
la(u,0)] < ulla@llvlla@) (1.6)
lullfre) = llulli@ = alu,u). (1.7)
We need still another space:
V0 (Q) = {u € Hy(Q) : divu = 0}, (1.8)

where Hy(Q2) = (HJ(Q2))" and divu stands for the divergence of u (i.e., divu =
» o, 0u;/0x;).

Clearly, both Hy(2) and V5(Q2) are complete subspaces of H(2) — and so are
Hilbert spaces with respect to the restriction to those spaces of the inner product
in H(Q).

In view of what was pointed out above, we have that the form a is also Hermi-
tian, continuous and coercive with respect to L(€2) in Hy(2) and V5 (§2) — actually,
(1.5) to (1.7) hold true in these spaces.

Since

[ullz) < llullr@), forall ue H(Q), (1.9)



we can say that all the three spaces V5(Q2), Ho(2) and H(Q2) are continuously

embedded in L(€2), so that the following are variational triplets (cf. section 2):
(Vo(2), L(Q),a), (Ho(€), L(),a), (H(2), L(2), a). (1.10)

(Of course, in each case a is restricted to pairs of functions belonging to the first
element of the triplet, though we always use the same letter a — such a convention
will be in force throughout).

For technical reasons, one temporarily needs one further space, namely Ly(£2),
which is defined as the closure of V() in L(€2). It is endowed with the Hilbert

structure of L(2) (becoming itself a Hilbert space), so that
(Vo($2), Lo(€2), a)

is also a variational triplet. The point is that now we have V;(€2) densely embedded
in the second space of the triplet, this allowing us to associate with the form a
in V5(2) a lower semi-bounded self-adjoint operator A in Ly(€2) by means of the
Lax-Milgram lemma.

It is this A that is called the Stokes operator.

Note now that the embedding V4 (€2) — Lo(2) is compact, as it can be obtained

by means of the diagram

Vo) —  Lo(Q)

l 1
Ho()) —  L(),

where V5(Q) — Hy(2) and Hy(2) — L(Q2) are the natural embeddings and L(Q2) —
Lo(Q2) is the orthogonal projection; since the lower embedding of the diagram is
compact (recall that we are assuming €2 bounded), the proof for our claim of the

compacity of V(2) — Lo(2) follows immediately.
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This fact implies that the spectrum of the Stokes operator is formed of eigen-
values alone, and that these can be written in a sequence (Ax)ren obeying the
following:

/\1§)\2§—>+OO

We suppose (as is usual) that the A\;’s in this sequence appear repeated according
to multiplicity, so that a corresponding sequence of orthonormal eigenfunctions
constitutes a basis for the space Ly(£2).

The main objective of this paper is to study the asymptotic behaviour of such
a sequence (Ax)ren When k goes to infinity. Also as usual, we adopt the point of

view of the counting function
NA) =#{keN: X\ <A} (1.11)

to accomplish that goal.
In order to state our main result, we need to say what is meant by functions

of class H.

DEFINITION 1.1 A function h : [c,+00) — IR, with ¢ > 0, is said to be of class H

if it is strictly positive, differentiable and if

!/
lim )
In what follows, the following notations will be consistently used: |- |, for

Lebesgue measure in IR"; B™ for the Euclidean unit ball in IR"; for € > 0,
(09). = {zx € Q: dist(z,00) < e} (1.12)

And now for our main result:



THEOREM 1.2 Let Q be a bounded open non-empty subset of R" and d > n — 1.

Assume there exists a function f(z) = x%?h(z), for some h € H, such that

Q)eln
limsupM < 400

e—0+ €nf(€_2)

Then
9,
(2m)"

If, on the other hand, d =n — 1 and h = 1, and if we make the same assumption

N()\) (n —1)|B",\"* + O(f(\) as A — oc. (1.13)

as before for the corresponding limsup, the same result holds with the last term

replaced by O(AN™=D/21n )).

Remark. The second part of the theorem applies, in particular, to the case

when €2 is Lipschitz.

COROLLARY 1.3 Let Q be a bounded open non-empty subset of R" such that OS2

has (inner) Minkowski dimension D € (n — 1,n|. Assume that

lim su IGURN
P——p < too.
e—0+ 9
Then
Q
N(\) = (|2 |;‘ (n — 1)|B"[, A2+ O(A\P?) as A — oo. (1.14)
m n

Remark. We note once and for all that this corollary is an immediate conse-
quence of the theorem: one just has to read the latter with d and h(z) replaced by
D and 1 respectively, for the assertion that 02 has (inner) Minkowski dimension

D just means that

[(0S2)e]n

5n—d

D =inf{d > 0 : limsup

e—0t

< 4o0}.



(and note that such a D is known to belong necessarily to [n — 1,n] — cf. [8,
p.475]).

From this and the theorem it is also clear that if the boundary of the bounded
open non-empty subset {2 of R" has Minkowski dimension D then, with no further

assumptions, (1.14) holds with d instead of D for all d > D.

2 Preliminaries

It is not necessary for us to work with the above space Ly(€2): we have (following
[10]) alternative means to characterize N(\).

We recall that a variational triplet is a triplet (V, H,a) where V and H are
complex Hilbert spaces such that V' is continuously embedded in H, and where a
is a Hermitian, continuous and coercive! (with respect to H) sesquilinear form in

V. One then defines, for all A € IR,
N(\,V, H,a) = inf codimy (E), (2.1)

where the infimum is taken over all closed subspaces E of V such that the form
a — A+, ) g is strongly coercive? in E (codimy (F) denotes the (finite or infinite)
co-dimension of E in V).

The relation of this concept with N(A) comes from the following [10, p.143]

PROPOSITION 2.1 Let (V, H,a) be a variational triplet with V' densely and com-

pactly embedded in H. Then, for all A € R,

NV, H,a) = #{k € N : Ay < A},

LCoercivity of a in V with respect to H means that there is a Ay € IR such that a + X\o(+, )
is strongly coercive in V.

2A form b in V is said to be strongly coercive in a subspace E of V if there is a m > 0 such
that the relation m||ul|?, < b(u,u) holds for all u € E.
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where (Ag)gen 1S the sequence of eigenvalues of the operator in H associated with

a by means of the Laz-Milgram lemma.

Using the notations of the preceding section, if we apply this to the case when

V =W(Q), H= Ly(2) and a is the form given by (1.3), we get
NOY = NOLV(Q), Lo(@),0), A€ TR, (22)

which gives a characterization of the counting function for the Stokes operator
(originally defined by (1.11)).

Remark. We still call N(-,V, H,a) a counting function, even if the hypotheses
of the last proposition are not verified.

From the definition of N(\, V) H, a) it follows that
N = N Vo(Q), L(©),0),  AETR. (2.3)

This is what we had in mind when stating that the space Ly(£2) was not needed
in what follows — for the purpose of studying the asymptotics of the eigenvalues
of the Stokes operator, we can work with the variational triplet (V(2), L(£2), a)
instead of (V5(Q2), Lo(2),a).

2.1 A special variational triplet

Let © be an open non-empty subset of IR" and V' a Hilbert space continuously

embedded in L(2). Let w be an open non-empty subset of €2 and define the space
V=A{v],:veV}

It is known (see, for example, [10, p.146]) that V is a Hilbert space when

endowed with the inner product corresponding to the norm defined by

|lully = inf |jvl|y, Vue. (2.4)
veV

v|w=u
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Consider the sesquilinear form defined by
(u,u)y = (v — Pv,v" — Pv)y, Yu,u' €V,

where v, v’ are any elements of V' satisfying the identities v|,, = u, v'|, = ¢ and
P is the orthogonal projection onto the subspace {v € V : v|, = 0}.
It is a nice exercise to check that this form is in fact an inner product and that

the norm corresponding to it is precisely given by (2.4). We can also say that

(Vv L(w)v ('7 )V)

is a variational triplet.

3 The method

Let Q be as in section 1: an arbitrary bounded open non-empty subset of IR"
(the notation we are going to use in this section is indeed consistent with the one
introduced in section 1).

In view of our discussion in the preceding section, we are trying to prove an

asymptotic formula like (1.13) for
NOWV(9), L(©), )

— as this is the same as N(\) of (1.11).
For each r € INy consider the tessellation {J] : v € Z"} of R™ by the open
n-dimensional cubes J! = 11 ,]27"v;, 27" (v; + 1)[. We define, by induction on 7,

the following sets A,, €2, and w, (cf. also Figure 1):
r=0: Ay={veZ":JcQ}
Q0 = UVGAOJB; Wo = Q\(To,
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Figure 1: Example of 2 and €2, in the case n = 2.

reN: ATE{I/EZ":T,’/"CQ/\JZCHQT,lzq)};

Q. =0 1UUpen, D) w, =02\ Q,

In what follows we consider » > rqy, where ry is the smallest number » € INg

such that Q, # 0.

With an eye on formula (1.13), which we want ultimately to prove, we can

write, for all A € IR and all integers r > ry,

NOWVA), L), 0) = (o = DB
> SN, LUha) — X BER - )
_ |wrln N — n| \n/2
(= DIBA 3.1)
>y (N(A, ValJ2). LUE). o) = (35~ 1>|B”|nw2)

1 n n
- (271')” |B |n‘(aQ>(\/ﬁ+1)2—T|7’L}‘ /27

where a? stands for the form in V4 (J#) given by expression (1.3) but with € replaced

by Jf and the summation > ,, runs over all p € [ro,7] and v € A,. We remark
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that the last inequality in (3.1) follows from the — easy to prove — inclusion

— recall the definition of (0€2). in (1.12); as to the first inequality, it follows as
in the case of the Dirichlet Laplacian, using now the abstract setting developed in
[10, Ch. II], in particular [10, Lem. 2.1, Lem. 2.5, Prop. 2.8].

The same abstract setting developed in [10, Ch. II], in particular [10, Prop.
2.7, Lem. 2.1, Prop. 2.8], allows us to get an inequality opposite to that of (3.1),

namely, for all A € IR and all integers r > ry,

N V() L(?),a) — (Eﬂ)”n (n — 1)|B" [ A2

< Z( (0 Vo(J2), L(J2), af) — g;';; (n— 1)]B"]n>\”/2> (3.3)
N Z5(9), L(9), ),
where
Z5(2) = {u € Vo(Q) : Vv € V5(2), a(u, D) = AM(u, 0) o)} (3.4)

with © denoting the extension of v by 0 outside (2,.
This is the exact counterpart of what is done to get a corresponding inequality
in the case of the Dirichlet Laplacian (cf. [10] or [8]).

From (3.1) and (3.3) we see the need to control
N Vo( D), L(Ty), ap)
for large values of A (which we shall be doing in section 4) and the need to estimate
N, Z3(9Q), L), a)

from above when A\ goes to infinity.
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Arguing as in [10, Lem. 5.8], one obtains

N(/\v Z;<Q)v L(Q)’ a) < N(Q()\ + 1)7 VO(wr)a L(wr)a (" ')Vo(wr)) (35)

+2 N2 +1), Za(0), LU, C )meag))s

where Vy(w,) — the set of restrictions to w, of the elements of V,(£2) — is made a
Hilbert space by means of the procedure described in subsection 2.1 for the space

V and, for each integer p > o and each v € A,, the space Z,(J?) is defined by
ZyJD) ={uec H(J)) : divu=0 A Yv € Vo(J)), al(u,v) = Xu,v) e}t (3.6)

The question of estimating N(\, Z5(Q2), L(£2), a) from above is then reduced to

estimating from above the counting functions
N(Q()\ + 1)? Z)\(Jlf)7 L(J5)7 (7 )H(J,f))

and
N2+ 1), Vo(wr), L(wy), (- ')Vo(wT))

This will be done in section 5 for the latter, by means of what is called, for
obvious reasons, an estimate near the boundary (of 2). As to the other two types
of counting function, the underlying sets of which are the n-cubes J2, they will be

dealt with in section 4.

4 Estimates for cubes
4.1 The problem when () is a cube
We will first reduce the problem of controlling

N Vo (), L(JY), af),
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both from below and from above, to similar problems involving periodic functions.
We use the same method as was applied in section 3 in order to reduce part of our
original problem to the problem now under consideration.

We need first to introduce some notations.

The letter J will stand for an arbitrary n-cube in IR", and ¢ for its side length.

We define, moreover, the spaces
CP(J)=A{fls: f € C®(IR") and is periodic of period ¢ in each coordinate},
H,(J) = “closure of C3(J) in H'(J)”
Hy(J) = (Hy(J)";
Vu(J) ={u € Hy(J) : divu = 0}.

It is clear that Vi(J) is a Hilbert space for the inner product inherited from
that in H,(J) (which, in turn, is inherited from H(J)). Moreover

(Va(J), L(J), as)

is a variational triplet, where a; is given by formula (1.3) but with € replaced by
J.
Since Vy(J) is a closed subspace of Vi (J), we can apply [10, Lem. 2.5] and
write, for all A € IR,
‘] n n n
VOV, LU as) = (o = DIB A (4.1)

< NV L)) = (o = DB A

If we use, on the other hand, [10, Prop. 2.7], we get, for all A € IR,

N Vo(J), L(J), ay) — ('2‘;';” (n— 1B A2
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> NOWV() LU a) = 51 = DB
—N\, ZF (), L(J), ay), (4.2)

where

ZF(J) = {u € Vi(J) : Yo € Vp(J), as(u,v) = Mu, v) o }- (4.3)

We see from (4.1) and (4.2) that we have reduced the problem mentioned in

the starting of this subsection to the controlling of
N Vy(J), L(J), az),

both from below and from above, and to obtaining upper estimates for
N\ ZE (), L(J), ag).

Observe that we can easily relate this latter counting function with one we
already met before, namely one mentioned at the end of section 3 and which we

also need to estimate. In fact, recalling (3.6), we can write
Z5(J) = Z3(J) N Hy (),

so that Z7 (J) is a closed subspace of Zy(J), and [10, Lem. 2.5] applies to yield,
for all A € IR,

N\, ZE (), L(J),a5) < N\, Za(J), L(J), ay);

since (-, )uy = () +as(-,-) (cf. (1.7) for a particular case) we can finally

write, for all A € IR,

N()HZ;%(J)’ L<J)7aJ) < N()‘ + 1, ZA(‘])>L(‘])’ ('7 ')H(J))' (4'4)
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Our problem thus reduces to controlling, both from below and from above,
N()‘v V#('])7 L<J>7 aJ)
for big values of A and to obtain suitable upper estimates for

N(Nv ZA(‘])v L(J)v ('7 ')H(J)>7

at least for y = A+ 1 and p = 2(A+1). This is the same approach as the one used

for elliptic problems in [10].

4.2 Scaling and translation properties

Instead of dealing with an arbitrary n-cube J, it is a standard argument to restrict
attention to one particular n-cube and afterwards invoke a scaling and translation
argument to get the corresponding results in the general case.

We summarize the relevant results in our context.

Denoting by d € IR" the centre of the n-cube J with side length 6 > 0, and by

@ the n-cube | — 7, 7[", consider the application
T:L(J) — L(Q)

n/2
given by (Tu)(z) = ( 0 ) / u(Zx+d). It is easy to see that T is unitary and that

2r

H(J) and H(Q) are linearly homeomorphic under this map. Also,

T(Vy(J)) = Va(Q),
T(Z)\(J)) = Z((;/(Qﬂ))Q)\(Q), VAeIR , and

ag(u,v) = (%)2 a;(T 7 u, T"), Vu,ve H(Q),

so that
N(AV(J), L(J),a7) = N((6/(2m))*A, V(Q), L(Q), ag), (4.5)
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for all A € IR, and

N, Zx(J), L(T), (5 ) mry) (4.6)

= N((6/(2m))*(n — 1) + 1, Z(s5)2m22(Q), L(Q), (-, V(@)
for all u € R.

4.3 Controlling N(X\, Vx(J), L(J),ay)

This can be recovered from the result in [2, p.113], which deals with a similar
problem in a much more general context, but we shall briefly sketch a simpler
approach for our present concrete situation (besides, the considerations we are
going to make here in this connection will be useful later on).

In accordance with the preceding subsection, we consider first the case J =
Q=] —m "

Note first that the counting function now under discussion is the same as

N()‘7 V#<Q)7 L#(Q)v aQ)>

where L4(Q) stands for the closure of Vi (@) in L(Q). Then, as in section 1,
we can associate with the form ag in Vi (Q) a lower semi-bounded self-adjoint
operator Ag in L4(Q) by means of the Lax-Milgram lemma. The compactness
of the natural embedding H'(Q) — Ly(Q) implies, moreover, that our counting

function is nothing more than

where (A\;)ken is now the sequence of eigenvalues of Ag (cf. what we have done in

section 1 with respect to the form a and the operator A).
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In order to get an impression of the structure of this sequence of eigenvalues,

recall (see, e.g., [2, p.32] or [5, pp.175-176]) that the domain of A is

D(Ag) = {ueVy(Q): agu,w) = (v,w) Q)

for some v € L4 (Q) and all w € V4 (Q)};

and that the v in this definition is precisely the image of u under Ag.
We proceed by using the Fourier series representation for the functions involved.

We know that
{ontrezn = {(2m) 7 exp(ik.z) bpezn
is a complete orthonormal system in Ly(Q), where x € IR™ stands for the variable

of ¢ and k.x denotes the inner product of £ and x in IR". From this we get the

representation

u= Z or u(k)
kezr
in L(Q) for any u = (uy)}_, in this space, where u(k) = (u;(k))j_;, u;(k) =
(uj, k) La(q@), and pr (k) = (Uj(k)pr)j—y; and if u € Hy(Q) then the above rep-
resentation is even valid in the topology of H(Q).

It is not difficult to see that
Ve(Q) ={ue Hy(Q) : Yk e Z", u(k).k =0}
and
Ly(Q)C{ue L(Q): VkeZ", u(k).k =0} =L, (Q),

where @(k).k denotes the inner product of 4(k) and k in C". Also, denoting by
{e;}7_; the canonical basis of C" and by {ef}7~] an orthonormal basis of < k >*

in C", k € Z" \ {0}, the system

{poe; Yy U{ones} remm oy (4.7)
je{l,...,n—1}
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is complete orthonormal in the closed subspace L, (Q) of L(Q) — in particular,
we have L (Q)) = Lx(Q); on the other hand, the system
{orej} hemr (4.8)
je{1,...,n}
is complete orthonormal in L(Q).
Now it is an easy task to show that, with u any of the elements of the system

(4.7) and w any of the elements of the system (4.8), the following holds true:
ag(u, w) = (|k[*u, W)L(Q); (4.9)

where k € Z" denotes the index of ¢ in u. And from this it is an easy matter to
check that (4.9) indeed holds true for all w € Hy(Q).
It is clear that this is more than enough to prove that, given any w in the
system (4.7),
u€D(Ag) and Agu = |k|*u, (4.10)

where k € ZZ" has the same meaning as in (4.9) above.

The self-adjointness of Agp and the completeness of the system (4.7) in L4 (Q)
implies now that the sequence of values |k|? (disposed in non-decreasing order)
corresponding to each and every eigenvector in (4.7) is precisely the sequence
(Ak)ken of the eigenvalues of Ag.

As a result (cf. Proposition 2.1 for the relation between the counting function

under discussion and the eigenvalues just mentioned)
N\ Ve(Q), L(Q),aq) =n+ (n— 1).#{k € Z"\ {0} : |k]> < \} (4.11)

for A > 0 (it equals 0 otherwise). From this formula, some volume estimates can

be used (as in the case of the Laplacian) in order to get the desired result (cf. also
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4, pp.43-44]). We have

1Q
(2"

for all A > 1, where ¢, depends only on n.

N V(@) L(Q), a0) (n— 1)[B"A"?] < e, A=/

We can get rid of this restriction on A (which can be a bit annoying when
scaling) in the following sense: since our counting function is monotone increasing

in A\, then we can write
INOLV(Q), L(Q), ag) — (n— )| B[, A"2] < (1 + A7)

for all A > 0, possibly after redefining ¢, (still depending only on n).
From this we finally get for any .J, using the scaling and translation argument

in (4.5),

(4.12)

VOV, L)) (= 1)

< a1+ (8/(2m))" A2

for all A > 0.

4.4 Estimating N(u, Z)(J), L(J), (-, ) uw))

We try to follow closely the proof of [10, Prop. 4.1.i].
Again, according to subsection 4.2, we consider first the case J = @ =|—m, 7[".
For fixed p, A > 0, the idea is to find, in accordance with the definition (2.1)

of counting function, a closed subspace E of Z,(Q) such that
Je>0:VueE, (u,u)u) — p1(u,w)rg) = eHuH%(Q) (4.13)

(cf. also [10, Lem. 2.1}) and, moreover, with codimz, )(£) bounded above by

something of the order of p("~1/2 4- \(n=1)/2,
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Using ¢yej, for k € ZZ" and j € {1,...,n}, in the same sense as in (4.8), we

will first prove that the closed subspace

Z = {uec Z)Q): (u,prej)rq) = 0 for all k € 22"

such that |k|> <vandall j € {1,...,n}},

of Z,(Q) has co-dimension of the required order, provided v(> 0) is chosen in a
suitable way.

In what follows we shall write @kef, for k € "\ {0} and j € {1,...,n — 1},
in the same sense as in (4.7), and also goge?, for j € {1,...,n}, as meaning the
same as poe; in (4.7). We also remark that, to take advantage of the definition of
Z)(Q), one must deal with functions the divergence of which is zero. This is why
we are going to consider now the system (4.7) and not the system (4.8). This is a
point that doesn’t show up in the case of elliptic problems. We have a price to pay
for it, however, as (4.7) does not span L(Q): later on one must study also what
happens with the system {@ik}rez» in order to recover the picture in the whole

space L(Q).
Note that, given u € Z,(Q) and k € Z",

(1EI* = X)(u, oref) @)
= (u,|kPore}) ) — (Au, orel) o) (4.14)
= ((wlkPeref)ri) — aqlu, puef)) + (aglu pref) — O, pref) @) -
This way of writing things will enable us, by means of Green’s type formulae,
to reduce our estimates to estimates in trace spaces, where the dimension of the

underlying subsets of IR"™ being n — 1 helps to get the desired powers of p and A

for the order of the co-dimension of Z.
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Before stating which Green’s type formulae these are, we start to consider the
two expressions within the larger brackets in (4.14) in a somewhat more general

context:

e instead of the first one, we consider

(u, Av) @) — ag(u,v) (4.15)

for all w € H(Q) and v € (H*(Q))", where H?*(Q) stands for the Sobolev

space of the functions of Lo(Q) which have weak partial derivatives up to

order two also in Ly(Q), and Av = A(v;)}_; = (—Av;)T_y;
e instead of the second one, we consider
ag(u,v) — (Au, U)L(Q) (4.16)

forall u € Z,(Q) and v € V(Q) = {u € H(Q) : divu =0} .

We deal first with (4.15).
Since the essential argument is already given in [10, pp.166-167], we may use

Lemma 4.4 of that paper, namely that

“Yu e H'(Q),Yv € H*(Q), (4.17)
" [ Ov Ou
— _A 2n K
,722:1 ((‘3:10] 8$J> 2(Q) (80 W) = (70 VU)HZ 1 L2 (F2)

Here, F; is the face of @ with equation x, = w if £ € {1,...,n} and is the face of

@ with equation zy_, = —mw if £ € {n+1,...,2n}; also,

5 HY Q) — ﬁ HY2(F)) (4.18)
/=1
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is the trace type operator given by Ju = (u|x,)?",, where H'/?(F}) is a fractional
Sobolev space, and

2n
7 HY(Q) — [[ HY*(F)
=1

is the composition of ¥ with derivation operators, as we define
TV = (DEU|FZ)521 )

with ng:—l—g% if ¢ e{1,...,n} and ng:—agz%n ifte{n+1,...,2n}.

To simplify notation, we shall write L, (9Q) and H'/?(0Q) instead of [T2", Lo(Fy)
and [[2", H'/?(F,), respectively. We shall also write, in line with the conventions
set up in the beginning of this paper, L(0Q) instead of (L2(0Q))".

If we now consider u = (u;)?; € H(Q) and v = (v;)"; € (H*(Q))" and apply
(4.17) above for each u; and v;, we get, on summing,

ag(v,u) — (Av,u) L) = >_(T0i, YU:) 1,(0Q)
i=1
or

ag(v,u) — (Av,u) @) = (Tv,Tu) L00), (4.19)

Vu = (w)iny € H(Q), v = (v)iy € (H*(Q))", if we define
T: (HAQ)" — (H"(0Q)"
by Tv = (fv;)7_, and
I H(Q) — (H(0Q))"
by Pu = (Ju;)j,.
T and T are, clearly, continuous linear operators.

We deal now with (4.16).
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Consider the quotient space T'(Q) = V(Q)/Vo(Q), let T' be the natural pro-
jection of V(Q) onto T(Q), and let R be a lifting of I', i.e., a continuous linear
operator from T'(Q) into V(Q) such that I' o R = idp(g) (it is not difficult to see
that such a R exists, taking account of the Hilbert structure of V(Q)).

Note that the kernel of T'|y(g) is Vo(Q) (cf. [10, p.167]) and that this implies
the injectivity of the operator I o R, allowing us to identify T(Q) with a subspace
of (H'2(0Q))

We have the following

n

LEMMA 4.1 There exists a continuous linear operator

T\ 2)(Q) — T(Q),
where the target space is the anti-dual of T'(Q), such that, for all u € Z\(Q),

veV(Q),
ag(u,v) — (Au,v) @) = (Taw, I'v) gy xr(0) (4.20)

Proof. Given u € Z,(Q), define 7T u in the following way: for all ¢ € T'(Q),

(Tu, ©)1r(@)x1(@) = aq(u, Re) — (Au, Ro)1(g)-
It is easy to see that this defines an operator 7, with the desired properties.
We return now to (4.14). Using (4.19), (4.20), taking into account that A(¢xe)
= |k|*prel, we can write
(|k|2 - A)(u, ¢k€§>L(Q)
= ((%A(%ef))L(Q) —agq(u, %6?))

+ (GQ(% @ke?) — (M, (Pke?>L(Q)) (4.21)

= —(T(pre?), Tu)rog) + (Tau, T(wrel)) @) <@

= (T, T(pwef))mr@xr@ — (T, T (0ref)) 1i60),
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for all u € Z,(Q).
Turning now to the consideration of the system {@ik}rezn, note first that we

have

(u, prk) o) = w(k).k, Yu e L(Q), Vk € Z". (4.22)
Note also that, for u = (u;)}_, € H(Q),

. - Ouy Ou]
divu = ]Z:la% Z Z 8%

j=1 keZ"™

oy (2": (au],s@k> ) o (4.23)
Jj=1 L2(Q)
= Z (m(k)k' + Z(wue!n? 90k|Fz)L2(Fz)> Pk

(=1
= (z’q)(k).k: + (ou, %Ok)Lg(aQ)) Pk

in Ly(Q), where
1 ifeefl,...n}
55_{—1 if0e{n+1,...,2n} (4.24)
7 is the mapping in (4.18) and
o H(Q) — H'*(0Q)

is defined as ou = (gpug|,)?"; (it is, obviously, a continuous linear operator). If

u € V(Q) we have divu = 0 and we can then say, in virtue of (4.23), that
a(k).k = i(ou, ¥or)120), Yk € Z",
or, taking (4.22) into account, that
(u, prk) o) = i(ou, Yor) 1,60), Yk € Z". (4.25)
Next, define
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W the space spanned by the Yoy for |k|* < v;

X the space spanned by the I'(preh) for [k < v;
Y the space spanned by the ’f’(gpwf) for |k|? < v;
G the space generated by the gpke;“ for [k]? = \.

It follows immediately from (4.21), (4.25), the definition of Z and the fact that,

for each k € Z" \ {0}, the vectors e} constitute, together with k, a basis of C",

that the space
Zo = {u€Zy(Q):uecGinL(Q), Tu € Y'in L(0Q),

T € X°inT'(Q), ou € Win Ly(0Q)}
is a closed subspace of Z. This implies that
codimy, () Z < codimy, (@) Zp < dim G + dimY + dim X + dim W, (4.26)

so that we are going to prove our initial claim on the first co-dimension by means
of a suitable control of the others.

This control reduces, however, to a counting problem similar to one Métivier
faced in the elliptic setting — cf. [10, pp. 169-170]. We briefly sketch how it can
be done.

In the case of dim G we clearly have
dim G < ¢, (1 + \"71/2), (4.27)

where ¢, is a positive number depending only upon n.
In the case of dim X, define X to be the space spanned by f’(gpke;?) for |k|?

< v, and note that dim X = dim X: in fact, the maximum number of linearly
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independent elements is the same in both spaces, as we can easily see by using the
observation ker f‘|V(Q) = 15(Q) (made just before Lemma 4.1).

We now estimate dim X. Introduce the notations

ko= (kv,. .. ke, kesr, . k) if €€ {1,... n},

ko= (k. keent1kengt, - kn) if L€ {n+1,...,2n},
and analogously for zy,
ke =ko_p, 1f€€{n+1,,2n}

Note that we can write, using these notations and the one established in (4.24),

n
?

2n n
(pref) = (2m) ™23 3 ek, exp(ikuesm) ((exp(ike )06 )21 0ms )

/=1m=1

s=1

so that each f(gpkef) in X is a linear combination of elements of (Hl/Q(ﬁQ))n of

the form

n

((exp(ike-T2) 500710 (4.28)

s=1"
where m € {1,...,n}, £ € {1,...,2n} and k, must satisfy the relation [k|? < v.
We can then estimate dim X by counting the number of such elements. Clearly,
the number of different possibilities for the k¢ cannot exceed (202 +1)""! and the
number of different possibilities for ((Jz.)*"0ms)"—; is 2n?*. Therefore, the number

of elements of the form (4.28) does not exceed
cn(1 4+ v 172)) (4.29)

where ¢,, depends only on n.
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In the case of dimY’, we proceed in a way similar to the estimation of dim X.

Using the same notations, we can write

2n n
T(gpke;?) =(2m) ™2y} —e?m exp(ikeem)epike ((exp(ikg.@)égr)fﬁléms)

=1’
f=1m=1 5

so that we get the same upper estimate
cn(1+ v 172) (4.30)

for dimY.
Finally, in the case of dim W we can also benefit from what was done in esti-

mating dim X. Using the same notations, we can write

2n
~ -n 1 T o
For = (2m) 2N exp(ike,r) (eXp(@kf'w)&T)r:l ’
=1

,,,,,

cn(1+ vn172) (4.31)

is an upper estimate for dim W, with ¢, depending only on n.

Putting (4.27), (4.29), (4.30) and (4.31) into (4.26) we get
codimy, () Z < ¢, (1 + A"71D/2 4 p(n=1)/2) (4.32)

(¢, has been redefined, of course, but still depends only on n).

We shall delay the choice of v till later on.

We recall that the objective of this subsection is to find a closed subspace E
of Z5(Q) satisfying (4.13) and with a suitable bound on codimy, q)(£). We are

going to show that such an E can be taken as

E={uecZ:Tucé&} (4.33)
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where £ is a closed subspace of (Hl/Z(aQ))" such that, for all u € £ and all
ve (H(0Q))"

|(u, v) (o] < V_I/ZHUH(H1/2(8Q))n||U||(H1/2(8Q)>n (4.34)

and codim& < Kv( /2 where K (> 0) does not depend on the v(> 0) consid-
ered.

We must, of course, first of all ensure that there exists such an £. The essential
step is already done in [10, p.168], namely that there is a constant k(> 0) such
that for all v > 0 there exists a closed subspace H of H'/2(0Q) of co-dimension

bounded above by
Ly (n=1)/2

and such that, for all v € H and all v € H'/?(0Q),

—-1/2

|(w, 0) oo | < v llullrzoq) 0l o)

(we would like to remark that the proof of this result relies on the estimates of
6] for the Kolmogorov diameters of embeddings of fractional Sobolev spaces into
L,-spaces). It is straightforward to show that if we define & = H" we get a space
& with the properties required above (in particular, K can be taken equal to nk).

Returning then to the space F defined in (4.33), it is clear that E is a closed

subspace of Z,(Q), the co-dimension of which is
Z Z
MQ) | dim A(Q)

Z Z\(Q)NT-1(E)
< (14 A=D/2 4 V("—I)/Z) + Ky(n—l)/27

codimy, @) £ < dim

in view of (4.32) and the choice of £. That is,

codimy, () F < C(1 4+ Xn=D/2 =72y (4.35)
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where C' is independent of A and v.

From this we see that we get the required result for the co-dimension of E (cf.
phrase after (4.13)) if we choose v proportional to p (which is what we are going
to do in the end).

Our next task is therefore to prove that (4.13) holds for a suitable choice of v
proportional to p, which can be done by a reasoning entirely similar to the one
used in the elliptic setting — cf. [10, pp. 171-172]. We refer only the main points.

Given u € F, define

U, €)1 .
v= Z i s ey in L(Q), (4.36)
kg
where the summation runs over all k € Z" such that |k|> > vand all j € {1,...,n}.

Actually, in order that this be well-defined, we shall require that v > 2\ > 2.
Moreover, it is then a standard exercise in Hilbert space techniques to show that
€ (H*(Q))™ and that, indeed, the series in (4.36) converges to v in this latter

space. As a consequence we have
(A-Nv=u in L(Q) for uwekE. (4.37)

Note also that, for such u and v,

|(u, pres) Ll
(u,0)iq) = D TE = ;Q) >0, (4.38)
k?j

so that, with the help of (4.19) and (4.34), we can write

~1/2

lullZig) < cv™ Pllulla vl + lulr@lvliae: (4.39)

where ¢ is a constant that may be taken as the product of the norms of I and 7.

Since ([0 ) < 67~ el iy and [l < Tlull gy, we et

ullFrg) = evllulli g
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where, of course, the constant ¢(< 1) has been redefined.
Choosing now v = 27“ (assuming that p > c)) we finally get
(u, ) ) — (u, u) @) = ellullig) (4.40)

for all u € E, as required in (4.13) (we can choose ¢ = p in (4.40)), so that,

recalling also (4.35),
N(N7 Z)\(Q), L(Q)7 (" ')H(Q)) < C,(l + /\(n_l)/2 + M(n_l)/2) (441)

for 4 > ¢\ > c. Actually, due to the monotonicity of the counting function with
respect to p, (4.41) holds for all ¢ > 0 and A > 1, possibly by redefinition of ¢,

and from it we get, using the translation and scaling argument in (4.6),
Nty Z(I)s L), (D) < ¢ (14 (3/(2m)" L A0D2 4 y070/2)) - (4.42)

for 0 < 0 <27 and pu, A > (2m)252.

4.5 The result when () is a cube

Denoting, as in subsection 4.1, by J an arbitrary n-cube in IR" with side length 9,
we can write, due to (4.1) and (4.12),

|
(2m)"
(A >0) and, due to (4.2), (4.12), (4.4) and (4.42),

N Vo(J), L(J), ar) = (n — 1) B[, A"2 < (1 + (6/(2m))" I A=D/2)

N Vo(J), L(J). ay) — (‘Q{J;n (= DIBTLAYE > —C (14 (6/@m)—A0-D5)

(0 <6 <2m; XA > (27)%572). That is, there exists some positive constant ¢ such
that

| In
(2m)"
for all 6 € (0,27] and all A > (27)252.

N\ Vo(J), L(J),ay) — (n — 1)| B, A"?| < com A1/ (4.43)
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5 Estimates near the boundary

As promised at the end of section 3, we are now going to estimate

N(,u, VO(WT)7 L(Wr)a ('7 ')Vo(wr)) (51)

from above.
In what follows, r will stand for an arbitrary non-negative integer greater than
or equal to ry (cf.beginning of section 3).

Note that
Vo(wy) = {u)w, 1 u € Vo(Q)} C (Hy(w,))" = Ho(w,), (5.2)

where H}(w,) denotes the set of restrictions to w, of the elements of Hj(2). We
know from [10, p.146] (cf. also subsection 2.1) that H}(w,) is a Hilbert space the

norm of which is given by

g = nf luligey, Y€ Hy(er) 53
ucty

Ulw, =v
and that
(Hé<wr)’ L2<w1”)’ ('7 ')H(l)(wr))

is a variational triplet. As a consequence we can state, with the help of [10, Prop.

2.8], that
(HO(WT)7 L<W7’)7 ('7 ')Ho(wr)>

is a variational triplet (where (-, *)3o(w,) = 2721(j: j)#i(w,)» 8 expected) and, for

all u € R,

N(Nu HO<WT)7 L(wr>7 ('7 ')Ho(wr-)) = nN(:U’a H(l)(wr>7 L2(wr>7 ('7 ')Hé(wr))' (54)
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We would like now to compare the counting function in (5.1) with the counting
function on the left-hand side of (5.4). In order to do that, we use the characteri-

zation given in [10, Prop. 2.2], which allows us to write, for u > 0,

N(Nv VO<WT)7 L(WT>7 ('7 ')Vo(un)) = #{k € ]NO . dk(BVo(wr)7 L(WT)) > M_l/z}

and

N(MaHO(wr)7 L(w'r‘)u ('7 ')'Ho(wﬁ) = #{k’ € ]Nb . dk(‘B'Ho(w,«)y L<WT)> > M*1/2}7

where the B’s denote the closed unit balls of the corresponding spaces and dj, stands
for the k-th diameter of Kolmogorov (for a precise definition, refer to [10, p. 130]).
In this way, the comparison follows from a corresponding comparison between
these balls: since, as it is easily seen, By (,) C By(w,), then di(Byyw,), L(w,)) <
di(Bro(w,), L(wy)), Yk € Ny, and finally

N(M, VO(Wr)a L(w’r’>; ('7 ')Vo(wr) < N(/% HO(wr>v L(WT)7 (" ')Ho(wr))v (55)

for all © > 0.

Observe that this argument avoids explicit consideration of the relation between
the factor spaces given by the divergence being zero.

In view of (5.5) and (5.4), it would now be convenient to have an estimate
for N(p, Ho(wr), La(wr), (5 )ra(w,y)- It is, in fact, already known (see [10, p.151])
that, for all > 0,

N(ua H(1)<w7”)7 L2<w7”)7 ('7 ')Hé(oﬁ)) < Cn’[wr]u*1/2 ’nun/27 (56)

where ¢, depends only on n and

[wy] 12 = {2 € Q1 dist (7, w,) < NG

3The counting function in (5.6) is not exactly the same as the counting function featured in
the paper cited, but an argument similar to the one used to get (5.5) takes one through to (5.6).
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In order to connect this estimate with our hypothesis in Theorem 1.2, recall

that
wr C (aQ)(\/ﬁ_j’_l)er

(cf. (3.2)) and, consequently,

[wr]u—l/z C (39)(\/ﬁ+1)2_r+\/ﬁu71/2. (57)

Using this in (5.6) and putting the result in (5.4) and then in (5.5) we obtain,

possibly by redefining ¢,

N (e, Vo(wr), L(wr), (4, )vo(wr) < cn\(ﬁQ)(\/ﬁHp_rﬁ/ﬁ“fl/a]nu”/Q (5.8)

for all 4 > 0 and all integers r > 7.
In the particular case p = 2(A + 1), which is needed in (3.5), it is easy to get

from (5.8) the estimate

N2+ 1), Vo(wr), L(wn), (5 Ipwn) < 0D yarnarymnizlaA? (5.9)

for all A > 1 and all integers r > rg.

6 Assembling things together

We are now able to complete the line of thought initiated in section 3.

Recall that € is an arbitrary bounded open non-empty subset of IR". Recall
also the decomposition of €2 that we made in the beginning of section 3 by means
of tessellations of IR". The way we take advantage of those tessellations, of the
decomposition of the problem made in section 3 and of the estimates obtained in
sections 4 and 5 is the same as in the case of the Dirichlet Laplacian — cf. [10] or

8]-
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Using (3.1) and (4.43) we can write, for all integers r > ro and all A > (27)22%"
_ 19
(2m)"

—1
> e A2 B 1(00), a2
< (2r)

" —1
— _c 9—r(n—1) #A ) A(n=1)/2 _ n
(p;o ( P) (271')”

N\ Vo(9), L(9). a) (n — 1) B A2

| B2l (092) (2 n A" (6.1)

- n— n—1 n n
> —c <Z 2p’(aﬂ)(\/ﬁ+1)2"“’n> A=D2 (2m)" |B |n‘<aQ>(\/ﬁ+1)2*T‘n)‘ /27
P=T0

where this latter inequality follows from

_ QN\NQ, ql, ifp>r lwo—1]n if p> 1o
pm ‘p p—1 0 p—1
(#A4,).2 _{ Ol ifp—ry g{ Qi p =y (6.2)

together with the inclusion (3.2) (the case p = 7y can be included in the main
stream by adjusting the constant c).
By this same token, and using also (3.3), (4.43), (3.5), (5.9) and (4.42), we can

write, for all integers 7 > ry and all A > (27)22%",

12,

N\ Vo(Q), L(Q - — 1)| B, \"?
( ) 0( )7 ( ),CL) (27T)n<n )‘ |
< o (Z 2109 1y oo |n) ACDL2 4 1) e s iy /2N

P=T0

" 277D b2 o1 (n—1)/2
+> ¢ 1+Eﬁﬁju" 4 2=\ 4 1) (D72 (6.3)
PV

< (Z 2 |(3Q)(ﬁ+1>2p+1|n> NI 4 L 10Q) (s yma-1rzln X2,

P=T0
From this and (6.1) we get, for some constant ¢ and for all integers r > r¢ and

all A > (2m)22%,

Q n n n
‘N()\,VO(Q),L(Q),@) - (|27r’)" (n—1)|B"|,A /2 (6.4)
< c (Z 29|(89)(\/ﬁ+1)2—p+1|n) APDR L 1(09) (minya-r g -zl A
p=0
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It follows now immediately that, if |092],, = 0,

i NOIO). L©).0) _ 9,
11m -
A—+400 )\n/2 (27'(')”

(n—1)|B"|,, (6.5)

a result that, as far as we know, was only previously obtained in the case when
the boundary of € is smooth. Thus, our approach has shown that (6.5) holds
true for all bounded open non-empty subsets €2 of IR" the boundary of which have
n-dimensional Lebesgue measure equal to 0.

We may now conclude the proof of Theorem 1.2. Indeed, the deduction of the
result from the estimate (6.4) is similar to the case of the Dirichlet Laplacian, so
that we refer the reader to [3, proof of the Prop. of section 5] for the case d > n—1
and to [10, pp. 198-199] for the case d = n — 1 (for the special case of Theorem
1.2 covered by Corollary 1.3 the reader may also wish to compare with [8, pp.
499-507]).
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